Berkant Savas
Department of Mathematics
Linkoping University

Workshop on Tensor Approximation in High Dimension
Hausdorff Institute for Mathematics, Universitat Bonn
August 2, 2011

Joint work with Lars Eldén, Linkoping University

Berkant Savas, Linkoping University



@ Inner product

(A,B) = ajubj
ik
@ Frobenius norm

[AllF = (A, A)

o Contracted tensor products

C=(AB)s=(AB)_y  cas=_ anjbsjx
J,k
@ Multilinear rank

rank (A) = (r, 2, )
r = rank(A()) ry = rank(A®) r3 = rank(A®))
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o Multilinear tensor-matrix multiplication: U, V, W matrices

A =\ U S VT

A= (U, V, W) -S djjk = E Ui\ Vju Wk S\
>\7I'L7I/

@ convention
(UT, VT, WT) A=A (U, V, W)

@ special cases
(U,V)-A= UAVT A-(I1LLW)=A-(W)3



mBin A — B rank(B) < (n, r2, 13)

With
B=(X,Y,Z)-C

C has dimensions r; X rn X r3

\

%H
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min |4 — (X, Y, Z2)-C|| min ‘A XCYTH

e

Problem overparameterized: C can be eliminated
Problem equivalent to

max [|A - (X, Y, Z)| max | XTAY|

XTX =1 YTy =1 Z'z =1
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min |4 — (X, Y, Z2)-C|| min ‘A XCYTH

gt

In addition to XTX =1 YTY =1 717 =1

4 (X, Y, 2)] = A~ (XU, YV, ZW)|
[xtax] = [umxTar]

Grassmann manifold problem!
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Given orthonormal X, Y, Z
min A = (X, Y, 2)-C| mCinHA—XCYTH

Solution
C=A-(X,Y,2) C = XTAY

and the low rank approximation is
A=(X,Y,2)-C= (XXT, YYT,ZZT> . A

A=XcYT = xxTAyyT = (XXT, YYT) A
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A

A= (U,V, )-8

o U, V, W are orthogonal

o S is all-orthogonal

U

S

djjk = E Ui\ Vi Wiy S\

As s
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o Alternating minimization

@ HOOI (Kroonenberg, De Lathauwer)
@ 'Trace maximization” (Regalia)

@ Grassmann manifold approach

@ Newton (Eldén, Savas)

@ Trust region/Newton (Ishteva, De Lathauwer et al.)

© BFGS quasi-Newton (Savas, Lim)

@ Limited memory BFGS (Savas, Lim)

© Symmetric tensors, without explicit representation (Morton)

@ In this talk we will consider Krylov-type tensor computations.

OBS: This approach does not solve the best low rank problem
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Krylov-type tensor computations
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Given A € R™*™ and starting vector v € R
Ki(A,v) = span{v, Av, A%v, ... A1y}

Ifvi=v
Ki(A,v) =span{vi, vo,v3, ..., v}
V,'_H:AV,'7 i:].,...,k—].

Specifically useful for large and sparse problems

Systems of linear equations

o Eigenvalues and eigenvectors

@ Singular values and singular vectors
°

Approximation of matrices and functions of matrices
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for k=1,2,... do
1 hk = U,-('—Auk
2 v =Au,— Uihg
3 Bk = higr e = ||Ivl2
4 w1 = v/Bi

r Hi-1  hi
B, =
5 Fi ( 0 hk+1,k>

end for

@ The Arnoldi decomposition:
AU, = Uk+1I:Ik, He ~ (k+1) x k Hessenberg

o If Ais symmetric = Lanczos recurrence.
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(] ﬁlvl, up = 0
for j=1,2,.... kdo
1 oju; = Alv; — Bjuja
2 fjavin = Auj — ajy
end for
«j, 3 are chosen to normalize uj, v;

o Uy =[u,...,ux] and Vi1 =[vi,..., vky1] we have
AUc = Vicr1Bips, Vi V=1, Ul Ukpa =1

and By is bidiagonal,

@ Uy and V| orthonormal basis for

Ki(ATA, u) = span{u, (ATA)u, (ATA)?u, ... (ATA)K 1y}
Ki(AAT, v) = span{v, (AAT)v, (AAT)?v, ... (AAT)K" 1y}
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@ AcR™"  veR"
Av=A-(v), e R™

o AcRXmxn y cRM e RM

A-(w); € R™" (A (W)sli =D auws
k
A-(v,w),5 R/ [A- (v, w)ysli = aikviwe
Jjk
o similarly
A-(u,w); 5 €R” A-(u,v);, €R”
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A € R/*mxn and starting vectors with norm one
u € R/, vi € R" w; € R”

u,'_|_1=.A°(V,',W,')2’3 iZl,...,k—l
V,'_|_1:.A'(U,',W,')1’3 i:].,...,k—].
W,'_|_1:.A'(U,',V,')172 i:].,...,k—].
Set
Uk:[U1U2...Uk] Vk:[V1V2...Vk] Wk:[W1W2...Wk]

orthogonalize explicitly using Gram—Schmidt on each sequence
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A € R/*mxn and starting vectors with norm one
u € R/, vi € R” wy € R”

U,'_|_1:.A'(V,',W,')2’3 i = ,...,k—l
Vit :A'(Ui+1,Wi)1’3 iZl,...,k—l
Wit1 :A-(u,-+1,v,-+1)1’2 = 1,...,/(—1

Orthogonalize, set
Uk:[U1U2...Uk] Vk:[V1V2...Vk] Wk:[W1W2...Wk]

and approximate
Ar (UkUkT, AE WkaT> A
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Let A € R™*" with rank(A) = k.
A= UX V]

then
’Ck(Av U) = ’Ck-‘rp(Aa U) p=>1

We only need to do k steps of Arnoldi.
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Theorem

Let A € R/*™*" with rank(A) = (p, g, r) and assume p < g < r. Then

e
A=(X,Y,2)-C

@ In p steps we get Up, s.t. span(U,) = span(X)

@ In q steps we get Vq, s.t. span(Vy) = span(Y')
o In r steps we get W,, s.t. span(W,) = span(Z)

using a “modified” minimal Krylov recursion.
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Let A € R™™*" with rank(A) = (p, g, r) and add noise p&, again assume
p<q<r. Then

A= (X,Y,Z)-C+pE

@ In p steps we get Up, s.t. span(U,) ~ span(X) within level of noise
@ In q steps we get V, s.t. span(V,) = span(Y') within level of noise
o In r steps we get W,, s.t. span(W,) ~ span(Z) within level of noise

using a “modified” minimal Krylov recursion.
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Generate all possible combinations at each step

{ur} x {w}

{vi} x {m}

{ur, w2} x {m}

{u1, i} x {v1, v, v3}

{vi,vo, 3} x {wi, wa,... we}

{ul, up,..., ulg} X {Wl, wo, ..., W6}

I

w1

up

{v2 vs}

{w1, wa, wa, wy, ws, we }
{up,u3, ..., u19}

{V27 V3, V4, ..., V115}

Berkant Savas, Linkoping University



Theorem (Tensor Krylov factorizations)

After a complete u-loop:

A+ (Vi Wl)2,3 = (UJ)l M-
After a complete v-loop:

A- (U, W’)1,3 = (Vm)y* Hjmi-
After a complete w-loop:

A= (Ujy Vi) 15 = (Wa)s - Hjmn.
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(1) {ul} X {Vl} — wi = A- (ul, v1)172 = (W1)3 . 7‘[111
Q (upx{m} — w =A-(»n, wi)p3 = ([t1 w2]); - Homa
Q {u,w}x{m} — {ww}

= A ([u1 w2],w1)y 3= ([v1 v2 v3]), - Hozt
0 {U]_,Uz} X {V17V27V3} — {W17W27W37W47 W57W6}
= A ([u1 w2],[vi v2 va])1 5 = ([wa -+ - we]), - Hase

O the bad: dimension of subspaces explode
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Recall: for a matrix A € R™*" we have
AAT = (AJA) [ e R™ ™ ATA=(AA)_, € R™"

AeRmmxl ;e R™ v e R", w € R/ and consider

(A, A)_; = ADAD)T e Rmxm Ki((A,A) 1, u)
(A, A)_, = AL (AP)T e R Ki((A,A) 5, v)
<A7 A>—3 = A(3)(A(3))T S RIXI K:k(<A’ A>—3 ) W)

Symmetric matrices! Apply the Lanczos recurrence.
All computations are implemented using
A-(v,w)ys A (u,w)y3 A« (u,v)1

Optimal subspaces give truncated HOSVD
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Let U; = [Ul u,-], V= [V1 V,'], and W;_1 = [W1 W,'_1].
Find 6 and 7 that give optimal w

w=A-(Ub,Vin),,,

max ]}, s.t. WLl Wiy b=l =1, 6neR
Solution: best rank-(1,1, 1) approximation

(6,7,0) - S = A (Up Vis | = Wi W ).

[Goreinov, Oseledets and Savostyanov 2010] and [Savas and Eldén 2010]
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hosvd

0.04 - . q

-

I-1TH

min
)

(IlH

-0.02- : b

~0.04 I I I I I I
0 10 20 30 40 50 60 70 80 90 100

100 random runs

Difference between || Amin|| and |[Anosvall, of a 50 x 60 x 40 tensor A.
Rank of approximation is (10, 10, 10).
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Let A have exact low rank

g

with HOSVD A = (U, V, W) - S

Alternative | @ SVD of A gives U
@ SVD of A gives V
@ SVD of A1) gives W
Q Compute S=A-(U,V,W)

Alternative Il @ Minimal Krylov method on A gives U,, Vg, and W,
@ Compute C = A - (Up, Vg, W,)
@ Compite HOSVD of C = (U, V, W) - S
@ Change basis: U = UpU, V = Vq\7 LW =ww
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Tensor of size
@ User mode: 480189 — number of users
@ Movie mode: 17770 — number of movies
@ Time mode: 2243 — number of days

Time for computing a rank-(100, 100, 100) approximation: 17 hours
Bottleneck:
u=A-(v,w)y;

o Efficient storage schemes are needed

@ Do not compute A - (w); as it will be dense
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Optimality conditions




min || A — (X, Y,Z)-C|

gt

Problem overparameterized, nonlinear, and equivalent to

maxf(X,Y,Z), st. X'X=1I Yly=1 Z'z=1

where (X, Y,2) =[lA-(X,Y,2)[?
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Objective function f(X,Y,Z) =||A-(X,Y,2) |2
At a stationary point (X, Y, Z) we have Vf =0

(A-(X,Y,Z), A-(X,Y,Z))-1=0
(A-(X,Y,2), A-(X,Y.,Z))—2=0
(A-(X,Y,Z),A-(X,Y,Z1))_3=0

fy
Vf,

[X X_], [Y YL.], [Z Z.] are orthogonal
For the matrices we have f(X, Y) = | XTAY|2

(XTAX, XTAYY_1 = XTAX(X[AY)T =0

Let [Ux Up] and [Vi V] contain left and right singular vectors, then

T T
[Ue UTTA[VG V1] = [Uk AV U] Avl] _ [Zk 0 ]

UTAV, UTAV, 0 X
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(A-(X,Y,2),A-(X.,Y,Z2))_1=0

Figure visualizes the generalization of
UTAV, UTAV] [Zx O
ulhav, ufavy| —
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o (X,Y,Z)is alocal max of f(X,Y,Z)=|A-(X,Y,Z) || if the
Hessian is negative definite.

Theorem

A-(X,Y,2)

Let (X,Y,Z) be a local min* and B = [A-(XL,Y,Z)

] then

IB(L, 5, )l = -+ = |IBra, 3, =18+ 1,2, ) = - = 1BU, 5, )|

=>4
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o (X,Y,Z)is alocal max of f(X,Y,Z)=|A-(X,Y,Z) || if the
Hessian is negative definite.

Theorem

A-(X,Y,2)

Let (X,Y,Z) be a local min* and B = [A-(XL,Y,Z)

] then

(B(i,:,:),B(,::)) =0, i#j




A = U S VT

e U, V, W are orthogonal

o S is all-orthogonal:
(8(,51),8G,5)) =0 i#]
ISC D= I1SC =20 = 1863 = -

@ Properties hold in all three modes simultaniously
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Perturbation theory and

concept of “gap” for tensors




e (X,Y,Z) representative of a stationary point for
A~ (X,Y.2)-C|?
@ Now perturbe A with a small £
A=A+¢€
o What are the first order perturbation ()N(, Y, 2) of the stationary point?
X=X+6X Y=Y+6Y Z=27+6Z

@ We want to bound 60X, dY, and §Z in terms of some properties of A
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@ The perturbed point ()~(, Y’, 2) has to satisfy the first order optimality
conditions, i.e. Vi = (Vf,, Vf, Vf,)=0

VfX:<,Z( ()? \72) A- ()?L,?,E» =0




@ ..., and we get the Hessian! In operator form we have
Hxx ny sz AX
Hyx Hy, Hy| |Ay
HZX HZy HZZ AZ

@ The Hessian in the LHS and some “other things” on the RHS

Hox(0X) + Hoy (0Y) + He(62) = — ((FTL E0) -1 + (Ex; F)-1)
Hy(6X) + My (0Y) + Hyz(02) = = ((FL, £0) -2 + (&, F) -2)
Hao(0X) + Hay(0Y) + H22(02) = = ((FT, €0) 3 + (&2, F) -3)

o This looks messy....

@ BUT: these equations will give us the “gap”!
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o [{715) T ] [ - [t

@ We can uncouple into 2 x 2 block systems. The worst is

—crf 0,0,4_1] [5Xi| _ [a,ex]
orOry1 —0? oy orey
@ Solution:
ox| 1 [a,ex + 041 ey}
dy (O'r_o'r+1)(0'r+(7r+1) Ort16x +0rey

@ Bounding gives:

1 1
Ox| < ————(lex| + e Sy| < ———(Jex| + |e
X € ———(led +1e) Iy < ———(led +Ie,)

© The quantity (0, — o,41) is called the gap!



o Let (x,y,z) be a stationary point of f(x,y,z) = ||A- (x,y,z) |%
e With ¢ = A- (x,y, z) the perturbation equations become

2 Xy xz
—c<l CFL CFJ_ ox cey
cF =l cFP| |dy| = |ce

ce,

cF cFY —c2l| |0z

o Where F¥ = A+ (X,Y1,2), ...

@ Due to orthogonality blue vectors are zero!
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@ The perturbation satisfy

=2l oFY  cFF| [6x cex

cFY —c2l cF| |6y | = |cey

cF? cFY —c?l| |9z ce;
o We get the bound
5x e I 00 0 FY FE
Syl <167 - |ey G=—cl0 I o|+|F* o F*
oz e 00 /| [F* F? 0

o What can we say about |G™1||?
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o We have that |G| < 2

I 00 0 FY Fg
G=—c|0 I O|+|F* 0 F|=-cd+F
00 I F& FY 0

@ The "gap” becomes [Anin(G)| = ¢ — ftmax Where fimayx is the largest
eigenvalue of F

@ Compare with the matrix case
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© We considered the multilinear low rank approximation of a tensor
- M &S
L

@ Presented several Krylov-type procedures that generate low rank
approximations

© Interpreted first and second order optimality conditions:
ordering and orthogonality

@ Generalized the “gap” from matrix sensitivity analysis to tensors
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Thank you for your time!

berkant.savas@liu.se




