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t. In the early eighties the dire
t appli
ation of a multigridte
hnique for solving the partial eigenvalue problem of 
omputing fewof the smallest eigenvalues and their 
orresponding eigenve
tors of adi�erential operator was proposed by Brandt, M
Cormi
k and Ruge [1℄.In the present paper an experimental study of the method for modellinear elasti
ity problems is 
arried out. Based on these results we givesome pra
ti
al advi
e for a good 
hoi
e of multigrid-related parameters.1 Introdu
tionEigenvalue problems for di�erential equations o

ur in many bran
hes of s
ien
eand engineering su
h as me
hani
s, 
hemistry, a
ousti
s or opti
s. The usualmethods for solving eigenvalue problems are based on the e�e
t of dominationof the smallest eigenvalues in result of repeated multipli
ation of the inversematrix A�1 on a ve
tor. This applies to su
h popular te
hniques as a subspa
eiteration, the Rayleigh quotient and the Lan
zos method [5℄. However, withlarge{s
ale �nite element problems it is often desirable to avoid a 
ostly inversionor, to be more pre
ise, exa
t fa
torization of the matrix A . The simplest wayis to use some pre
onditioned iterative pro
edure instead of the dire
t methodfor solving the linear system with A whenever it is required in the algorithm.In parti
ular, multigrid methods allow us to 
onstru
t optimal pre
onditionersfor a suÆ
iently wide number of industrial appli
ations [6℄.Today among of a lot of literature published about eÆ
ient eigensolvers one
an extra
t two main dire
tions. The �rst one is based on the appli
ation ofmultigrid methods to 
onstru
t an approximated inverse of A and use themas a pre
onditioner, whereas the se
ond one dire
tly applies the main multigridideas of the �ne grid relaxation and the 
oarse grid 
orre
tion (see [2, 3℄ andreferen
es therein).However, all of these methods treat this eigenvalue problem purely algebrai
,and hen
e, we lose some valuable information about the desired eigenpairs. Forexample, the smallest eigenve
tors of the Lapla
e operator are very smooth, i.e.they 
an be well approximated on 
oarser grids, and hen
e, one 
an use thisinformation during the solution pro
ess. The nested iteration multigrid pro
ess,



whi
h takes the advantage of this smoothness, was proposed by Brandt, M
-Cormi
k and Ruge [1℄. The idea of this method is that the eigenvalue problemsare solved on the sequen
e of �ner grids using an interpolant of the solution onea
h level as the initial guess for the next one and improving it by an inner non-linear multigrid method, i.e. suppressing the high frequen
y os
illations arisingas a result of the interpolation pro
ess. The present work is an experimentalstudy to understand the main points of the method, the a

ura
y of 
omputedeigenpairs and regarding its 
omputational 
omplexity.The paper is organized as follows. In Se
tion 2 the formal de�nition of thelinear elasti
ity eigenvalue problem is given. The full multigrid method for �ndingp smallest eigenvalues and their eigenve
tors or, shortly, the FMG-EV(p) methodwill be dis
ussed in Se
tion 3. Based on numeri
al results we will make somere
ommendations for 
hosing e�e
tive user-de�ned parameters.2 Problem formulationThe linear elasti
ity eigenvalue problem in a domain 
 in R3 with boundary �
an be formulated in terms of the displa
ement ve
tor u = (u1; u2; u3), stresstensor � = (�ij) and strain tensor � = (�ij) as followsdiv � = �u; �ij = 12��ui�xj + �uj�xi �; �ij(u) = 3Xk;l=1 
ijkl(x) �kl(u);u = 0 on �D; � � n = 0 on �N = �n�D: (1)Here 
ijkl(x) is elasti
ity tensor depending on positive material (Lam�e) 
oeÆ-
ients, n is the outward pointing normal on �N and �D, �N denote Diri
hlet andNeumman parts of the boundary, respe
tively. We assume that �D 6= � and theKorn inequality holds. These assumptions are needed to ensure that all eigen-values � of the problem (1) are positive. For more details regarding the problemformulation we refer to [4℄ or other books on elasti
ity.The variational formulation of the linear elasti
ity eigenvalue problem (1)
an be derived in a standard way and is stated as follows:Find �k 2 R and uk 2 [H10 (
)℄3 = fv 2 [H1(
)℄3 : v = 0 on �Dg su
h thata(uk;v) = �kb(uk;v); k = 1; 2; : : : ; p; : : :b(uk;ul) = Ækl; l = 1; 2; : : : ; p; : : : (2)for all v 2 [H10 (
)℄3, where H1(
) is the usual Sobolev spa
e, Æij is the Kro-ne
ker symbol and two bilinear forms a(u;v) and b(u;v) are de�ned bya(u;v) = Z
 24 3Xi;j;k;l=1 
ijkl �ui�xj �vk�xl 35 d
; b(u;v) = Z
 " 3Xi=1 uivi# d
:Let us assume that the domain 
 is de
omposed by a set of �nite elements� . Introdu
ing Vh � H1(
) the spa
e of ve
tor fun
tions with lo
al support,



asso
iated with the verti
es of � , and applying to (2) the standard Galerkinpro
edure, we obtain the following eigenvalue problemA uk = �kuk; A = AT 2 Rn�n; 0 < �1 � �2 � : : : � �p;(uk;ul) = Ækl; k; l = 1; : : : ; p; (3)where the matrix A 
orresponds to the bilinear form a(�; �) and (u;v) = uTv.3 The FMG-EV(p) methodLet �L � �L�1 � : : : � �1 � �0 = � be a sequen
e of nested �nite element grids,su
h that all grids have a similar stru
ture and the (�ne) grid �k is de�ned fromthe (
oarse) grid �k+1 by an uniform re�nement in all spatial dire
tions. TheGalerkin pro
edure applied on ea
h grid leads to the sequen
e of eigenvalue prob-lems with the 
orresponding matri
es A(k) of the de
reasing order. Moreover, thestandard (geometri
al) linear restri
tion Rk+1k and interpolation P kk+1 operatorsare de�ned.f�(0)i ;v(0)i gpi=1 = FMG-EV(p;A(L); : : : ; A(0)):i = 0, k = L, �(k)i�1 = 01 i = i+ 1Compute the 
oarse level approximation f�(k)i ;v(k)i g;whi
h is orthogonal to 
omputed ones f�(k)j ;v(k)j gi�1j=1if ((i < 
nk) and (i < p)) go to 1f�(k)j ;v(k)j gij=1 = RITZ (A(0); fv(k)j gij=1)2 if (k = 0) stopk = k � 1for s = 1, . . . , iv(k)s;0 = P kk+1v(k+1)s�(k)s;0 = �(k+1)sfor it = 1, . . . , q (inner iteration)f�(k)s;it;v(k)s;itg = FAS-EV (A(k); �(k)s;it�1;v(k)s;it�1; fv(k)j gs�1j=1)f�(k)j ;v(k)j gij=1 = RITZ (A(0); fv(k)j;q gij=1)if (i < p) then go to 1else go to 2Assume that we have an approximated solution v(k+1)i on the (
oarse) gridand using their interpolants v(k)i;0 = P kk+1v(k+1)i as the initial guess for someinner iterative pro
ess on the next (�ne) grid. Then, to eliminate the high fre-quen
y os
illations, whi
h arise as a result of the interpolation pro
ess, we applyq times the inner multigrid method, whi
h is based on the Full ApproximationS
heme (FAS) approa
h and used the same sequen
e of matri
es fA(k)g. Follow-ing [1℄ we pro
eed ve
tor-by-ve
tor through the inner nonlinear method using



an orthogonalization 
ondition to keep them separate. Usually, one or two innermultigrid sweeps are enough to suppress all (or nearly all) undesired frequen
iesin the approximated solution. It is 
on�rmed by numeri
al results. Finally, weimprove the eigenve
tor approximations by the Rayleigh-Ritz proje
tion methodand repeat this pro
ess on the next �ner grid until the �nest grid is rea
hed.f�(l)i ;v(l)i g = FAS-EV (A(l); �(l)i;0;v(l)i;0; fv(k)j gi�1j=1):b(l)i = 0for k = l; : : : ; L� 1for it = 1, . . . , �1 (presmoothing)f�(k)i;it;v(k)i;itg = RELAX (A(k); �(k)i;it�1;v(k)i;it�1; fv(k)j gi�1j=1;b(k)i )f�(k)i ;v(k)i g = f�(k)i;�1 ;v(k)i;�1gb(k+1)i = Rk+1k b(k)i + �A(k+1)Rk+1k �Rk+1k A(k)�v(k)iv(k+1)i;0 = Rk+1k v(k)i�(k+1)i;0 = �(k)iSolve the 
oarse level problem A(L)v(L)i = �(L)i v(L)i + b(L)iwith (v(L)i ; RLl v(l)j ) = (RLL�1v(L�1)i ; RLl v(l)j ); j = 1; : : : ; i� 1for k = L� 1; : : : ; lv(k)i;0 = v(k)i + P kk+1(v(k+1)i �Rk+1k v(k)i )�(k)i;0 = �(k+1)ifor it = 1, . . . , �2 (postsmoothing)f�(k)i;it;v(k)i;itg = RELAX (A(k); �(k)i;it�1;v(k)i;it�1; fv(k)j gi�1j=1;b(k)i )f�(k)i ;v(k)i g = f�(k)i;�2 ;v(k)i;�2gThere are two main problems with this approa
h. First of all, there is noexa
t 
orresponden
e between eigenve
tors on di�erent levels, i.e. the i-th eigen-value and its eigenve
tor on the 
oarse level 
an be a good approximation toj-th eigenpair on the �ne level with i 6= j. This is not a problem if j is less thanp, and hen
e, during the following Ritz proje
tion we �nd both of the desiredeigenve
tors on the �ne level. However, if j is greater than p, then the furthere�orts to improve this approximation in the dire
tion of i-th eigenve
tor are vainsin
e FAS works good only in a small neighbourhood of the solution [6℄. Thus,on the 
oarse level we 
an �nd a �xed number of approximation ve
tors, whi
hare a good approximation to desired eigenve
tors. This number depends on theorder of the 
oarse level problem, and hen
e, 
an be de�ned as 
nL, where 
 is a
oeÆ
ient less than 1. Now if p > 
nL, then we �nd the 
oarse level approxima-tions only for �rst 
nL eigenve
tors and start our nested iteration pro
ess withthis smaller number of ve
tors. After transfering and pro
essing these approxi-mated eigenve
tors on the next �ner level we 
ompute the de�
ient 
oarse levelapproximations using the relaxation steps followed by orthogonalization withrespe
t to previous ones, and if p is still greater than 
nL�1, then we repeat thispro
ess on the next �ner level and so on. Note that the 
oarsest level used in theinner multilevel method for ith eigenve
tor is one on ea
h v(k)i �rst appeared.
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Fig. 1. The time of the whole iterative pro
ess vs. the number of unknowns.Se
ondly, sin
e we apply the inner nonlinear multigrid method sequentiallyto ea
h approximated eigenve
tor, then we have to orthogonalize the 
urrenteigenve
tor approximation to previously 
omputed ones. On the other side, themain FAS idea is in the 
onstru
tion of the 
oarse grid problem so that itssolution is the �ne level solution transfered to the 
oarse grid. Using it we obtainthe following sequen
e of problems on level lA(k)w(k)i = �̂(k)i w(k)i + b(k)i ; b(k)i = Rkk�1b(k�1)i + �A(k)Rkk�1 �Rkk�1A(k�1)�v(k�1)i ;�k(w(k)i ) = �k ; b(l)i = 0; k = l; l+ 1; : : : ; L; i = 1; : : : ; p:(4)where �k(�) is a normalization 
ondition, whi
h guarantees the uniqueness of (4),and spe
i�es the size of the solutions �k. Note that it is not a
tually ne
essarythat �k be equal to 1 sin
e a solution of any reasonable size is a

eptable. Thespe
i�
 nature of �k(�) will be dis
ussed below.Let u(l)j is the solution on level l, then Rl+1l u(l)j is the solution on next level,and hen
e, if we want to �nd u(l)i , i 6= j, we have to orthogonalize the 
urrenteigenve
tor approximation v(l+1)i to Rl+1l u(l)j . Unfortunately, we do not know theexa
t solution u(l)j (it is our original problem!), but we have v(l)j , j < i, whi
h isa good approximation to u(l)j . Thus, from a pra
ti
al point of view Rl+1l v(l)j isan approximation to Rl+1l u(l)j , whi
h one 
an use to keep orthogonalization onthe level l + 1. Now we de�ne�k(v(k)i ) = (v(k)i ; Rkl v(l)j ); �k = (Rkk�1v(k)i ; Rkl v(l)j ) j = 1; : : : ; i: (5)Nevertheless, we have to note that the 
ondition (5) does not guarantee a unique-ness of the solution (4), sin
e we work with approximations rather than exa
tsolutions. In our 
ase it may happen that the sequen
e of test ve
tors fRkl v(l)j gi�1j=1



used for the orthogonalization 
an be linear dependent, and hen
e, on the levelk we will 
ompute v(k)i , whi
h is a good approximation to v(l)j ; j < i, and whi
hwe already know, instead the desired approximation to v(l)i . It is 
on�rmed bynumeri
al results.q = 1
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Fig. 2. The time of the whole iterative pro
ess vs. the number of smoothing steps.
Table 1. A

ura
y of the 
omputed eigenpair f�1;v1g as a fun
tion of � and q, p = 1N=16 q = 1 q = 2Lvls � j�1 � �1j kAv1 � �1v1k Time j�1 � �1j kAv1 � �1v1k Time4 1 0.18766 �10�2 0.37333 �10�1 8.60 0.13093 �10�3 0.89867 �10�2 15.172 0.13861 �10�3 0.90307 �10�2 13.56 0.13880 �10�5 0.67454 �10�3 25.123 0.90189 �10�5 0.19036 �10�2 18.46 0.18045 �10�7 0.75458 �10�4 34.994 0.13531 �10�5 0.67833 �10�3 23.45 0.13159 �10�8 0.15376 �10�4 44.895 0.11025 �10�6 0.19556 �10�3 28.42 0.25888 �10�9 0.55911 �10�5 54.6910 0.14618 �10�8 0.12328 �10�4 53.03 0.34772 �10�11 0.65020 �10�6 104.073 1 0.19283 �10�2 0.39311 �10�1 9.50 0.10903 �10�3 0.81701 �10�2 16.042 0.12757 �10�3 0.85886 �10�2 14.19 0.18321 �10�5 0.78770 �10�3 25.793 0.13519 �10�4 0.23281 �10�2 18.89 0.72569 �10�7 0.10573 �10�3 34.824 0.18275 �10�5 0.77967 �10�3 23.55 0.21767 �10�7 0.26623 �10�4 44.575 0.28713 �10�6 0.24979 �10�3 28.32 0.10061 �10�7 0.16873 �10�4 54.1710 0.36640 �10�7 0.32665 �10�4 52.02 0.54730 �10�9 0.37209 �10�5 101.092 1 0.18780 �10�2 0.39511 �10�1 13.08 0.11463 �10�3 0.84105 �10�2 22.252 0.15070 �10�3 0.97192 �10�2 17.95 0.19856 �10�5 0.75905 �10�3 31.703 0.19502 �10�4 0.25037 �10�2 23.58 0.17259 �10�5 0.21648 �10�3 41.764 0.21043 �10�5 0.81073 �10�3 25.97 0.10470 �10�5 0.15833 �10�3 49.525 0.13009 �10�5 0.32103 �10�3 31.10 0.11669 �10�5 0.17195 �10�3 57.7910 0.15593 �10�5 0.19889 �10�3 51.08 0.51628 �10�6 0.10705 �10�3 96.00
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Fig. 3. The time of the iterative pro
ess and the a

ura
y vs. the number of levels.4 Numeri
al resultsTo test the method we �rst 
onsider the eigenvalue problem (3) for �ndingthe smallest (p = 1) eigenpair f�1;u1g. We assume the pie
ewise{linear �nite{element dis
retization of the elasti
ity problem (1) in the 
ubi
al domain 
 =[0; 1℄3 on a uniform Cartesian mesh Th = N �N �N with meshsize h = N�1.Consider homogeneous Diri
hlet boundary 
onditions, i.e., �D = �; �N = �.In all tables of this paper � = �1 = �2 is the number of pre- and post-smoothing iterations on ea
h level, q is the number of inner FAS-EV iterationsapplied on ea
h level, Lvls is the number of levels used and T ime is the CPUtime of the whole iterative pro
ess. All 
al
ulations were performed on an IBM-SP2 in double pre
ision. By �i and vi we denote the approximation to the exa
teigenvalues and eigenve
tors, �i and ui, respe
tively. Correspondingly, j�i � �ijmeasures the di�eren
e between the exa
t and the 
omputed eigenvalues andkAvi��ivik measures the quality of the approximated pair f�i;vig. The exa
teigenvalues �i have been 
omputed by the Gaus-Seidel iteration method followedby standard Gramm-S
hmidt orthogonalization pro
ess until the following stop-ping 
riterion was satis�edkr(k)i k=kr(0)i k < 10�12; r(k)i = Av(k)i � �iv(k)i ;where r(0)i and r(k)i are the initial and the �nal residuals, respe
tively.From the numeri
al results in Table 1 one 
an see that by in
reasing thenumber of relaxation steps � per level without 
hanging other parameters, thea

ura
y of the approximated solution is improved. Comparing results for q = 1with 
orresponding ones for q = 2 in Table 1 one 
an also see that in
reasing thenumber of inner FAS-EV steps leads to an improved a

ura
y of the approxi-mated eigenpair f�i;vig. On the other hand, the a

ura
y of the approximated



solution does not depend sensitively on the number of levels used. Due to thedis
retization error for this problem is O(h2) = O(10�3) one 
an see that theFMG-EV(p) method 
an 
ompute the �rst eigenvalue with a reasonable 
ompu-tational 
ost, when q = 1 and � = 3.Table 2. A

ura
y of 
omputed eigenvalues �i as a fun
tion of � and q, p = 5q � j�1 � �1j j�2 � �2j j�3 � �3j j�4 � �4j j�5 � �5jLvls = 4, NFine = 10125, NCoarse = 31 1 0.17121 �10�2 0.18504 �10�2 0.23162 �10�2 0.21263 �10�2 0.24166 �10�22 0.87427 �10�4 0.18120 �10�3 0.18459 �10�3 0.14426 �10�3 0.16316 �10�33 0.59710 �10�5 0.15262 �10�4 0.23290 �10�4 0.16597 �10�4 0.20785 �10�44 0.64233 �10�6 0.18220 �10�5 0.27387 �10�5 0.22954 �10�5 0.26639 �10�55 0.62436 �10�7 0.27586 �10�6 0.33646 �10�6 0.29719 �10�6 0.81938 �10�610 0.12715 �10�8 0.16685 �10�8 0.54289 �10�8 0.13347 �10�6 0.34387 �10�62 1 0.66509 �10�4 0.13746 �10�3 0.14220 �10�3 0.11944 �10�3 0.13899 �10�32 0.56575 �10�6 0.17661 �10�5 0.25094 �10�5 0.16908 �10�5 0.20703 �10�53 0.52939 �10�8 0.36231 �10�7 0.47925 �10�7 0.13661 �10�6 0.40596 �10�64 0.52667 �10�9 0.87679 �10�9 0.23866 �10�8 0.69039 �10�7 0.18090 �10�65 0.92139 �10�10 0.16693 �10�9 0.27081 �10�8 0.17478 �10�7 0.11907 �10�610 0.11360 �10�9 0.11232 �10�9 0.42050 �10�10 0.65845 �10�8 0.18503 �10�7Lvls = 3, NFine = 10125, NCoarse = 811 1 0.17126 �10�2 0.18520 �10�2 0.23164 �10�2 0.21153 �10�2 0.22651 �10�22 0.86727 �10�4 0.18121 �10�3 0.18583 �10�3 0.15580 �10�3 0.16274 �10�33 0.59921 �10�5 0.15343 �10�4 0.23375 �10�4 0.12978 �10�4 0.16919 �10�44 0.63646 �10�6 0.18893 �10�5 0.27678 �10�5 0.22854 �10�5 0.28454 �10�55 0.70249 �10�7 0.27376 �10�6 0.34354 �10�6 0.38226 �10�6 0.91077 �10�610 0.13113 �10�8 0.20920 �10�8 0.71929 �10�8 0.16827 �10�6 0.23884 �10�62 1 0.66521 �10�4 0.13756 �10�3 0.14223 �10�3 0.11527 �10�3 0.13875 �10�32 0.56377 �10�6 0.17248 �10�5 0.25207 �10�5 0.15277 �10�5 0.22036 �10�53 0.68877 �10�8 0.36520 �10�7 0.81525 �10�7 0.82430 �10�7 0.36574 �10�64 0.78704 �10�9 0.22278 �10�8 0.15379 �10�7 0.86195 �10�7 0.16180 �10�65 0.83009 �10�10 0.23116 �10�9 0.94830 �10�8 0.62724 �10�7 0.87238 �10�710 0.11371 �10�9 0.11276 �10�9 0.36793 �10�9 0.69298 �10�8 0.12069 �10�7Lvls = 2, NFine = 10125, NCoarse = 10291 1 0.16598 �10�2 0.17743 �10�2 0.22529 �10�2 0.20921 �10�2 0.22736 �10�22 0.89283 �10�4 0.17879 �10�3 0.18547 �10�3 0.14831 �10�3 0.16975 �10�33 0.68256 �10�5 0.15841 �10�4 0.23290 �10�4 0.15277 �10�4 0.19748 �10�44 0.10038 �10�5 0.21974 �10�5 0.32588 �10�5 0.17504 �10�5 0.24626 �10�55 0.16654 �10�6 0.33157 �10�6 0.22759 �10�5 0.19340 �10�6 0.65046 �10�610 0.13450 �10�8 0.56302 �10�8 0.20701 �10�5 0.18521 �10�7 0.10047 �10�62 1 0.66248 �10�4 0.13791 �10�3 0.14184 �10�3 0.11067 �10�3 0.15442 �10�32 0.56097 �10�6 0.18273 �10�5 0.56997 �10�5 0.16318 �10�5 0.25670 �10�53 0.25852 �10�7 0.37555 �10�7 0.17063 �10�5 0.26033 �10�7 0.30782 �10�74 0.13821 �10�8 0.25116 �10�8 0.94665 �10�6 0.46884 �10�8 0.39074 �10�75 0.14959 �10�9 0.46594 �10�8 0.15020 �10�5 0.28829 �10�7 0.83986 �10�710 0.11348 �10�9 0.28841 �10�10 0.40120 �10�6 0.18245 �10�8 0.48712 �10�8Total 
omputational times for various values of Lvls versus the number ofunknowns on the �nest mesh and the number of relaxation steps are given in



Figures 1 and 2, respe
tively. Based on the presented numeri
al results we 
an seethat the FMG-EV(p) method has a nearly optimal 
omputational 
omplexity,i.e. the time of the whole iterative pro
ess does not depend on the number ofunknowns on the �nest level and only slightly depend on the number of levelsused.Table 3. A

ura
y of 
omputed eigenpairs f�i;vig as a fun
tion of � and q, p = 5q � kAv1 � �1v1k kAv2 � �2v2k kAv3 � �3v3k kAv4 � �4v4k kAv5 � �5v5kLvls = 4, NFine = 10125, NCoarse = 31 1 0.35633 �10�1 0.35849 �10�1 0.48551 �10�1 0.40670 �10�1 0.46340 �10�12 0.69620 �10�2 0.11551 �10�1 0.10216 �10�1 0.96870 �10�2 0.96702 �10�23 0.16195 �10�2 0.23696 �10�2 0.31153 �10�2 0.25545 �10�2 0.28774 �10�24 0.54673 �10�3 0.73684 �10�3 0.10033 �10�2 0.81480 �10�3 0.88640 �10�35 0.15609 �10�3 0.28865 �10�3 0.33740 �10�3 0.27417 �10�3 0.36506 �10�310 0.12719 �10�4 0.14326 �10�4 0.17823 �10�4 0.84203 �10�4 0.13971 �10�32 1 0.61016 �10�2 0.89436 �10�2 0.98460 �10�2 0.83752 �10�2 0.91747 �10�22 0.51795 �10�3 0.72641 �10�3 0.96730 �10�3 0.71808 �10�3 0.83226 �10�33 0.42454 �10�4 0.10305 �10�3 0.11552 �10�3 0.11879 �10�3 0.17028 �10�34 0.86842 �10�5 0.15120 �10�4 0.19860 �10�4 0.59069 �10�4 0.10028 �10�35 0.53047 �10�5 0.55883 �10�5 0.10770 �10�4 0.31108 �10�4 0.77286 �10�410 0.87844 �10�6 0.14166 �10�5 0.19605 �10�5 0.16655 �10�4 0.31198 �10�4Lvls = 3, NFine = 10125, NCoarse = 811 1 0.35638 �10�1 0.35845 �10�1 0.48545 �10�1 0.39561 �10�1 0.45533 �10�12 0.69323 �10�2 0.11575 �10�1 0.10219 �10�1 0.97138 �10�2 0.98802 �10�23 0.16205 �10�2 0.23698 �10�2 0.31158 �10�2 0.22178 �10�2 0.26073 �10�24 0.54086 �10�3 0.74379 �10�3 0.10048 �10�2 0.88062 �10�3 0.81750 �10�35 0.15830 �10�3 0.28768 �10�3 0.33659 �10�3 0.28437 �10�3 0.34140 �10�310 0.12587 �10�4 0.16523 �10�4 0.17521 �10�4 0.98736 �10�4 0.10736 �10�32 1 0.61022 �10�2 0.89445 �10�2 0.98459 �10�2 0.82619 �10�2 0.91492 �10�22 0.52500 �10�3 0.71841 �10�3 0.96738 �10�3 0.66363 �10�3 0.82692 �10�33 0.46287 �10�4 0.10465 �10�3 0.11551 �10�3 0.99123 �10�4 0.16709 �10�34 0.13839 �10�4 0.19808 �10�4 0.21173 �10�4 0.66386 �10�4 0.94793 �10�45 0.52278 �10�5 0.62587 �10�5 0.16354 �10�4 0.57611 �10�4 0.66844 �10�410 0.70692 �10�6 0.79362 �10�6 0.41566 �10�5 0.19018 �10�4 0.23745 �10�4Lvls = 2, NFine = 10125, NCoarse = 10291 1 0.35119 �10�1 0.35115 �10�1 0.47902 �10�1 0.39215 �10�1 0.45660 �10�12 0.70299 �10�2 0.11518 �10�1 0.10113 �10�1 0.96555 �10�2 0.10124 �10�13 0.16783 �10�2 0.23134 �10�2 0.31116 �10�2 0.25111 �10�2 0.28154 �10�24 0.58759 �10�3 0.79815 �10�3 0.94454 �10�3 0.69161 �10�3 0.91486 �10�35 0.21834 �10�3 0.33317 �10�3 0.33348 �10�3 0.26339 �10�3 0.35363 �10�310 0.13607 �10�4 0.25534 �10�4 0.22342 �10�3 0.30763 �10�4 0.72578 �10�42 1 0.60697 �10�2 0.89510 �10�2 0.98347 �10�2 0.81740 �10�2 0.96936 �10�22 0.52357 �10�3 0.74812 �10�3 0.98926 �10�3 0.79192 �10�3 0.90675 �10�33 0.88952 �10�4 0.10400 �10�3 0.21830 �10�3 0.89080 �10�4 0.86215 �10�44 0.15535 �10�4 0.18265 �10�4 0.14572 �10�3 0.19477 �10�4 0.45988 �10�45 0.58039 �10�5 0.21082 �10�4 0.18240 �10�3 0.40298 �10�4 0.63035 �10�410 0.59914 �10�6 0.40553 �10�5 0.96543 �10�4 0.74399 �10�5 0.14618 �10�4



Moreover, in Figure 3 we present the dependen
y of the time of eigenvaluesolver and the a

ura
y of the 
omputed eigenvalue as a fun
tion of the numberof levels. Here we want to note a jumping of the a

ura
y for the 
ase q = 2. Itis shown that not all high frequen
ies 
an be eliminated during the �rst step ofthe FAS-EV method, and hen
e, we need the se
ond one.The results of the �rst �ve (p = 5) eigenvalues and their 
orrespondingeigenve
tors on a (16� 16� 16)-grid are given in Tables 2 and 3. Based on theresults we 
on
lude that the FMG-EV(p) method behaves similarly as des
ribedabove for the 
ase p = 1. We make only a few remarks.First, a 
omparison of the a

ura
ies in Tables 2 and 3 for the �rst eigen-pair f�1;v1g with these shown in Table 1 shows that when more eigenve
tors,whether or not they 
onverge, are in
luded in the pro
ess, all approximationsare improved. Taking into a

ount the whole 
omputational 
omplexity, whi
his growing rapidly when � and q are in
reasing, a good 
hoi
e of the parametersseems to be q = 1 and � = 3. This is similar to the results for p = 1.Moreover, the present experiments show that the FAML-EV(p) method is
apable of dealing with multiple eigenvalues. Indeed, we have �1 = �2 = �3 andone 
an see from Tables 2 and 3 that we �nd this eigenvalue and its eigensubspa
ewithout problems.Finally, we want to mention a problem with the eigenve
tor orthogonalizationfor the inner nonlinear method. Indeed, when we try to solve the 
oarse levelproblem for the se
ond, third or other eigenve
tors during the FAS method withsome given a

ura
y, we always perform the maximal number of iterations, i.e. we
ould not rea
h the desired a

ura
y. It seems that it is not a strong restri
tionon the suggested method sin
e the method is still 
onvergent. However, theproposed te
hnique with 
orresponding blo
k-type modi�
ations for the innernonlinear method 
an be done. The further investigation will be dire
ted in thisway.Summarizing, we want to note that the present method 
an be used insteadof the dire
t eigensolver when a small number of eigenpairs is required, i.e.,p < pn. However, if we wanted to �nd a series of eigenve
tors with p > pn,then the Lanzos method with LU-fa
torization would be less time 
onsuming.Referen
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