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Abstract

This paper proposes some computational geometry algorithms of the geo-
metric preprocessing that precedes the wind tunnel readings with realistic
air-plane wing models. This preprocessing includes the automated gen-
eration of the CAD models which are used for the manufacturing of the
multi-parted wing-fuselage configuration with winglets and flaps and the
generation of the numerical grids for the corresponding numerical sim-
ulations. A very important goal is to employ only exact, watertight,
untrimmed B-Spline representations. From this process we describe some
methods and algorithms for automated generation of multi-parted air-
plane wings from one or more cross-sections given by point clouds and the
top view of the wing. A rounded wing tip and several types of winglets
with flaps can be added. Furthermore we can compute and add fuselages
to achieve realistic results near the root of the airfoil wing. The later ones
are determined by a few user-defined parameters.
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1. Introduction

In the Collaborative Research Center SFB 401, Modulation of Flow and Fluid-
Structure Interaction at Airplane Wings, the aerodynamics of high lift and
cruise configurations and the interaction of structural dynamics and aerody-
namics have been investigated. In the subproject High Reynolds Number Aero-
Structural Dynamics stationary and unsteady wind tunnel readings with an
elastic model have been carried out. The first experiments were done in the
European Transonic Wind-Tunnel (ETW) in December 2006. The geometry of
the aerofoil cross-section was numerically defined and the design ordinates were
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provided. The tolerances on the profile were given. The airfoil is modeled as a
three parted back-swept wing with a rounded tip. To achieve realistic results a
half-body was placed between the airfoil wing and the wind tunnel wall. For an
ongoing transfer project we are currently working on airfoils with winglets and
flaps at the winglet. Only the outer part of the wing will be replaced. Thus the
real geometry of the given wing has to be recalculated to fit measured points.
This is necessary even if the deviation between the manufactured wing and the
surface model is very small. The developed tools are based on B-spline represen-
tations. Approximation and fairing methods have to fulfill several constraints.
In this article we describe some details on methods and algorithms for the
automated generation of multi-parted airplane wings from one or more cross-
sections given by point clouds and the top view of the wing with the following
properties. The relative thickness of the wing (thickness/wingdepth) can be
varied from section to section. A rounded tip with design parameters and GC1-
continuity (i.e. continuously differentiable after arbitrary reparameterization)
at the crossing to the wing is automatically computed. Additionally several
types of winglets with flaps can be added at the tip. They are determined by
a few user-defined parameters. Constrained approximation and fairing lead to
a very smooth geometry well suited for wind tunnel experiments and numerical
simulation. Overall, we had success in the effort to unify the whole geometric
preprocessing related with this project. Our geometry representations are well
suited for both the manufacturing process and the grid generation already in
the modeling stage. In December 2006 the first wind tunnel readings have been
carried out at the ETW in Cologne. The data can be accessed following the
URL http://www.lufmech.rwth-aachen.de/ and the link ”HIRENASD” on that
web-page.
The remainder of this article is organized as follows. In section 2 we summarize
the main properties of the given data and of the model to be achieved. This
is to get an overview of the desired features of our algorithms. Furthermore
we give a brief outline of the construction process. Details on those steps that
exhaustively use B-spline properties and algorithms are given in section 3. After
that we describe an extension of the wing model with a winglet that is planned
for future experiments. Our techniques for planar and volume meshing are
based on the generation of curvature dependent offset-curves and -surfaces and
B-splines, too (see [4] and [6] for details).

2. Model description

First we have to clarify that in our context here there are two different mean-
ings of the term chord length. In aviation the chord or chord length is the
wing depth. In CAGD (Computer Aided Geometric Design) the chord length
parameterization is an approximated arc-length parameterization. The concept
of building chord length knot spacing is motivated by the following idea. If a
curve follows very closely to the data polygon of its interpolated points, then
the length of the curve segment between two adjacent data points is very close
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to the length of the chord of these two data points and the length of the interpo-
lating curve would be close to the total length of the data polygon. Thus, if we
build the knot vector according to chord lengths, the parameters will be an ap-
proximation of the arc-length parameterization. We will see that this property
simplifies the fairing process rapidly. In Figure 1 the final manufactured model

Figure 1: Manufactured model mounted in the ETW.

for the first experiments is shown. The picture shows it mounted in the ETW
in Cologne. We now give a short overview of the given data and the different
steps resulting in the model shown in Figure 1. The main wing for the cruise
configuration was numerically described by the ordinates of 87 points.
These were transformed to chord (wing depth) one in a first step. The cross-
sections have to fulfill the following conditions afterwards: start and end point
is (1, 0). The leading edge is crossed vertically at (0, 0). Optionally the curve
has a given curvature at the nose. The relative thickness rt is 11%. The exact
definition at the fuselage will be described later. The tolerance due to chord
length 1 is about 1.7 10−4. From this information we compute smooth B-splines
as reference for the cross-sections. All these computations are done in 2d space.
The result is shown in Figure 2. The next step is to describe the top view of
the multi-parted back-swept wing. This can be done with an arbitrary 2d CAD
program. We use WinCAG ([2], [3]). The only information we need from this
step is the front position of the cross-sections (Ai), their depth (li) and the
relative position of R with respect to An (= A4 here, compare Figure 2). R
determines the shape of the wing tip.
The factors thickness/chord for the different cross-sections can be defined in the
3d module. For our wing these factors are all equal to 11%. At the fuselage the
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Figure 2: Design ordinates, spline (rt = 11%) and spline at fuselage (rt = 15%)
on the left and top view of the multi-parted back-swept wing on the right.

profile is treated in a different way. The enlargement of the relative thickness
with respect to the previous section is only done in the lower part of the profile
(see bottom plot of Figure 2). Between the wing and the blend to the mounting
unit a cylindrical continuation can be added (see Figure 3 and Figure 4). The
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Figure 3: Top and front view of mounting unit with continuation

mounting unit is given by top and front view and some rounding values. From
the fillet only the top view is given. To avoid gaps, the fillet is not computed as
a trimmed surface. For this reason the B-spline representing the cross-section at
the fuselage has to be split up into five parts. This is done by knot insertion. The
fillet and the mounting unit is computed as one block. Figure 4 shows the final
result. Hereby the main part of the wing is defined by a variable number of cross-
sections which are connected by ruled surfaces. The plot shows about twice as
many isolines as control points in each direction. Moreover the continuation to
pass the fuselage and the blend to the mounting block can clearly be seen. The
sensors and cables have to be placed inside the wing. The necessary thickness
of the aerofoil is roughly known from stress and eigenfrequencies computations
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Figure 4: View of the model near to the root with mounting unit on the left
and simplified fuselage on the right.

Finite Element shell model considering webs) and is of variable size. Therefore a
variable inner offset surface of the wing was computed. All detail constructions
for the inner equipment have to remain inside this surface. They were done with
the commercial software CATIA.
The flow results near the root of the airfoil are not very realistic if it is directly
mounted on the wind tunnel wall. For this reason we have placed a simplified
half of a fuselage between the wing and the wind tunnel wall. The model is
shown in Figure 4 on the right-hand side. Figure 1 shows the whole constellation
mounted in the ETW. Notice that there is no direct contact between the airfoil
and the fuselage. A labyrinth-sealing was constructed to avoid a flow into the
inner part. To make that construction as easy as possible the intersection area
was kept flat. This was achieved by extensively using B-spline properties, e.g.
convex hull property and the influence of planar control points to the shape of
the surface.

3. Algorithms on B-splines

Throughout the rest of this paper we write B-spline curves in the form

x(t) =

N∑
i=0

piN
p
i,T (t) (1)

where Np
i,T (t) is the i-th normalized B-spline function of order p (degree p− 1)

corresponding to the generally non-uniform knot vector T = (t0, t1, . . . , tN+p).
The pi are called control or de Boor points. They form (in ascending order)
the control polygon. We usually assume that T is clamped, i.e., t0 = . . . =
tp−1 and tN+1 = . . . = tN+p. For the sake of simplicity we write Np

i instead of
Np

i,T since it becomes clear from the name of the function argument what the
knot vector is. Mostly we have p = 4 and in this case we even write Ni instead
of Np

i,T . Surfaces are represented by B-spline tensor products of the form

x(u, v) =

N∑
i=0

M∑
j=0

pijN
p
i (u)Nq

j (v). (2)
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The extension to volumes is straightforward. For more detailed information on
B-splines see [8]. A comprehensive survey on curves and surfaces can be found
in [1].

3.1. Interpolation by B-Splines

Now we assume that a set of points xi for i = 0, 1, ..., N − p + 2 is given and
we search for a B-spline passing through these points. For this purpose we first
additionally assume that a knot-vector

T = (t0 = . . . = tp−1 < tp < tp+1 < . . . < tN+1 = tN+2 = . . . = tN+p) (3)

is given (normally we use the chord length to compute this vector) to build the
B-Spline curve (1).
If we want to interpolate at the knots, we get the interpolating conditions

x(ti+p−1) = xi , i = 0, 1, ..., N − p+ 2. (4)

These are N − p+ 3 conditions for the N + 1 control points pi. Thus for p = 4
we can formulate 2 additional conditions at the start and the end of the curve.
These are for instance given derivatives vS and vE or vanishing curvature (0).
All these conditions result in a linear combination of the control points. We
place the control points pi in a vector of 2D- or 3D-vectors p. Due to the local
support of the normalized B-spline functions the condition x(ti+3) = xi results
in a linear equation of the form

αi pi + βi pi+1 + γi pi+2 = xi . (5)

Together with the two additional conditions (given derivatives vS and vE or
vanishing curvature at start and end) inserted at the second and last but one
position of the linear equations we end up with a sparse linear system

Ap = x̃. (6)

We have collected the xi and vS , vE or 0 for vanishing curvature in x̃. The
resulting system matrix A is tridiagonal. The control points can easily be com-
puted from this system in O(N) time.
For surfaces we get a matrix Au for the u-direction and Av for the v-direction.
Now the collections of control points P and interpolation points X are matrices
of vectors (2D or 3D). Again we have to add conditions at the boundary curves.
Notice that at the boundary corners we have 4 undetermined conditions. This
can be resolved by choosing a twist vector (the partial derivative xuv at every
corner). In standard literature the system is solved in the following way: Let
vec(S) be the vector obtained by concatenating the columns of a matrix S; first
column of S first, then second and so on. In MatLab notation (commercial
software from Mathworks) this writes as vec(S) = S(:). This concept can be
generalized to matrices of vectors and the 3D case, but there is no direct MatLab
notation. By ⊗ we denote the standard tensor product (Kronecker product, see
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[9] for more details on tensor products). In 2D the interpolation conditions
result in the following equivalent equations:

(Av ⊗Au)P(:) = X̃(:). (7)

To avoid tensor product matrices we write the resulting interpolation problem
in the form Au PAT

v = X̃ which is equivalent to (7). Now a Gauss-elimination
step regarding Au not only works on one column vector x̃, but on all columns of
X̃. Analogous the elimination regarding Av works on all rows of X̃. The same
is true for back substitution.
With the L-U -decompositions Au = Lu Uu and Av = Lv Uv this can be written
as

Au PAT
v = Lu Uu PUT

v L
T
v = X̃. (8)

This terminology avoids the tedious coding for tensor product systems.

3.2. Approximation by B-Splines

If the data come from measurements and thus are not exact the interpolation
leads to non smooth curves. For this reason we need methods for approximation
and fairing. Figure 2 shows an example obtained with our methods. Since
there are some constraints like fixed points, tangents and curvature usual CAD
Systems cannot be used for our approximation task. Thus we have to develop
special algorithms for this stage of our modeling process. If we have more data
points and constraints than control points we can no longer fulfill the equations
like (6) or (8). Instead we solve the corresponding (linear) least squares problem.
If the problem is of tensor product structure we have similar equations as above.
But now the systems are of bandwidth four and over-determined. Therefore
we replace the L-U -decomposition by the Q-R-decomposition. For (6) this is
straightforward

‖Ap− x̃‖2 = ‖QRp− x̃‖2 = ‖Rp−QT x̃‖2. (9)

The upper part (N + 1 equations) can be solved by back substitution. In the
lower part we have only zeros in R and the corresponding right hand side gives
us the residual of the overall problem.
For surfaces and volumes the situation is a little bit more complicated. We still
want to use the structure of (8) instead of (7) for our Q-R-decomposition. At
a first glance this is a slight modification of the standard least squares approxi-
mation that rapidly brings down computational time and space. In the surface
case this can still be written in standard matrix notation as follows:∥∥∥AuPAT

v − X̃
∥∥∥
2

=
∥∥∥QuRuP(Qv Rv)T − X̃

∥∥∥
2

=
∥∥∥Ru PRT

v −QT
u X̃Qv

∥∥∥
2
. (10)

P is computed by backward substitution from left with Ru and right with RT
v

on the upper left part of QT
u X̃Qv. Thus we have minimized the 2-norm in-

stead of the Frobenius-norm, which corresponds to the standard least squares
approximation.
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For these norms the following inequality is known: ‖A‖2 ≤ ‖A‖F ≤
√
n‖A‖2.

But we can prove that for matrices arising from tensor products like (10) equality
holds between the Frobenius- and the 2-norm. Furthermore this result can be
extended to the case of volumes. Thus it leads to algorithms for the standard
2-norm approximation. Their complexity is nearly proportional to the number
of approximation points.

3.3. Fairing of B-splines

Farin et al. [7] introduced a local concept for curve fairing that is based on knot
removal and knot insertion. We use similar ideas but prefer a global ansatz with
weighted equations. The resulting overdetermined systems can be solved by our
algorithms very fast. A fair curve should have no wiggles and thus it should
have linear curvature almost everywhere. If we want to fulfill this condition in
our case we have to try to keep x′′′(t) close to a constant. For B-spline curves
of order 4 the third derivative is piecewise constant. Therefore we know that we
have a linear combination of four (consequent) control points on each interval
[ti, ti+1). If we claim x′′′(t̃−) = x′′′(t̃+) for all inner knots t̃ = ti this results in
a pentadiagonal system matrix Q. If we place all the new control points p̃i in a
vector of 3D-vectors p̃ this yields in ‖Q · p̃‖2 → min. For more details on curve
fairing and the use of appropriate weights see [6].
Transferring these ideas to tensor product surfaces we have to consider xuuu(u, v)
and xvvv(u, v) at the knot pairs (uk, vl) (see (2)). Thus we claim xvvv(uk, ṽ−) =
xvvv(uk, ṽ+) for all inner knots ṽ = vl and the corresponding condition for xuuu.
This perfectly fits into the structure of (10). The only difference is that we have
five and three entries in Au and Av or vice versa. Therefore in both cases only
15 control points are involved. If we want to keep the tensor product structure
we are only able to put weights on rows and/or columns of points but not on
single points. If the latter is necessary we switch to an iterative method.

3.4. CGLS – a cg-method for linear least squares

We have decided to use CGLS, a Conjugate Gradient method for linear Least
Squares (also called CGNR in [10]). The complexity is governed by two (sparse)
matrix-vector multiplications with A and AT . Above we have totally avoided
the normal equations for least squares problems, because they are ill conditioned
(huge condition number of AT A) very often. Using CGLS we still avoid to build
AT A and having the huge condition number regarding precision, but we cannot
avoid its influence on the convergence rate. Notice that A and AT are sparse
matrices, but AT A is not. Using B-splines of order p = 4 surface points depend
on at most 16 control points and volumes of at most 64. These values limit the
number of non zero entries in A. Therefore CGLS is an efficient method to solve
the least squares problems arising from B-splines because it makes extensive use
of the sparsity of the system matrix.
Let A ∈ IRm×n withm ≥ n and rang(A) = n. Then ATA is symmetrical positive
definite (spd). Unfortunately in most cases ATA is badly conditioned and for
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sparse A normally ATA is not sparse. The CG method can be reformulated
to resolve both problems. We use two residual vectors r(k) = b − Ax(k) and
s(k) = AT b − ATAx(k) = AT r(k). With this notation we can formulate the
algorithm as follows:

For A ∈ IRm×n with rang(A) = n and arbitrary starting vector x(0):
r(0) = b−Ax(0)
s(0) = AT r(0)

d(0) = s(0)

for k = 0, 1, 2, ...
αk = ‖s(k)‖22/‖Ad(k)‖22 // store Ad(k)

x(k+1) = x(k) + αkd
(k)

r(k+1) = r(k) − αkAd
(k)

s(k+1) = AT r(k+1)

βk = ‖s(k+1)‖22/‖s(k)‖22
d(k+1) = s(k+1) + βkd

(k)

until stop

We stop if a maximum number of steps K is exceeded (emergency exit) or the
residual becomes smaller than a given tolerance ε (‖s(k)‖2 ≤ ε).

Figure 5 shows an example of a winglet and a flat. The winglet was faired

Figure 5: Winglet and flat

with the above algorithm. The flat was splitted by knot insertion. Only for the
cylindrical part we use a non rational B-spline for exact fitting. More details on
the basic computation of winglets can be found in [5].

4. Conclusion

In this paper we have described the use of B-spline techniques for the automated
generation of sparse, watertight B-spline models for wind tunnel wing-fuselage
configurations. Classical tools have been modified and adapted to the special
requirements of this project. The resulting geometry can be transferred without
conversions or approximations between the various software, which was used for
the manufacturing, technical construction and grid generation by IGES files.
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Moreover, the parameters of the construction, like profile ordinates, bending
radii, sweep angle, etc. can easily be modified since the modeling algorithms
have been automated.
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