Multiscale and Wavelet Methods for Operator Equations

(2) Multiresolution - construction and analysis principles

Wolfgang Dahmen

Institut für Geometrie und Praktische Mathematik RWTH Aachen Templergraben 55 52056 Aachen Germany e–mail: dahmen@igpm.rwth-aachen.de WWW: http://www.igpm.rwth-aachen.de/∼dahmen/

– Typeset by FoilTEX –

Multiscale Decompositions - Construction and Analysis Principles Multiresolution S_0 ⊂ S_1 ⊂ S_2 ⊂ . . . L_2(Ω), ⋃ j S_j = L_2(Ω) Single-scale bases: S_j = span Φ_j =: S(Φ_j), Φ_j = {ϕ_{j,k} : k ∈ I_j} Decomposition: S_{j+1} = S_j ⨁ W_j Complement bases: W_j = span Ψ_j, Ψ_j = {ψ_λ : λ ∈ J_j} Multi-scale basis: Ψ := ⋃ j∈IN 0 Ψj (Ψ−1 := Φ0)

Uniform single scale stability:

‖c‖_{l2(Ij)} ∼ ‖c^T Φ_j‖_{L2} ‖d‖_{l2(Jj)} ∼ ‖d^T Ψ_j‖_{L2} Stability over all levels ? ‖d‖_{ℓ2} ∼ ‖d^T Ψ‖_{L2}

Multiscale Transformations (cf. [CDP, D1]) j−1∑ l=−1 ∑ λ∈Jl d_λψ_λ = ∑ k∈Ij c_kϕ_{j,k} T_j : d → c Remark 3: Assume that the Φ_j are uniformly L_2-stable. Then ‖T_j‖, ‖T^{−1}_j ‖ = O(1) ⇐⇒ Ψ is a Riesz basis in L_2

Proof: Let Ψ^j = {ψ_λ : |λ| < j} and v = d^T_j Ψ^j = c^T_j Φ_j. Assume that Ψ is a Riesz basis ⊏ ‖c_j‖_{ℓ2} ∼ ‖v‖_{L2} = ‖d^T_j Ψ^j‖_{L2} ∼ ‖d_j‖_{ℓ2} = ‖T^{−1}_j c_j‖_{ℓ2} Conversely: ‖d_j‖_{ℓ2} = ‖T^{−1}_j c_j‖_{ℓ2} ∼ ‖c_j‖_{ℓ2} ∼ ‖v‖_{L2}

Main Issues • Uniform stability of the Φ_j (easy) • (Spectral) Stability over all levels - Riesz-basis-property in L_2 (more involved) Biorthogonality in L_2 is necessary !

Stability of single scale bases Φ_j Key: Local dual bases ⟨Φ_j, Φ̃_j⟩ = I, ‖ϕ̃_{j,k}‖_{L2} ∼ 1 ⊏

v = c^T Φ_j ⊏ ‖c‖^2_{ℓ2} = ‖⟨v, Φ̃_j⟩‖^2_{ℓ2} <∼ ∑ k∈Ij ‖v‖^2_{L2(σ̃j,k)} <∼ ‖v‖^2_{L2}

‖v‖^2_{L2(□j,k)} = ∑ σj,m∩□j,k≠∅ |c_m|‖ϕ_{j,m}‖_{L2(□j,k)} 2 <∼ ∑ σj,m∩□j,k≠∅ |c_m|^2 summation ⊏ ‖v‖^2_{L2} <∼ ‖c‖^2_{ℓ2}

Construction of biorthogonal bases • Biorthogonal wavelets on IR or IR^d - Fourier methods (see [CDF, Co, Dau]) • More general domains: One needs good complement spaces W_j ⊏ ———————– – Construct stable dual multiresolution sequences S = {S_j}_{j∈IN0}, S_j = span(Φ_j), S̃ = {S̃_j}_{j∈IN0}, S̃_j = span(Φ̃_j), ⟨Φ_j, Φ̃_j⟩ = I – Construct some simple initial complement spaces W̌_j – Change the initial complements into better ones W_j

Stable Completions – Lifting [CDP, SW1, SW2] Refinement equation: Stability, nestedness ⊏ ϕ_{j,k} = ∑ l∈Ij+1 m_{j,l,k}ϕ_{j+1,l} ←→ Φ^T_j = Φ^T_{j+1}M_{j,0}

Find:

Ψ^T_{j+1} = Φ^T_{j+1}M_{j,1} s.t. M_j := (M_{j,0}, M_{j,1}) is invertible, i.e, for M^{−1} =: G_j = (_{Gj,0} Gj,1 ) one has Φ^T_{j+1} = Φ^T_j G_{j,0} + Ψ^T_{j+1}G_{j,1} ⇐⇒ M_jG_j = G_jM_j = I

Remark 4: Ψ_j, Φ_j uniformly stable ⇐⇒ ‖M_j‖, ‖G_j‖ = O(1)

Hierarchical Bases 1 − D

M_{j,0} =

1 2 √ 2 0 0 . . . 1√ 2 0 0 . . . 1 2 √ 2 1 2 √ 2 0 . . . 0^{1√}_2 0 . . . 0^1_2^√_2^1_2^√_2 0 . . . 0 0 . . . . . . . 0 1 2 √ 2 1 2 √ 2 0 . . . 0^{1√}_2 0 . . . 0^1_2^√_2

, M_{j,1} =

1 0 0 0 0 0 0 1 0 . . . .

0 1 0 0 0 0 0 0 1 ϕ_{j+1,2k} = √ 2 ϕ_{j,k} − 1 2 (ϕ_{j+1,2k−1} + ϕ_{j+1,2k+1}) = √ 2 ϕ_{j,k} − 1 2 (ψ_{j,k−1} + ψ_{j,k}) , k = 1, . . . , 2^j − 1, ϕ_{j+1,2k+1} = ψ_{j,k}, k = 0, . . . , 2^j − 1 ϕ_{j+1,0} = √ 2 ϕ_{j,0} − 1 2 ψ_{j,0}, ϕ_{j+1,2}j+1 = √ 2 ϕ_{j,2}j − 1 2 ψ_{j,2}j_{−1},

G_{j,0} = 0 √ 2 0 0 0 . . . 0 0 0 0 0 √ 2 0 . 0 0 . . . . 0 √ 2 0 0 0 0 0 . . . 0 0 √ 2 0

G_{j,1} =

1 −^1_2 0 0 . . .

0 −^1_2 1 −^1_2 . . . . −1_2 0 0 . . . −^1_2 1

Multiscale Transformation

Φ^T_j c^j + Ψ^T_j d^j = Φ^T_{j+1} ( M_{j,0}c^j + M_{j,1}d^j ) ,

T_J : d → c

c^{0 M0,0}→ c^{1 M1,0}→ c^{2 M2,0}→ · · ·^{MJ−1,0}→ c^J

M0,1 ↗ M1,1 ↗ M2,1 ↗ · · · MJ−1,1 ↗ d^0 d^1 d^2 d^{J−1}

T_{J,j} :=

M^j 0 0 I , T_J = T_{J,J−1} · · · T_{J,0}

T^{−1}_J : c → d

Φ^T_{j+1}c^{j+1} = Φ^T_j (G_{j,0}c^{j+1}) + Ψ^T_j (G_{j,1}c^{j+1}) = Φ^T_j c^j + Ψ^T_j d^j

c^{J GJ−1,0}→ c^{J−1 GJ−2,0}→ c^{J−2 GJ−3,0}→ · · ·^{G0,0}→ c^0 GJ−1,1 ↘ GJ−2,1 ↘ GJ−3,1 ↘ · · · G0,1 ↘ d^{J−1} d^{J−2} d^0,

Parametrization of Completions [CDP] Theorem: Given some initial completion M̌_{j,1} (and Ǧ_j), then all other completions have the form

M_{j,1} = M_{j,0}L + M̌_{j,1}K and G_{j,0} = Ǧ_{j,0} − Ǧ_{j,1}(K^T )^{−1}L^T G_{j,1} = Ǧ_{j,1}(K^T )^{−1} ———————————— Proof:

I = M_jG_j = M_j I L 0 K I −LK^{−1} 0 K^{−1}

G_j =: M̌_jǦ_j

Idea: Some initial completion is often available e.g. Hierarchical Bases Applications:

• Raising moment conditions: Choose K = I and L s.t.

∫ Ω Ψ^T_j P dx = ∫ Ω Φ^T_{j+1}M_{j,1}P dx = ∫ Ω Φ^T_j LP + Ψ̌^T_j KP dx = 0, P ∈ Π_d∗

• F.E. based wavelets – coarse grid corrections [CDP, DK, D2, VW] • Construction of biorthogonal wavelets [CTU1, CTU2, CM, DS1, DS2]

Biorthogonalization Suppose that Φ^T_j = Φ^T_{j+1}M_{j,0}, Φ̃^T_j = Φ̃^T_{j+1}M̃_{j,0}, ⟨Φ_j, Φ̃_j⟩ = I Theorem: Let M̃_{j,0}, M̌_{j,1}, Ǧ_j be as above. Then (K := I, L := −M̃^T_{j,0}M̌_{j,1}) M_{j,1} := (I − M_{j,0}M̃^T_{j,0})M̌_{j,1}, M̃_{j,1} := Ǧ_{j,1} satisfy M_jM̃^T_j = I and Ψ^T_j := Φ^T_{j+1}M_{j,1}, Ψ̃^T_{j+1} := Φ̃^T_{j+1}M̃_{j,1} form biorthogonal wavelet bases. Riesz-bases ???

What could additional conditions look like ?

Suppose (NE) holds for 0 ≤ t < γ ⊏ ‖ ∑ |λ|<J d_λψ_λ‖_Ht^{(NE)}∼ ‖{2^{t|λ|}d_λ}_{|λ|<J} ‖_{ℓ2} <∼ 2^{Jt}‖{d_λ}_{|λ|<J} ‖_{ℓ2}^{(NE)}∼ 2^{Jt}‖ ∑ |λ|<J d_λψ_λ‖_{L2} ⊏ Inverse Estimate: ‖v‖_Ht <∼ 2^{jt}‖v‖_{L2}, v ∈ S_j, t < γ Q_jv := ∑ |λ|<j⟨v, ψ̃λ⟩ψλ ⊏

‖v − Q_jv‖_{L2} <∼ ∑ |λ|≥j |⟨v, ψ̃_λ⟩|^2 1/2 ≤ 2^{−jt} ∑ |λ|≥j 2^{2t|λ|}|⟨v, ψ̃_λ⟩|^2 1/2

(NE) <∼ 2^{−jt}‖v‖_{Ht} ⊏ Direct Estimate: inf_{vj∈Sj} ‖v − v_j‖_{L2} <∼ 2^{−jt}‖v‖_Ht, t < γ

Fourier Free Criteria for (NE) ∑ |λ|=j ⟨v, ψ̃_λ⟩ψ_λ = (Q_{j+1} − Q_j)v, ‖(Q_{j+1} − Q_j)v‖^2_{L2} ∼ ∑ |λ|=j |⟨v, ψ̃_λ⟩|^2

⊏ (∑_∞ j=0 2^{j2s}‖(Q_{j+1} − Q_j)v‖^2_{L2} )_{1/2} ∼ (∑ λ∈J 2^{2s|λ|}|⟨v, ψ̃_λ⟩|^2 )_{1/2}

• S = {S_j}_{j∈IN 0}: S_j ⊂ H^s for s < γ, Q = {Q_j}_{j∈IN 0}: Q_j : L_2 → S_j uniformly L_2-bounded;

• commutator property (C): Q_lQ_j = Q_l, l ≤ j • Jackson estimate (J): inf_{vj∈Vj} ‖v − v_j‖_{L2} <∼ 2^{−m′j}‖v‖_{Hm}′ , v ∈ H^{m′} • Bernstein estimate (B): ‖v_j‖_Hs <∼ 2^{sj}‖v_j‖_{L2}, v_j ∈ V_j, s < γ^′,

Theorem: For S, Q as above suppose that (C) and (B), (J) hold for V_j = S_j with m^′ = m > γ^′ = γ > 0. Then

‖v‖_Hs ∼ ∞∑ j=0 2^{2sj}‖(Q_j − Q_{j−1})v‖^2_{L2} 1/2 , 0 < s < γ.

Moreover, if (J) and (B) also hold for V_j = S̃_j := range Q^∗_j with m^′ = m̃ > γ^′ = γ̃ > 0, then the above (NE) also holds for −γ̃ < s < γ (H^s = (H^{−s})^′). • One sided (NE) are easier to realize, s ≤ 0 is difficult • The space H^s may have incorporated homogeneous boundary conditions • There exist versions that do not require explicit knowledge of the projectors Q_j [DSt].

Remark: Let S and S̃ be two given multi-resolution sequences satisfying dim S_j = dim S̃_j and inf_{vj∈Sj} sup ṽj∈S̃j |⟨v_j, ṽ_j⟩| ‖v_j‖_{L2(Ω)}‖ṽ_j‖_{L2(Ω)}

>∼ 1 =⇒ (1)

∃ a sequence Q uniformly L_2-bounded with ranges S such that range (id − Q_j) = (S̃_j)^{⊥L}2, range (id − Q^∗_j ) = (S_j)^{⊥L}2.

Moreover, Q satisfies the commutator property (C).

Theorem: If in addition to the hypotheses of the previous Remark S and S̃ satisfy (J) and (B) with respective parameters m, m̃ ∈ IN and γ, γ̃ > 0 then one has for any w_j ∈ range (Q_j − Q_{j−1}) ‖ ‖ ‖ ‖ ∞∑ j=0 w_j ‖ ‖ ‖ ‖ 2

Hs <∼ ∞∑ j=0 2^{2sj}‖w_j‖^2_{L2}, s ∈ [−m̃, γ), (2)

and_∞ ∑ j=0 2^{2sj}‖(Q_j − Q_{j−1})v‖^2_{L2} <∼ ‖v‖^2_Hs, s ∈ (−γ̃, m]. (3) Thus for s ∈ (−γ̃, γ) (2), (3) hold with ‘ <∼^′ replaced by ‘ ∼^′.

Sketch of proof (see [D1, DSt]): Define orth. proj. P_j : L_2 → S̃_j by ⟨v, ṽ_j⟩ = ⟨P_jv, ṽ_j⟩, v ∈ L_2, ṽ_j ∈ S̃_j, R_j : P_j|_{Sj} ⊏

‖R_j‖_{L2} ≤ 1, (1) ⊏ ‖R_jv_j‖_{L2} >∼ ‖v_j‖_{L2}, v_j ∈ S_j. Claim: range R_j = S̃_j since otherwise ∃ ṽ^′_j ∈ S̃_j, ṽ^′_j ⊥_{L2} range R_j contradicting (1); ⊏ R^{−1}_j : S̃_j → S_j uniformly L_2-bounded; Define Q_j := R^{−1}_j Q_j : L_2 → S_j uniformly L_2 bounded, range Q_j = S_j and ⟨Q_jv, ṽ_j⟩ = ⟨v, ṽ_j⟩ ⊏ range (I − Q_j) ⊂ (S̃_j)^{⊥L}2; conversely v ∈ (S̃_j)^{⊥L}2 =⇒ range (I − Q_j) ⊂ (S̃_j)^{⊥L}2; ⊏ analogous properties for adjoints Q^∗_j ; note S̃_j ⊂ S̃_{j+1} =⇒ (C) Q_jQ_{j+1} = Q_j. □. —————————————–

As for the Theorem, observe first: ‖w_j‖_Hs±ϵ <∼ 2^{j(s±ϵ)}‖w_j‖_{L2}, ∀ w_j ∈ range (Q_j − Q_{j−1}), s ± ϵ ∈ [−m̃, γ). (4) In fact, (4) follows from (B) for s ± ϵ ∈ [0, γ). For t := s ± ϵ ∈ [−m̃, 0], w_j ∈ range (Q_j − Q_{j−1}) ⊏

‖w_j‖_Ht = sup_{z∈H−t} ⟨w_j, z⟩ ‖z‖_H−t = sup z∈H−t ⟨w_j, (Q^∗_j − Q^∗_{j−1})z⟩ ‖z‖_H−t

<∼ sup z∈H−t ‖w_j‖_{L2} inf_{ṽj−1∈S̃j−1} ‖z − ṽ_{j−1}‖_{L2} ‖z‖_H−t (J) <∼ 2^{tj}‖w_j‖_{L2}.

‖ ‖ ‖ ‖ ∑ j w_j ‖ ‖ ‖ ‖ 2

Hs = ⟨ ∑ j w_j, ∑ l w_l ⟩

Hs <∼ ∑ j ∑ l≥j ‖w_j‖_Hs+ϵ‖w_l‖_Hs−ϵ (B) <∼ ∑ j ∑ l≥j 2^{ϵj}2^{−lϵ}(2^{sk}‖w_j‖_{L2})(2^{sl}‖w_l‖_{L2}) <∼ ∑ j 2^{2sj}‖w_j‖^2_{L2}

Thus, defining N_{s,Q}(v) := (∑_∞ j=0 2^{2js}‖(Q_j − Q_{j−1})v‖^2_{L2} )_{1/2} , we have shown ‖v‖_Hs <∼ N_{s,Q}(v), s ∈ [−m̃, γ) (5) which is (2). The same argument gives ‖v‖_Hs <∼ N_{s,Q}∗(v), s ∈ [−m, γ̃). (6)

To prove (3) note first

N_{s,Q}(v)^2 = ∑ j 2^{2sj}⟨(Q_j − Q_{j−1})v, (Q_j − Q_{j−1})v⟩

= ⟨ ∑ j 2^{2sj}(Q^∗_j − Q^∗_{j−1})(Q_j − Q_{j−1})v, v ⟩

≤ ‖ ∑ j 2^{2sj}(Q^∗_j − Q^∗_{j−1})(Q_j − Q_{j−1})v :=w ‖_H−s‖v‖_Hs

(6) <∼ N_{−s,Q∗}(w)‖v‖_Hs, s ∈ (−γ̃, m]

Since by (C) (Q^∗_l − Q^∗_{l−1})(Q^∗_j − Q^∗_{j−1}) = δ_{j,l}(Q^∗_l − Q^∗_{l−1}) one has

‖(Q^∗_l −Q^∗_{l−1})w‖_{L2} = 2^{2sl}‖(Q^∗_l −Q^∗_{l−1})(Q_l −Q_{l−1})v‖_{L2} <∼ 2^{2sl}‖(Q_l −Q_{l−1})v‖_{L2} ⊏

N_{−s,Q}∗(w) = ( ∑ l 2^{−2sl}‖(Q^∗_l − Q^∗_{l−1})w‖^2_{L2} )_{1/2}

<∼ ∑ j 2^{−2sl}2^{4sl}‖(Q_l − Q_{l−1})v‖^2_{L2} 1/2 = N_{s,Q}(v)

which upon dividing by N_{s,Q}(v) yields (3) □

Comments: (J), (B) are satisfied for all standard hierarchies of trial spaces where m is the order of polynomial exactness.

• Possible strategy for (J): Construct L_2-bounded local projectors onto S_j, use reproduction of polynomials and corresponding local polynomial inequalities;

• (B) follows from stability and rescaling arguments. Simple example: s ∈ IN - estimate on reference domain - rescale and sum up.

References

[CTU1] A. Canuto, A. Tabacco, K. Urban, The wavelet element method, part I: Construction and analysis, Appl. Comp. Harm. Anal., 6(1999), 1–52.

[CTU2] A. Canuto, A. Tabacco, K. Urban, The wavelet element method, part II: Realization and additional features, Preprint # 1052, Istituto del Analisi Numerica del C.N.R. Pavia, 1997, to appear in Appl. Comp. Harm. Anal.

[CDP] J.M. Carnicer, W. Dahmen and J.M. Peña, Local decomposition of refinable spaces, Appl. Comp. Harm. Anal. 3 (1996), 127-153.

[Co] A. Cohen, Wavelet methods in numerical analysis, in the Handbook of Numerical Analysis, vol. VII, P.-G. Ciarlet et J.-L. Lions eds., Elsevier, Amsterdam, 2000.

[CDF] A. Cohen, I. Daubechies, J.-C. Feauveau, Biorthogonal bases of compactly supported wavelets, Comm. Pure and Appl. Math., 45 (1992), 485–560.

[CM] A. Cohen, R. Masson, Wavelet adaptive methods for second order elliptic problems, boundary conditions and domain decomposition, Preprint 1997.

[D1] W. Dahmen, Stability of multiscale transformations, Journal of Fourier Analysis and Applications, 2 (1996), 341-361. [D2] W. Dahmen, Wavelet and Multiscale Methods for Operator Equations, (invited contribution) Acta Numerica, Cambridge University Press, 6(1997), 55–228.

[DK] W. Dahmen, A. Kunoth, Multilevel preconditioning, Numer. Math., 63 (1992), 315–344. [DS1] W. Dahmen and R. Schneider, Composite Wavelet Bases for Operator Equations, Math. Comp., 68 (1999), 1533–1567. [DS2] W. Dahmen and R. Schneider, Wavelets on Manifolds I: Construction and Domain Decomposition, SIAM J. Math. Anal., 31 (1999), 184–230.

[DSt] W. Dahmen and R. Stevenson, Element-by-element construction of wavelets – stability and moment conditions, SIAM J. Numer. Anal., 37 (1999), 319–325.

[Dau] I. Daubechies, Ten Lectures on Wavelets, CBMS-NSF Regional Conference Series in Applied Math. 61, SIAM, Philadelphia, 1992.

[SW1] W. Sweldens, The lifting scheme: A custom-design construction of biorthogonal wavelets, Appl. Comput. Harm. Anal., 3 (1996), 186-200.

[SW2] W. Sweldens, The lifting scheme: A construction of second generation wavelets, SIAM J. Math. Anal., 29 (1998), 511–546. [VW] P.S. Vassilevski, J. Wang, Stabilizing the hierarchical basis by approximate wavelets, I: Theory, Numer. Lin. Alg. Appl. to appear.