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Sparse Representations of Functions, an Example

Single scale Approximations

Box function  ¢(x) = xj0,1)(7)
Dik = 23/2 ¢ (21’ : —k)

Pi(f) = Yo (fs 0ik) biok , N

Splitting averages and details:

I

S

= Mittelung + Detail

Feinstruktur
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Multiscale Representations: functions — digits
o (z) = $(22) — $(2x — 1) L

o iy = 21/2(27 - —k)

Y

o (Pj1—P))f = 2272—01 djk(f)Vj K 11 —
o djk(f) = (f,¥jk)s d=1,0(f) = {f; ¢o,0)
o 20—
f= Pof+ZP Pi)f =+ ) Zdjk i =:d(f)" ¥
j=—1 k=0
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Norm Equivalence: f « d(f)

1/2

1l = | D IP = P fl, = [|d(f)lle,
§=0

Small changes in d <= small changes in f

Vanishing Moments:
djel = L |(f — e, vjp)] < Inf |[f = el < 27 f | Loz, 1)

dj . is mall when f[;., is smooth
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Two-Scale Relations:

1 1
Gjk = ﬁ(qu—l—lﬁk + Djt1.2k+1), Yk = ﬁ(gbj—i—l,Qk — Pjt1.2k+1)

1 1
Gjt1,2k = \ﬁ(%,kz +Vik)s Q1 2k41 = \ﬁ(ﬁbj,k: — Y k)

Change of Bases: @7, ,c;;1 = ®/c; + V'd;

1 1
Cjle = ﬁ(cﬂmk +cir12k41), djk = \ﬁ(cﬁl,% — Cj41,.2k+1)

1 1
Cj+1,2k = \ﬁ(cj,k + dj k), Cj+1,2k+1 = \ﬁ(cj,k — dj k)
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Fast (Orthogonal) Transform (linear time):
TJ . dJ = (Co,dg,...,dj_l) — CJ

¢S5 — ¢ — €2 — - — Cj1 — CJ

/! /! / /!
d() dl d2 T dJ—l

T 1=TT:.¢c;, - d’

¢<g9 — ¢j-1 — Cj—2 — -~ — € — (o
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(Quasi-) Sparse Representation of Operators

The Hilbert Transform

(Lf)(x) = Lpo. [ LW

7 r—1Y

Wavelet (standard) representation:

J.k 7.k l,m

Lf = D [ jmltie=)_ (Fj(ﬁwj,k,wz,mm,m) (foabi) =0T Ld

where

L:= (<¢j,k7‘Cwl,m»(j’k),(l’m) = <\P7£\Il>7 d := (<¢j7k7 f>)(j,k) ‘= <\Ij’ f>
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T L(j,k),(l,m)

Taylor ~»

277 (k+1)

/

2—Jk

2~ (m+1)

/

2_lm

2~ (m+1)

/

2_lm

9

7\

2=L(m+1)
/ ( 1 : >¢l7m(y)dy ¢j’k($)dm

r—y x—2"lm

2_lm
72_J(k—|—1)( 1 )
y—2 'm
/ 5V k(@) dx o Py g, (y) dy
— 270 ,m
(2= (k+1)
(y-2"'m)  (w-2"'m)
24/.@ ((xyl,m)2 (2_Jk—yz,m)2> Vi k(@) da o Py m (y) dy
3.
: ' : —5li—|
' —i/2 )~ —(4+)3 =G, ol —3_ 2 2
/|¢],kz($)|d$§2 (1>3) 7T|L(j,k),(m,l)| < 2 21277k — 27 'm)| _ |k_2j_lm|3

R
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Preconditioning

A simple example: —u”"=f on[0,1], u(0)=wu(l)=0

Weak formulation: (', vy = (f,v), wve H0,1])

Hat-function: ¢(x) := (1 — |z|)+
Dik = 23/2¢) (23’ : —k)

S;:=span{g,r:k=1,...,27 — 1}

Galerkin scheme (ulv") = (f,v), vesy
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27 _1

ur= Y uspbsr ~ Apug=f;, A;=(0), 8}, f;:= (D f)
k=1

Multilevel splitting:

p(z) = 302z +1)+ ¢(2z) + 3922 — 1)
Qik = %(%%‘H,zk—l + P12k T 3Pj+1,2k41)
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Hierarchical (complement) bases [Y]

\Ifj = {wj,k = ¢j—i—1,2k—|—1 k= O, “ oy 2j — 1} 1

Sj+1 = Sj ® span (\Ifj) O/ l

3
Note  Lop;p(x) = Loj1opqi(a) = 271291 (2)  ~

—m) =276 . am)

Diagonal scaling produces uniformly bounded condition numbers!
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Summary

Vanishing Moments — Cancellation Property (CP) ~»

e sparse representation of functions e sparse representation of operators

Norm Equivalence (NE) ~»

e Tight relation: function < digits e Well conditioned systems

Possible Leeway?

e |s orthogonality of basis necessary?

e |s diagonalization of stiffness matrix necessary?

— Typeset by Foil TEX — 12



Wavelet Bases - Functions «— Sequences [Co, D3, D4]

Goal: Develop flexible concepts for the construction of multiscale bases for
realistic domain geometries ) (bounded Euclidean domains, surfaces, manifolds)
sharing in essence the features of the above examples

General Format: U = {y): € J} C Ly(Q),
J = Jp U Ty infinite index set where:

|¢)\HL2 ~J 1, dlmﬂ = d,

o #J, < 00, « “scaling functions” (spanning polynomials);

o Jy < "“true” wavelets spanning complements between refinement levels;

e \ «— (j = scale, e = type, k = spatial location), || :=j

Example:  ¢a(z,y) = 2791027 (2, y) — (k, 1)) = 2929 (22 — k)27/24(27y — 1)
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Notational Conventions:

e Diagonal scaling matrix: D® := (5>\’/’L2$|>\|)>\M€j;

scaled basiss: D75WU = {275y, 1
e Arrays of wavelet coeffcients: v = {v)}re7, d,u,...,

e Wavelet expansions: d' U := D e Axa

e Gramian matrices: ¢(+,-) : X x Y — IR bilinear form, ZC X,0 C Y ~

C(Ev @) = (C(fv 6))565,966 Y <\Ij7 f> — (<f7 ¢>\>)§:€J
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Main Features

e Locality (L)
e Cancellation Properties (CP)

e Norm Equivalences (NE)

Locality (L):
Qy :=supp s, diam () ~ 27

Cancellation Property (CP) of Order m:

_ mtd_d
)] S 27Dyl Ae Ty
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Q c IR? vanishing moments of order i = (CP):

. . 1,1
)] = (= Pl < nf o= Pllrayliale,, -+ =1

A\

—Inl(2—_a) .
o= IAI(5-4) nf o= Pz,
(lalls, ~ 2N G 8) L oN(E-9),)
p

Local polynomial approximation

. 3 k
Aot 1o = Py S (diam @)Ffolwo
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Norm Equivalences (NE): For some v,7 >0 and s € (—7,7) 3 ¢s, Cs, s.t.

Cs|[Vlle, < [V D™ s < Ci|v]e,

where for s >0 H§(Q)) C H®° C H*(Q)), H?®:=(H®°)" when s<0,
l.e. D%V is a Riesz-basis for H?.

Remark 1 - A first consequence: Let ||v||7, := ¢(Vv, Vv) + (v,0),
D := ((1+e2*)dx,), w

—1/2 1/2

IVlle, < VD™ [l3, < (C5 +CF) IVl

(2(cg?+c1h)
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Proof of Remark 1: Let v=d' U

A+ vehaherly < 230 (I +e2May?)
reJ

(NE)

< 2 (e 4 {IIvlly, + elolin }

—2 —2 2
2 (e +¢7) vl

(NE)
loll7, +elvlzn < Coll 17, + €CTID |7, < (Co + CH D (1 + e22M)[dy[?
AET

< (Ci+CH >+ Ve dy?

AET
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Remark 2 - a second consequence - duality: Let H be a Hilbert space,

(-,y : H x H — IR and suppose that
cllvile, < V'Ol < Clivlle,
(© is Riesz-basis for H) = (NE)’:
CHO, v)ley < 3 < (O, 0) ey

Application: H = H}(Q2), © :=D ¥, ~

CrHD™HT, wlle, < wllg-1(0) < e IDTHL, w)lle,
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Proof of Remark 2:
1) Let F:ly - H, F:v—v'O
T —1 —1
eIVl < VIOl < Clivli, = 1Fllepmr = C, IF Hlrery =

2) For the adjoint F* : H' — £, defined by (F'v, w) = v F*w one has

(Frw)'v (F'v, w) [E v #llwllze
I Fw]|e, = sup = sup ———— < = [[F|leg—nlw] 4
v [vile v [[Vlle v [1v1ley
Fv,w Frw)lv F*w \%
w o Jwllyw Jwlly w [[w |37 ’
1 1 1
= | Flleyor = [1F Iy = C5 1 F oty = [[(F7) " ggmry = ¢

3) Identify F*w: (F*w)y = (F*w)’ey = (Fey, w) = (O, w) ~
Frw=(0,w) ~ [(6,w)]le, < Cllwllsy
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Riesz-Bases - Biorthogonality

Note: c|[vlle, < [V O[3 < Cllvlle, ~
F:ly—-HF:v—v'0O, adjoint F*: H — {5 defined by (Fv,w) = v F*w

are topological isomorphisms and Fey = 6, — Define: = (F*) ey ~

~

<‘9>\7§,u> — <Fe>\7 (F*)_leu> — efeu — 5/\# ~ <@7@> =1 ~

~

w= (w,0)0, (1) ~» O is a Riesz basis for H’

Corollary: H = L5(Q2) ="H" ~» for every Riesz basis W for Ly there exists

~

a biorthogonal basis W which is also a Riesz basis for Ls.
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Further Norm Equivalences - Besov-Spaces [BL, Co, DeV, DPJ, DP]

Let 0 < p < o0, 0 < g < 00. Renormalize:

11 -
Uap =200~ gl ~ 1 Ty = (st A€ T) o (T, 0y) =
Suppose B} (L) C L,. For some v >0 and 0 < s < 7 one has

= d(toLl 1 ~ q ~ ~ .
[0l r,y ~ olE +D° (24D 0le, ) s By i= {ag A = 5}
§=0
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Embedding - the Critical Line:

it = sy ~ Il + 100y, o)l

S
L
By(L )
t - t
By (L)
1 1l 1
p r T
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Function Spaces [A, BL, T]
Sobolev spaces: WS (Q) :={f :0°f € L,(Q), |a| <k}

1/p
flw k@) = (Z|a| k||8afHLp(Q)) H”vak(m Zm 0|f‘wm(9)

Fractional order spaces - An intrinsic norm: k := ||

00(a) — 9*u(y)l?
lolhwgior = (Il + X [ [ dody

lal=k o O

1/p

Interpolation ~» Besov-spaces: t<r

(

o0 1/q
(f [s—wf,s,mp}q%) 0<g<oo

\’U|Bg(Lp(Q)) =9 \o

\ Sups>0 S_twr(fa S, Q)pa q = 00,
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L,-modulus of continuity:

wrlf, 4,y = sup |8 f Ly, Anf = F(+1) =), Af = Apoa}™

h|<t

where Q. :={z:z+sh e, s€l0,1]}

Special cases:
e W) =DB!(Ly) for s >0, s ¢ IN (p#2)

o H' := W= Bi(Ls) forsec IR (H':=(H")

flxi= sup LD

g€X,g#0 HQHX
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Local Polynomial Approximation, see e.g. [DS]

. . k—m
]ggﬁﬁk lv=Plwpey < (diamQ)F "oy, (m <Kk)
. : '
Plg%k v — PHLP(Q) N (diam ) |U\B§](Lp(9))
Pig]zka v — PHLP(Q) < wi(f,diamQ,Q),

Idea of proof: By rescaling it suffices to consider reference domain with unit diameter —
suppose that infpep, ||v, — PHWgn(Q) > n|vn|W1§;(Q) - rescale - ~»

L= inf [lwn = Pllwgo = lwnlwpe) 2 nlwalygg ~
{wn}n precompact in W™ ~ J w € W st |w|W]§(Q) = lim, |wn|W]§3(Q)

0 ~ w &€ Pg. On the other hand, infpcp, ||lw — P||W]"gn(Q) = 1 a contradiction
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