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ABSTRACT: Computer software, particular that known as Dynamic Geometry Software, has the
potential to make significant improvements in how geometry is learnt and taught. For a long period
geometry teaching has been conducted with a minimal amount of equipment – such as ruler and
pair of compasses. Our view is that teachers should now have at their disposal an appropriate va-
riety of equipment from which to select. As with any approach to teaching, the educational use of
information and communication technology as well as computer software needs to be well thought
through and carefully planned. In this paper we will concentrate onWinCAG (Windows version of
Computer Aided Geometry) which has been especially designed for teaching and learning geometry.
With this software package both simple constructions and complicated dependencies can easily be
animated. We will particular focus on some special capabilities ofWinCAG. These are the map-
ping module, automated animations, building curves by tracing points, rolling circles, envelopes of
moving objects, subdivision curves and the object recognition from free-hand drawings.
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1 INTRODUCTION
Nowadays the abilities of computers and soft-
ware have a significant influence on teaching and
learning geometry. Nevertheless, students should
know about the basic concepts and constructions
in geometry. For this reason we have designed
a special software package namedWinCAG. It
has a lot of features specially designed for educa-
tional purposes. We start with a brief discussion
of its main concepts.
In WinCAGboth, simple constructions and com-
plicated dependencies can easily be animated.
This has a strong influence on training spatial
sense. The online modifications of the projection
and the scaling are the keys for seeing and think-
ing 3d. The changes can be done in two different
ways: Dragging with the mouse or running pre-
defined modifications in a special presentation
mode. The latter one is used in Aachen as add-
on for teaching Descriptive Geometry. To gain
a deeper insight of the capabilities ofWinCAG
a demo-version can be downloaded from the au-

thors’ homepage. Figure 1 and figure 2 are two
snapshots from that series.

Figure 1:Perspective view of a cylinder.

The basic elements are points, lines, circles, con-
ics and splines. The commands for object gener-
ation can be divided into five classes: Definitions,
intersections, tangents, operations like midpoint,
parallel line, perpendicular line etc. and handling



Figure 2:Perspective view of a building.

of special objects and features. Some aspects
of the last part will be discussed in detail later.
Definitions for instance are point by its coordi-
nates or line passing through two points. The
program has no restrictions on tangents and in-
tersections. Whenever they exist it will com-
pute them. WinCAG internally stores the para-
metric dependencies with some extra informa-
tion. This makes online modifications possible
(using the mouse). While moving objects the
new drawings for each position are consequently
displayed. All geometric constructions are de-
signed to work in all meaningful situations. The
right solution is chosen by the concept of contin-
uous changes and/or with the help of the extra in-
formation. Furthermore some special commands
regarding Descriptive Geometry have been im-
plemented. For instance there is a module to get
axonometric projections from two-plane projec-
tions. The layer technique enables the teacher to
visualize very complex, preconstructed circum-
stances step by step not only in pictures but in
motion by a few mouse clicks. This has a strong
influence on training spatial sense. The online
modifications of the projection and the scaling
are the keys for seeing and thinking 3d. Again
we refer to Figure 1 and figure 2 that show ad-
vanced stages of two examples for perspective
views. The students can clear their backlogs by
examining more examples at home in the same
way. This is accomplished by demonstration-
description-files. They hold the whole infor-

mation for the animation – selection of layers,
movement of objects etc. These are some typical
examples that distinguishWinCAG from other
Dynamic Geometry programs. A complete set
of demos for the course Descriptive Geometry
for Architects has been developed. Of course
WinCAG offers the possibility to export the re-
sults bitmap oriented in a compressed form or as
an Encapsulated-PostScript-file (EPS). The expe-
rienced user can also save the construction as a
text file, edit it and then reimport it toWinCAG.
OverallWinCAG is a mighty tool for significant
improvements in teaching and learning geome-
try. More information onWinCAG can be found
in [1], [2] and [3]. Particularly in [2] its use
for teaching Descriptive Geometry and in [3] the
basic concepts of movement and modifications
have been described. In this paper we will con-
centrate on the mapping module, generating ani-
mations and show a selection of the above men-
tioned special features like building curves by
tracing points, rolling circles, envelopes of mov-
ing objects, subdivision curves and the object
recognition from free-hand drawings to demon-
strate the benefits of our program.

2 THE PROJECTION MODULE
A powerful tool for spatial demonstration is the
projection module ofWinCAG. The special ar-
rangement of an orthographic view (top and front
view) can be used to induce a coordinate system
(see figure 3). This is simply done by defining

O’=O’’

x

y

z

P’

P’’

O

P

y

x

z

y x

z

H

v

Figure 3:Projection module.



the pointO′ = O′′. The axes are then assumed to
be vertical and horizontal respectively. The pro-
jections of a point P in top and front view areP′

andP′′. From these two projections we can com-
pute the coordinates as shown in figure 3. Given
an arbitrary mapping and a positionO WinCAG
is able to compute the imageP. All coordinates
of P (x, y and z) and the parameters of the pro-
jection can be used for automatic modification.
With the notations of figure 3 we can state the es-
sential commands in the following form

- P′=DefinePointRelative(O′, x, y)
- P′′=DistanceFrom(H, v; z)
- DefineMap(O′, O, kind, φ, θ, r, scale)
- ModifyPoint(P ′′; z0, z1, dz)
- ModifyMap( ϕ0, ϕ1, dϕ; θ0, θ1, dθ)

The parametersϕ, θ, and r represent spherical
coordinates. The parameterr (distance) is only
needed for perspective views. All other param-
eters should be obvious. There are further com-
mands for the automatic modification of maps.
A more complex examples is given in figure 4.
All projection parameters for the view can be
changed.

Figure 4:Projection module.

3 AUTOMATED ANIMATIONS
To clarify the concept of modification we exem-
plarily take a look at one command for generat-
ing points. This command for generating a point
is internally stored in a form like

- P=DefinePoint(x, y),

wherex andy are the (2d) coordinates ofP. It
can be dragged with the mouse or one can give
new coordinates by the keyboard. But there is
another more interesting way for automatic and
predefined modification. The syntax of that com-
mand is

- ModifyPoint(P ; x0, x1, dx; y0, y1, dy).

The pointP will then bounce in a rectangle given
by [x0,x1]× [y0,y1], stepping inx-direction with
step sizedx and iny-direction with step sizedy.
At the borders of the rectangle it bounces due
to the law ”angle of reflection equal to angle of
incidence”. Figure 5 shows an example for the
above mentioned automatic modification. In fig-
ure 1 and figure 2 the command can be used to
automatically change the point of view. Similar

P dx

dy

Figure 5:Bouncing of points.

commands exist for change lines, circles, ellipses
and splines.

4 HYPOTROCHOIDS
Figure 6 illustrates the generation of a hypotro-
choid. WinCAG has the ability of to trace arbi-
trary points. Furthermore it has a special func-
tion to trace curves generated by a pointP on a
circular disc that rolls on an other curve. This is
possible because we have numerical procedures
for arc-length computation of all build in curves
and as already mentioned above we can compute
the tangents of all implemented curves. For this



Figure 6:Generation of a hypotrochoid.

reason we can animate this processes and fur-
thermore produce drawings for easily recogniz-
ing the mathematical formulas behind it. This
will be demonstrated for some examples now. In
this paper we can only show the frozen pictures
but not the animations. We just want to clarify
that the whole process can be accompanied by
these illustrations. Hypotrochoids are a good ex-
ample for this purpose.
It is the trace of a fixed point of asmall circu-
lar disc rolling around the inside of alarge cir-
cle. If the circular disc rolls outside the gener-
ated curve is called epitrochoid. Hypotrochoids
and their properties are very valuable in technol-
ogy and can for instance be used for the con-
struction of gears etc. Figure 7 is taken from [6]
and shows a technical application. Furthermore

Figure 7:”Schnellpresse von K̈onig und Bauer”.

it was the foundation for the spirograph, a toy
which was introduced by Denys Fisher at the toy
fair of Nuremberg in 1965.

Figure 8:Superposition of two rotations.

We denote (compare Figure 8 the radius of the in-
ner circle (disk) witha and that of the fixed outer
one byma. Furthermore we useM for the cen-
ter of the rolling disc. The distance of the traced
point P from the centerM is b. The form of a
hypotrochid depends on the ratiomand the value
of b. Figure 8 shows that the overall movement
is the superposition of two rotations. The disc ro-
tates aroundO by an angle ofα at the same time
P rotates aroundM by γ = mα.
The analytical background of the hypotrochoid
can be recognized, too. In figure 9 we have intro-
duced coordinates with centerO and can easily
obtain the parameterization of the curve:

x(α) =
(

x
y

)
(α) =

a(m−1)
(

cosα
sinα

)
+b

(
cos(m−1)α
−sin(m−1)α

) (1)

For m rational the trace is closed after enough
cycles. We want to give some examples form= 2
andm= 3 and furthermoreb = a andb < a for
each case. Form= 2 andb = a the hypotrochid
degenerates to a double counted segment. This



Figure 9:Prameterization of the hypotrochid.
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Figure 10:Hypotrochoid withm= 2, b = a

fact is used in figure 7. The rotation aroundU is
transformed to a motion on a straight line.
Form= 2 andb< a the hypotrochid is an ellipse
with parameterization:

x(α) =
(

(a+b) cosα
(a−b) sinα

)
(2)

Figure 12 shows the 3-cusped hypotrochoid. The
cusped hypotrochioids (a = b) are sometimes
called hypocycloid. InWinCAG the trace of a
point is computed and represented as a spline-
curve. Thus we can build tangents and intersec-
tions. The tangent to a 3-cusped hypocycloidh3

has two intersection pointsA andB with h3. Fur-
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Figure 11:Hypotrochoid withm= 2, b < a: an
ellipse
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Figure 12:3-cusped hypotrochid / hypocycloid.

thermore for every direction we get a tangent and
all tangent-segments –AB andPQ in figure 12 –
have the length 4a.
Figure 13 shows the functionality of the Hy-
potrochoid dwell mechanism (also called cycloid
dwell mechanism).

5 SUBDIVISION CURVES
Subdivision curves and surfaces are becoming
more and more important in modeling. For this
reason we have implemented some subdivision
schemes inWinCAG. We start with a short sur-
vey on the history of subdivision curves.
In 1947 de Rham’s first articles on corner cutting
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Figure 13:Functionality of hypotrochoid dwell
mechanism.

appeared [5]. He suggested to docorner cutting
with ratio 1 : 1 : 1 (compare Figure 14). From
the start polygon with verticesP0, P1, . . . ,Pn−1

all the verticesPi are split the following way (the
indices of theold verticesPi have to be computed
modulon)

P0 →
{

Q2n−1 = (2·P0 +Pn−1)/3
Q0 = (2·P0 +P1)/3

P1 →
{

Q1 = (2·P1 +P0)/3
Q2 = (2·P1 +P2)/3

...

Pi →
{

Q2i−1 = (2·Pi +Pi−1)/3
Q2i = (2·Pi +Pi+1)/3

(3)

Afterwards the outer parts (corners) are cut away.
The resulting polygon is the input for the next
same step. Since the type of the refinement rule
for this task is a vertex split we call it aver-
tex split scheme. The limit curve of this pro-
cess is only GC-0 (this is the same as C-0, the
curve is continuous). Later de Rham general-
ized the scheme by introducing a weightω and
uses the ratiosω : 1−2 ·ω : ω. Furthermore he
showed that the limit curves of this corner cut-
ting are GC-1 (this is C-1 (continuously differ-
entiable) after reparameterization) if and only if
ω = 1/4. The relevance of such algorithms to
curve generation became clear with the paper of
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Figure 14:Corner cutting of de Rham

the graphics artist G. Chaikin [4] in 1974. At
the 1974 CAGD conference at the University of
Utah, he invented an algorithm for high speed
curve generation which coincides with the de
Rham method forω = 1/4. Already at that con-
ference R. Riesenfeld and M. Sabin opined that
Chaikins algorithm is an iterative way to gener-
ate uniform quadratic B-spline curves. An anal-
ysis of the method had the result that the limit
curve is a uniform B-spline curve whose con-
trol points are the vertices of the starting poly-
gon. Further investigations showed that uniform
B-spline curves of any degree would have such a
subdivision construction. This is shown for the
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Figure 15:Cubic edge splitting scheme (two
steps).

cubic case in Figure 15. In this method the edges
are split into two pieces and hence it is called
edge split scheme. We have new vertices on the



edges and recomputed old ones. The formulas
for this scheme are

Q0 = (Pn−1 +6·P0 +P1)/8
Q1 = (P0 +P1)/2

...
Q2i = (Pi−1 +6·Pi +Pi+1)/8

Q2i+1 = (Pi +Pi+1)/2

(4)

6 OBJECT RECOGNITION
Sometimes it is useful to have tools that recog-
nize given curves as lines, circles or conics. We
have implemented that inWinCAG in two ways.
For external data we can import pixel oriented
bitmaps or data polygons in form of coordinates.
Furthermore the system has a module that gener-
ates data polygons by free-hand mouse-drawing.
An example is shown in figure 16. In the figure

Figure 16:Object recognition: line, circle and el-
lipse.

we have three different chords. These were rec-
ognized by the system as a line, a circle and an
ellipse. Hyperbolas and parabolas will be recog-
nized too. For this purpose the user has to give
tolerances for each object. Since for instance an
ellipse normally fits better than a circle, the tol-
erance for circles must be chosen larger than that
for ellipses. The system stores the data polygons
and the user can force it to compute a given kind
of curve. The fall back option is a smooth B-
spline.
The curves corresponding to the data polygons
(xi ,yi) i = 0,1, . . . ,N are computed by least
squares solutions. For this reason we start with

Figure 17:Object recognition: B-spline.

the implicit form of lines, circles and conics:

ax+by+c = 0

(x−xm)2 +(y−ym)2− r2 = 0
i+ j≤2

∑
i, j=0

ai j xi y j = 0

(5)

For circles the equations seem to be non-linear.
But

(x−xm)2 +(y−ym)2− r2 =
−2xxm−2yym+x2

m+y2
m− r2 +x2 +y2 =

−2xxm−2yym+α+x2 +y2

(6)

with the substitutionα = x2
m+y2

m− r2 it is linear
in xm, ym andα and has the same solution as the
original system. If we plug in the (xi ,yi) we get
a linear least squares problem for the coefficients
in all cases. For lines and conics the coefficients
have an arbitrary non zero scaling factor. We can
choose one of them to be one. In very few cases
the chosen coefficient must be zero and we have
to revise our guess and have to solve the system
once more. The principal axis transformation is
used to get the kind of the conic. The conic fit by
the implicit form does not yield the optimal (non-
linear) least squares solution given by the param-
eterized form. Thus we determine the parameters
for the data points and make some Gauss-Newton
steps to improve our result. If we areclose toa
parabola the system computes a least squares so-
lution for this case, too. Then the user can op-
tionally decide to take the parabola.



If the distances to all of the above objects is to
large the system will compute a B-spline approx-
imation. Figure 17 shows an example for that
situation. We have plotted the control polygon
for the B-spline (of order 4), too. Additionally
we have marked the data points because the data
polygon nearly coincides with the spline.

7 ENVELOPES
Above we have described how points can be
traced. We will now give a short overview on
computing the envelopes of moving lines and cir-
cles. If a 2d set of curves is given implicitly as

F(x; t) = 0 (7)

then these curves also fulfill

d
dt

F(x; t) = 0. (8)

Thus its envelope can be traced by solving the
above equations simultaneously for a number of
(increasing)t ’s, sort the solutions and compute
the envelope(s) as spline(s). For lines and circles
that is very easy. A set of lines is given by

a(t)x+b(t)y+c(t) = 0. (9)

The derivative regardingt is

a′(t)x+b′(t)y+c′(t) = 0. (10)

Thus we have two linear equations for everyt and
the envelope asx(t).
A set of circles is given by

(x−xm(t))2 +(y−ym(t))2− r2(t) = 0. (11)

The derivative regardingt is

2(x−xm(t))(−x′m(t))+2(y−ym(t))(−y′m(t))
−2r(t) r ′(t) = 0

⇔
x′m(t) x+y′m(t) y+

r ′(t) r(t)−xm(t)x′m(t)−ym(t)y′m(t) = 0
(12)

Thus we have one quadratic and one linear equa-
tions for everyt and the two envelopes asx1(t)
and x2(t). Figure 18 shows an example of the
two envelopes of a circle whose center moves on
an ellipse.

Figure 18:Envelopes of a moving circle.

8 CONCLUSIONS
In this paper only a view aspects of WinCAG
and its use for improving geometrical teaching
could be shown. One has to look at real ani-
mation and online presentations to get an intrin-
sic overview of its capabilities. This is true for
any other software on Dynamic Geometry. Such
packages together with well selected demos and
animations can not replace the classroom teach-
ing, but they offer a tremendous contribution for
didactical aid and to spatial geometric cognition.
Due to its special design for (Descriptive) Geom-
etry WinCAG is a mighty tool for significant im-
provements in teaching and learning geometry.
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propos d’une courbe plane.Elemente der
Mathematik, 2(4):89–104, 1947.

[6] Hohenberg, F. Konstruktive Geometrie für
Techniker. Springer-Verlag Wien, 1956.

ABOUT THE AUTHORS
1. Karl-Heinz Brakhage is member of the In-
stitute of Geometry and Numerical Mathemat-
ics at the Aachen University of Technology. His
research interests are Computer Aided Geomet-
ric Design, CAx Technologies, Grid Genera-
tion, Scientific Computing, Computer Graphics,
and Development of Education Software. He
can be reached by e-mail: brakhage@igpm.rwth-
aachen.de, by Fax: +49(241)8092317, by phone:
+49(241)8096591, the postal address: Inst.
of Geometry and Numerical Mathematics /
RWTH Aachen / Templergraben 55 / D-52056
Aachen / Germany, or through the Web site:
www.igpm.rwth-aachen.de/brakhage

2. Claus P̈utz Ph.D, is teaching Descriptive Ge-
ometry (DG) for students of architecture. His
research interests are DG, CAD and didactical
improvements. He can be reached by e-mail:
puetz@igpm.rwth-aachen.de, by fax: +49-241-
8092317, or through postal address: Institute
of Geometry and Applied Mathematics / RWTH
Aachen / 52056 Aachen / Germany, or through
the Web site: www.igpm.rwth-aachen.de/puetz


