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Abstract

In the present paper we give account of an effort that aimed at the unification of the whole
geometric preprocessing that preceded the wind tunnel readings with a realistic airplane wing
model in a recent research project. This preprocessing includes the automated generation of the
CAD models which were used for the manufacturing of the multi-parted wing-fuselage config-
uration and the generation of the numerical grids for the corresponding numerical simulations.
Due to the constraints of the project it was decided to employ only exact, watertight, untrimmed
B-Spline representations.
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1. Introduction

1.1. Project Description

The collaborative research center SFB401 at the RWTH Aachen: ”Flow Modulation
and Fluid-Structure Interaction at Airplane Wings” is concerned with fundamental prob-
lems of very high capacity aircrafts with large elastic wings, see Ballmann (2003). Two
major building blocks of this research are practical experiments and numerical simu-
lations. Within the frame of the subproject ”High Reynolds Number Aero-Structural
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Dynamics” stationary and unsteady wind tunnel readings with an elastic model were
carried out in the European Transonic Wind-Tunnel (ETW) in December 2006. Due to
the cryogenic conditions in this laboratory experiments at realistic Reynolds-numbers
could be performed. (The Reynolds number is the quotient Lv∞/ν where L is a typical
length of the model, v∞ is the velocity of the undisturbed incident flow and ν is the
fluid viscosity. It is an important scaling variable for the dimensioning of flow experi-
ments because flows with the same Reynolds number are similar.) The experiments are
accompanied by numerical simulations. The simulations help to understand the global
behavior of the observed flow, whereas the measurements done in the experiments can
only give information about the state on the surface of the test object, where the sensors
are placed. Vice versa, the numerical results can be validated by comparison with the
experimental data. However, despite the increasing computer power relevant aero-elastic
problems are still at the very edge of or even beyond the current abilities of existing
fluid dynamic codes. Here several severe obstructions come together such as the time-
dependence of the involved processes and the coupling of physical regimes with different
characteristic features of multiple scales. Therefore another part of research in the SFB
was the development of a new adaptive flow solver, named quadflow, see Bramkamp
et al. (2004), which is able to automatically resolve the typically singular behavior of the
solutions with spatially adaptive grids.

In the present paper we describe an effort to unify the whole geometric preprocessing
related with this project. The aim was to produce geometry representations that would
be suited for both the manufacturing process and the grid generation already in the
modeling stage. The basic data exchange between the modeling, grid generation and
manufacturing software was carried out by IGES files. Concretely the milling machine
employed hyperCAD/hyperMill from OpenMind, the inner technical constructions were
planed with CATIA, for the visualization we used Rhino and for the grid generation an
in-house code has been developed that is part of the quadflow project.

The wing itself corresponds to a BAC 3-11 aerofoil cruise configuration of scale 1:28.
It is modeled as a three parted back-swept wing with a rounded tip. To diminish wind
tunnel influences a half-body is placed between the wing and the wind tunnel wall. In an
upcoming project the outer part of the wing will be replaced by a part with a winglet.
Therefore we have developed algorithms for automatic generation of winglets with differ-
ent bending radii, angles and top views. Some of the methods for approximation, fairing,
modeling and grid generation used for this task are in principle well known in literature.
However, standard commercial CAD systems cannot be used for the modeling of the
surfaces because they do not provide the interfaces to fulfill the special constraints, that
stem from the design wishes and the manufacturing and the needs of the applied flow
solver for the Navier-Stokes equations.

1.2. The Grid Generation Concept

For the motivation of the grid generation concept Figure 1 demonstrates the basic
features of quadflow. In this example the transonic inviscid fluid flow around a BAC
3-11 profile was sought. The computation starts with an initially very coarse grid. After
some cycles of adaption and flow solving we arrive at an adapted final grid. The grid
adaptation is h-refinement of quadtree-type based on initially logically Cartesian grids,
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i.e., the task of the grid generation module is to provide hierarchies of structured grids
at arbitrary levels of resolution.

Fig. 1. Initial coarse grid, final adapted grid and pressure distribution for flow around BAC 3-11 profile,
Mach 0.85.

For reasons of numerical consistency the adaptation strategy requires that the under-
lying grid hierarchy is nested. This means that a cell Vj,k on level j with index k is the
geometric union of cells Vj+1,r, r ∈Mj,k on the next finer level so that the volumes of the
fine grid cells are the same as the volume of the coarse grid cell:

∑
r∈Mj,k

|Vj+1,r| = |Vj,k|.
Here a problem arises because obviously in curvilinear domains standard polygonal grid
hierarchies are usually not nested.

In order to generate nested grids effortlessly we do not use discrete grid models but pro-
vide as input for the flow solver parametric mappings that represent coordinate systems
in the single blocks. By default these mappings are realized by tensor product B-splines.
Then grids at arbitrary level of resolution can be constructed easily by function evalua-
tion and grid nestedness is automatically achieved if one considers a grid cell to be the
geometric image of the corresponding cell in parameter space. Hence, within the frame
of our grid generation concept a multi-block grid is a representation of the flow domain
by B-spline tensor product patches. In 3D, of course, the blocks are trivariate B-spline
tensor product volumes bounded by B-splines surfaces.

At this point it is important to note that the consistency of the parametric multi-
block grids must be maintained exactly. Gaps and overlaps between neighboring patches
are not allowed, especially not with the tolerances that are usually permitted in CAD
models. As noted by Letcher and Shook (1995) such tolerances may be small enough to
be visually inconspicuous and insignificant from the point of view of manufacturing but
may still be enormous on the scale required for grid generation. For instance, the analysis
of high Reynolds number viscous flows requires element dimensions near the boundaries
on the order 10−9 of the gross model dimensions. Geometric discrepancies of this order of
magnitude play havoc with mesh generation and flow solution. However, this number is
4−5 orders of magnitude smaller than the typical tolerance of a CAD-model. The second
restriction is that we do not use trimmed surfaces, because the flow solver is not able to
work with overset grids and trimming would destroy the logically Cartesian topology of
the numerical grid.
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1.3. Outline of Paper

The remainder of this article is organized as follows. To get an overview of the de-
sired features of our algorithms we summarize the main properties of the model to be
achieved and give a brief outline of the construction process. Details on those steps that
exhaustively use B-spline properties and algorithms are given in the Section 3. After
that we describe an extension of the wing model with winglet that is planned for future
experiments. In the second part of this paper we we propose some techniques for planar
and volume grid generation. This idea is based on the generation of curvature dependent
offset-curves. In Section 5 this method will be developed for the planar case and then be
extended to 3D in Section 6.

1.4. Notation

Throughout this paper we write B-spline curves in the form x(t) =
∑N

i=0 piNi,k,T (t)
where Ni,k,T (t) is the i-th normalized B-spline function of order p (degree p − 1) cor-
responding to the generally non-uniform knot vector T = (t0, t1, . . . , tN+p). We usually
assume that T is clamped, i.e., t0 = . . . = tp−1 and tN+1 = . . . = tN+p. For the sake of
simplicity we write Ni,p instead of Ni,p,T since it becomes clear from the name of the
function argument what the knot vector is. Surfaces are represented by B-spline tensor
products of the form

∑N
i=0

∑M
j=0 pijNi,p(u)Nj,q(v).

2. Geometry Description and Outline of the Modeling Process

The task of the work we describe in this paper was to construct a model consisting
only of untrimmed B-spline patches for the wing with mounting unit shown in Figure 2
and the simplified half of a fuselage shown in Figure 3. Herby the main part of the wing
is defined by a variable number of cross-sections which are connected by ruled surfaces.

Fig. 2. View of the complete model with mounting unit.
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Fig. 3. Simplified fuselage – control points and knot-isolines

2.1. 2D Computations

The cross section of the wing for the cruise configuration was numerically described
by the ordinates of 87 points given in the two ARGARD reports by Moir (1994). These
points xj are scaled such that the wing depth, i.e, the distance from the nose to the
trailing edge, reaches unit length. This data is fitted by a smooth B-spline x(t) which
serves as reference for the cross-sections. The tolerance relative to the wing depth is
ε = 1.7 · 10−4. Thus we have to guarantee ∀j : mint ‖x(t) − xj‖2 ≤ ε. Furthermore the
cross-sections have to fulfill the following conditions: start and end point of the profile is
exactly (1,0). The leading edge is crossed vertically at (0,0). Optionally the curvature is
given there. The relative thickness of the reference profile is rt = 11%. This thickness can
be varied by scaling in vertical direction in the 3D module. At the fuselage the profile
is treated in a different way, because here the relative thickness has to be 15% and this
enlargement has to be achieved by changing the profile in the lower part only (see Figure
4). All these computations are done in 2D space. The result is shown in Figure 4.

smooth spline

smooth spline at fuselage

design ordinates

Fig. 4. Design ordinates, spline (rt = 11%) and spline at fuselage (rt = 15%).

The next step is to describe the top view of the multi-parted back-swept wing. This
can be done with an arbitrary 2D CAD program that can treat B-splines and export
coordinates and lengths. We use WinCAG (Brakhage, 1990, 2005). For our purposes
some special interfaces were added to that system. The only information we need from
this step is the front position of the cross-sections Ai, their depth li and the relative
position of R with respect to An (= A4 here), compare Figure 5). For each cross section
a different value for the relative thickness can be used, though for our wing these factors
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Fig. 5. Top view of the multi-parted back-swept wing – winglet modifications on right hand side, see

Section 4

are not changed. Between the wing and the blend to the mounting unit a cylindrical
continuation can be added (see Figure 6) to pass the (material of the) fuselage. The

r
1

r
2

r
3

Fig. 6. Top and front view of mounting unit with continuation

mounting unit is given by top and front view and some rounding values. Only the top
view of the fillet is given in the 2D sketch. To avoid gaps, the blend is not computed
as a trimmed surface. For this reason the B-spline representing the cross-section at the
fuselage has to be split up into five parts. This is done by knot insertion. The fillet and
the mounting unit is then computed as one block. The exact blending radii and their
centers were exported separately to the milling software. This part was manufactured
with a cylindrical milling cutter. Figure 7 shows the four untrimmed surfaces building
the transition. In the next sections we will give more details on these computations.
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Fig. 7. Plot of the fillet with mounting unit.

2.2. From 2D to 3D

Up to now we have only described 2D operations. We fixed the knot vector after
computing the smooth 11% reference cross-section and did not change the knot vector
for the profile at the fuselage. This leads to an easy representation of airfoils (ruled
surfaces, mostly cones). The enlargements for the different cross-sections are done by
scaling of the control points. Due to the just mentioned facts, we have a one to one
correspondence in the parameters between the different cross-sections and can easily
construct the wing parts as ruled surfaces. The scaled profiles are placed at the right
position in 3D space. The coordinates for this were taken from the 2D sketch. Hence, the
multi-parted back-swept wing is given by a B-spline surface of order (p× 2). In our case
p is 4 and all parts of the wing are ruled surfaces. With the exception of the lower part
of the patch near the fuselage they are conics.

The sensors and cables have to be placed inside the wing. The necessary shell thickness
of the aerofoil is roughly known from stress and eigenfrequencies computations (FE shell
model considering webs) and is of variable size. Therefore a variable inner offset surface of
the wing was computed. All detail constructions for the inner equipment have to remain
inside this surface.

The rounded tip is given by the relative position of R to An (compare Figure 5) and
the following construction. We have to achieve only GC1-continuity at the crossover from
wing to tip. As first row of control points we take the outer ones of the aerofoil. Since the
wing consists of ruled parts, we elongate the outer ones on the straight lines given by the
ruled surface. Choosing the second row of control points on this lines GC1-continuity is
guaranteed. To achieve the desired properties with a minimal amount of control points
we build a B-spline-Bézier surface. All control points of the second row are placed at
the wing span width given by R. For the third and last row we first project the points
of the second one into the x-y-plane. Then we compress them (y-direction) by an equal
factor to get the wing depth given by R. The surface defined by this procedure is a
GC1 continuation of the wing and is automatically computed due to the above described
parameters. In this form it is well suited for manufacturing, but for grid generation it
has to be re-parameterized, see Section 6.
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Fig. 8. Wing tip – knot-isolines.

The construction of GC1-continuity for the fillet is a little bit more difficult. By knot
insertion we split the profile spline of the wing into 5 parts (compare Figure 6). The
partitions number 2 and 4 - the last one with inverted orientation - are the boundary
curves of our fillet. Now we can apply the formulas from (Hoschek and Lasser, 1992, Ch.7)
to achieve the wanted continuity properties. For the blending radii a pre-computation
of the x-y-coordinates is done (fitting of the circular arc). We have still one degree of
freedom left for the second row of control points. This can be used to design a more or
less rapid change from the wing to the inclined part. The same is due at the transition
to the mounting unit. A possible result for the control points is shown in Figure 7.

2.3. A simplified half body

To reduce the influence from the wind tunnel wall as much as possible a simplified half
of a fuselage was designed. Again we use spline techniques and have several parameters
to change its shape. The main idea is as follows. We compute a (periodic) GC2 approxi-
mation of a part of an ellipsoid (latitude 0 to about 80 degrees). From now on we act on
the control points and do not disturb the GC2 continuity at the periodic boundary. A
stretching function (x-depending) is applied to the back part and a straight layer can be
inserted. Here the knot vector has to be carefully adjusted. Finally we have to flatten the
area where the wing passes the fuselage. By knot insertion we guarantee that the surface
changes keep local. Since all these operations act on control points, we end up with an
overall GC2 surface. The result of the previously defined configuration is shown in Figure
3. Again an inner offset surface has to be computed for further detailed construction and
manufacturing.

3. Approximation and fairing

Since there are some constraints like fixed points, tangents and curvature usual CAD
Systems can not be used for our approximation task. Thus we have to start our con-
siderations with a (planar) cloud of M + 1 sorted points xj . For the parameterization
we compute the chord length (CAGD meaning) knot spacing of the corresponding curve
x(t). It gives us an initial guess of the parameter values t̃j for xj . From the sequence t̃j
we build for i = p, . . . , N < M the knots ti in such a way that the density of t̃j accords
to that of the t̃j using the algorithm

ĵ =
(i− p + 1)M
N + 2− p

, j = bĵc, h = ĵ − j, ti = t̃j + h · (t̃j+1 − t̃j).

The theorem of Schönberg-Whitney then guarantees a unique solution of the corre-
sponding least squares problem. This knot vector can optionally be smoothed by ti =
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(ti−1 + w · ti + ti+1)/(w + 2) with a weight w > 2. Afterwards we compute our first
approximation x(t) and make a reparameterization to arc length, i.e., we replace the ti
and t̃j by

ti →
∫ ti

0

‖x′(t)‖2 dt resp. t̃j →
∫ t̃j

0

‖x′(t)‖2 dt. (1)

We compute the integrals numerically with a high order Gauß-formula. The next step is
a parameter correction for the t̃j . That is realized by a damped Newton step. From now
on we can assume with sufficient accuracy that the curve is parameterized by arc length.
This yields some simplifications for our constraints on tangents and curvature as well as
for our fairing algorithm. First the requirement that the curve has a vertical tangent tj

with ‖tj‖2 = 1 at the nose results in the linear equation

x′(t̃j) = tj .

Second we have κ(t) = ‖x′′(t)‖2 and x′(t) ⊥ x′′(t) which yields

x′′(t̃j) = ±κ · t⊥j ,

Both equations match the band structure of our system matrix.
Now we are able to fulfill the constraints by introducing weights λj . If the curve has to

pass a point xj at the given value t̃j we use the equation (λj >> 1) λj ·x(t̃j)
!= λj ·xj (still

linear in pi). We use λj = 1 in regions with no constraints. The constraints on derivatives
are treated similar. Thus we avoid to deal explicitly with them. For the sake of simplicity
in the description we do not handle constraints on derivatives in the following.

The wanted tolerance ε (maximum distance between given points and final curve) is
split into ε = ε1+ε2, the tolerance for the approximation and that for the fairing process.
In our first step we compute a knot vector T and control points pi by solving∑

j

λ2
j (xj − x(tj))

2 → min (2)

in such a way that the condition

max
j
‖xj − x(tj)‖2 ≤ ε1 (3)

holds. This is mainly achieved by changing the number of control points to get the
optimally sparse solution. The λj are adjusted too. The system matrix for approximation
is a p-banded matrix. Efficient methods for directly solving these kinds of problems by
sparse Householder reflections have been developed and implemented. We never use the
normal equations to get optimal results regarding error propagation.

We use the concept of fair curves as for instance is described in Farin et al. (1987)
and again make use of our parameterization by arc length. A fair curve should have no
wiggles and thus it should have linear curvature almost everywhere. If we want to fulfill
this condition in our case we have to try to keep x′′′(t) close to a constant.

For B-spline curves of order 4 the third derivative is piecewise constant. Therefore
we know that we have a linear combination of four (consequent) control points on each
interval [ti, ti+1). If we claim x′′′(t̃−) = x′′′(t̃+) for all inner knots t̃ = ti this results in a
pentadiagonal system matrix Q. If we place all the new control points p̃i in a vector of
3D-vectors p̃ this yields in ‖Q · p̃‖2 → min.

On the other hand we have to guarantee that
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max
j
‖x̃j − x(t̃j)‖2 ≤ ε. (4)

This can now be achieved by (compare (2))∑
i

λ2
i (p̃i − pi)

2 → min (5)

and

max
i
‖p̃i − pi‖2 ≤ ε2. (6)

We collect the λi in a diagonal matrix Λ and the pi’s in p coming up with ‖Λ·p̃−Λ·p‖2 →
min. Now our linear least squares problem is∥∥∥∥∥∥

 Q

Λ

 · p̃−

 0

Λ · p

∥∥∥∥∥∥
2

→ min. (7)

Rearranging the equations we end up with a pentadiagonal least squares system. In an
outer loop the λi for (5) are determined to fulfill (6). Again one way to solve the least
squares problems is using sparse Householder reflections. Another one is to use CGLS, a
Conjugate Gradient method for linear Least Squares (also called CGNR in Saad (2003)).
In the latter case the equations do not have to be rearranged and we can make extensive
use of the sparsity of the system matrix.

4. Winglet construction

In a future project we want to perform wind tunnels readings where a winglet is added
to the configuration, see Figure 9. For this reason we have developed algorithms for

Fig. 9. Side view of winglet construction – bending angle 60◦.

automatic winglet constructions. In a first step the top view (compare Figure 5) has to
be extended. We mark the bending position x0 and add an additional dihedral angle a.
From this the new positions A′4 and A′5 and the wing chords l′4 and l′5 are determined.
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The suggestion for R′ is to use the same shortening as in the original case without the
winglet.

The basic idea of the 3D construction is to do all computations directly on the control
points. Imagine a horizontal wing in x-direction and the (horizontal) plane Π0 of the wing
chords (z = 0). In this plane the control points of our surfaces have (xij , yij)-coordinates
and certain heights zij (positive or negative). The y values will not be changed. Figure
10 is a projection (in y-direction) of the transformation process. It is determined by the

r
w/2

x2 x1 x0d

d

ac" c

x’2

c’

x’1

C

Fig. 10. Principle of winglet construction.

bending position x0, the radius r and the angle w. In the following we identify the lines
given by (xk, y, zk), y ∈ IR with the points xk and and use the correspondence of xk and
its x-value xk.

Given x0, r and w the center C and the points x0(= x′0), x1, x2, x′1 and x′2 are
determined. We want to keep the wing span given by c. Thus we first have to stretch the
wing end from c to c′′. The order of our B-spline patch in x-direction (parameter v) is
2. To achieve order p we then insert control points (on a straight line) in that direction,
modify the knot vector (start and end) accordingly and determine the parameter values
for v0 < v1 < v2 for x0, x1 and x2. Going from a to x0 we want to keep the straightness
close to x0. Hence we insert some knots (< v1) around v0. For the same reason we add
some knots (> v1) around v2. Now we rotate the part from Π0 between x2 and c′′ with
center (axis) x1 and name this part Π′0. This rotation describes a mapping

φ :



Π0 → Π′0
xij

yij

0

 7→


x′ij

y′ij = yij

z′ij

 . (8)

The normal vector n = (0, 0, 1)T of Π0 becomes n′. Finally the control points with
xij ≤ x2 are mapped as following
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xij

yij

zij

 7→ φ


xij

yij

0

 + zij · n′. (9)

The points (xij , yij , 0)T with xij ∈ (x2, x0) are mapped to the circular arc/cylinder
between x0 an x′2 according to their distances. The normals n′c are given by the position
on the arc. The map for the control points of this part corresponds to (9). The control
points with xij ≥ x0 remain unchanged. Figure 11 shows the final result with parameters
a = 10◦, x0 = 1194 (the whole wing span is 1312 with and 1286 without tip) and r = 25.

Fig. 11. Winglet with dihedral angle a = 10◦ and bending angle w = 60◦.

5. Planar Grid Generation

Since the model, which we have got from the modeling process, is already watertight
and the neighborship relations are well defined we need not to do any post-processing
or correction of the CAD to start with the grid generation. This advantage cannot be
overestimated because in practice the fixing of dirty geometry is often a very tedious and
time-consuming part of the work.

Block-structured grid generation is usually an interactive process, where the user con-
structs the framework of the grid consisting of the vertices and edges at a graphical
user interface. Here we think of the edges as B-spline curves. After that standard meth-
ods, mostly transfinite interpolation with linear or cubic blending functions, are used
to generate the B-spline tensor product parameterizations of faces and volumes. If this
is necessary for the construction of the tensor products, the B-spline representation of
opposite edges are made compatible by knot-insertion. This guarantees by construction

12



that the resulting multi-block grids are watertight. In critical cases in which the standard
algebraic methods produce grid folding, elliptic grid generation methods are used for grid
smoothing. In the current context it proposes itself to discretize the underlying partial
differential equations with a B-spline collocation method, so that one can work directly
on the native data structures of our grids. Some preliminary results in this respect can
be found in Lamby and Brakhage (2007).

In any case the most critical regions of the flow simulations are the boundary layers.
Grids in this area should be orthogonal and have an approximatively constant grid spac-
ing perpendicular to the contour. Therefore in the following we do not want to discuss
the whole grid generation process but concentrate on a new method to generate bound-
ary layer grids that is based on the generation of generalized offset curves. Since the 3D
algorithm is essentially an extension of the 2D algorithm we discuss the case of planar
grid generation first.

5.1. Grid Generation with Curvature Dependent Offset Curves

A natural approach to construct quasi-parallel grids to a given contour would be to
construct sequences of offset curves. However offset curves produce self-intersections when
the original curve is not convex. Therefore we generalize this concept to some kind of
curvature dependent offset curves. Our approach is motivated by Sethian (1985) who
developed theoretical results on the evolution of curves propagating in their normal
direction with curvature dependent speed:

∂

∂t
x(s, t) = F (κ(s, t))n(s, t). (10)

Hereby we assume that for any fixed t x(·, t) is a closed, smooth curve, parameterized
counter-clockwise, n is the outward normal and κ is the signed curvature of x(·, t). The
point is that under certain assumptions, the most important of which is F ′(κ) < 0, the
curve remains smooth and does not produce self-intersections.

Later Sethian applied this theory to grid generation Sethian (1994). His idea is to view
the boundary of the body as a propagating front. At discrete chosen time intervals the
current state of the front serves as grid line aligned with the body contour. Sethian used
level set methods to follow the evolution of the front, which is a quite expensive approach
since one represents the curve as zero level set of a higher dimensional function. But in
CAGD setting the following algorithm proposes itself:
Algorithm 1 (Generate a B-spline offset curve) Assume that a planar B-spline curve
x(s) is given and a speed function F (κ) has been chosen.

1. Determine a time step size ∆t.
2. Distribute root points x(si) on the curve.
3. Compute sample points for the offset curve:

xoff
i = x(si) + ∆t F (κ(si))n(si). (11)

4. Approximate these sample points with a new B-spline curve xoff (s).
5. Apply a fairing method to xoff in order to get rid of unwanted oscillations.
This process is repeated until the last offset curve has reached a user-defined distance

from the original contour, see Figure 12. Of course the description of the algorithm in its
given form is far from complete. There are a lot of parameters which can be used to tune
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this algorithm. In the following paragraphs we will summarize and motivate our choices
step by step.

Fig. 12. Example of offset generation. The vertical lines mark the paths of the sample offset points
generated during the algorithm.

5.1.1. Choice of the Speed Function
In grid generation one has to avoid that F becomes negative and that consequently the

front moves backwards. Sethian’s theory predicts, that self-intersections can be avoided
if Fκ < 0. Therefore a natural choice is F = e−εκ with some ε > 0. However, in practice
this exponential speed function is difficult to handle because small variations in the
curvature may cause large variations in the corresponding speed and the evolution of the
front depends sensitively on the choice of ε. Therefore we prefer

F = max(1− εκ, Fthreshold). (12)

Note, that the thresholding affects only the convex parts of the curve which is uncritical
because in this area no self-intersections will emerge. The value of ε should be as small
as possible. Otherwise the thickness of the grid cells near the boundary varies strongly
which is not desired. On the other hand ε must be large enough to avoid the degeneration
of the offset curves in the concave parts of the contour. The two examples in this section,
see Figures 12 and 13 have been computed with ε = 0.1 and Fthreshold = 0.7.

5.1.2. Choice of the Time Step
The ideal is of course to choose the time-step as large as possible in order to reach

the desired size of the offset block in as few steps as possible. The main restriction is to
avoid self-intersection of the offset curve. If the curve contains concave parts the nearest
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intersection point is at distance −1/κmin from the point of minimal curvature. Since
F (κ) is maximal when κ is minimal this means that the offset-curve will degenerate at

∆t∗ = − κmin

F (κmin)
. (13)

Of course we must not reach this limit but instead we limit our time step size by one
third of this value. The second limitation is due to accuracy considerations, i.e., it seems
natural to limit the size of the time-step if the absolute curvatures of the given curve are
large, even if the curve is convex. Therefore we limit the time-step size also by

∆t∗ =
κmax

F (−κmax)
. (14)

The reasoning behind this is, that it should be possible to take the offset curve as starting
point and to compute the last time step backwards without violating the time step
restriction (13). Altogether the time step becomes

∆t =
1
3

min{∆t∗,∆t∗}. (15)

The factor 1/3 is of course somewhat arbitrary but it seems to be a good compromise
between maximum size and stability.

5.1.3. Choice of the Root Points and the Approximation Scheme
Numerical experiments show that it is not a feasible strategy to generate a B-spline

offset curve by interpolation because this tends to accentuate spurious oscillations in the
sample data. Instead we prefer to use approximation and for this purpose compute twice
as many sample points than the approximating spline will have control points. As param-
eters for the sample points in the approximation problem we choose their accumulated
chord length. Moreover, it is advantageous if the sample points are uniformly distributed
along the new offset curve. If we assume that the original curve is approximately pa-
rameterized according to arclength this aim is achieved if one finds a distribution of
parameters si on the original curve such that the distances si − si−1 are proportional to
the weight function w(si−1/2) = (1 + ∆tκ(si−1/2))−1.

5.1.4. Choice of the Approximation and Fairing Tolerance
Of course, the error of the approximation process must not be larger than the move-

ments of the sample points because otherwise it might happen that the finally computed
offset curve crosses the original curve. Concretely we permit an error of 1

2ε∆tFthreshold

for both the approximation step and the fairing step individually. If the approximation
error exceeds this bound, we discard the computed sample points, and repeat the same
procedure with twice as many samples and control points. For the fairing itself we use
the knot removal fairing described in Farin et al. (1987).

5.2. Constructing the Transverse Lines

The result of the offset algorithm in the previous section is a set of B-splines which
represent the advancing front at some discrete time levels ti. From this set of splines, that
might have different number of control points and knot vectors, we want to construct a
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grid mapping with B-spline tensor product structure. This task is associated with the
choice of the transverse grid lines. Here we switch the notation and identify s ↔ v and
t ↔ u.

Our general strategy consists of two steps: first we use an interpolation scheme that
connects the points with the same parameters s from each curve. Here we switch the
notation, identify s ↔ v and t ↔ u and call the resulting grid function x(u, v). However,
this choice might not yield an entirely satisfactory result. Since during the approxima-
tion step in the offsetting algorithm we do not use the parameters of the root points
as parameters for the offset points, but compute an chord length parameterization for
each offset curve individually, we loose the correlation of the parameters, and therefore
the line interpolation yields a grid, that will not be orthogonal, see Figure 13. However,
orthogonality is often desired, at least in the immediate neighborhood of the body bound-
ary. Therefore, in the second step, we use a method developed by Brakhage and Müller
(2000) based on the solution of ODEs in order to modify the behavior of the transverse
grid lines.

Our aim is to find lines y(u) = x(u, f(u)) which are orthogonal to the grid lines
u = const. This orthogonality condition can be written as

y′(u)xv(u, f(u)) = 0 (16)

which is equivalent to

(xu(u, f(u)) + xv(u, f(u))f ′(u))xv(u, f(u)) = 0. (17)

This is an explicit equation for f ′ that can be resolved to the ordinary differential equation
(ODE)

f ′(u) = −xu(u, f(u))xv(u, f(u))
xv(u, f(u))xv(u, f(u))

(18)

which using standard metric conventions can be written as

f ′ =
g12

g22
. (19)

The grid lines v = const of the new grid mapping x̃(u, v) are now given by x(u, fv(u)),
where fv is the solution of (19) with the initial value f(0) = v. The fv can be computed
with any standard ODE-solver.

Orthogonal grids, however, have a different disadvantage: at convex parts of the bound-
ary the transverse coordinate lines are attracted to each other, leading to strong variations
in the grid metric. In order to find good compromises between the orthogonal and the
smooth grid one can merge the smooth chord length grid and the orthogonal grid by
blending the v-parameters of these two mappings:

x̄γ(u, v) = x(u, [(1− γ)φ00(u) + γ]fv(u) + [(1− γ)φ10(u)]v). (20)

Here φ00(u) = u2(2u−3)+1 and φ10(u) = −u2(2u−3) are the Hermite blending functions
that fulfill the conditions φ′(0) = φ′(1) = 0, φ00(0) = 1, φ00(1) = 0, φ10(0) = 0, φ10(1) =
1. If γ = 1 the resulting grid is the orthogonal grid x̃(u, v), for γ = 0 the grid looks locally
like the orthogonal grid at the inner boundary, but has the same parameterization as the
arclength grid at the outer boundary. Figure 14 contains two samples for γ = 0.4 and
γ = 0.8.
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Fig. 13. Left: Grid connecting points of equal chord-length on each offset curve. Right: Orthogonal Grid

for the same configuration.

Fig. 14. Grids according to Equation 20. Left: γ = 0.4, Right: γ = 0.8.

6. Volume Grid Generation

6.1. Reparameterization of the Wing Tip

The representation of the wing tip in Figure 8 is not optimal for grid generation because
it contains a singular point in its parameterization. We reparameterize the wing tip and
generate a new patch structure for it by the following method. We cut the wing tip
by a sequence of planes that sweep over the singularity, see Figure 15. To compute the
cuts we start from a chosen point on the upper side of the wing and use a predictor-
corrector method with step size control to follow the cut-curve. If the inner cut of the
wing patch is reached, we identify the corresponding parameter on the opposite side
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using a Newton-iteration; the necessary starting value is computed by bisection. The
cut-curves are uniformly evaluated and then the resulting points are approximated again
with a tensor product B-spline.

Fig. 15. Computing the cut curves for the reparameterization.

This process is repeated with varying groups of cutting planes paths until all parts of
the given surface have been processed. In the present case the final reparameterization
consists of 8 patches, see Figure 16.

Fig. 16. Final reparameterization seen from the lower side of the wing.

This reparameterization method is applicable rather generally. For this step only some
basic topological information is required. The main problem is that the definition of all
the cutting planes contains quite a lot of parameters that have to be defined by the user.
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Fig. 17. Left: a simple test object, a deformed and rounded cube-like object with a concave upper
side. Right: Offset for this object generated by tensor product approximation. A singularity of the

parameterization develops in the center of the upper patch.

6.2. An Offset Technique for Patched Surfaces

As experience shows it is not a feasible strategy to compute for each patch a regular grid
of sample points for the offset surfaces and then to approximate these points by tensor
product methods. The problem is that the rigid tensor product structure obstructs the
use of reparameterization techniques. The effect is demonstrated in Figure 17. Here one
can see that in the concave part of the given body the parameter lines converge and start
to form a singularity. Even by time-consuming fairing and optimization methods it is
difficult to remedy this problem. Hence, we propose to proceed as follows:
Algorithm 2 (Generate offsets for a patched surface.)

1. For each edge x(s) of the multi-patch surface compute an offset curve according to
algorithm 1. Hereby compute the needed normal direction and the curvature by

n(si) =
∑
F

n(F ; si)/‖
∑
F

n(F ; si)‖ (21)

κ(si) =
1
|F |

κp(F ; si) (22)

where the summation goes over all faces F that are adjacent to the point x(si)
(note that the vertices that might be more than 2) and n(F ; si) and κp(F ; si) are
the evaluations of the surface normal and the maximal principal curvature of the
patches F at the point x(si). |F | is the number of faces adjacent to the point x(si).

2. Transfer the movement of the edges to the faces using the formulas explained in
subsection 6.3.

In principle, it might seem necessary to insist on G1-Continuity at the patch interfaces.
However, since this is not quite easy to achieve and because G1-continuity is not a
property which is needed for the numerical grids, we omit this, but just determine a
normal by averaging, as above, the normals of the adjacent patches. This algorithm has
the advantage, that the offset edges can easily be reparameterized and that in each step it
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Fig. 18. Offset curves for the test object using algorithm 2.

is naturally guaranteed that the model stays water-tight during its propagation because
the movement of the faces is induced by the movement of the edges; hence there is no
need to correct any discrepancies at the patch boundaries which might occur due to the
approximation in the single surface patches. We only need a good deformation algorithm
that preserves the original parameterization of the contour surfaces as well as possible
during the induces movement of the offset surfaces. Such an algorithm is described in
the next section. Indeed this new algorithm is fairly well-behaved. For the simple test
configuration presented in Figure 17 it is possible to generate an infinite sequence of
offset-surfaces without observing degenerations or oscillations, see Figure 18.

The application of this technique to the wing model is more intricate. We want to
generate a grid with a C-topology similar to the planar case. Hence, the topologies of
the wing model and of the offset surfaces are not the same because upper and lower
side of the model separate at the trailing edge. Furthermore the curvature of the wing
tip becomes infinitely large near the trailing edge. Therefore the first offsetting step
is realized with some special code which manages the change of the surface topology
and prescribes the movement of the surface points for which the normal is not uniquely
defined. Concretely this concerns the end point of the trailing edge which is allowed to
move along the prolongation of the trailing edge only. After that a sequence of offset
surfaces is constructed according to Algorithm 2. Figure 19 shows some cross-sections of
the offset grid for the wing model.

6.3. Patch Deformation

It has become clear from the explanations above, the most important feature of the
patch deformation method needed in step 2 of the above algorithm is to maintain the
original, smooth parameterization of the surface as well as possible. A suitable method
has been proposed by Spekreijse et al. (2002) for structured hexahedral grids. We employ
this method directly to the control points of the surface patches.
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Fig. 19. Offset Surfaces for the wing tip cap, seen from behind (left plot) and from the front (right plot).

So let us assume that the n-th offset surface representation has the tensor product B-
spline representation xn(u, v). For the n+1-th offset face the new boundary curves have
already been computed. Furthermore let all these splines be defined over the same knot
sequences U ,V . Eventually this can be forced by mutual knot-insertion. Let us denote
the control points of the old and the new grid with pn

i,j and pn+1
i,j respectively. Let the

dimension of the control point matrix be N ×M . Then we compute the representation of
the new B-spline by the following recursion, which is typical for transfinite interpolation
except for the choice of the parameters uij , vij which depend on the distances in the old
grid.
Algorithm 3 (Compute the movement of the surface)

1. Compute the displacements di,j of the control points on the boundary edges:

di,j = pn+1
i,j − pn

i,j . (23)

2. Start with unidirectional interpolation in u-direction:

d1
i,j = (1− ui,j)d0,j + ui,jdN,j . (24)

3. Adds the mismatch of the displacements along the second pair of opposite edges by
unidirectional interpolation in v-direction:

pn+1
i,j = d1

i,j + (1− vi,j)(di,0 − d1
i,0) + vi,j (di,M − d1

i,M ). (25)

In this algorithm taking ui,j = i
N , vi,j = j

M would exactly reproduce the standard lin-
ear blend proposed by Gordon and Hall Gordon and Hall (1973). However, this method
leads to grid folding when it is applied to anisotropic grids. The reason for that negative
behavior is clear: if one interpolates the displacements uniformly one may get strongly
different speeds for neighboring grid points, even if these grid points are very close to-
gether due to some non-uniform spacing in the given grid. Instead one should take into
account the spacing within the original grid. This is achieved by setting

ui,j =

∑i
m=1 ‖pn

m,j − pn
m−1,j‖∑N

m=1 ‖pm,j − pm−1,j‖
, (26)
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vi,j =

∑j
m=1 ‖pn

i,m − pn
i,m−1‖∑M

m=1 ‖pn
i,m − pn

i,m−1‖
, (27)

i.e., by computing a normalized chord length parameterization along each single grid line.

7. Conclusion

In this paper we have described the generation of a sparse, watertight B-spline model
for a wind tunnel wing-fuselage configuration. Instead of using standard commercial
tools classical B-spline techniques have been adapted to the special requirements of this
project. The effort that was put into this stage easily paid off later due to the ease
with which the resulting geometry could be transfered without conversions or approxi-
mations between the various software which was used for the manufacturing, technical
construction and grid generation. Moreover, the parameters of the construction, like pro-
file ordinates, bending radii, sweep angle, etc. can easily be modified since the modeling
algorithms have been automated. An IGES file containing the configuration that was ac-
tually manufactured and used for the wind tunnel experiments can be downloaded from
http://www.igpm-rwth-aachen.de/~brakhage/SFBmodel.

Furthermore we considered the application of B-spline techniques to block structured
grid generation. In particular, a special method to generate offset grids has been pre-
sented. Here we see the potential that the representation of the grid by parametric map-
pings provides the flow solver with the full information about the geometry whereby the
accuracy of the mappings is independent from the resolution of the actual numerical
grid. This releases the numerical analyst from the need to consider discretization aspects
already during the grid generation stage but reduces this task to the genuine geometric
problem it actually is.
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