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Overview
(1) Problem setting: Computation of Ground States

Physical model and math. description

(2) Efficient Representation of Vectors as Tensors:
(a) Matrix Product States (MPS) and Tensor Trains (TT): 

Description 
Computations/Contractions
Normalizations (SVD, DMRG) 

(b) Matrix Product Operators (MPO)
(c) Utilizing symmetries in the vector representation
(d) Krylov methods for eigenvectors in MPS representation
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1. Computation of ground states
Physical system with N particles (here 1D spin chain)

Goal:
Find ground state – smallest energy level of the system –
minimum eigenvalue/vector

1 2 3 4 5

Interaction within the system (e.g. nearest-neighbor interaction)

1 2 3 4 5

External interaction (e.g. exterior magnetic field)

1 2 3 4 5
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Quantum system described by Hamiltonian operator H.

The real eigenvalues of H are the energy levels
of stationary states described by the related
eigenvectors:

>=> kkk EH ψψ ||

Any state is represented by a vector

Hamiltonian matrix 

N

Cx 2∈
NN

CH 22 ×∈
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Hamiltonian H may be formulated as a weighted sum
of Kronecker products of Pauli matrices
(2 x 2 Hermitian, unitary matrices). 
Pauli matrices as spin operators:
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Example: Ising-type Hamiltonian
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Typical Pattern

Sparsity:
O(n log(n))

Structured:
constant
along
diagonals

1D spin chain, control  Hamiltonian
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General Hamiltonian

∑
=

⊗⊗⊗
M

k

k
N

kk
k QQQ

1

)()(
2

)(
1 α

{ } matricesPauliIQ zyx
k

j :,,,2
)( σσσ∈

Problem: For N=50 eigenvector has  250 components!

Solution: Find suitable vectors x with „sparse“ representation 
that allow 

- good approximations of the eigenvector we are 
looking for

- easy computations  Hx, xHy for numerical eigenvalue
computations (Rayleigh Quotient, Vector Iteration,….

In suitable subset solve
xNx
xHx

eff
T

eff
T

min
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Typical Hamiltonians I
Open Boundary Conditions OBC

Notation: ix
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Typical Hamiltonians II
Nix

N

i
ixxx PPH mod1,

1
,

'
+

=
∑=Periodic Boundary Conditions PBC:

(generalized)

Heisenberg-XX

Heisenberg-XY

Heisenberg-XZ

Heisenberg-XXX

Heisenberg-XXZ

Heisenberg-XYZ

yyXxxX HJHJ +

yyYxxX HJHJ +

xHλ+

Heisenberg model

zzZxxX HJHJ +

zzXyyXxxX HJHJHJ ++

zzZyyXxxX HJHJHJ ++

zzZyyYxxX HJHJHJ ++

isotropic

anisotropic

isotropic
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Typical Hamiltonians III
Bilinear biquadratic - AKLT

( )∑ ++ +=
i

iiii SSSSH
2

11 3
1 

AKLT model:

Bilinear biquadratic: ( ) ( )( )( )∑ ++ +=
i

iiii SSSSH
2

11 sincos


θθ

2D: Summation over „neighbors“ with index i,j:
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2. Sparse and efficient 
representation/approximation

of vector x:
Consider vector x as binary tensor:
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1,0...12,...,0 1 =−= ==
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Reshape!
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Graphical Notation

↔ix
i

Vector (1 leg):

( ) ↔
jiija

,
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j

Matrix (2 legs):

↔
Niix ...1

…
i1 i2 …  iNGeneral tensor with N legs

( ) ( ) ( ) ↔=⋅
jjiijiij yxa

,

i

j

Matrix-vector product – contraction over index i:
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First Subset of tensor approx:
Consider all vectors of the form 
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Costs: =(NM), but unsatisfactory approximation property.
CP bad approx., Tucker cannot be applied.
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(a) Matrix Product States
Tensor Train - Approximations

Use rank-1 terms like CP but in a linked form that
- reflects the underlying Physics
- allows fast computations
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Mathematics: Tyrtyshnikov, Oseledets,…
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Matrix Product States, cont.
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Matrix Product States, cont.
Periodic boundary conditions (Tensor chains):
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Core Tensors Aj,ij :
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For the computation of  xHy we need the inner product
of two MPS vectors:

( ) ( )∑ ⋅⋅⋅⋅⋅⋅⋅
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Therefore, we represent the single factors in the above sum
as small tensors  with three legs (indices) structured by 
indices that appear in two different tensor factors.

;,...,1,;1,0),,,( 11;; 1
Dmmimmiaa jjjjjjjmmij jjj

=== +++

ij,mjmj+1

Here, we have to decide about the order of the summation
(contractions).
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MPS graphical
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. . . .
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MPS Normalization

MPS representation is not unique.
Between matrix products we can insert  Xi Xi

-1 without
changing the vector components.

Transforming the matrices into unitary matrices via SVD.
Combine the two matrices at position j into rectangular
block matrix: 
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A ( )1,0, jj AAor
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21 21

Unfolding or matricisation of 3-leg tensor  Aj
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Replace the two matrices         by parts of a unitary matrix:
jijA ,

Compute SVD: jj
j

j

j
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U
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Replace Aj matrices by Uj. 
Multiply the  Λ V part on the right neighboring pair Aj+1.

In the same way we can consider the SVD

( ) ( )1,0,1,0, jjjjjj UUVAA ⋅Λ⋅=

Then we can move the V Λ to the left neighbour pair Aj-1.

So we can replace all A by U, upto 1 (the last remaining one).
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For open boundary conditions this can be used to
orthogonalize every matrix pair e.g. from the left 
upto the last vector pair at the right end.

a1,i1,m2 A2,i2,m2,m3 A3,i3,m3,m4 aN,iN,mN
. . . .

i1 i2 i3 iN

m3m2 m4 mN

u1,i1,m2 A‘2,i2,m2,m3 A3,i3,m3,m4 aN,iN,mN
. . . .

i1 i2 i3 iN

m3m2 m4 mN

u1,i1,m2 U2,i2,m2,m3 A‘3,i3,m3,m4 aN,iN,mN
. . . .

i1 i2 i3 iN

m3m2 m4 mN

u1,i1,m2 U2,i2,m2,m3 U3,i3,m3,m4 aN,iN,mN
. . . .

i1 i2 i3 iN

m3m2 m4 mN

u1,i1,m2 U2,i2,m2,m3 U3,i3,m3,m4 ruN,iN,mN
. . . .

i1 i2 i3 iN

m3m2 m4 mN
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OBC:
In the open boundary case the factor r in the left most pair 
can be extracted as factor for the whole MPS-vector 
and can be ignored.

Advantage in Rayleigh Quotient minimization:
Neff = I  and faster convergence.

PBC:
In the periodic case we cannot get rid of the last matrix pair.
Therefore, unitary matrices can be achieved upto
one matrix pair.
Advantage in Rayleigh Quotient minimization:
Numerical stability in Neff and faster convergence.
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The normalization via SVD leads to the conditions
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Aj,ij is then called Kraus operator.
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( )
NNiiii AAAAtrace ⋅⋅⋅⋅ 

321 321

Orthogonalization via DMRG

Combine two neighbouring matrix pairs and apply SVD:
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Start e.g. on the left, and orthogonalize each matrix pair,
and then go the right neighbour.
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Further Transformation
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MPS + MPS gives larger MPS:
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So for original MPS vectors with matrix size D the sum
is MPS vector with matrix size 2D.

MPSD + MPSD =MPS2D
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MPS with diagonal matrices = CP
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i

N

N

N

aaa

a

a

a

a

a

a
trace

1
21

1

2

12

1

11

21

2

2

1

1

0
00

0

0
00

0

0
00

0





A1,i1,m1,m2 A2,i2,m2,m3 A3,i3,m3,m4 AN,iN,mN,m1
. . . .

i1 i2 i3 iN

m3m2m1 m4 mN m1

A1,i1,m A2,i2,m A3,i3,m AN,iN,m
. . . .

i1 i2 i3 iN

mmm m m m

A1,i1,m A2,i2,m A3,i3,m AN,iN,m
. . . .

i1 i2 i3 iN

m
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MPS Manifold
The space M of MPS vectors is no linear subspace, but has
certain properties:

The unit vectors are in M with D=1:

( ) ( )
13222

1

2111111
...

1

1,..,
.......... mmjimmji

mm
mmjiiijjiij NNN

N
NNN

ee δδδ∑
=

==

Sparse vectors with nnz=D are members of M for
matrix size D.

M is a so called matrix manifold  Tangent space
R.Schneider e.a., Absil e.a.
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PEPS

21
~k

12ki11 i12 i13 i14

i21 i22 i23 i24

i31 i32 i33 i34

i41 i42 i43 i44

13k 14k

22k 23k 24k

32k 33k 34k

42k 43k 44k

22
~k 23

~k 24
~k

31
~k 32

~k 33
~k 34

~k

41
~k 42

~k 43
~k 44

~k

…         …        …         … 

…

…

…

…

Inner product between two PEPS tensors (k and m):
Contraction beginning from down left with the first left column:

21
~m

12mi11 i12 i13 i14

i21 i22 i23 i24

i31 i32 i33 i34

i41 i42 i43 i44

13m 14m

22m 23m 24m

32m 33m 34m

42m 43m 44m

22
~m 23

~m 24
~m

31
~m 32

~m 33
~m 34

~m

41
~m 42

~m 43
~m 44

~m

…         …        …         … 

…

…

…

…

∑=  3,22,23,12,12,12,21,22,11,11,111 mmmmimmmmiii AAX
NN
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i11k12k21

i21m22m21m31

i31m32m31m41

i41k42k41k51

i11m12m21

i21k22k21k31

i31k32k31k41

i41m42m41m51

i12m12m13 m22

i12k12k13 k22

i13m13m14 m23

i13k13k14 k23

i22m22m23 m22m32

i22k22k23 k22k32

i32m32m33 m32m42

i32k32k33 k32k42

i42m42m43 m42m52

i42k42k43 k42k52

i23m23m24 m23m33

i23k23k24 k23k33

i33m33m34 m33m43

i33k33k34 k33k43

i43m43m44 m43m53

i43k43k44 k43k53

…            …          …                   …           …                 …      …..

…

…

…

…

…

…

Inner product of two tensors (related to index k, resp. m).
First step: Contraction in all i indices.
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k‘12k‘21

k‘42k‘41k‘51

k‘22k‘21k‘31

k‘32k‘31k‘41

k‘12k‘13 k‘22 k‘13k‘14 k‘23

k‘22k‘23 k‘22k‘32

k‘32k‘33 k‘32k‘42

k‘42k‘43 k‘42k‘52

k‘23k‘24 k‘23k‘33

k‘33k‘34 k‘33k‘43

k‘43k‘44 k‘43k‘53

…                           …                                 …                  …..

…

…

…

…

melting k and m to longer k‘ of length r=D2.
Contractions pairwise in first and second column:
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k‘13 {k‘21k’22} k‘13k‘14 k‘23

{k’31k’32}k‘23 {k’21k’22}

{k’31k’32}k’33 {k‘41k’42}

{k’51k’52}k‘43 {k’41k’42}

k‘23k‘24 k‘23k‘33

k‘33k‘34 k‘33k‘43

k‘43k‘44 k‘43k‘53

…                                               …             …..

…

…

…

…

…

…

…

Melting and reduction to short indices:

Reduce indices
to half length
again!
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k‘13k’22 k‘13k‘14 k‘23

k’32k‘23k’22

k’32k’33k’42

k’52k‘43k’42

k‘23k‘24 k‘23k‘33

k‘33k‘34 k‘33k‘43

k‘43k‘44 k‘43k‘53

…                                              …           …..
…

…

…

…

…

…

…Repeat until one column left

Now, all indices are of short length r again, 
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MERA

Layers with unitary tensors and isometries:

Am1m2,k1k2
Bm1m2,k1

i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12 i13 i14 i15 i16
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=

=

Am1m2,k1k2

Bm1m2,k1

2211

21

21212121 ''''' mmmm
kk

mmkkkkmm AA δδ=∑

11

21

121211 ''' kk
mm

kmmmmk BB δ=∑

unitary core tensor:

Isometry:
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m1,1;1 m1,1;2m1,2;1 m1,2;2 m1,3;1 m1,3;2

m2,1;1 m2,2;1 m2,3;1

2;2,11;2,132 , mmiiA

1;2,21;3,12;2,1 mmmB

1;3,21;2,21;1,2 mmmC

1;3,21;2,21;1,21;1,21;2,11;1,12;1,11;1,161

1;3,21;2,21;1,22;1,12;3,11;3,12;2,11;2,11;1,1

654321 ;
,,,,,,,

mmmmmmmmii
mmmmmmmmm

iiiiii CBAx ∑∑=
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(b) MPO - Matrix Product Operator

( )∑ ⊗⊗⋅=
N

NN
ii

iiiNi AAtraceO
,...,

,,1
1

11
... σσ 

( )∑ ><><=
NN

NN
jiji

NNjiNji jijiAAtraceO
...

11,,1
11

11
||...||...

A1,i1,j1,m1,m2 A2,i2,j2m2,m3 AN,iN,jNmN,m1
. . . .

i1 i2

j1

iN

m3m2m1 mN m1

j2 jN

zI σσσ == 120 ,with e.g.

or

Quantum Physics: Verstraete, Schollwöck,..
Mathematics: Oseledets, Khoromskji, R. Schneider,…
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13221

1

1

1

32

32

21

21

1

,,2,1
,...,

,1,

,0,

,1,2

,0,2

,1,1

,0,1

,...,

...

...

mmNmmmm

D

mm

mmN

mmN

mm

mm

mm

mm
D

mm

N

N

N

N

N

xxx

a
a

a
a

a
a

x

⊗⊗⊗=

=







⊗⊗








⊗







=

∑

∑

121

1

1

1

1

1

21

21

21

21

1

,,1
,...,

;1,1;

;1,0;

;0,1;

;0,0;

;1,1;1

;1,0;1

;0,1;1

;0,0;1

,...,

...

...

mmNmm

D

mm

mmN

mmN

mmN

mmN

mm

mm

mm

mm
D

mm

N

N

N

N

N

N

N

XX

a
a

a
a

a
a

a
a

O

⊗⊗=

=







⊗⊗








=

∑

∑

MPS:

MPO:
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[ ] 







⊗








⊗⊗








⊗

X
I

IX
I

IX
I

IX ''
0

''''
0

'' 

m2:  1        2
m3:  1        2 mN:  1        2

mN:
1 

2

IIIX ⊗⊗⊗⊗ 

IIXI ⊗⊗⊗⊗ 

IXII ⊗⊗⊗⊗ 

XIII ⊗⊗⊗⊗ 

XIIIXIIIX ⊗⊗⊗++⊗⊗⊗+⊗⊗⊗ 

∑
D

mm N...2
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Further MPOs I

[ ] 







⇔








⊗


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


⊗⊗





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
⊗

r

rr

r

r

r

r
r IX

I
X
I

IX
I

IX
I

IX
0

''
0

''''
0

'' 

+⊗⊗+⊗=⇒






 ∑ IXIIXX
IX

I
ri

r

r 0

1

0
00
00

+∑⇒
















ii

r

r

YX
IY

X
I

 Hxx

21

00
000
000
000

++∑⇒



















iii

r

r

ZYX

IZ
Y

X
I
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Further MPOs II

100
00

+∑ +⇒
















iii

r

r

XZY
IZY

X
I

 Ising

21

0
000
000
000

++ +⇒



















∑ iiii

r

r

r

XZXY

IZY
I

X
I

∑ +++ ++⇒























111

0
0000
0000
0000
0000

iiiiii ZWYVXU

IWVU
Z
Y
X
I



46

Core tensor in different forms:

,
1
00
001

1111

1100















=

ZY
XA ,

0
00
000

1212

1201















=

ZY
XA 1110 , AA  (Ai,j)



























=
















10
01
0000
0000
000010
000001

00
00

22212221

12111211

2221

1211

ZZYY
ZZYY

XX
XX

IZY
X
I

r

r
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MPO with D=3















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

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
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⇔
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



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
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
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001000
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0000
000001
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0000
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12121111

1211

22212221

12111211
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






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

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








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010000
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Advantage: MPO ∙ MPS

( ) ( )

( ) ( )
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mmN
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O

O
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O
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O
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O
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

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
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
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1
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(c) Symmetries
The considered Hamiltonians often have special symmetries:

J the anti-identity:                                 H=HT and   JHJ=HT

symmetric     persymmetric

Then the eigenvalues are symmetric:   Jx = ±x

Other symmetries: ,,, xJx
a

a
x

a
a

x ±=







−

=







=

Or for general permutations P: ,, xPxxPx ±=±=

Question: How to model these symmetries in the MPS ansatz?
















=

1

1
J
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Example I
( )

NN iiii AAtrx ⋅⋅= 
11... with the same matrix pair 









1

0

A
A

at each position

This is related to translation invariant spin periodic spin system
or  TI MPS.

Leads to strong symmetries, e.g. 100010001 xxx ==

)()()( 001010100 AAAtrAAAtrAAAtr ==

121214313221 ............ ...
−

====
NNNNN iiiiiiiiiiiiiiii xxxx

Main property:  trace(AB) = trace(BA)  bit shift symmetry:
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Similarly blockwise:

321654654321 iiiiiiiiiiii xx =

⇒= )(
654321621 ... iiiiiiiii CBACBAtrx

000100001000

000001100000

)(
)(

xCBACBAtr
CBACBAtrx

==
==

432165216543654321 iiiiiiiiiiiiiiiiii xxx ==

⇒= )(
654321621 ... iiiiiiiii BABABAtrx

011000000110

000110011000

100001100001

)(
)(

)(

xBABABAtr
xBABABAtr
BABABAtrx

==
===

==
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Example II

MPS                                      with NjAA
jj ijN

T
ij ,...,1,,1, == −+( )

NN iNiii AAtrx ,,1... 11
⋅⋅= 

( ) ( )
( ) ( )

121

11

11

121

...

,,1,1,

,,1,,1

...

iiii

iNi
T

i
T

iN

T
iNiiNi

iiii

NN

NN

NN

NN

x

AAtrAAtr

AAtrAAtr

x

−

−

=

=⋅⋅=⋅⋅=

=⋅⋅=⋅⋅=

=





Bitreversal Symmetry:

Special case TI MPS: i
T
iiiii AAwithAAtrx

NN
== )(

11... 
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Example III
( )

NN iNiii AAtrx ,,1... 11
⋅⋅=  with 








±

=⇒







±

=







b

b
x

B
B

A
A

1,1

0,1

Similarly, if the last matrix pair has this property, then



























±

±

=⇒







±

=











2

2

1

1

1,

0,

b
b
b

b

x
B

B
A
A

N

N

NN iiii xxAAAA ...11...001,21,10,20,1 33
=⇒=

NNNN iiiiiiii xxxx
AAAAAAAA

...10...01...11...00

0,21,11,20,11,21,10,20,1

3333
===

⇒===
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Persymmetry – Bit flip Symmetry










−−

−

0,0,1130,2220,1

0,0,10,20,1

NNNNN

NN

AUUAUUAUUA
AAAA

tr




( )( )( ) 0...0000,0,2220,11...111 xAUAUUAtrx NN == 

with Uj involutions: IU j =
2

NN iiiiiiiiiii xUAUUAtrAAtrx ~...~~3~,222~,,2,1... 21212121
)()( === 

In general:

11.0,10.1, ., ++ == jjjjjjjj UAUArespUAUAIt holds:
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Bit flip Normal Form
Uj involution   Uj = Sj

-1 Dj,±1 Sj












=

=







=

=







=

=








±±±±

±±
−

±±
−

−−

±
−

±
−

±
−

±
−

−−

−

0,1,1,30,21,21,20,1

0,0,20,1

0,1,1,3
1

30,221,21,2
1

20,1

0,
1

30,22
1

20,1

0,1,
1

31,3
1

30,221,2
1

221,2
1

20,1

0,0,20,1

0,0,1130,2220,1

0,0,10,20,1

~~~
~~~

NN

N

NNN

NN

NNNN

N

NNNNN

NN

ADDADDA
AAA

tr

ASDDSASDDSA
ASSASSA

tr

ASDSSDSASDSSDSA
AAA

tr

AUUAUUAUUA
AAAA

tr

















Embed all Dj,±1 in anti-identy J

(Jordan block JU
2=I)
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Quasi Uniqueness

Assume that the MPS vector is of the form

with unitary matrices  Vj and Uj.
Assume that it holds  Jx = x  for all possible choices of  Aj,0.

Then it follows that  Uj
2 = Uj = Vj are involutions for all j.










−−

−

0,0,1130,2220,1

0,0,10,20,1

NNNNN

NN

AVUAVUAVUA
AAAA

tr



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Full Bit Symmetry

Gives bit reverse/flip/shift symmetry (we can assume sym. invol.)

00
0000

0000 , AA
JJAJJAJJAJJA

AAAA
tr T =












Without Persymmetry:








 ΛΛ
=

=






 ΛΛΛΛ
=

=








BB
tr

UUAUUAUUAUUA
tr

AAAA
AAAA

tr

HHHH













1111

1111

0000

,, 1100 AAUUAA THT =Λ== UAUB H
1=

as possible normal form.
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Advantages

bit shift          2N  2N/N
bit reversal   2N  2N/2
bit flip           2N  2N/2

Reduction in degree of freedom by using symmetries:

Less storage,
faster convergence, and
higher accuracy

in vector approximation.

More compact normal form.
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(d) Krylov - MPS

Replaced Rayleigh Quotient Minimzation by Krylov Subspace
minimization in MPS space.

Problem:
HxMPS and pairwise orthogonalization of xMPS gives MPS vectors
with larger blocksize Dnew.  

Therefore, we have to apply back projection into MPSD-space

{ }xHHxxspanxHK n
n

1,...,,),( −=Generate Orthonormal basis of

MPO representation of H reduces the costs for Hx dramatically!
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Projected Krylov Subspace 
Iteration 

- avoid orthogonalization, 
- use subspaces of fixed size.
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Projections

Replace in subspace  yj = Hj xMPS_D (a Do
j ∙D MPS vector)

by projection into MPSD space:  

2__min DDOMPSDMPS jyy −

Solve this minimization approximately by 
- SVD compression
- Alternating Least Squares minimization
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Subspace Iteration
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- Faster convergence by projection because exact eigenvector
is very close to MPS manifold

- Use solution for D as start approximation for D+1
- Can compute more eigenvalues/vectors
- Only projection is needed

Modifications:

- Size of subspace, 
- D, 
- use exact Krylov matrix
- include projected orthogonalization


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2211112

111

xPxxHxxHxrx

xxx
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=

0
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Thank you

Conclusions:

- MPS-TT allows efficient and high quality approximation
of eigenvectors of huge Hamiltonians

- Matrix Product Operators are very useful in connection 
with MPS vectors

- Symmetries in the vector can be expressed 
in the MPS ansatz

- Krylov methods can be applied including projections 
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