
Control of PDEs

Problem Set 3 – Backstepping Control of Parabolic PDEs
Summer Term 2018, handed out 14.06.2018, due 28.06.2018

M. Grepl

1. For the plant

ut = uxx + λu,

ux(0) = 0,

design the Neumann stabilizing controller, i.e., ux(1) actuated.

Hint: Use the target system

wt = wxx,

wx(0) = 0,

wx(1) = −1

2
w(1).

Recall that this system is asymptotically stable as shown in the last problem set. Also note
that you do not need to find k(x, y) since we already found it in class (see example for reaction-
diffusion equation with Neumann boundary condition). Simply use the boundary condition
of the target system at x = 1 to derive the controller.

2. We consider the reaction-diffusion equation

ut(x, t) = uxx(x, t) + λu(x, t),

u(0, t) = 0,

u(1, t) = U(t),

u(x, 0) = u0(x),

for x ∈ [0, 1] and t ∈ [0, 1], where λ is an arbitrary constant and u0(x) a given initial condition.
We are given the Dirichlet stabilizing controller

u(1, t) = U(t) = −
∫ 1

0
yλ
I1

(√
λ(1− y2)

)
√
λ(1− y2)

u(y, t)dy.

Here, I1 is the modified Bessel funtion of the first kind given by

I1(x) =

∞∑
m=0

(x/2)1+2m

m! (m+ 1)!
.
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Write a Matlab Code to simulate the plant. To this end, first discretize the plant in space
using finite differences or finite elements and in time using an Euler Backward finite difference
approximation. For the spatial and temporal stepsize you can choose ∆x = 0.01 and ∆t =
0.002, respectively.

(a) Choose as initial condition u0(x) = sin(πx) + n(x), where n(x) is uniformly distributed
noise in the interval [−0.1, 0.1] (use the rand command in Matlab). Perform an open
loop simulation of the plant for λ = 5, 10, 15, 20, and 25. Note that the system is
unstable for λ > π2 (as shown in class).

(b) Plot the gain kernel k(1, y) as a function of y ∈ [0, 1] for λ = 5, 10, 15, 20, and 25. You
can use the Matlab function besseli to evaluate the modified Bessel function.

(c) Implement the feedback controller and simulate the closed loop system for λ = 5, 10, 15, 20,
and 25. To approximate the integral in the feedback control you can use the trapezoidal
rule for example.
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