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Abstract

We describe methods and algorithms for automated generation of multi-
parted airplane wings with winglets. The wings are given by one or more
cross-sections (e.g. by point clouds) and their top views. The relative thick-
ness of the wing (thickness/chord) can be varied from section to section. A
rounded tip with design parameters and GC1-continuity at the crossing to
the wing is automatically computed. Additionally several types of winglets
can be added at the tip. A simpli�ed half of a fuselage is computed, too.
The geometries can be modi�ed by changing only a few signi�cant parame-
ters. Methods for the generation of surface grids for the di�erent geometries
are also presented.

Introduction

In the Collaborative Research Center SFB 401, "Modulation of Flow and
Fluid-Structure Interaction at Airplane Wings", the aerodynamics of high
lift and cruise con�gurations and the interaction of structural dynamics
and aerodynamics are presently being investigated. In the subproject "High
Reynolds Number Aero-Structural Dynamics" stationary and unsteady wind
tunnel readings with an elastic model have been carried out. The experi-
ments were done in the European Transonic Wind-Tunnel (ETW) in De-
cember 2006. The wing corresponds to a cruise con�guration of scale 1:28,
whose supercritical cross-section is numerically de�ned in two AGARD re-
ports (BAC 3-11 aerofoil, [1], [2]) by its ordinates. It is modeled as a three
parted back-swept wing with a rounded tip. To achieve realistic results a
half-body is placed between the wing and the wind tunnel wall.
In an upcoming project the outer part of the wing will be replaced by a part
with a winglet. The winglet will have a tip according to the rules used for



the original wing. We have developed algorithms for automatic generation
of winglets with di�erent bending radii, angles and top views. The surface
grids are automatically deformed with the geometry. The developed tools
are based on B-Spline representations and Catmull-Clark-subdivision. The
approximation and fairing methods have to ful�ll several constraints. These
depend upon the manufacturing and the needs of the applied �ow solver
for the Navier-Stokes equations.
The basic data exchange between the modeling, grid generation and manu-
facturing software is carried out by IGES �les. The methods for approxi-
mation, fairing, modeling, grid generation and further details of the project
are presented.
The rest of the paper is organized as follows: We �rst give same basic no-
tations of B-Splines and show some results especially needed for our fairing
methods. Then we explain our fairing method. The next section deals with
the modi�cations and bending of the wing for the winglet construction.
Afterwards we describe a method to construct surface grids by subdivision
methods.

Basic B-Spline notations

A B-Spline function of order k is piecewise a polynomial of degree k−1. For
a given knot vector T = (t0, t1, ..., tk−1, tk, ..., tl, tl+1, ..., tl+k) the B-Spline
functions can recursively be de�ned/computed by

k > 1 : Nk
i (t) = t−ti

ti+k−1−ti
Nk−1

i (t) + ti+k−t
ti+k−ti+1

Nk−1
i+1 (t)

k = 1 : Nk
i (t) = N1

i (t) =
{

1 ti ≤ t < ti+1

0 elsewhere

(1)

for i = 0, 1, ..., m− k. Sometimes they are called normalized in this form.
For practical use we have to add Nm−1,1(tm) := 1, make sure that ti < ti+k

for i = 0, 1, ..,m − k and, if for any i ∈ {0, 1, ..., m − 1} ti = ti+1 we have
to add

N j
i (t) =





t−ti

ti+j−1−ti
N j−1

i (t)+
ti+j−t

ti+j−ti+1
N j−1

i+1 (t) if ti < ti+j−1 and ti+1 < ti+j

t−ti

ti+j−1−ti
N j−1

i (t) if ti+1 = ti+2 = ... = ti+j

ti+j−t
ti+j−ti+1

N j−1
i+1 (t) if ti = ti+1 = ... = ti+j−1

(2)

From the above recursion formula all the properties of B-Spline functions



can be derived. Only those theorems and formulas that are of interest for
the further paper are stated. We start with the following thorem:

Theorem 1 The normalized B-Spline functions of order k are a partition
of unity on [tk, tm−k), that is

∑

i

Nk
i (t) = 1

For our purposes the evaluation of derivatives is very important.

Theorem 2 B-Spline functions of order k are piecewise polynomials of
degree k − 1 and Ck−l−1-continuous at a knot of multiplicity l.

For the description of the matrix structure used in our fairing process we
need the following

Theorem 3
(
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i (t)
)′ = (k − 1)
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i
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It should be obvious that the above process can be continued for higher
order derivatives and how the formulas look like. They are the key for our
fairing algorithm below. If the knot vector is not strictly increasing, we
make the same additions as above.
From the above theorem it is clear how to compute the r-th derivative:

1) Compute the needed Nk−r
i (t).

2) Use a de Boor-like triangular schema starting with the Nk−r
i (t) to

compute the derivative
(
Nk

i (t)
)(r).

We now describe how to build curves, surfaces and volumes from the B-
Spline functions. Whenever the formulas can directly be deduced from



those for curves (or surfaces) we omit them for surfaces (and/or volumes).
Let l+1 points p0, p1,..., pl (pi ∈ IRr, r ∈ {2, 3}) be given. We additionally
assume that a knot vector T = (t0, t1, ..., tk−1, tk, ..., tl, tl+1, ..., tl+k) with
ti < ti+k is given. Then we can de�ne a B-Spline curve of order k as

x(t) =
l∑

i=0

pi ·Nk
i (t) , t ∈ [tk−1, tl+1]. (3)

The same way we de�ne B-Spline surfaces of order (k, n) as

x(u, v) =
l,m∑

i,j=0

pij ·Nk
i (u) ·Nn

j (v). (4)

We do not give the formulas for volumes because they are obvious.
The pi (pij) are called control or de Boor points. They form (in as-
cending order) the control polygon (control polyhedron).
We summarize the shape properties in the following theorem:

Theorem 4 For B-Spline curves of order k we have

a) Convex Hull Property:
The convex hull of the de Boor points pi contains the corresponding B-
Spline curve. In detail: x([tj , tj+1)) ∈ conv{pj−k+1,pj−k+2, . . . ,pj}
The convex hull property for surfaces and volumes is straightforward.

b) A�ne Invariance
The relationship between B-Splines and their de Boor points is invari-
ant under a�ne transformations.

c) Multiple knots
If k − 1 knots tj+1 = tj+2 = ... = tj+k−1 coincide, then the B-Spline
curve interpolates pj x(tj+1) = pj)) and its tangent is given by the
control polygon there.

Again the above property is easily transformed to surfaces (tangent
plane) and volumes.

d) Collinear control points
If k control points pj−k+1, ..,pj are collinear, then the part x([tj , tj+1])
of the B-Spline curve is straight.



A similar result yields for planar parts of surfaces.

e) Every curve point x(t) is a linear combination of at most k control
points.

Remarks:

• a) is needed for detecting intersections and self intersections

• From b) it is clear that all transformations can be done on the control
points.

• Due to c) we have to add knots of multiplicity k at the beginning
to let a B-Spline curve start at x0 and end at xl. The condition for
surfaces follows straightforward.

• d) can obviously be used to model �at parts.

For the derivatives we only state the following result for curves

(x(t))(r) =
(∑

i

piN
k
i (t)

)(r)

=
∑
i

pi

(
Nk

i (t)
)(r)

.
(5)

Now it is clear that every derivative x(r)(t) is a linear combination of at
most k control points.

Approximation and fairing

We assume that the pro�le is given by a (planar) cloud of points xi. For
the parametrization we compute the chord length (CAGD meaning) knot
spacing of the corresponding curve x(t). It gives us an initial guess of the
parameter values ti for xi. We ful�ll the constraints by introducing weights
λi (λi = 1 in regions with no constraints). Thus we avoid to deal explicitly
with them (see [3] for further details). For the sake of simplicity in the
description we do not handle constraints in the following.
The wanted tolerance ε (maximum distance between given points and �nal
curve) is split into ε = ε1 + ε2, the tolerance for the approximation and
that for the fairing process. In a �rst step we compute a knot vector T and
control points pi by solving

∑

i

λ2
i (xi − x(ti))

2 → min (6)



in such a way that the condition
max

i
‖xi − x(ti)‖2 ≤ ε1 (7)

holds. Due to Theorem 4 the system matrix for approximation is a k-banded
matrix. E�cient methods for directly solving these kinds of problems by
sparse Householder re�ections have been developed and implemented.
Before we introduce our fairing methods we describe a concept of fair curves.
For a twice di�erentiable curve x(t) the curvature κ(t) is given by

κ(t) =
‖x′(t)× x′′(t)‖

‖x′(t)‖3 . (8)

Since for our B-Spline curves ‖x′(t)‖ does not vary too much (we nearly
have a parametrization by arc length) κ(t) is mostly in�uenced by x′′(t). We
therefore restrict our investigations to x′′(t) in order to assess the fairness
of a curve, with the advantage that x′′(t) and x′′′(t) are B-Spline curves as
well.
A fair curve should have no wiggles and thus it should have linear curvature
almost everywhere. If we want to ful�ll this condition we have to try to
keep x′′′(t) close to a constant.
For B-Spline curves of order 4 Theorem 2 guarantees that the third deriva-
tive is piecewise constant. From Theorem 3 it can be seen that we have a
linear combination of four (consequent) control points on each interval. If
we claim x′′′(t̃−) = x′′′(t̃+) for all inner knots t̃ = ti this results in a pen-
tadiagonal matrix Q. If we place all the new control points p̃i in a vector
of 3d-vectors P̃ this yields in Q · P̃ = 0.
On the other hand we have to guarantee that

max
i
‖x̃i − x(ti)‖2 ≤ ε. (9)

This can now be achieved by (compare (6))
∑

i

λ2
i (p̃i − pi)

2 → min (10)

and
max

i
‖p̃i − pi‖2 ≤ ε2. (11)

We collect the λi in a diagonal matrix Λ and the p's in P coming up with
Λ · P̃ = Λ ·P. Now our linear least squares problem is(

Q
Λ

)
· P̃ =

(
0

Λ ·P
)

(12)



Rearranging the equations we end up with a pentadiagonal least squares
system. In an outer loop the λi for (10) are determined to ful�ll (11).
One way to solve the least squares problems is using sparse Householder
re�ections. Another one is to use cgls, a conjugate gradient method for
linear least squares.

Winglet construction

In [3] algorithms for generating airplane wings for numerical simulation
and manufacturing were presented. We have enhanced the methods given
there by algorithms for winglet constructions. The basic idea is to do all
computations directly on the control points. Imagine a horizontal wing in
x-direction and the (horizontal) plane of the wing chords (z = 0). In this
plane the control points of our surfaces have (x, y)-coordinates and a certain
height (positive or negative). Bending the plane at an axis in y-direction
(see Figure 1) we transform (x, y)-coordinates of the control points. We
add their previous height perpendicular to the bended plane receiving the
control points of the patches describing the winglet and its tip. To receive
satisfactory results several knots have to be inserted for the x-direction (see
Figure 1).
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Figure 1. Winglet construction.

A �nal result is shown in Figure 2.

Surface grids by subdivision methods

In 1974 Chaikin [4] introduced the idea of generating a curve from a polygon
by successively re�ning the polygon via the addition of new vertices and
edges. In 1978, Catmull and Clark [5] generalized the idea to surfaces as



Figure 2. Winglet.

a generalization of bicubic B-Splines. In their scheme, an initial arbitrary
control mesh is re�ned by computing new vertices (as linear combination
of their neighbors). The control mesh converges to a surface which almost
everywhere coincides with bicubic B-Splines patches. By careful choice of
the rules by which new vertices, edges and faces are introduced, it is possible
to show that the limiting surface exists, is continuous, and possesses a
continuous tangent plane. We focus on the Catmull-Clark scheme because
of the relevance of B-Splines for our grid generation methods.
The most important properties of the Catmull-Clark subdivision process
for our purposes are:

• The surfaces can be of arbitrary genus since the subdivision rules can
be carried out on a mesh of arbitrary topological type.

• After one subdivision step all faces are quadrilaterals.

• Except at extraordinary vertices (vertices of valence n 6= 4) the lim-
iting surface converges to bicubic B-Spline patches. Thus the surface
is C2 except at extraordinary vertices.

• The number of extraordinary vertices is �xed after the �rst subdivi-
sion step.

• Near an extraordinary vertex the surface can be shown to have a well
de�ned tangent plane at the limit point, but the curvature there is
generally not well de�ned.

• The subdivision rules can be modi�ed in such a way that they gener-
ate in�nitely sharp creases as well as semi-sharp creases, i.e. creases
whose sharpness can vary from zero (meaning smooth) to in�nite. See
[6] for more details.



The following example shows the e�ect of this method constructing a wing
tip.

Figure 3. Wing tip: starting polyhedron and grid after 4 steps

We start with a rough approximation of the surface and link quadrilaterals
to patches as large as possible. At this stage the topology of our B-Splines
is already determined by them. Then we carry out some subdivision steps.
The last step is to project the vertices of the subdivision scheme onto the
original surface and recompute the B-Spline patches. More details on this
will be given in a forthcoming paper.
The e�ects of the modi�ed rules to produce sharp edges can be seen in the
following example.

Figure 4. Starting polyhedron and grid after 4 iterations

Conclusion

We have presented some algorithms for the generation of airplane wings and
other surfaces needed especially for wind tunnel readings. Starting with a
point cloud of a pro�le and some easy 2d sketches the rest of computation
is fully automatic and can be controlled by several design parameters. Two
con�gurations have already been manufactured and were used for wind



tunnel readings in Göttingen and at the ETW in Cologne. Additional
features like dihedral angles, intersection and blending at the fuselage have
also been implemented but were not included in this paper. An overview of
the integrated development (named QUADFLOW) of dynamic adaptation
strategies, mesh generation and discretization can be found in [7].
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