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Overview

(1) Problem setting: Computation of Ground States
Physical model and math. description

(2) Efficient Representation of Vectors as Tensors:

(a) Matrix Product States (MPS) and Tensor Trains (TT):
Description
Computations/Contractions
Normalizations (SVD, DMRG)

(b) Matrix Product Operators (MPO)

(c) Utilizing symmetries in the vector representation

(d) Krylov methods for eigenvectors in MPS representation
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1. Computation of ground states

Physical system with N particles (here 1D spin chain)

Interaction within the system (e.g. nearest-neighbor interaction)
@ @ ©, @ ®

External interaction (e.g. exterior magnetic field)

l l l l l

® @ ©, @ ®
Goal:
Find ground state — smallest energy level of the system -
x| minimum eigenvalue/vector 3 e




Quantum system described by Hamiltonian operator H.

The real eigenvalues of H are the energy levels
of stationary states described by the related
eigenvectors:

Hly, > = E |y, >

. 2"
Any state is represented by a vector X € C

. . . N oN
Hamiltonian matrix HeC



Hamiltonian H may be formulated as a weighted sum
of Kronecker products of Pauli matrices
(2 x 2 Hermitian, unitary matrices).

Pauli matrices as spin operators:
0 1 0 —i 1 0 1 0
GX — ) Gy — - ) GZ — ) I2 — )
1 0 1 O 0 - 0 1

1
Typical spin vectors x for spin up:|[*>, |1>, ( j

=[O0y =[ 2 i =iy] i) = h®| j)
|>—1,|>—O, [y =[] ])= J

Kronecker product €<-> Tensor product <> )



Example: Ising-type Hamiltonian

I
O—06—0 0—0
H = |o,®0c,/RI 1 I

| o, Do, DI
| DT o, Do, DI
| DI SO o, ®o,

RN DI DI DI
|®E®|®|®|
I RN S| DN D |
IR RN R, D |
I NI NI o

R AL

X




Typical Pattern

1D spin chain, control Hamiltonian

Sparsity: L
O(n log(n))
Structured:
constant 2T
along al
diagonals




I General Hamiltonian 0

> %Q 8Q &--oQ

Q(") I,,0,,0,,0,|: Pauli matrices
Problem: For N=50 eigenvector has 2°° components!

Solution: Find suitable vectors x with ,sparse” representation
that allow

- good approximations of the eigenvector we are
looking for

- easy computations Hx, xHy for numerical eigenvalue
computations (Rayleigh Quotient, Vector Iteration,....

T
X HeffX

In suitable subset solve min

-
X' N X
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Typical Hamiltonians |
Open Boundary Conditions OBC

Notation: P,=o,, S,=—P, S=|S,|, P, atsitei

OBC.: Hxx = Z I2i—1 ®(PX )i ®(Px )i+1 ® IZN—i—l — Px,iPx,i+l
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Typical Hamiltonians Il

Periodic Boundary Conditions PBC.: H'XX = Z P iPiiimodn
=1

isotropic Heisenberg-XX

anisotropic Heisenberg-XY
Heisenberg-XZ

ISotropic Heisenberg-XXX
Heisenberg-XXZ

Heisenberg-XYZ

Heisenberg model (9
JyH +JH, )
JyH+JdyH,,
‘]XHxx+’JZsz
JyHy+JdxH, +JH,
JyHy+JdxH, +J;H,

‘]XHxx+‘JYHyy+‘]ZH_z_z/

D

eneralized)

— + AH
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Typical Hamiltonians |
Bilinear biquadratic - AKL

AKLT model: H=3SS$, +—(ﬁi§i+1)2

Bilinear biquadratic: H = Z(COS(9)§i qm +Sin(<9)(§i #Hl)z)

8
2D: Summation over ,neighbors” with index 1,): p &'_) 5
58,4585, '
H= >SS +=2ISS, =i
I, j:neighbors o ..2“
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2. Sparse and efficient
representation/approximation
of vector X:

Consider vector x as binary tensor:

via binary representation of index I.
Reshape!

‘ i> :‘ i1i2"'iN> :‘ i1> ‘ i2>--- ‘ iN> :‘ i1>® ‘ i2> ®..® ‘ iN>

X=X li>= > x . |[i>®--®]i>
i i)y

12



Graphical Notation

Vector (1 leg): X g

Matrix (2 legs): (aij )i j <~

General tensor with N legs ill i2 ‘IN

X <

N

Matrix-vector product — contraction over index I:

(aij )i,j (%), :(yj)j < By

|j 13
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First Subset of tensor approx:

Consider all vectors of the form

. al a'2 a'N . -
X = ® ®..Q =X ®X ®.0x,, a,b eR,i=1..N
b, ) \b, by b

N
Inner product: YHX=HYJ-HX,- O(N)
j=1

|

Matrix-vector product: Hx=

Mz

2 Q ®.. ®QNJ (X1®"'®XN)

X
I

1

2, (4% )®...®(Qk x, )

I
M=

?\_
Il

1

Costs: =(NM), but unsatisfactory approximation property.
.-/ CP bad approx., Tucker cannot be applied. T
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(a) Matrix Product States

Tensor Train - Approximations

Quantum Physics: Verstraete, Schollwdck
Mathematics: Tyrtyshnikov, Oseledets,...

Use rank-1 terms like CP but in a linked form that
- reflects the underlying Physics
- allows fast computations

D
¥ — Z a1,O,m2 ® a2,0,m2m3 ® ® a'N,O,m,\, _
m,,...,My a1,l,m2 a2,1,m2m3 aN 1,my

= > X Xy ©...OX

N,my !

15



Matrix Product States, cont.

D
X — Z al 0,m, ® a2,O,m2m3 ®R..® aN,O,mN _
m,,...,.My a1,1,m2 a'2,1,m2m3 a'N 1,my

= > X, ® X, ®.. @ X

N,my !

Summation overlap reflects neighborhood relation in spin chain

'12 Iy Zalll My 2'2 momy aNiN’mN -
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Matrix Product States, cont.

Periodic boundary conditions (Tensor chains):

X = i a10m1m2 ® a2,0,m2m3 R..® aN,O,mle .
..... ai 1,m;m, a2,1,m2m3 aN 1, mymy

= D> Ximm, ©Xomm, ®..®X

N,mym, !

For exact representation of x one needs larger Ajij !
We are only interested in small matrix sizes D and approximations!




foses




0 ai 0,mm 2,0,m,m aN 0,mym
X: Z 11172 ® 213 ® ® y Uy lliy T —
My ,...,My al 1,m;m, 2,1,m,mg N,1,mym
D
= Z Xl m;m, ® X2,m2m3 ®..& XN,mNm ’
my,...,My
m; ms m,
D Xia1 | 0 | 41D Xou1 | 0 [ %Xoup Xnar | 7 | Xnap
N I @ [
my ..My
_Xl,Dl Xl,DD_ . X2,DD_ _XN,Dl XN,DD_

m,=1, m,=D mj;=1, and so on.

For notation see Khoromskji/Kazeev: ,rank core product®. »«




Core Tensors A :

. AL ] a.
O J1O’mjmj+l

trace ‘ 2 @
cee Ajl T My,....My JLmym,

\
( aj0,1,1 ajO,l,D
\ajo, jo,D,D J
( A
a j111 a j1,1,D
\ajl,D,l ajl,D,D/

—
Jéi'en
& %a%%

Y 1S]
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For the computation of x"y we need the inner product
of two MPS vectors:

Z(blil’k1k2 . b2i2’k2k3 ..... b ) (a1'1 m1m2 2'2 mymg| apl ,M m1)

I smyamyg kg Ky

Here, we have to decide about the order of the summation
(contractions).

Therefore, we represent the single factors in the above sum
as small tensors with three legs (indices) structured by
Indices that appear in two different tensor factors.

.. =a(lj,m;,m._,), 1,=0L m,m =1..,D;

[ [

I, MM e




MPS graphical

|1 12,i3,.

Al,il,ml,mz A2,i2,m2,m3 A3,i3,m3,m4

B 3

AN,iN,mN,ml




MPS Normalization

MPS representation is not unique.
Between matrix products we can insert X, X't without
changing the vector components.

Transforming the matrices into unitary matrices via SVD.
Combine the two matrices at position | into rectangular
block matrix:

Unfolding or matricisation of 3-leg tensor A I =
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Replace the two matrices Aj’ij by parts of a unitary matrix:

: AJ,O Uj,O
Compute SVD: A =y AV,
1.1 )1

Replace A; matrices by U..
Multiply the AV part on the right neighboring pair A;,;.

In the same way we can consider the SVD
(Aj,o Aj,l):Vj'Aj'(Uj,o Uj,l)
Then we can move the V A to the left neighbour pair A, ;.

So we can replace all A by U, upto 1 (the last remaining one).
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For open boundary conditions this can be used to
orthogonalize every matrix pair e.g. from the left
upto the last vector pair at the right end.

m, m, m, My
A1 i1 m2 As o mam3 Azizmama [ 1 ANGNmN
il i2 i3 iN
Ugi1m2 Aiomom3 T 1 Asiamama [ 1 ANGNmN
Iy I I3 N
m, my— n, my,
U1 i1 m2 Usiomoma T 1A 33 mamal— AN iN.mN
i A 3 N
m, m m, My
U1 i1 m2 U2,i2,m2,m3 U3,i3,m3,m4 B aN,iN,mN
il i2 i3 iN
m, m. m, My,
Ugi1m2 U5 i mam3 Usizmama [ —IMUN N mN
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OBC.

In the open boundary case the factor r in the left most pair
can be extracted as factor for the whole MPS-vector

and can be ignored.

Advantage in Rayleigh Quotient minimization:
N.# = | and faster convergence.

PBC:

In the periodic case we cannot get rid of the last matrix pair.

Therefore, unitary matrices can be achieved upto
one matrix pair.

Advantage in Rayleigh Quotient minimization:
Numerical stability in N4 and faster convergence.

26
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2

m

il

The normalization via SVD leads to the conditions
H . H
AL A =0 or YA AR =

Written componentwise:

Ajmjij’ijrl .Ajmjaijmjﬂ _ 5mj+1’kj+1 or Z Ajmj’ijmj+l .Ajkjaijmjﬂ
i,m;
jrn

A, i Is then called Kraus operator.

In the nonperiodic case the first and last elements are

vectors with

k

pp prep

Zgiil,kz A im, = 5m2,k2 or prmp,ip 'Bpk . =On

=0

27

mj,

k.

J



Orthogonalization via DMRG

Combine two neighbouring matrix pairs and apply SVD:

A Aihoo Auhs

U U, A
:(uj]'(m/” sz'l)ZLU1',:Aj'<V2’° Ver)

(Al,oj,(Az’o Az,l):[A,OAz,o Al,oAz,lj:UAV:

Start e.g. on the left, and orthogonalize each matrix pair,

and then go the right neighbour.

28
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Further Transformation 0

: H H _
u1i1°U2i2°U3i3 ..... uNiN with Ujo'Ujo+Uj1'Uj1_|
{U”’J g Use SVD U, =Vw"
' Uj,l Uj+1,1"'

E/zwj [U—Jij [VZJ @Humﬂ...
U ) Uy - U, W Huj+1

B WU, )
| ('-J{ '*Lﬂ with ‘le_,lij,0’+‘le_,llBj,1,:|

o LBj,J WHUj+1

\/

nonnegative diagonal ¥



T |
MPS + MPS gives larger MPS:

Kiiyooiy, T Yigiyeiy —

Zalil,mlmz 'aziz,mzm3 """ aNiN,mle + Zblil,klkz 'b2i2,k2k3 """ bNiN,kal —
My My Ky, Ky
trace(A“l Ay e Ani. )+trace(B1i1 By oo By, )=

So for original MPS vectors with matrix size D the sum
IS MPS vector with matrix size 2D.
MPSy + MPS, =MPS,,




I MPs with diagonal matrices = CP &

([ \ [ )\ \
a,, O a,, O (ay,, O )
tracef| 0 . O [ O . O [|---- o . O =
\\ 0 a1|le \ 0 a2i2D/ \ 0 aNiND))
D
Zalilj .a2'21 ..... aN'NJ
-1
m, m, m, m, My m,
o Al,il,ml,mz A2,i2,m2,m3 A3,i3,m3 ma | ] AN,iN,mN mi|
] ] |i3 N
m m m m m m
o Al,il,m A2,i2,m A3 i3m | ] AN,lN,m BB
Iy I i3 N
m
A2,i2,m A3,i3,m AN,iN,m
i iy IN 4 ..:
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MPS Manifold

The space M of MPS vectors is no linear subspace, but has
certain properties:

The unit vectors are in M with D=1:
1

(ej )i = (ejl"'jN ) = Z 5i1j1m1m2 5i2j2m2m3 "'5iN INnmymy

1--IN Ip...0y
ml,..,mN :1

Sparse vectors with nnz=D are members of M for
matrix size D.

M is a so called matrix manifold - Tangent space

R.Schneider e.a., Absil e.a.




LIl PEPS D

Inner product between two PEPS tensors (k and m):
Contraction beginning from down left with the first left column:

Ill..'INN : ] All’lmlllml’2m2’lm212 A|112m1,2m1,3m2,2m2,3

,\_
=
=
8
=
&
=
£
=]
=
=]
8
=1
&
=]
S

.'.8“-3



'I'I.I'I'I Inner product of two tensors (related to index k, resp. m).@

First step: Contraction in all i indices.

121 M oMy M5y

/

42MyMy3 MyoMs)

~

i4lk42K41K51

2K azKaa Kaoks,

143M43Myq My3Ms3 |

l43Ky3K44 KysKss

131 M3oM3 My,

~

130M32M33 M3oMyy

-~

i3lk32k3lk4l

137K 32K33 K3oKyp

133M33M34 M33My3

133K 33K34 K33Ky3

151 MMy M3y

/

150 MooMy3 MyoMas

/

i21k22|$21k31

i22k22k23 l522K32

l23Mo3M54 Mp3Mas

~

111M1,M54

~

11oM12M13 My

I23Ko3Ko4 KosKas

~

111K 10K

113M13M14 My

P

i 12k12k13 l$22

i13k13k14 KZS




T“Tl melting k and m to longer k' of length r=D>.

Contractions pairwise in first and second column:

k‘42K41K51

K'42K 43 K'4oK's

k‘32K31K41

K'43K 44 K43K's3

k‘32k‘33 K32K42

k‘22K21K31

k‘33k‘34 K33K43 '

K'52K 23 K'poK '

k‘zsk‘24 K23K33 '

k‘12K21

k‘12k‘13 KZZ

k‘13k‘14 KZS




TI'ITI Melting and reduction to short indices: @

$’51K52}k‘43 {K’41K42} k‘43k‘44 K43K53
Red uce | ndlces """""""" R’31K’32}k’33 {K‘41K42} k‘33k‘34 K33K43 I
to half length
ag ain! .............................................. >
..................... "'{K’Slng}k‘zg {5’21K22} k‘23k‘24 K23K33 | I
k‘13 {IS‘ZJ.KZZ} k‘l3k‘14 K23




TI'ITI Now, all indices are of short length r again,

K52k‘43K42

K'43K 44 K43K's3

I5’32k’33K42

k‘33k‘34 k‘33K43 '

k’32k‘2 k,22

k‘zsk‘24 K23K33 '

k‘13K22

Repeat until one column left

k‘13k‘14 KZS




MERA
ﬁ —

| |
___

Iy '2 g '5 s l10 l11 l12 l13 l14

Layers with unitary tensors and isometries:

- -

Bm1m2,k1

Amlm2,k1k2

Jiien
YTy



unitary core tensor:

! —
| — Z A”lmzklkz A kikom'ym', 5m1m'1 5m2m'2

| klk2

Amlmz,klkz
Isometry:
— Z B k'ymym, BmlmZkl - 5k'1k1
- m;m,
Bmlm2,k1

R
S22 0%



M3 1:1M5 5.4M5 3.9

Aiz'a My 2:4My 2.0

B D R N e

Iq Iz I3 Iy Is Is

hizl3l4lslg Z Z A'1'6 My 1:0My 120 My 1:9My 2:1M3 11 M3 1:1My 2.1M3 3.1

My 1:0,My 2:05My 2:25My 3.0, 3:2,My 1.2 M5 9:1,Mp 5.1,M 39
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(b) MPO - Matrix Product Operator

O = Ztrace( A )ail®---®aiN withe.g. o,=1,,0,=0,

or

= Ytrace(A ;A )l >< i L liy >< |

I jp-in N

m h m b m m Iy m
1 2 3 N 1
Al,il,jl,ml,mZ A2,i2,j2m2,m3 o AN,iN,ijN,ml

I1 p) IN

Quantum Physics: Verstraete, Schollwdck,.. -
Mathematics: Oseledets, Khoromskji, R. Schneider,... R




MPS: X

my,...,My ai 1,mm, a2 1,m,mg
D
= Z Xl m;m, ® X2,m2m3 ® ® XN,mle
my,...,.My
D

a1;O,O;m1m2 a1;0,1;m1m2

a1;1,1; m;m,

X

1,mm,

®...Q X

®..Q

N,mymy

N;0,0;mymy

N;1,0;mymy

aN;O,l;mNm1

aN L1mymy



| XN X XXX

XIS+ XX+ +1 R ®---Q X
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Further MPOs |

|0
{T'T}:inzxc@nlr@xc@um

= > XYiaZi,

0
X100 [|=D XY, > H,,
Y

ol it -

I
X

0
I

:

44



Further MPOs I

=YY +Z, X, - Ising

o | O

-

= > Y X +ZX,

i i+1 i 1+2

o

-

= > U X +VY,, + W, Z,

I 1+1 11+l 1=+l

Cloloo|lo <

<|lolo|lo|o N iolo|lo

S| olo|o|o
—|o|lolo|o
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Core tensor In different forms: D

L ©|© 0@
11010 0 1 0 0] 0 O
<0 0l-|% & © ©00
Y Z I x21 X22 O O O O
‘ A ANBIARPOO
Yo Yu |4y Lyl 001
(1 0 0) 0 0 0)
Ao=| Xy 0 OfA;=|X, 0 O} A, A, 9(Aij)
\Yu 4y 1) Y, 4, 0 ’

46 te, 8"



ZlZ

X 12
Y12

0

le

Xll
Yll

MPO with D=3

X 22
Y12
Y22

21

Yll




W Advantage: MPO - MPS

MPO,_-MPS, =

_ DZ a100m1m2 a1;0,1;m1m2 ® ® a‘N;O,O;m,\,ml a‘N;O,l;m,\,ml MPS:
my,...,My a’.LlOmlm2 a1;1,1;m1m2 a‘N;l,O;mle aN;l,l;mNm1

Do.,D

= Z( 1m1m2a1k1k2 )® ®(XN,mNm1aN,kal):

(my Ky )vees (M Ky )

= > b, ®.8®b .. =MPS, ;

1,k;k, N KKy

MPO, +MPO, =MPO,;
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(C) Symmetries

The considered Hamiltonians often have special symmetries:

1
J the anti-identity: J{ } H=HT and JHJ=HT
1 symmetric  persymmetric

Then the eigenvalues are symmetric: Jx = £X
. a d _
Other symmetries: X= [ ] X = [ ] JX = £X,

Or for general permutations P: Px =+x, Px=4+X,

Question: How to model these symmetries in the MPS ansatz?

49 T
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Example |

| (A
X, . =tr(A A ) with the same matrix pair A
at each position

This is related to translation invariant spin periodic spin system
or TI MPS.

Leads to strong symmetries, e.9g.  X50; = Xo10 = X100

tr(AAA) =tr(AAA) =tr(AAA)

Main property. trace(AB) = trace(BA) - bit shift symmetry:
Xi. . =X = X = ...= X

Il In PIERRINY ERRIN P INLAP R IV
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Similarly blockwise:

XI1I2 |6 _tr(All I2 I3‘AI4 I5 |6

X100000 = tr('A‘iBoCo|Ao BoCo) =
=tr (A,B,CyAB,C,) = Xo00100

iyisigigisig ilsiglyisig

X'1 2. - tr(A‘ B'zlA's B'4|'A\5 '6

X100001 = tr(AlBole Bo‘Ao B,) =
= tr (A BJABJABy) = Xgp0110 =
=tr (A, Bl‘Al BO‘AO By) = Xo11000

igisigigisig igi4isighi, igigiqisigiy



1111
Example Il

Bitreversal Symmetry:

MPS x, , =tr(A, Ay ) with Al =A(; i, j=1..
Kisiy i1y =
(
=tr(A; - A ):tr(Al.l ..... A )T _
(
—tr \AL SRIREE AlT,il): tr(AuN ..... A, Il):
- XiNiN—l" 12k
Special case TIMPS: x, ;, =tr(A ---A ) with A’ =A
52




Example Il

X, = tr(Al,il ..... Agi ) with (2:) _ (iBBj N yo (ibbj

Similarly, if the last matrix pair has this property, then h
b

HE) -
= — X =
A, (B +h,

AoPoo = A1A 1 = Xooi i = Xagi, i,
Ao =A1A = AcA =A A=

X0oi,..iy, = RKiyiy — X0tiyiy — 10i;...iy s




Ll e D
Persymmetry — Bit flip Symmetry

| Al,O ‘ Az,o ‘ ' AN—l,O ' N
_A1,0U2 ‘ UzAz,ous‘ ‘UN—l N—l,OUN ‘UNAN,O

tr

with U; involutions: sz = |

X111 = tr((Al,OU 2 )(U 2 Az,o ) U A 0 ) = X000...0
Itholds: A, =U A, U

j7 .0~ 41

resp. A,=U AU

| B BN
In general:
Kiiy iy = tr(Al,ilAQ,iz ) = tr(Ai,gU 2U2Az,gU3 ) = TN

54 s




4
Bit flip Normal Form

U, involution - U;=S§*D,,; S (Jordan block J,,%=I)
{ AiO | Azo ' ' AN -1,0 | A N,0 —I
‘UzAz U ‘ N 1AN 10UN ‘UN NOJ
_ tr_ AL, ’ A, ’ ...... | Ao }
_A&,osz_lDz,ﬂSz ‘Sz_lDz,ﬂSzAz,oss_le,ﬂSs‘ """ ‘ S_lD +1S AN
—tr '6‘1,082_1 | SzAz,oS?,_1 | """ | SN AN,O } _
A.L,osz_lDz,ﬂ ‘DZ,ﬂSZAZ,OSB_IDS,il | """ | DN,ﬂSNAN,O
- ;&10 | ;52’0 [N | '&NE W
A1 Dz +1 ‘ Z,ilAQ,O D3,i1 ‘ """ ‘DN ilAN OJ
Embed all D, ,, in anti-identy J 1,
= 35 N




“m . .
Quasl Unigueness

Assume that the MPS vector is of the form

i Al,O ' Az,o ‘ ‘ A|\|—1,o

\
tr
_A1,0U2‘ V2A2,0U3 ‘ ‘VN—lAN—l,OUN ‘VN A|\|,o

with unitary matrices V; and U
Assume that it holds Jx = x for all possible choices of A,

Then it follows that U2 = U, =V, are involutions for all j.




Full Bit Symmetry

t{MMmMM
JA,J ‘JAOJ‘ ---‘JAOJ ‘JAOJ

Gives bit reverse/flip/shift symmetry (we can assume sym. invol.)

} A=A

Without Persymmetry: Al =A =U"AU, A =A, B=U"AU

Dol Ao [ A | A

"IATAT =T TA]
P S T S N S O, S o
“luaut Tuaut | luau®t Tuaut |~

i A
=1r 3 ! l B} as possible normal form.




Advantages

Reduction in degree of freedom by using symmetries:

bit shift 2N = 2N/N
bit reversal 2N - 2N/2
bit flip 2N = 2N/2

More compact normal form.

Less storage,
faster convergence, and
higher accuracy
INn vector approximation.

58
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(d) Krylov - MPS

Replaced Rayleigh Quotient Minimzation by Krylov Subspace
minimization in MPS space.

Generate Orthonormal basis of K, (H,X) = Span{x, HXx,...,H ”‘1x}

Problem:
Hx,ps and pairwise orthogonalization of x5 gives MPS vectors
with larger blocksize D

new-

Therefore, we have to apply back projection into MPS,-space

MPO representation of H reduces the costs for Hx dramatically!

59
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D

Projected Krylov Subspace
Iteration

- avoid orthogonalization,

- use subspaces of fixed size.

x"Hx  x"H?%x
x"H?x  x"H>3x

XHHnX XHHn+lX

x"H"x
XH H n+1X

XH H 2n—1X

Solve A,y=AB,y

xHx x " Hx

x"Hx x"H?%*x ...

x"H™ x x"H"x -

x"H " 1x
xTH"x

H H 2n-2

X X

New eigenvector approximation x_ . = y,X+ Y,Hx+...+y H""x



. D
Projections

Replace in subspace y; = H Xyps p (a D -D MPS vector)

by projection into MPS, space:

min|

yI\/IPS_D o yMPS_DOjD 5

Solve this minimization approximately by
- SVD compression
- Alternating Least Squares minimization
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Subspace Iteration

D

K. (H,x) = span{x, P(Hx), P(H - P(HX))..., P(H - P(H -...- P(Hx)...))}

= span{x,, X, ..., X, |

(M Hx, X" Hx ) (XX,
A = : : B =| :
H H H

| Xn FIX; Xy HX, ) X0 X%

Solve A,y=AB,y

Gives new eigenvector estimate

Xmps = P(lel T
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Numerical results
Ising-type Hamiltonian, N = 10, dim = 2
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20 25 30
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Numerical results
Ising-type Hamiltonian, N = 10, dim = 3

10

—
-

Approximation error
o

—
o

2

[

|
Ll

|
e

| | | | | | | | —FuIII vector
—MPS, D=1

—MPS, D=2

MPS, D=3

—MPS, D=4

1 5 10 15 20 25 30 35 40 45 50
Number of iterations
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Numerical results
Ising-type Hamiltonian, N = 10, dém = 4

102 1 1 1 1 1 1 || 1 |
—Full vector
—MPS, D=1
—MPS, D=2
_ 10’ MPS, D=3 |
O —MPS, D=4
(b
S
ERLE
£ 10
E _____
O
Z
107}
10 E 1 -I\ 1 [ 1 1

1 5 10 15 20 25 30 35 40 45 50
Number of iterations
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Numerical results
Ising-type Hamiltonian, N = 25, dim =5

10°

=2

1 =3

10 —MPS, D=4

i =5
o ol '
5 10 3
= .
Le) ]
® 10 .
£1° f
5 .
210 E
< ?
10 E
10 1 5 10 15

Number of iterations
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- Faster convergence by projection because exact eigenvector
IS very close to MPS manifold

- Use solution for D as start approximation for D+1

- Can compute more eigenvalues/vectors

- Only projection is needed ,

Modifications:

- Size of subspace,

- D,

- use exact Krylov matrix

- Include projected orthogonalization

X, =X 1%,

rx, = Hx, — (X' Hx)X; X, = P(X,);




Conclusions:

- MPS-TT allows efficient and high quality approximation
of eigenvectors of huge Hamiltonians

- Matrix Product Operators are very useful in connection
with MPS vectors

- Symmetries in the vector can be expressed
In the MPS ansatz

- Krylov methods can be applied including projections

Thank you
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