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Abstract

The marching cubes algorithm is a well-known method for isosurface ex-
traction from scalar volumetric data sets. It was first designed to create
triangle models of constant density surfaces from 3D medical data. The
basic principle is to subdivide space into a series of small cubes. By the
values at the eight vertices of a cube we can determine which edges are
intersected by the isosurface. From these intersection points triangular
sets are built that approximate the isovalue surface. Although this basic
principle is very easy it turned out that obtaining topologically consis-
tent and reliable surface parts from this information is a quite challenging
tasks. The main purpose of this paper is the construction of an analyt-
ical framework in order to achieve a deeper understanding against the
background of the marching cubes algorithm. Based on these theoretical
considerations we are able to develop improved algorithms that are simple
and can give topological guarantees.
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1. Introduction

Isosurface extraction is an important and often occurring problem in Computer
Graphics, CAGD, CAD/CAM, geometric modelling, scientific visualization and
it is sometimes even needed for the numerical computation of PDEs, e.g. level
set methods. The calculation should be robust, accurate and fast, which is
contradictory. Often the isosurfaces are given by a discrete regular data set
in form of scalar values fijk with i ∈ {0, 1, . . . , I}, j ∈ {0, 1, . . . , J} and
k ∈ {0, 1, . . . , K}. Sometimes there is an underlying trivariate scalar function
F and we have to find the surface given by F (x, y, z) = const. In this case
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we can use fijk = F (xi, yj , zk) on a regular grid [x0, xI ] × [y0, yJ ] × [z0, zK ].
For the latter case we will see that analytical investigations lead to a unique
solution. Without loss of generality we can assume that the given isovalue is 0.
We will now summarize some basic ideas and methods from literature. An ex-
tensive overview of the literature up to 2006 can be found in the survey paper
[1]. There are essentially two different approaches to compute triangular repre-
sentations for isovalue surfaces of trivariate functions.
The first one directly works on the 3d data set. The standard algorithm here is
the Marching Cubes (MC) algorithm of Lorensen and Cline filed for US patent
in 1985 ([2]) and published in a SIGGRAPH paper in 1987 ([3]). The basic
principle behind the MC algorithm is to subdivide space into a series of small
cubes. For every cube the scalar values at the vertices are compared with a
given fixed value, the isovalue. Since at each vertex the value can be greater
or smaller than the user-specified isovalue, we have 256 different configurations.
Changing the sign of the isovalue and the values at the vertices does not change
the topology. Thus only cases from zero to four vertex values greater than the
isovalue have to be considered. If no vertex value is greater than the isovalue
(trivial case) then no part of the isosurface inside the cube is detected. Fur-
thermore rotational symmetry leads to 14 different cases if one to four vertex
values are greater than the isovalue. The other approach is the reduction to 2d
cases. In a first step the contour lines of parallel slices in x, y and z direction
are computed. Then the contours of adjacent slices (cubes) are connected by
triangulation (see [4] for instance). Using the ideas of [5] one can use a bilinear
function to compute intersection curves on the slices. This results in a (locally)
smooth surface approximation already on a relatively coarse level. The transi-
tions from cell to cell are only C0 and may have sharp bends. We will not go
into details for this approach, but focus on the first one. As already mentioned

Figure 1: Face ambiguity can lead to gaps (left hand side).

in many cases the topology of the isosurface is not unique. These ambiguities of
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the contour were recognized soon after the MC algorithm had been published
(see for instance [6]). It may happen that adjacent cells create different contour
curves on common faces. In such a case the (global) isosurface has a hole in the
area of these two adjacent cubes. As we can see from the example in Figure 1
this may appear if a face of the cube has exactly two vertices with values above
the given isovalue and two below and these are located diagonally to each other.
Bilinear interpolation results in an hp surface and its intersection for a given
isovalue is a hyperbola. The overall result is a triangular surface representation
without holes. Thus, situations as shown on the left of Figure 1 will not ap-
pear. Nevertheless, for an underlying function F this might produce the wrong
topology for the wanted isosurface F (x, y, z) = const.

The rest of this paper is organized as follows: In a first step we will show that
even in the discrete case (no underlying scalar function is given) the number of
different configurations can be reduced to two by subdivision. If an underlying
function F is given, in most cases the topology of the isosurface becomes unique.
Another advantage of adaptation is that the starting grid size can be kept larger
without loosing precision. Nevertheless, in some cases small isolated parts of
the isosurfaces may be totally missed or we might get the wrong topology.
Thus in a second step we will improve the algorithm by taking derivatives into
account. This might be done numerically by finite differences or analytically for
special classes of functions, e.g. splines or algebraic functions or by automatic
differentiation methods. Under the assumption that the first derivative can be
computed and we know or can compute bounds for the second one we are able
to show that this algorithm is watertight. That means, up to a given threshold
it will find all parts and the right topology.

2. Simplifying by adaptive subdivision

The basic idea of subdivision can already be seen in the 2d case. Assume that
fij belongs to a function f(u, v) on a regular grid. Thus fij = f(ui, vj) is given.
Assuming that the data vary linearly along the edges of the cell we compute an
initial guess of the intersection curve for each cell in the following way:

1. Compute the intersections on the (bounded) edges.

2. Join the intersection points appropriately .

If there are four intersections then it is not clear how to join them (see Fig-
ure 2). Without further computation we could simply decide to always connect
the intersection points without crossing the diagonal connecting the vertices
with positive values (middle part of Figure 2) or without crossing the diagonal
connecting the vertices with negative values (right part of Figure 2). Using
always the same decision on the faces will lead to a consistent and gap-free
topology in 3d. But we have to extend the look up tables to cover all situa-
tions. Furthermore it should be clear that the topology of the extracted surface
must not coincide with the topology of the real surface according to f . We will
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Figure 2: Ambiguous situation in 2d (on a face).

achieve a more reliable result if we use the bilinear interpolant

BLI(x, y) = a x y + b x + c y + d with
a = F11 − F01 − (F10 − F00) ,
b = F10 − F00 ,
c = F01 − F00 and
d = F00 .

To obtain simpler notations we have used a linear transformation from (u, v) ∈
[ui, ui+1] × [vj , vj+1] to (x, y) ∈ [0, 1]2. For critical cases (four intersections) b
and c have the same sign and a ∕= 0 has the opposite sign. The gradient and
the Hessian of BLI are

BLI ′(x, y) =

(
a y + b
a x + c

)
and BLI ′′(x, y) =

(
0 a
a 0

)
Thus BLI represents an hp-surface and there is a saddle point at the zeros of
its gradient given by (

xs

ys

)
= −

(
b/a
c/a

)
.

The value of the saddle is SP := BLI(xs, ys) = d−b c/a. The zero level contour
of the bilinear interpolant BLI is a hyperbola. We can use the sign of SP to
decide how to connect the four intersection points. Applied to the faces of the
cubes in 3d this is the asymptotic decider of [5]. In addition we can use further
points of the hyperbola to improve the result. This is especially useful if SP is
close to zero because the level curve of BLI changes its topology for SP = 0
where the hyperbola degenerates to a pair of straight (crossing) lines. Ignoring
this aspect leads to a discontinuous behavior close to those critical cases. Using
bilinear interpolants for every cell the curve is a collection of conics. The overall
level curve is continuous but not continuously differentiable. Thus it has sharp
bends. To overcome this problem we have to use higher order interpolants IP
or the underlying function f – if available. Normally in both cases it is not
possible to fix the topology a-priori. We will use a subdivision strategy in the
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critical cells to determine the right topology. Since the computation using IP or
f only differs in technical details on the analytical background we will assume
that f is given for the rest of this paragraph. An analytical framework leading
to watertight algorithms will be given in the next paragraph.

If we subdivide the cells only in critical areas we will get hanging nodes. This
will lead to gaps of the level contour if we only use the linear interpolation on
the edges. For this reason we have to compute the exact zeros on the edges. The
calculation is done with the method of Anderson and Björk (see [7]), which is
an efficient modification of the Regula Falsi (derivative free, zero inclusion and
higher order). As soon as we have determined the right topology by subdivision
we approximate the curve recursively with two secants instead of one until a
given error tolerance is reached. The initial guess for a coarse starting grid is

Figure 3: Basic adaptivity in 2d: Initial grid with first guess and Contours after
subdivision and refinement.

shown for the function f(u, v) = (u−1)u(u+1)(v−1)v(v+1)+0.05) in Figure 3
on the left hand side for the parameter domain [−2.8, 2.8]× [−2, 2]. The result
after local subdivision and recursive refinement is shown in Figure 3 on the right.
Here the ambiguity (four intersection points) is resolved by subdivision. Since
there might be self-intersections we have installed the emergency exit if cells
become too small (restriction on recursion depth). This is necessary because
numerically we can not distinguish between self-intersections and very small
distances between curve parts (for more details see [8]).

This algorithm works fine in most of the cases. In the presence of an under-
lying function the recursive refinement of the curve guarantees a smooth result
already on a very coarse starting grid. But there are still some difficulties:

– If a curve enters and leaves the cell by the same edge this will not be
detected. (See examples in the left half of Figure 4)

– Small loops inside cells will be missed. (See lower right part of Figure 4)

– There might be more than one root on a cell edge. (See upper right part
of Figure 4)

These inaccuracies can often be avoided by using a finer grid at the entry level.
But this will increase the computation time in all areas, moreover we can not
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Figure 4: Problems in 2d.

be sure to detect all parts of the intersection curve.
Therefore it is a better idea to take derivatives into account. We will give

some hints for the 3d case below. In 2d the number of different cases is small.
For discrete data sets we only have to handle two or four intersection points.
Using subdivision we can even avoid the situation with four intersections. But in
3d there are much more cases. In the original MC paper of Cline and Lorenssen
15 different cases are distinguished. These are listed in Figure 5. Note that
the cases 10 and 11 have reflectional symmetry. As already mentioned there
are ambiguities and the original MC algorithm sometimes produces erroneous
results with holes in the isosurface. The cases 3, 6, 7, 12, 13 and 14 have face
ambiguities and the cases 4, 6, 7, 12, 13 and 14 have internal ambiguities. There
are dozens of papers on this aspect. In most of them the described approach
for improving the MC algorithm is based on trilinear interpolants for the given
discrete data. The values at the interior saddle points of these interpolants and
extended look-up tables (ELUT) with an exploding number of entries are used.
In [9] the ELUT has 798 entries.

With adaptive subdivision we can reduce the number of (non trivial) cases
to two (see Figure 6). We only count the zeros on the 12 edges. For three roots
we get a triangle. If there are more than four roots we subdivide. In the case of
discrete data we use an underlying interpolating function for this purpose. For
four roots we check if they are coplanar. If this is true subdivision might not
lead to the case of three roots, e.g. cylinder standing in the x-y–plane. Thus at
a certain recursion depth we stop the subdivision and use the quadrilateral in
form of two triangles for the isosurface representation. The necessary recursion
depth may be different in adjacent hexahedrons. To avoid gaps we have to do
some postprocessing for those neighboring cells. The concerned triangles have
to be replaced by triangle fans.
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Figure 5: The 15 different cases of the original paper with the trivial case 0.

3. An analytical framework

In this paragraph we give a brief outline of the analytical background of iso-
surfaces and uniqueness. The theorems and hints can be used to analyze MC
algorithms and to make modifications to achieve better results. For simplicity
in our notifications we will now use x = (x, y, z)T (x = (x1, . . . , xn)T ) and
assume that fijk = F (xijk) = F (xi, yj , zk), Aijk = F ′(xijk), D = [x0, x1] ×
[y0, y1] × [z0, z1], ℎx = x1 − x0, ℎy = y1 − y0 and ℎz = z1 − z0. Furthermore,
for vectors x, y ∈ IRn and matrices A, B ∈ IRm×n, we define the comparison
operator ”≤. ” by

x ≤. y :⇐⇒ ∀i ∈ {1, 2, . . . n} : xi ≤ yi and
A ≤. B :⇐⇒ ∀i ∈ {1, 2, . . . m} ∀j ∈ {1, 2, . . . n} : aij ≤ bij .

We use ∣A∣. to denote the absolute values of each component of a vector or
matrix. For x, y ∈ IRn we define

[x,y] := [min{x1, y1},max{x1, y1}]× ⋅ ⋅ ⋅ × [min{xn, yn},max{xn, yn}], (1)

0x :=

⎛⎜⎝ max{x1, 0}
...

max{xn, 0}

⎞⎟⎠ and 0x :=

⎛⎜⎝ min{x1, 0}
...

min{xn, 0}

⎞⎟⎠ . (2)

In analogy to (2) we define 0A and 0A for matrices A.
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Figure 6: The two different cases after subdivision: Three intersection points on
the edges (left) and four in a plane perpendicular to the x-y–, x-z– or y-z–plane.

Theorem 1 Let C1(D) ∋ F : D → IR and g and G be given satisfying:

∀x ∈ D : g ≤. F ′(x) ≤. G.

For i, j, k ∈ {0, 1} let fijk < 0 (fijk > 0). Furthermore let F− and F+ be defined
by

F−(x) := fijk + gT (x− xijk) and F+(x) := fijk + GT (x− xijk)

Then ∀x ∈ D : F−(x) ≤ F (x) ≤ F+(x). If there exists an x ∈ D with F (x) = 0
then there exists an x̃ for F+ (F−) in D with F+(x̃) ≥ 0 (F−(x̃) ≤ 0).

From this theorem we first directly conclude for instance (h := (ℎx, ℎy, ℎz)T )

f(x) ≤ 0GT h and f(x) ≥ 0g
T h. (3)

Then we can use (3) to exclude the possibility of the existence of isosurface parts
inside a subcell. Thus if we have bounds for the derivatives of an underlying
function the consequences of the theorem enable us to build an algorithm that
detects all cells containing parts of the isosurface. Again due to unavoidable
numerical effects we have to use a threshold for the minimal cell size. The re-
maining problem is the uniqueness. On the faces we have the same problems
as in 2d (see upper right part of Figure 2). Up to now on the edges we can
not distinguish between roots of odd multiplicity 2 l + 1, l = 0, 1, . . . . Further-
more we do not know about the right topology inside the cubes. This can be
seen in Figure 7 which corresponds with case 4 in Figure 5. We have unique
topology decisions on the edges and in the faces but do not have uniqueness
inside the cube. A tunnel will not be directly recognized. However, already
the trilinear interpolant leads to two different configurations depending on the
function-values at the eight vertices. For this situation we have one saddle point
inside the cube. If its value has the same sign as the two marked ones then we
have a tunnel and if not, the isosurface is separated. To be able to overcome
this problem we need control on the second derivative, the Hessian. So next we
improve the precision of our estimation using a second order approximation of
F and similar results as above. For the price of solving linear 3× 3-systems we
can exclude cells on a much coarser stage.
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Figure 7: Example for internal ambiguity. The internal saddle point is colored
and sized according to its sign.

Theorem 2 Let C2(D) ∋ F : D → IR and m and M be given satisfying:

∀x ∈ D : m ≤. F ′′(x) ≤. M .

For i, j, k ∈ {0, 1} let fijk < 0 (fijk > 0). Furthermore let F− and F+ be defined
by

F−(x) := fijk + AT
ijk (x− xijk) + 1

2 (x− xijk)T m (x− xijk) and

F+(x) := fijk + AT
ijk (x− xijk) + 1

2 (x− xijk)T M (x− xijk) .

Then ∀x ∈ D : F−(x) ≤ F (x) ≤ F+(x) and if there exists a x ∈ D with
F (x) = 0 then there exists a local Extremum x̃ of F+ (F−) in D, on one of the
6 faces of D or on one of the 12 edges of D with F+(x̃) > 0 (F−(x̃) < 0). An
Extremum in D satisfies

M(x− xijk) = −Aijk (m(x− xijk) = −Aijk)

which is a linear 3× 3-system.

Remark: For the Extrema on the faces and the edges we have similar, lower
dimensional equations.

The remaining part is the uniqueness of the isosurface inside the cubes. Some
of the results on this are very technical. We only give as a simple example a
theorem that enables us to exclude local extrema of F in D.

Theorem 3 Let C2(D) ∋ F : D → IR and m and M be given satisfying:

∀x ∈ D : m ≤. F ′′(x) ≤. M .

If 0 /∈ [Aijk + 0mh,Aijk + 0M h] then F has no local Extremum in D.

Remark: For the nonexistence of Extrema on the faces and the edges we have
similar, lower dimensional results.

If we can not exclude local Extrema we have to subdivide D. Similar to the
2d case, as soon as we have determined the right topology by subdivision we
approximate the isosurface recursively by finer triangulations until a given error
tolerance is reached. The runtime behavior of our adaptive algorithm depends
on the underlying function and the desired accuracy given by the user.
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4. Conclusion and future work

In this paper we have illustrated that the topology of the isosurface for dis-
crete volumetric data is not well defined. There are some workarounds to avoid
gaps. For the case of an underlying smooth analytical function we have briefly
described the analysis for algorithms that find the right topology up to user
specified tolerances. Due to the impreciseness of numerical computation these
tolerances can not be avoided. In a forthcoming paper these results will be
extended in such a way that they can directly be applied to the visualization
of 3D scalar data from adaptive solutions on multi-block structured curvilinear
grids with local refinements.
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