Geometrische Mechanik

6. Let A be the exterior algebra of an n—dimensional vector space V' with basis {ey, ..., e,}.

(1) Explain that the e;; A ... Ae;,, i1 < ... <1 together with 1 form a basis of A.
(77) Check that for all subsets {i; < ... <}, {51 <...<Je} €{1,...,n} one has

e N Nej, Aeg Ao Ney, = (=D)Meg Ao Ae, A ey Al Ney,

(771) Show that {vy,...,v,} C V is linear dependent if and only if vy A ... A v, = 0.

() Let {uq,...,un}, {vi,...,v;m} CV with {us, ..., u,} linear independent. Prove that
(Ug, ..., Up) = (v1,...,0y) have the same linear span if and only if uy A ... A w,, is
a scalar multiple of vy A ... A vp,.

Define A*V := (vy A ... Awy | v; € V), the kth exterior power of V.

(v) Show that A*V = 0 for k > n and that for k < n the e; A...Aey, iy < ... < iy
with the now fixed index k form a basis of A*V. Conclude dim A*V = (7). Identify

V = AW and check .
A = @ ARV
k=0

and
N AV ANV = AV
k,£€No
where AANB:={aAb|a€ AbE B).

(vi) For ¢ : V. — A(V) and ¢ : W — A(W) show that for every f € L(V, W) there
is a unique l-preserving algebra-homomorphism A(f) : A(V) — A(W) satisfying
A(f)op=1of.

(vii) Prove that A(fog) = A(f)oA(g)if g € L(U,V) for some other vector space U with
exterior algebra A(U).

(viii) Check that A(f)(A*V) C A*W, yielding A*f € L(A*V,A*W) and the splitting
A(f) = @ A*(f). How is A*(f) for f € L(V) related to det(f) ?

(1z) Explain why v; A ... A v, can be interpreted as the m-dimensional parallelepiped
with sides vy, ..., vp,.



