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Abstract

In this paper we present some new techniques for generating high quality
hexahedral meshes. The methods are mainly based on fast algorithms for
approximation and fairing. Using a multi block concept we represent grids
as a collection of parametric smooth mappings determined by possibly few
control points. Thus these concepts lead to a significant amount of stor-
age reduction without loss of accuracy. Fairing of the surfaces has been
implemented to get rid of microscopic wriggling. Especially for adaptive
codes this leads to much smoother solutions. Mesh refinement can be done
by simple function evaluation. Most methods are implemented as part of
a new flow solver for large scale simulations of compressible fluid-flow and
fluid-structure interaction. The discretization is based on a cell centered
finite volume scheme. For this part of the flow solver the cells may be of
arbitrary topology. Thus it can handle hanging nodes. The adaptation is
based on multiscale analysis.

Introduction

The numerical simulation of non-stationary fluid-structure interactions is
a great challenge in computational fluid dynamics. Appropriate realis-
tic models entail highly complex computational tastes. Non-adaptive ap-
proaches have principal limitations. In order to resolve a typically singular
behavior of the solution in complex geometries meshes with several millions
of cells and the a-priori knowledge of critical areas are required. Improved
hardware is not sufficient to overcome the arising problems. Thus we con-
centrate on the development of adaptive strategies to minimize the com-
plexity and size of the accruing problems. The main goal is to realize adap-
tively generated discretizations that are able to resolve relevant phenomena
with possibly few degrees of freedom to reduce storage demands. Thus the



generation, deformation and adaptation of suitable meshes is an important
factor in our work. Since we have to discretize the time dependent Navier-
Stokes equations for a compressible gas, we give preferences to hexahedral
meshes. They facilitate best boundary fitted anisotropic meshes. In the
following we will concentrate on methods for mesh generation and geomet-
ric preprocessing. For more details on the adaptation strategy and the flow
solver see [1]. That paper describes the present stage of an integrated de-
velopment (named QUADFLOW) of dynamic adaptation strategies, mesh
generation and discretization.

A key idea is to represent meshes with as few parameters as possible, while
further successive refinements and deformations can be efficiently computed
based on the knowledge of these parameters. To retain sufficient geometric
flexibility, this is combined with block structuring. We represent grids as a
collection of parametric smooth mappings from parameter space to physi-
cal space. Well established concepts for any kind of free form surfaces are
known from CAGD. For simplicity in this paper we will restrict our nota-
tions to B-Splines as functions from the unit cube (parametric space) to
three dimensional physical object space. B-Splines are a very good choice.
They are more flexible than Bézier patches to achieve higher order geo-
metric continuity with low order polynomials. A possible alternative are
NURBS (”Non-Uniform Rational B-Splines”), because they are even more
flexible and are capable of representing typical geometric objects as for
example spheres, cylinders and cones exactly. But evaluations of higher
derivatives of rational functions are rather expensive. This can become
a time critical aspect in algorithms that require a frequent evaluation of
geometrical parameters as for example the curvature of a curve or surface.

Approximation and Fairing with B-Splines

We will summarize some basic properties of B-Splines needed in this paper.
We start with the basis functions. Then we shall employ them to build
curves, surfaces and volumes and demonstrate some main advantages of or
approximation methods. For further details on curves and surfaces we refer
to [2]. B-Spline basis functions Nk

i (t) of order k are piecewise polynomials
of degree k − 1. They have local support, are positive and they form a
partition of unity. If we use only single knots, the B-Splines are Ck−2-
continuous. As mentioned above we focus on B-Splines of order four and
write Ni(t) instead of N4

i (t). We define a B-Spline curve as

x(t) =

l
∑

i=0

piNi(t). (1)



The pi are called control or de Boor points. Using tensor product
notation we generate B-Spline surfaces and volumes as

x(u, v) =
l,m
∑

i,j=0

pijNi(u)Nj(v) and

x(u, v, w) =
l,m,n
∑

i,j,k=0

pijkNi(u)Nj(v)Nk(w).

(2)

The derivative of a B-Spline curve is a B-Spline curve of order k − 1. For
surfaces and volumes partial differentiation reduces the order for corre-
sponding directions.

Interpolation at the knots leads to a tridiagonal system

AP = X (3)

for the control points p
0
,p1, ..,pl assembled in P and the interpolation

points plus some additional conditions at the boundaries assembled in X.
The matrix A is tridiagonal.

For surfaces we obtain a matrix A for the u-direction and B for the v-
direction. Now P and X are matrices of vectors (2d or 3d). Let vec(S) be
the vector obtained by catenating the columns of a matrix S; first column of
S first, then second and so on. In MatLab notation this writes as vec(S) =
S(:). This concept can be generalized to matrices of vectors and the 3d case
(see [3] for further details). By ⊗ we denote the standard tensor product
(Kronecker product, see [4] for more details on tensor products). In 2d the
interpolation conditions result in the following equivalent equations:

(B ⊗A) · P (:) = X(:) ⇔ APBT = X. (4)

The 3d case is obtained from the tensor product nature analogous to the
2d case above, but we cannot use the standard matrix notation:

(C ⊗ (B ⊗A)) · P (:) = X(:). (5)

Note that A, B and C are still tridiagonal matrices.

For approximation in a least squares sense the bandwidth of the matri-
ces A, B and C is extended from three to four and they are no longer
quadratic. Instead of the L-R- we use a Q-R-decomposition to solve the
(overdetermined) systems. At a first glance this is a slight modification of
the standard least squares approximation that rapidly brings down compu-
tational time and space. In the 2d case this can still be written in standard
matrix notation as follows:

∥

∥APBT −X
∥

∥

2
=

∥

∥QARAAP (QBRB)T −X
∥

∥

2

=
∥

∥RAPRT
B −QT

AXQB

∥

∥

2
→ min.

(6)



P is computed by backward substitution from left with RA and right with
RT

B on the upper left part of QT
AXQB . Thus we have minimized the 2-

norm instead of the Frobenius-norm, which corresponds to the standard
least squares approximation. The follwing theorem is known

Theorem
Let A ∈ IRm×n with m ≥ n. Then

‖A‖2 ≤ ‖A‖F ≤
√

n‖A‖2. (7)

In [3] it is shown that for matrices arising from (6) in the above theorem
equality holds between the Frobenius- and the 2-norm. Furthermore this
result ist extended to the 3d case. Thus it leads to algorithms for the
standard 2-norm approximation whose complexity is proportional to the
number of approximation points.

As mentioned above, derivatives of B-Splines are B-Splines again. From
CAGD it is known that smoothing a curve or surface (fairing) can be
achieved by minimizing the third derivative. In terms of B-Splines this
requires linear combinations of neighbouring control points to be zero. If
we plug this into our above linear approximation system the bandwidth of
the matrices A, B and C is not increased. One can use weights in the least
squares formulation to achieve more smoothness or less deviation between
the splines and the data points x (smaller tolerances).
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Figure 1. Curvature plot of an unfaired and a faired curve.

Figure 1 shows the curvature plots of two B-Spline representations of the
same air-foil, the SFB 401 cruise configuration. Figure 2 shows computa-
tional results for the pressure distribution on the upper and lower side of
the wing. For the left figure we used 100 control points to fit a given data
set. The deviation of the spline from the original discrete description of the
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Figure 2. Pressure on wing for unfaired and faired curve.

configuration stays below a given tolerance. But the spline shows oscilla-
tions in the curvature. This phenomenon can also be observed when using
interpolation instead of approximation (see [1]). Therefore we have next
faired the B-Spline keeping the deviation of the spline from the original
discrete description inside the given tolerance. For this example we used a
method described in [5]. The results are shown in the right figures. This
example demonstrates, that an adaptive code may react sensibly to even
small scale inaccuracies in the description of the geometry (wriggling). It
should be noted that in the above example the fairing was hardly restricted
by the given tolerances.

As mentioned above, we have a method for adding scaled minimization
terms for curvature changes. Using this method, the above mentioned pro-
file can be precisely and smoothly approximated with less than 30 control
points.

Grid Optimization and Multi Block Decomposition

In this section we apply the concepts outlined above. We start with an
example of converting an existing structured grid into a B-Spline grid.

In Figure 3 a high quality mesh around a three parted high lift configura-
tion is shown. We start with an existing multi block grid. It contains 46
blocks and 117306 vertices. The approximation requirement is given by the
following tolerances: 0.15 · 10−3 at the wing (inner edges), 2 · 10−3 at com-
mon block edges and 8 ·10−3 at outer edges. The number of blocks remains
unchanged. Our B-Spline mesh is given by only 1873 control points. This
example shows that an enormous reduction of storage amount is achieved
by B-Spline grids. The right part of Figure 3 shows some details of the grid



Figure 3. High quality B-Spline grid (46 blocks).

near the wing.

It is well known that many applications demand the use of an elliptic grid
generator. Regarding robustness of the algorithm and smoothness of the
generated grids, elliptic methods are of very high standard. The disadvan-
tage is that they require the very time consuming approximate solution of a
nonlinear PDE and are therefore not well suited for time varying geometries
or interactive use.

We tested our spline tools in combination with standard elliptic grid gen-
eration as described in [6]. To speed up the solution of the PDE we start
the elliptic generator producing a very coarse discrete grid. This grid is
converted into a B-Spline representation. If the achieved quality of the
grid is satisfactory we stop. Otherwise we use the B-Spline (evaluated on
a finer grid in parameter space) as a good initial guess for a new iteration
with the elliptic solver. This concept leads to very few iteration steps for
the nonlinear PDE. In practice it turns out that it is usually sufficient to
compute and interpolate or approximate very coarse elliptic grids.

To get even sparser representations one has to change the block topology.
We have implemented a CAGD system for interpolation, approximation,
fairing and modeling with B-Splines. It is the front-end for our grid gener-
ation tools.

In Figure 4 we present the result of an interactive multi-block decomposition
around the same high lift configuration as in Figure 3. It is easy to see that
we need much less blocks here. One reason for this is the use of hanging
nodes on the block structure itself. Since the flow solver can handle this we
only have to take care of a correct neighbourhood information. For more
details we again refer to [1].



Figure 4. Multi block decomposition.

Curvature dependent Offsets

The construction of curvature dependent offset surfaces is described in [7].
The idea is closely related to the level set technique. In contrast to [8] we do
not compute the level sets by solving hyperbolic PDEs. We directly make
use of our spline representation. From this it is easy to compute curvature
and curvature dependent offset points. Then these points are approximated
by spline surfaces. The use of the previously described fairing methods
improves our method significantly.

Figure 5. Offsets near wing.

As an example of the ability of our algorithm, we have produced a one
block grid around the above high lift configuration. For this purpose the
three parts are connected by two virtual lines producing some additional
feature points(points on the curve without GC2-property). Then a parallel
curve in a relative distance of 0.4 · 10−6 is constructed around this profile.
In the next step the parallel curve is approximated by a B-Spline. Now the
offsetting can start. Since we have direct access to the curvature we are able
to control step sizes and reduction of curvature in each step. Again we use
our fairing methods. The offsets shown in Figure 5 and Figure 6 have to be
completed to grids. In a first step one can use line interpolation (Gordons
method) to produce an initial folding free starting grid. In a next step this



Figure 6. Offsets for far-field.

grid can optionally be orthogonalized by the method introduced in [9]. In
a last step the first grid line (the parallel curve) has to be projected onto
the profile in such a way that we use feature points.

It should be noted that, with regard to grid quality, it is not a good idea to
produce a one block grid for such complex configurations. It is only done
to demonstrate the robustness of our method. The holes between the main
wing and the flap and slat should be filled by other methods.

Surface Reparametrization

Many surface grids and thus the whole 3d mesh have singular points due to
their parametrization. This can be overcome by reparametrization. For this
purpose, the parameter space (unit squares) of the patches is reorganized
by adequate two dimensional meshing. Next the patches are recomputed
by our approximation method. As mentioned in [1], GC2-continuity is very
important for offsetting. We use artifical knots to achieve this (see [3] for
more details).



Figure 7. GC2 reparametrization of a surface.

Figure 7 shows a GC2-continuous reparametrization of an elliptic surface
with six B-Spline patches. The shown surface meshes can be orthogonal-
ized by the method presented in [9]. In practice the reparametrization has
to be done at least semi-automatically and one has to pay carefull atten-
tion to regions (lines) where the surface is not GC2 (feature lines, feature
recognition).

Conclusion

In this paper we have presented several CAGD tools for grid generation,
grid improvement and sparse representation. The use of fast algorithms
for approximation and fairing leads to a high reduction of computational
cost in many areas of grid generation. We have shown that it is easy to
convert structured hexahedral meshes into sparse B-Spline grids. Thus we
have a versatile method for sparse representation of grids. Furthermore,
by simple function evaluation, we can produce discrete grids for different
purposes from the same spline, e.g. anisotropic grids for the Navier-Stokes
equations, isotropic grids for the Euler equations, adaptive grids, etc.
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