Multiscale and Wavelet Methods for Operator Equations

(1) Examples, motivation, key features of wavelet bases

Wolfgang Dahmen

Institut für Geometrie und Praktische Mathematik RWTH Aachen Templergraben 55 52056 Aachen Germany e–mail: dahmen@igpm.rwth-aachen.de WWW: http://www.igpm.rwth-aachen.de/∼dahmen/

– Typeset by FoilTEX –

CONTENTS:

• Examples, motivation, key features of wavelet bases • Multiresolution, construction and analysis principles • Scope of problems - Transformation to sequence spaces • Adaptive wavelet schemes I • Adaptive wavelet schemes II - Applications, outlook

Sparse Representations of Functions, an Example Single scale Approximations Box function ϕ(x) = χ_{[0,1)}(x) ϕ_{j,k} = 2^{j/2}ϕ ( 2^j · −k ) P_j(f) :=

∑_2j_{−1} k=0 ⟨f, ϕ_{j,k}⟩ϕ_{j,k} Splitting averages and details:

Multiscale Representations: functions – digits • ψ(x) := ϕ(2x) − ϕ(2x − 1) • ψ_{j,k} := 2^{j/2}ψ(2^j · −k) • (P_{j+1}−P_j)f =

∑_2j_{−1} k=0 d_{j,k}(f)ψ_{j,k} • d_{j,k}(f) = ⟨f, ψ_{j,k}⟩, d_{−1,0}(f) = ⟨f, ϕ_{0,0}⟩

f = P_0f + ∞∑ j=1 (P_j − P_{j−1})f = + ∞∑ j=−1

2j−1∑

k=0 d_{j,k}(f)ψ_{j,k} =: d(f)^T Ψ

Norm Equivalence: f ↔ d(f)

‖f‖_{L2} = ∞∑ j=0 ‖(P_j − P_{j−1})f‖^2_{L2} 1/2 = ‖d(f)‖_{ℓ2}

Small changes in d ⇐⇒ small changes in f Vanishing Moments: |d_{j,k}| = inf_{c∈IR} |⟨f − c, ψ_{j,k}⟩| ≤ inf_{c∈IR} ‖f − c‖_{L2(Ij,k)} ≤ 2^{−j}‖f^′‖_{L2(Ij,k)}, d_{j,k} is mall when f|_{Ij,k} is smooth

Two-Scale Relations: ϕ_{j,k} = 1 √ 2 (ϕ_{j+1,2k} + ϕ_{j+1,2k+1}), ψ_{j,k} := 1 √ 2 (ϕ_{j+1,2k} − ϕ_{j+1,2k+1})

ϕ_{j+1,2k} = 1 √ 2 (ϕ_{j,k} + ψ_{j,k}), ϕ_{j+1,2k+1} = 1 √ 2 (ϕ_{j,k} − ψ_{j,k})

Change of Bases: Φ^T_{j+1}c_{j+1} = Φ^T_j c_j + Ψ^T d_j

c_{j,k} = 1 √ 2 (c_{j+1,2k} + c_{j+1,2k+1}), d_{j,k} = 1 √ 2 (c_{j+1,2k} − c_{j+1,2k+1})

c_{j+1,2k} = 1 √ 2 (c_{j,k} + d_{j,k}), c_{j+1,2k+1} = 1 √ 2 (c_{j,k} − d_{j,k})

Fast (Orthogonal) Transform (linear time): T_J : d^J := (c_0, d_0, . . . , d_{J−1}) → c_J

c_0 → c_1 → c_2 → · · · → c_{J−1} → c_J ↗ ↗ ↗ ↗ d_0 d_1 d_2 · · · d_{J−1}

T^{−1} = T^T : c_J → d^J

c_J → c_{J−1} → c_{J−2} → · · · → c_1 → c_0 ↘ ↘ ↘ ↘ d_{J−1} d_{J−2} · · · d_1 d_0

(Quasi-) Sparse Representation of Operators The Hilbert Transform (Lf)(x) := 1 π p.v. ∫ IR f(y) x − y dy

Wavelet (standard) representation:

Lf = ∑ j,k ⟨f, ψ_{j,k}⟩Lψ_{j,k} = ∑ j,k ∑ l,m ⟨Lψ_{j,k}, ψ_{l,m}⟩ψ_{l,m} ⟨f, ψ_{j,k}⟩ = Ψ^T Ld

where L := (⟨ψ_{j,k}, Lψ_{l,m}⟩)_{(j,k),(l,m)} =: ⟨Ψ, LΨ⟩, d := (⟨ψ_{j,k}, f⟩)_{(j,k)} := ⟨Ψ, f⟩

π | |L(j,k),(l,m) | | = | | | | |

2−j(k+1) ∫

2−jk

2−l(m+1) ∫

2−lm

( 1 x − y − 1 x − 2−lm ) ψl,m(y) dy ψj,k(x) dx | | | | |

Taylor ⊏ = | | | | |

2−l(m+1) ∫

2−lm

2−j(k+1) ∫

2−jk (y − 2−lm) (x − yl,m)2 ψj,k(x) dx ψl,m(y) dy | | | | |

= | | | | |

2−l(m+1) ∫

2−lm

2−j(k+1) ∫

2−jk (y − 2 −lm) (x − yl,m)2 − (y − 2−lm) (2−jk − yl,m)2 ψj,k(x) dx ψl,m(y) dy | | | | |

∫ IR |ψj,k(x)| dx ≤ 2−j/2 (l ≥ j) ⊏ π|L(j,k),(m,l)| <∼ 2−(l+j) 3 2 |2−jk − 2−lm|−3 = 2− 3 2|j−l| |k − 2j−lm|3

Preconditioning A simple example: − u^{′′} = f on [0, 1], u(0) = u(1) = 0

Weak formulation: ⟨u^′, v^′⟩ = ⟨f, v⟩, v ∈ H^1_0 ([0, 1])

Hat-function: ϕ(x) := (1 − |x|)_+ ϕ_{j,k} = 2^{j/2}ϕ ( 2^j · −k ) S_j := span {ϕ_{j,k} : k = 1, . . . , 2^j − 1}

Galerkin scheme ⟨u^′_j, v^′⟩ = ⟨f, v⟩, v ∈ S_j, u_J = 2j−1∑

k=1 u_{J,k}ϕ_{J,k} ⊏ A_J u_J = f_J , A_J := ⟨Φ^′_J , Φ^′_J ⟩, f_J := ⟨Φ_j, f⟩

Multilevel splitting:

ϕ(x) =^1_2ϕ(2x + 1) + ϕ(2x) +^1_2ϕ(2x − 1)

ϕ_{j,k} =^{1√}_2(^1_2ϕ_{j+1,2k−1} + ϕ_{j+1,2k} +^1_2ϕ_{j+1,2k+1})

Hierarchical (complement) bases [Y]

Ψ_j := {ψ_{j,k} := ϕ_{j+1,2k+1} : k = 0, . . . , 2^j − 1}

S_{j+1} = S_j ⊕ span (Ψ_j)

Note^d_{dx}ψ_{j,k}(x) =^d_{dx}ϕ_{j+1,2k+1}(x) = 2^{j+3}2 ψ^H_{j,k}(x) ⊏

⟨ d dx ψ_{j,k}, d dx ψ_{l,m}⟩ = 2^{2j+3}δ_{(j,k),(l,m)} ⊏ Diagonal scaling produces uniformly bounded condition numbers!

Summary Vanishing Moments – Cancellation Property (CP) ⊏ • sparse representation of functions • sparse representation of operators Norm Equivalence (NE) ⊏ • Tight relation: function ↔ digits • Well conditioned systems Possible Leeway?

• Is orthogonality of basis necessary? • Is diagonalization of stiffness matrix necessary?

Wavelet Bases - Functions ↔ Sequences [Co, D3, D4] Goal: Develop flexible concepts for the construction of multiscale bases for realistic domain geometries Ω (bounded Euclidean domains, surfaces, manifolds) sharing in essence the features of the above examples General Format: Ψ = {ψ_λ : λ ∈ J } ⊂ L_2(Ω) , ‖ψ_λ‖_{L2} ∼ 1, dim Ω = d, J = J_ϕ ∪ J_ψ infinite index set where:

• #J_ϕ < ∞, ↔ “scaling functions” (spanning polynomials); • J_ψ ↔ “true” wavelets spanning complements between refinement levels; • λ ↔ (j = scale, e = type, k = spatial location), |λ| := j

Example: ψ_λ(x, y) = 2^jψ^{1,0}(2^j(x, y) − (k, l)) = 2^{j/2}ψ(2^jx − k)2^{j/2}ϕ(2^jy − l)

Notational Conventions: • Diagonal scaling matrix: D^s := ( δ_{λ,μ}2^{s|λ|} ) λ,μ∈J ; scaled basis: D^{−s}Ψ = {2^{−s|λ|}ψ_λ};

• Arrays of wavelet coeffcients: v = {v_λ}_{λ∈J} , d, u, . . . , • Wavelet expansions: d^T Ψ := ∑ λ∈J d_λψ_λ • Gramian matrices: c(·, ·) : X × Y → IR bilinear form, Ξ ⊂ X, Θ ⊂ Y ⊏ c(Ξ, Θ) := (c(ξ, θ))_{ξ∈Ξ,θ∈Θ} , ⟨Ψ, f⟩ = (⟨f, ψ_λ⟩)^T_{λ∈J}

Main Features • Locality (L) • Cancellation Properties (CP) • Norm Equivalences (NE) Locality (L):

Ω_λ := supp ψ_λ, diam (Ω_λ) ∼ 2^{−|λ|} Cancellation Property (CP) of Order m̃: |⟨v, ψ_λ⟩| <∼ 2^{−|λ|}(^{m̃+d2−dp})|v|_W m̃_{p (Ωλ)}, λ ∈ J_ψ

Ω ⊂ IR^d, vanishing moments of order m̃ =⇒ (CP): |⟨v, ψ_λ⟩| = inf_{P ∈Πm̃} |⟨v − P, ψ_λ⟩| ≤ inf_{P ∈Pm̃} ‖v − P ‖_{Lp(Ωλ)}‖ψ_λ‖_{Lp′} , 1 p + 1 p^′ = 1 <∼ 2^{−|λ|}(^d2^{−d}p) inf_{P ∈Pm̃} ‖v − P ‖_{Lp(Ωλ)} (‖ψ_λ‖_{Lp′} ∼ 2^{|λ|} ( d p′ −d2 ) ∼ 2^{|λ|}(^{d2−dp})) Local polynomial approximation inf_{P ∈Pk} ‖v − P ‖_{Lp(Ω)} <∼ (diam Ω)^k|v|_W k_{p (Ω)}

Norm Equivalences (NE): For some γ, γ̃ > 0 and s ∈ (−γ̃, γ) ∃ c_s, C_s, s.t. c_s‖v‖_{ℓ2} ≤ ‖v^T D^{−s}Ψ‖_Hs ≤ C_s‖v‖_{ℓ2} where for s ≥ 0 H^s_0(Ω) ⊂ H^s ⊂ H^s(Ω), H^s := (H^{−s})^′ when s < 0, i.e. D^{−s}Ψ is a Riesz-basis for H^s.

————————————— Remark 1 - A first consequence: Let ‖v‖^2_{Hϵ} := ϵ⟨∇v, ∇v⟩ + ⟨v, v⟩, D := ( (1 + √ ϵ2^{|λ|})δ_{λ,μ} ) λ,μ, ⊏ ( 2(c^{−2}_0 + c^{−1}_1 ) )_{−1/2} ‖v‖_{ℓ2} ≤ ‖v^T D^{−1}Ψ‖_{Hϵ} ≤ ( C^2_0 + C^2_1 )_{1/2} ‖v‖_{ℓ2}

Proof of Remark 1: Let v = d^T Ψ

‖{(1 + √ ϵ2^{|λ|})d_λ}_{λ∈J} ‖^2_J ≤ 2 ∑ λ∈J ( |d_λ|^2 + ϵ2^{2|λ|}|d_λ|^2 )

(NE) ≤ 2 ( c^{−2}_0 + c^{−2}_1 ) { ‖v‖^2_{L2} + ϵ|v|^2_{H1} }

= 2 ( c^{−2}_0 + c^{−2}_1 ) ‖v‖^2_{Hϵ}

‖v‖^2_{L2} + ϵ|v|^2_{H1}^{(NE)}≤ C^2_0 ‖d‖^2_{ℓ2} + ϵC^2_1 ‖D^1d‖^2_{ℓ2} ≤ (C^2_0 + C^2_1 ) ∑ λ∈J (1 + ϵ2^{2|λ|})|d_λ|^2

≤ (C^2_0 + C^2_1 ) ∑ λ∈J (1 + √ ϵ2^{|λ|})^2|d_λ|^2

Remark 2 - a second consequence - duality: Let H be a Hilbert space, ⟨·, ·⟩ : H × H^′ → IR and suppose that c‖v‖_{ℓ2} ≤ ‖v^T Θ‖_H ≤ C‖v‖_{ℓ2} (Θ is Riesz-basis for H) =⇒ (NE)’: C^{−1}‖⟨Θ, v⟩‖_{ℓ2} ≤ ‖v‖_H′ ≤ c^{−1}‖⟨Θ, v⟩‖_{ℓ2} (1) Application: H = H^1_0 (Ω), Θ := D^{−1}Ψ, ⊏

C^{−1}_1 ‖D^{−1}⟨Ψ, w⟩‖_{ℓ2} ≤ ‖w‖_H−1_{(Ω)} ≤ c^{−1}_1 ‖D^{−1}⟨Ψ, w⟩‖_{ℓ2}

Proof of Remark 2:

1) Let F : ℓ_2 → H, F : v → v^T Θ c‖v‖_{ℓ2} ≤ ‖v^T Θ‖_H ≤ C‖v‖_{ℓ2} =⇒ ‖F ‖_{ℓ2→H} = C, ‖F^{−1}‖_{H→ℓ2} = c^{−1} 2) For the adjoint F^∗ : H^′ → ℓ_2 defined by ⟨F v, w⟩ = v^T F^∗w one has

‖F^∗w‖_{ℓ2} = sup_v

(F^∗w)^T v ‖v‖_{ℓ2} = sup_v ⟨F v, w⟩ ‖v‖_{ℓ2} ≤ sup_v ‖F v‖_H‖w‖_H′ ‖v‖_{ℓ2} = ‖F ‖_{ℓ2→H}‖w‖_H′

‖F v‖_H = sup_w ⟨F v, w⟩ ‖w‖_H′ sup_w

(F^∗w)^T v ‖w‖_H′ ≤ sup_w ‖F^∗w‖_{ℓ2}‖v‖_{ℓ2} ‖w‖_H′ = ‖F^∗‖_H′_{→ℓ2}‖v‖_{ℓ2}

=⇒ ‖F ‖_{ℓ2→H} = ‖F^∗‖_H′_{→ℓ2} = C, ‖F^{−1}‖_{H→ℓ2} = ‖(F^∗)^{−1}‖_{ℓ2→H}′ = c^{−1}

3) Identify F^∗w: (F^∗w)_λ = (F^∗w)^T e_λ = ⟨F e_λ, w⟩ = ⟨θ_λ, w⟩ ⊏ F^∗w = ⟨Θ, w⟩ ⊏ ‖⟨Θ, w⟩‖_{ℓ2} ≤ C‖w‖_H′

Riesz-Bases - Biorthogonality Note: c‖v‖_{ℓ2} ≤ ‖v^T Θ‖_H ≤ C‖v‖_{ℓ2} ⊏ F : ℓ_2 → H F : v → v^T Θ, adjoint F^∗ : H^′ → ℓ_2 defined by ⟨F v, w⟩ = v^T F^∗w are topological isomorphisms and F e_λ = θ_λ – Define: θ̃_λ := (F^∗)^{−1}e_λ ⊏ ⟨θ_λ, θ̃_μ⟩ = ⟨F e_λ, (F^∗)^{−1}e_μ⟩ = e^T_λ e_μ = δ_{λ,μ} ⊏ ⟨Θ, Θ̃⟩ = I ⊏ w = ⟨w, Θ⟩Θ̃, (1) ⊏ Θ̃ is a Riesz basis for H^′ Corollary: H = L_2(Ω) = H^′ ⊏ for every Riesz basis Ψ for L_2 there exists a biorthogonal basis Ψ̃ which is also a Riesz basis for L_2.

Further Norm Equivalences - Besov-Spaces [BL, Co, DeV, DPJ, DP] Let 0 < p < ∞, 0 < q ≤ ∞. Renormalize: ψ_{λ,p} := 2^{d|λ|}(^{1p−12})ψ_λ ⊏ ‖ψ_{λ,p}‖_{Lp} ∼ 1, Ψ_p := {ψ_{λ,p} : λ ∈ J } ⊏ ⟨Ψ_p, Ψ̃_p′⟩ = I

Suppose B^t_q(L_τ ) ⊂ L_p. For some γ > 0 and 0 < s < γ one has

‖v‖^q_{Btq(Lτ )} ∼ ‖v‖^q_{Lτ} + ∞∑ j=0 ( 2^{jd}(^{td+1p− 1τ} )‖⟨Ψ̃_{j,p}′, v⟩‖_{ℓτ} )_q , Ψ̃_{j,p}′ := {ψ̃_{λ,p}′ : |λ| = j}

Embedding - the Critical Line: t d + 1 p = 1 τ ⊏ ‖v‖_Bt_{τ (Lτ )} ∼ ‖v‖_{Lτ} + ‖⟨Ψ̃_p′, v⟩‖_{ℓτ}

Function Spaces [A, BL, T] Sobolev spaces: W^k_p (Ω) := {f : ∂^αf ∈ L_p(Ω), |α| ≤ k}

|f|_wk_{p(Ω)} := (∑ |α|=k ‖∂ αf‖^p_{Lp(Ω)} )_{1/p} , ‖v‖^p_{W kp (Ω)} := ∑_k m=0 |f|^p_{wmp (Ω)} Fractional order spaces - An intrinsic norm: k := ⌊t⌋

‖v‖_W t_{p(Ω)} = ‖v‖^p_{W kp (Ω)} + ∑ |α|=k ∫ Ω ∫ Ω |∂^αv(x) − ∂^αv(y)|^p |x − y|^{d+tp} dxdy 1/p

Interpolation ⊏ Besov-spaces: t < r

|v|_Bt_{q(Lp(Ω))} := (_∞ ∫ 0 [s^{−t}ω_r(f, s, Ω)_p]^{q ds}_s )_{1/q} , 0 < q < ∞; sup_{s>0} s^{−t}ω_r(f, s, Ω)_p, q = ∞,

L_p-modulus of continuity: ω_r(f, t, Ω)_p := sup_{|h|≤t} ‖Δ^r_hf‖_{Lp(Ωr,h)}, Δ_hf := f(·+h)−f(·), Δ^k_h = Δ_h ∘Δ^{k−1}_h where Ω_{r,h} := {x : x + sh ∈ Ω, s ∈ [0, 1]} Special cases:

• W^t_p = B^t_p(L_p) for s > 0, s ∉ IN (p ≠ 2) • H^t := W^t_2 = B^t_2(L_2) for s ∈ IR (H^{−t} := (H^t)^′) ‖f‖_X′ := sup_{g∈X,g≢0} ⟨f, g⟩ ‖g‖_X

Local Polynomial Approximation, see e.g. [DS]

inf_{P ∈Pk} ‖v − P ‖_W m_{p (Ω)} <∼ (diam Ω)^{k−m}|v|_W k_{p (Ω)}, (m < k) inf_{P ∈Pk} ‖v − P ‖_{Lp(Ω)} <∼ (diam Ω)^t|v|_Bt_{q(Lp(Ω))} inf_{P ∈Pk} ‖v − P ‖_{Lp(Ω)} <∼ ω_k(f, diam Ω, Ω)_p Idea of proof: By rescaling it suffices to consider reference domain with unit diameter – suppose that inf_{P ∈Pk} ‖v_n − P ‖_W m_{p (Ω)} ≥ n|v_n|_{W kp (Ω)} - rescale - ⊏ 1 = inf_{P ∈Pk} ‖w_n − P ‖_W m_{p (Ω)} = ‖w_n‖_W m_{p (Ω)} ≥ n|w_n|_{W kp (Ω)} ⊏ {w_n}_n precompact in W^m_p ⊏ ∃ w ∈ W^m_p s.t. |w|_{W kp (Ω)} = lim_{n→∞} |w_n|_{W kp (Ω)} = 0 ⊏ w ∈ P_k . On the other hand, inf_{P ∈Pk} ‖w − P ‖_W m_{p (Ω)} = 1 a contradiction □

References

[A] R.A. Adams, Sobolev Spaces, Academic Press, 1978.

[BL] J. Bergh, J. Löfström, Interpolation Spaces, An Introduction, Springer, 1976.

[BCR] G. Beylkin, R. R. Coifman, V. Rokhlin, Fast wavelet transforms and numerical algorithms I, Comm. Pure and Appl. Math., 44 (1991), 141–183.

[Co] A. Cohen, Wavelet methods in numerical analysis, in the Handbook of Numerical Analysis, vol. VII, P.-G. Ciarlet et J.-L. Lions eds., Elsevier, Amsterdam, 2000.

[DeV] R. DeVore, Nonlinear approximation, Acta Numerica, 7, Cambridge University Press, 1998, 51-150. [D3] W. Dahmen, Wavelet and Multiscale Methods for Operator Equations, (invited contribution) Acta Numerica, Cambridge University Press, 6(1997), 55–228.

[D4] W. Dahmen, Wavelet methods for PDEs – Some recent developments, J. Comp. Appl. Math., 128, 133–185, 2001. [Dau] I. Daubechies, Ten Lectures on Wavelets, CBMS-NSF Regional Conference Series in Applied Math. 61, SIAM, Philadelphia, 1992.

[DP] R. DeVore, V. Popov, Interpolation of Besov spaces, Trans. Amer. Math. Soc., 305(1988), 397–414. [DPJ] R. DeVore, B. Jawerth, and V. Popov, Compression of wavelet decompositions, Amer. J. Math., 114(1992), 737–785. [DS] R. DeVore, R. Sharpley, Maximal functions measuring smoothness, Memoirs of the American Mathematical Society, 47 (No 293), 1984.

[T] H. Triebel, Interpolation Theory, Function Spaces, and Differential Operators, North-Holland, Amsterdam, 1978. [Y] H. Yserentant, On the multilevel splitting of finite element spaces, Numer. Math. 49 (1986), 379–412.