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Multiscale Decompositions - Construction and Analysis Principles

Multiresolution So C 51 C Sy C...La(Q), @ = Lo(92)

J
Single-scale bases: S;=span®; =:5(®,), ¢, ={d;r:kel;}
Decomposition: Sit1=S,PW,
Complement bases: W;=spanV,;, W,={¢:AeJ;}
Multi-scale basis: Ui=Uiew, V5  (To1:= Do)

Uniform single scale stability:
lellipzy ~ e @5l Nl ~ ld" ¥l L,

Stability over all levels ?  ||d||¢, ~ ||d” ||z,
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Multiscale Transformations (cf. [CDP, D1))

7—1

YD dbn =) b

I=—1)eJ keZ;

Tjidi—> C

Remark 3: Assume that the ®; are uniformly Lo-stable. Then

ITj|l, IT; ]| =0Q1) <= ¥ isa Riesz basis in Ly
Proof: Let U/ = {4 : [A\| < j} and v = ?\I!j = c;‘-FCIDj. Assume that W is a Riesz basis
N>
T 1, ~1
lejlley ~ Nlvlley = 11 5 ¥y ~ I jlley = 1T cjlley

Conversely: || e, = HTj_lch@ ~ |lcjlley ~ [|v]lLg
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Main Issues

e Uniform stability of the ®; (easy)

e (Spectral) Stability over all levels - Riesz-basis-property in Lo (more involved)

Biorthogonality in Lo is necessary !

— Typeset by Foil TEX — 3



Stability of single scale bases ®;

Key: Local dual bases (®;,®;) =1, ||d;xllr, ~ 1 ~

v=c'®; ~ |, =I{v, 27, < l0lz,6,,0 S IV,
Js
keZ;

IvllZs0,,) = > lewllgimlligmn | S0 D0 lewl?

0 5,mNB; 70 o;mNO; 70
summation ~
lollz, < lellZ,
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Construction of biorthogonal bases

e Biorthogonal wavelets on IR or IR® - Fourier methods (see [CDF, Co, Daul])

e More general domains: One needs good complement spaces W ~»

— Construct stable dual multiresolution sequences

~

S ={S;}ieny Sj =span(®;), S={S}jeny S; =span(®;), (P;,P;)

— Construct some simple initial complement spaces W,

— Change the initial complements into better ones W;

— Typeset by Foil TEX — 5



Stable Completions — Lifting [CDP, SW1, SW2]

Refinement equation: Stability, nestedness ~»

_ § T
lEIj+1

Find:
Wiy =5, M,

s.t. M, := (M, 0, M, ) is invertible, i.e, for M~ =: G; = (gfo) one has

J,1

(I)T

1= (I)TGJ 0+ \Ijj—l—lGj,l <~ MjGj = Gij =1

Remark 4: V¥, ®; uniformly stable <= | M, ||, ||G,|| = O(1)
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Multiscale Transformation

(I)?Cj \Idej = (I)j_|_1 (Mj,OCj + Mg,ld]) )

TJ :d —c
o Moo ; Mo 5 My Mj_1,0
C — C — C
My, 1 M 1 Mo 1 My 11
M; O
Ty = , Tyj=Tjy5-1---Tso
0 1I
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Parametrization of Completions [CDP]

Theorem: Given some initial completion M;; (and G;), then all other
completions have the form

M, = M; oL+ M, ;1K

and
Gjo=Gjo—G1(K")'L" G;;=G;(K")™!

Proof:
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Idea: Some initial completion is often available e.g. Hierarchical Bases

Applications:

e Raising moment conditions: Choose K =1 and L s.t.

/ Ul Pdx = / O M Pdr = / O LP+ VI KPdz =0, P el
Q Q Q

e F.E. based wavelets — coarse grid corrections [CDP, DK, D2, VW]

e Construction of biorthogonal wavelets [CTU1, CTU2, CM, DS1, DS2]
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Biorthogonalization

Suppose that

~ ~

O =07, \Mjo, © =], Mo, (®;,®;)=1

Theorem: Let 1\~/Ij70, l\v/Ij,l, Gj be as above. Then (K :=1, L := —1\715:0

~

M, = (I —M;M])M;1, M;;:=G;,
satisfy MjMJT =1 and
\Ijj (I)J+1Mj>1’ \IJJ+1 (I)J+1Mj,1

form biorthogonal wavelet bases. Riesz-bases 777
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What could additional conditions look like ?

Suppose (NE) holds for 0 < t < vy ~»

(NE) by J (NE) LJ
| E daoall e~ |]{2" |d>\}|>\|<JH€2 < 27 daYa<alle, ~ 27 E Cdatallny, ~
A< J I <J

Inverse Estimate: ||v|[;: < 2jt||v||L2, veS;, t<y

Y

Qjv 1= Z|>\|<j<v7'9z>\>¢>\ ~>

1/2 1/2
v — Qjull, < ST Ku, P <27 ST 22w,y |
A >3] A>3
(NE) .
< 27l ~
Direct Estimate:  inf, cg, v —vjlle, < 277 vllge, t <7
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Fourier Free Criteria for (NE)

D (v, ha)n = (Qj1 —

A=y

. 1/2 ~
o (2520270 @Qir1 — @)0ll3,) T~ (Zaes 22w, 9)17)

o S={S}jemn, S; C H? for s <7,
Q={Q;}jen, ®Q;: La— S; uniformly Lo-bounded;

e commutator property (C): QiQ; =Q;, 1<

e Jackson estimate (J):

e Bernstein estimate (B):
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inf,ev; [|v — vz,

|vj [ s

<

Y

Y

2SjHUjHL27

< 27w

Q)v, 1(Qjr1—Q)vllL, ~ D (v, )]

|Al=j
1/2

HHm’7 UEHm/

UjE‘/j, S<’}//,
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Theorem: For S, Q as above suppose that (C) and (B), (J) hold for V; =S
with m’=m >~" =~ > 0. Then

1/2

lollas ~ | D 2271(Q; — Q-)vll7, |+ 0<s<n.
7=0

Moreover, if (J) and (B) also hold for V; = S; := range Q% with m’ =/ >
v'' =4 >0, then the above (NE) also holds for -4 < s <~ (H* = (H™*)’).

e One sided (NE) are easier to realize, s < 0 is difficult

e The space H® may have incorporated homogeneous boundary conditions

e There exist versions that do not require explicit knowledge of the projectors

Q; [DSt].
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~

Remark: Let § and § be two given multi-resolution sequences satistying
dim .S; = dim .S; and

ing sup ' ‘<Uj7vj?‘ Z1 = (1)
LS i 5;e8, HU]HLQ(Q)HUJHLQ(Q)

3 a sequence Q uniformly Lo-bounded with ranges S such that
range (id — Q;) = (S;)* L2, range (id — Q) = (S;)* L2,

Moreover, Q satisfies the commutator property (C).
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Theorem: If in addition to the hypotheses of the previous Remark & and S
satisfy (J) and (B) with respective parameters m,m € IN and v,5 > 0 then
one has for any w; € range (Q; — Q,_1)

2
dwill <D 2wyl s € [—m,q), (2)
=0 s 7=0
and oo
ST 2%I(Q — Qi_)vl3, S ol s € (—F,m). (3)
7=0

Thus for s € (—7,7) (2), (3) hold with ¢ < ' replaced by ‘ ~'.
Sketch of proof (see [D1, DSt]): Define orth. proj. P;: Ly — S; by
(v,9;) = (Pjv,0;), v € Lo, 9 €Sj, Rj: Pjls; ~

— Typeset by Foil TEX — 19



|Rllz, < 1, (1) ~ |[Rjvjl|, 2 |villy, v; € Sj. Claim: range R; = S; since
otherwise 3 ¥} € S;, ¥ L, range Rj contradicting (1); ~ R;' : S; — S; uniformly
Lo-bounded; Define QQ; := R_le : Lo — S uniformly L5 bounded, range QJ = S
and (Q;v, ;) = (v, vj> ~ range (I — Q;) C (5;)"L2; conversely v € (S;) L2 =
range (I — Q) C (S;) TL2: ~ analogous properties for adjoints Qj; note S; CSj11 =

(C) Q3Q3+1 — Qj 0.

As for the Theorem, observe first:

i (ste
lwillgsze < 27 Nwjllz,, Y w; € range (Q; — Qj-1), s £e € [—m, ). (4)

Y

In fact, (4) follows from (B) for s == € € [0, 7).
Fort:=s+ e € [—m,0], w; € range (Q; — Q;j_1) ~

fwslle = sup S0 gy (000 (@ — @)
b — —
2eH—t ”ZHH t zeH—t HZ”H—t
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lwille, infy s 2= 51lln, ©

sup < 29wl L,.
et t 120
2
D w; = <ij,2wz> < SUS T lwgllgperellwl] ga—e
j HS J ! HS j lZ]
(i) €jy—Lle s sk sl < 223j 2
< SO 2 2 wyll,) @Y willz,) S 27 w3,
J >3 J

. 1/2
Thus, defining N o(v) := (Z;’;O 2°7°(|(Q; — Qj—l)’UH%Q) , we have shown

[vllas S Noo(v), s€[-m,7) (5)

which is (2). The same argument gives

[vllas S Nsox(v), s€[=m,7). (6)
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To prove (3) note first

NS,Q(U)2

IA

(6)
S

Z 228j<(Qj — Qj-1)v, (Qj — Qj-1)v)

<Z 2°7(QF — Q_)(Q; — Qj—1)v, v>

1D 2°7(Q) — Q;-)(Q; — Qj—1)v | y—sllvllus
j

\ .

J/

~"
=w

N_s or(w)||vllms, s € (=7, m]

Since by (C) (Q] — Q;_)(Q; — Q;_1) = 6;,(Q;] — Q;_) one has

Q=@ Dwllz, = 22 1(Q] —QF )(Qi—Qi_)vll, < 2% I(QI—Qi-)vL, ~
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1/2
N_sox(w) = (Z 27(Q) — QL)’U}IIZ)
!
1/2

—25sl~4sl 2
S > 272 (Q = QivllL, | = Nao(v)
J

which upon dividing by N o(v) vyields (3) O

Comments: (J), (B) are satisfied for all standard hierarchies of trial spaces where m is the
order of polynomial exactness.

e Possible strategy for (J): Construct Lo-bounded local projectors onto S, use reproduction
of polynomials and corresponding local polynomial inequalities;

e (B) follows from stability and rescaling arguments. Simple example: s € IN - estimate on
reference domain - rescale and sum up.
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