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Abstract

In this paper an element-by-element implementation of the recently proposed variable-
step multilevel preconditioning method for solving second order elliptic boundary value
problems is studied. A special technique based on the internal properties of the pre-
conditioning are used for analysis of the rate of convergence. Performance results on
standard test problems are presented and discussed.

Keywords: variable-step preconditioners, element-by-element preconditioners, generalized
conjugate gradient method.

1 Introduction

Today, robust and efficient parallel algorithms for solving the linear system of equations
resulting from large-scale problems of engineering, natural sciences, computer science, math-
ematics and medicine, whose rate of convergence is optimal or nearly optimal and is indepen-
dent of both jumps of coefficients and anisotropy, are of considerable importance. Recently a
variable-step multilevel preconditioning method for self-adjoint and positive definite elliptic
problems, discretized by the finite element method, have been proposed [4]. In spite of the
fact that its rate of convergence is limited by that of the exact hierarchical two-level method
[1, 15], it is robust in the above sense and, in addition, has the advantage of being totally
free of parameters to estimate as well as robust with respect to the regularity of the elliptic
problem. However, this method has the same disadvantage as the algebraic multilevel or
multigrid methods, in the respect that to get an optimal order both of the rate of conver-
gence and of the arithmetic cost per iteration the method requires the number of nodes on
the initial (coarse) grid to be sufficiently small assuming that we solve this system by a direct
method. A similar requirement holds if we solve it by an element-by-element method. The
latter can be a great problem in their application for solving real life problems, since in order
to obtain a good approximation we must use a large number of levels. Another problem
arises when solving extremely large-scale problems, for example of the order 100M  1000M
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(10® — 10? degrees of freedom, see e.g. [13, 14]), i.e., where the full matrix data structure
cannot be located in a single memory, there is a problem of assigning or distributing data
among processors. One possible way to solve it is to keep the matrices in the element level
form, i.e., the original matrix and its preconditioner are then not based on the global stiffness
matrix.

In the present paper a simple and efficient way to overcome these difficulties is sug-
gested. By the combination of the new, generalized conjugate gradient method with a
variable-step preconditioner, and the old, element-by-element preconditioned conjugate gra-
dient (EBE/PCG) method, techniques we obtain an element-by-element version of the vari-
able-step multilevel preconditioning method, which is nearly (asymptotically) optimal and
in which both the original matrix and its preconditioner are stored as a set of elementary
finite element stiffness matrices and their preconditioners. Note that the use of the proposed
method for parallel computers is very natural since all required operations are additive and
we use the local finite element data structure only.

The outline of the paper is as follows. The differential, variational and matrix problem
formulations of an elliptic boundary value problem are given in Section 2. The description of
the generalized conjugate gradient (GCG) method with a variable-step preconditioner is pre-
sented in Section 3. The hierarchical basis function method and its properties are described
in Section 4. The algorithm of constructing the multilevel variable-step preconditioning ma-
trix M is presented in Section 5. In Section 6 the method of building the element-by-element
preconditioner is given. The element-by-element version of the multilevel variable-step pre-
conditioning method is described and analyzed in Section 7. In the final Section of the paper
experimental results on standard test problems are presented.

2 The problem formulation

Consider the elliptic boundary value problem with homogeneous boundary conditions

_ Z oz: ( ij %u(ﬂ) = f(z), x€Q, wu(zr)=g(r), xecd, (2.1)

i,j=1

where  is a polygonal domain in R? with boundary 92, where the coefficient matrix [a;;(z)]
is assumed to be uniformly symmetric positive definite for any z € €, and g(z) is a given
function. Although we assume Dirichlet boundary conditions, the results of this paper are
valid for general boundary conditions.

The Galerkin variational formulation of the boundary value problem (2.1) is as follows.
Find v e Hy(Q)={ve H(Q) : v=0o0n 9N} such that

a(u,v) = (f,v) (2.2)

for all v € Hy(f2), where the bilinear form a(u, v) and the linear functional (f,v) are defined
by

2 ou Ov
a(u,v) —h/ L;} i(z )BTZ o } s, (f,v) —Q/fde.



Let us assume that the initial (coarse) triangulation Y of the domain Q is such that
the coefficient matrix [a;;(2)] is constant in each element T; € T and can be discontinuous
across the elements.

To obtain a sufficiently accurate solution of the problem (2.2) we make a uniform re-
finement procedure to construct a sequence of nested meshes (triangulations) Yo C Ty C
...C Y1 C Y, Denote by Vi, C H'(Q) the space of continuous functions, which are linear
on each element from Yj, and denote by A®) the global stiffness matrix, corresponding to
standard piecewise linear functions in Vj, which is calculated as

A(k) - {a‘(qsz(k)ﬂ qs'gk))}iri,l‘jENka

where {qﬁgk)}miem is a set of standard Lagrangian (nodal) basis functions in V.
Thus, using the standard finite element approach we replace the variational problem
formulation by the matrix problem

AWy — §0), (2.3)

where A = A is a symmetric positive definite matrix, corresponding to the standard basis
functions on the finest mesh.

3 The GCG-VS method

Now we consider the variable-step preconditioned generalized conjugate gradient (GCG-VS)
method used for solving the system of linear equations

Az = b,

where A is a symmetric and positive definite matrix of order N and z, b € R", in the form
proposed by Axelsson and Vassilevski [3].

Let M be a mapping R™ onto R", the action of which depends on a vector v € RV and
can be represented by a symmetric positive definite matrix M, for each fixed vector v € RV.

Following [3], the GCG-VS method used here is defined as follows.

Let z(® be an initial approximation, then 7 = b — Az(® is the initial residual and
d® = M o is the corresponding initial search direction. Now, for k =1, 2, ..., the
following actions have to be performed to compute the next approximation z(*:

A A - Ak
)\21
k) _
e Compute A = : A1) ;
A
where Aij = Ay = (AdED, AdED) =1,k

e Compute v, = (rt#=D Adk=D)  ~ =0, j=2,... k

e Solve Aa = 7;



k
Compute 2k) = p(k=1) o 3 ()zsd(k’s);
=1

[ J
k
e Compute r#) = k=1 _ 5~ o Aqtk—s).
s=1
e Check the stopping criterion;
[ ] SOIVQ f(k) — Mr(k)r(k);
_ (7F), d0)) B
e Compute f; = (D, 0y’ 1=0,....k—1;
k
e Compute d® =7k — 3 5, dk—s),
s=1
where (u,v) = u"v and ||v|| = (v,v)"/2

Remark 1. As it is mentioned in [3], this formulation is quite general and can be used for an
arbitrary mapping M. In practice the preconditioner M has to be chosen such that the action of
the nonlinear operator AM is in a sense close to the identity operator.

Remark 2. As it is readily seen from the above it is necessary to store all previous search directions
d*) to be able to compute the parameters B;. In practice, however, it frequently suffices to keep
only a few (or even just one) previous search directions, for details see [3].

As proven in [3] the GCG-VS method cannot fail and converges monotonically with a rate
given by the inequality

(5 2
(RN 1@Q|Wk”mm
2

where ||v|| = (v, Av)'/? and 6, and d, are some positive constants such that

(v, AM,v) > 6,(v,v) forallve RV,

I|AM,v]| < §lv|| for all v € RV,

Unfortunately, this bound gives a certain overestimation in the case of symmetric positive
definite matrices as has been shown in [12], and hence, does not give a desired information
about the convergence behaviour.

To obtain a more accurate estimate for this case we will analyze the rate of convergence
of the GCG-VS method when oy =0, s =0,1,...,k—2,and 3; =0, j =0,...,k — 1. This
case has only theoretical interest because the GCG-VS method converges at least faster.

It is readily seen that in this case the GCG-VS method without preconditioning is identical
to the steepest descent method, the rate of convergence of which is given by

k—1
k+1

o® — a4 < T2 2D — ),



where k is the condition number of the matrix A, which is defined by

)\maa: (A)

K = COTLd(A) = )\'7(14),

where A\pqz(A) and Apin(A) are the maximal and the minimal eigenvalue of the matrix A,
respectively.

Now using the standard preconditining technique (see, for example, [2, 9]) we directly
obtain that if the preconditioning matrix M is symmetric and positive definite, then the
GCG-VS method with the fixed preconditioner cannot fail and converges monotonically
with a rate given by the inequality

12® gl < LD ik = cond(MY2AMY2).
k+1
On the other hand, by assumption we have that on each iteration of the GCG-VS method
we generate a new preconditioning matrix M, &), and hence, the GCG-VS method can be
considered as preconditioned GCG method with a sequence of preconditioning symmetric
positive definite matrices { M, }.
Thus, we obtain

Kk—l
Kr + 1

IN

2® — 2], o® |y < ...

(3.1)

k k
ki — 1 k—1
ST 10 ol < (55 ) e — sl

where
1/2 1/2
K = max k; = max cond(Mr(/i) AMT(/i) ).
1 (3

Hence, in order to obtain the rate of convergence of the GCG-VS method we have to find
)\mm and )\magr, such that

)‘min||v||2 < (Mq}ﬂAMq}ﬂU:U) < )‘mam||v||2 (3-2)

for all v € RY. Note that (3.2) is a more strong condition, then is in fact required since the
set of vectors {r¥)} generates a subspace of the whole space RV.

4 The hierarchical basis function method

In this Section the hierarchical basis function method suggested by Yserentant [15] (see also
[1]) is considered as a method for construction of block-diagonal preconditioners.

Let now Vy C Vi C ... C V; be a sequence of nested finite element spaces in H'()
defined above, and let N, be a set of nodes in V. Moreover, denote by n, the number of
nodes in Vj. Then together with the set of standard basis functions {¢£k)} introduce a set of

hierarchical basis functions {éﬁ’”} in the finite element space Vj, that is,
{é(k)}CIJIENk - {Qs(k)}mieNk\Nk,l U {qg(ki])}:riENk,1 and {QB(O)}:L‘I'ENO = {¢(0)}:Ei€N0‘
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Hence, there is a mapping J = Ji, which transforms the coefficient vector v € Vj

V= Z 7)@,@

T; €Ny

to the coefficient vector v € Vj,

v=> mBE’“)

x; €Ny
and is written as follows
o 1 J
v=Ji <+ | = E :
on I J
g 0

I

0y NN

'IA)] }N]\Ng
’IA)[] }Ng

As it has been shown in Yserentant [15] for the case of piecewise linear functions on triangular
elements, the computation of the products J¢ and J7v can be efficiently implemented, i.e.,
the number of arithmetic operations to do this is proportional to O(n;).

Thus, we can solve the equivalent system

instead of (2.3), where

Note that A = = {a(¢, O
(2.3) we make a mmple traanormatlon r=Jz.

Consider the following block partitioning of the original matrix A®

to the hierarchical decomposition of the nodes N;:
A% “ ]
AW = R
A
* A0)
and also its block-diagonal part
Al
AY) 0

DU — '

Lo Ao |

Note that by the obvious equality

and by the spectrally equivalent substitution of the matrix A
I (for the detailed proof, see [5]), blocks of the matrix D® can be computed

E=1,2,...,
using standard basis functions on all levels.

E=1,2,...

(4.1)

=J"p.

)}T“T en, and , moreover, to find the solution of system

, which corresponds

FNAN

:}N1\N0
} No

FNAN 1

:}N1\N0
}No

JZJ

) for the matrix A22 for all



Theorem 1 [15, 16]. For AD gnd ﬁ(l), defined above, there are two positive constants K,
and Ky, which are independent of the number of levels [, such that the following inequalities
for all x € R™ are valid:

K

(I + 1)2(15“)%3;) < (AW, 2) < Ky(DWa, z).

Hence, the rate of convergence of the conjugate gradient method with the block-diagonal
hierarchical basis preconditioner D® is nearly optimal, i.e., the method requires O(l) iter-
ations. Note, however, that the above remarkable result holds only in the two-dimensional
case.

5 Construction of the variable-step preconditioner

In the present Section the algorithm of construction of the variable-step preconditioner in
the form proposed by Axelsson and Vassilevski [4] is given.

Let kg > 1 and v > 1 be the given integer parameters defining the number of levels after
which we repeat the correction step and the number of inner iterations with the precondi-
tioned GCG method for each correction step, respectively.

Define the variable-step preconditioner M) [.] mapping R™++ onto itself as follows:

B 0 FNiko \ Nig—1
M(kO) = . 1)1 )
By FN1\No
0 M (0) }No
where B](? 15 a matriz which is assumed to be spectrally equivalent to /1271)
2. For s= 1,2,...,,;—0—1 and k = sk
BY;JFICO)J 0 }Nk+k0\Nk+knf1
M(k+kn)[_] _ ’ B :
Byt } N1\ N
0 MBI Ve

where M¥)[-] is also a variable-step preconditioner to A% and defined as follows:

Apply the GCG method with the variable-step preconditioner M*)[-] to the system

ARG =

>

We have
M(k)[@] =),

where %) is the vth iterate of this GCG method beginning with #(®) = 0.



Remark 3. Hence the GCG method is applied in the recursively defined variable-step precondi-
tioner after every ko steps. Moreover, this theory does not require exact solution of the system with
matrix /Al(k), k=0,1,...,L

Theorem 2 [16]. The GCG method with the variable-step preconditioner MY[] defined
above is optimal if the following inequalities for kg and v are valid:

Cky < v < 4k

for some positive constant C, independent of ky and also of possible jumps of coefficients
[aij()].

Note that v, the number of the internal GCG-type iterations depends on the inner stop-
ping criterion €. Hence, choosing v(or €) and assuming kg is sufficiently large we can derive
both an optimal rate of convergence and an optimal order of computational complexity, if
the above relation between v and kg hold.

6 The EBE/PCG method

In the present Section, preliminary considerations about the well-known element-by-element
preconditioned conjugate gradient (EBE/PCG) method, which was originally suggested in
[10] and [11], are described.

If we denote by A and A° the global and elementary (local) finite element stiffness ma-
trices, where A = Y A° and by W = diag(A) and W*° = diag(A®) their diagonal parts,
respectively, then we define the Winget regularized element matrix A¢ as follows

A =T+ W24 - weow—'/2,
This regularization ensures A€ to be a positive definite matrix, hence the Crout factorization
PeAY(P9) = L,D,U,

is well defined. Here P° is a permutation matrix whose role is to interchange rows and
columns of A so that they are consistent with the “local” nodal ordering. Define now the
element-by-element preconditioner as the LU decomposition

Neg Nei 1
B=W"xI[Lex I Dy [I Usx w2,
e=1 e=1

= e=Ng;

where
Lo = (P L,P*, DS = (P9)"' D, P, Us = (P°)"U, P,

and N, is the number of elements in the mesh. Note that the central product is simply a
diagonal matrix, which is efficient to compute once and for all. The order is reversed in the
final product to preserve symmetry.

It is well known that the rate of convergence of the EBE/PCG method is of order O(h™"),
where h is a characteristic mesh size, i.e., the same order as the unpreconditioned conjugate
gradient method [10, 11, 17]. However, the results of those papers show that the EBE
preconditioner is always better than the simpler diagonal scaling.



7 The EBE/GCG-VS method

7.1 Preliminaries and description

To formulate now the element-by-element implementation of the GCG-VS method we con-
sider the following tasks:

1. choose the stabilization levels;
2. define spectrally equivalent preconditioners to Aﬁ), k=1,2,...,1;

3. define an element-by-element method for solving a linear system of equations corre-
sponding to the initial (coarse) grid;

Usually, if we want to create an algorithm for solving real life problems, we cannot use a
large number of stabilized levels. Hence, the dimension of the linear system of equations on
the coarse grid defined from the geometry of the domain €2 is still large. In practice, we make
two or three refinements only. In this situation, as it seems to us, an optimal or at least,
close to optimal, choice from a practical point of view will be the choice where we use only
one level for stabilization: the coarse level, i.e., we will use an (internal) iterative method as
a coarse grid solver with a weaker stopping criterion compared with the stopping criterion
for the outer iteration process.

We define now a spectrally equivalent preconditioner to Aﬁ’?, which can be performed on
the element level, as follows:

Applying the conjugate gradient method with zero initial guess to solve the system

14(1’;)% =V

we obtain z.,, as an approxrimation of x1, for which the following inequality for an arbitrarily
chosen positive constant 11

~ k) k71
AW B [0)] = 1] < enloa]

holds.
As has been shown in [1] the condition number of A{*) is O(1). Hence, the number of
iterations of this method is independent of the dimension of the system ny — ny_;. Thus, the
arithmetic cost for solving the system with the matrix /Al(l’i) with the prescribed accuracy 1y

is proportional to its dimension.
Remark 4. The proposed procedure is not a good technique for strong anisotropic problems,
where we can use(instead (‘gcl)le preconditioned conjugate gradient method with a spectrally equivalent
1

preconditioner B]]f) to fl] proposed by Axelsson and Padiy [7], for which

_ 14+,/L

~ 1 A k 15
s(BY ARy < =~ 5.31

1 —4/15

holds. However, this method can not be directly implemented on the element level.



Similarly, for solving a system with the matrix A we make use of the EBE/PCG method
with zero initial guess and the following inequality should be valid for an arbitrarily chosen
positive constant g

[AOMO o] - vf| < eolfol].

As has been mentioned above the number of iterations for the coarse grid solver is propor-
tional to O(y/ng). Hence, the algebraic system with the matrix A© can be solved with the
prescribed accuracy gy with the arithmetic cost proportional to O(ngy/ng).

Now we can present a complete description of the element-by-element variable-step pre-
conditioner for the GCG-VS method.

Define the variable-step preconditioner M[] to the matrix A as follows:

B[] 0 FNANL
M= 200 = BY T :}Nl\No ’
0 ]\}[(U)H } Ny

where BY;)[-], k=1,...,1, and M©[] are defined above.

7.2 The rate of convergence

It is well known that applying v steps of the conjugate gradient method for solving a linear
system of equations we produce a matrix polynomial on the original matrix of degree v — 1,
the coefficients of which depend on the initial guess and the right-hand side of the system.
This polynomial can be represented as a symmetric positive definite matrix, if the original
matrix is symmetric and positive definite. Hence, by the definition of solvers for AS’? and
A® on each iteration we have a symmetric positive definite matrix, which depends on the
right-hand side and a zero initial approximation.

Thus, on each outer iteration of the GCG-VS method we generate a new precondition-
ing matrix M®*), and hence, the nonlinear operator M can be considered as a sequence of
symmetric positive definite matrices {M*)}.

In order to investigate the rate of convergence of the GCG-VS method we follow the
analysis given in [3] and use the formulae (3.1) and (3.2).

Let now v be an arbitrary chosen vector from R", then the action of the nonlinear operator
M]-] is fixed and can be represented by the symmetric positive definite matrix denoted by
M,, i.e., for all v € R™ we have

M|v] e M,v.
To derive the corresponding values A,,;, and A,,,. we then first consider the action of
M}2AM}/? on v in the following two-level form

Mn['] 0 1/2 Ay Ay Mn['] 0 1/2 U1
MY2AM 2y = : (7.1)

0 MQQH A9y Ay 0 MZQH U2

10



where v; € Vi = V)\V_1, v € V5 = V|4, Mj1[-] and Msyy]-] are matrix polynomials on Ay,
and Ay with the coefficients depending on v; and v, respectively and also

|A11 Mg [on] — v1]] < ée|oq||  for all v € V7,
(7.2)
| Ago Moo |va] — v1]] < egl|ve||  for all vy € Vs,

where g1, €9 are prescribed small positive numbers. Here for simplicity we omit the indexes
of the number of a level. Consider also the corresponding block-diagonal part of matrix A

A]] 0
D =
0 AQQ

which is symmetric and positive definite. Further we need the following strengthened Cauchy-
Schwarz-Bunyakowski (CBS) inequality, proved in Axelsson and Gustafsson [1]:
There is a constant v € [0,1), independent of the characteristic mesh size, such that

(7)1 ) A127)2) < 7(7)1 ) A )]/2(7)27 A227)2)]/2

for all vy € Vi and vy € V5.
Using now the strengthened CBS inequality we can prove that for all v € V,

(1 o 7)(D7)77)) < (A'Ua 7)) < (1 + 7)(D'Ua 7))7
for details, see [5], which we rewrite as follows
(1—)|v|]> < (D72AD ?p,0) < (1+79)|v|> (7.3)

Denoting by
e = max{e, s}

and taking into account the inequality (7.2) in the following form
[DM[v] — || < elo]l, (7.4)
we can now prove the next theorem.

Theorem 3. Let MY?AM!/? be defined by (7.1), with Mi,[-] and Myy[-] satisfying (7.2),
and £ be a sufficiently small positive value. Then

(1= =e)llol* < (M;2AM?v,0) < (1+7)(1 +¢)]Jo]

for allv € R".
Proof. Due to (7.4) and the triangle inequality we obtain

IDMv] — [vll| < [[DM[v] — o] <elo],

from which it follows
(T =)ol < [IDM[v]]| < (1 +¢)v].

11



Moreover, inequality (7.4) shows that
IDM[]|I* = 2(DM[v],v) + [[v]]* < €*]v]|*.

Hence
2(DM[v],v) > IDM[v]]|* + (1 — 2)||v|]?

> (1=&)?|loll* + (1 = &*)[v]? (7.5)

=2(1 - &)|jv|?
On the other hand, by the Cauchy-Bunyakowski inequality we obtain

(DM[v],v) < [IDM[]]| - o]l < (1 +e)Jv]|* (7.6)
and moreover, by the definition of M;; and My the following property
DM, = M,D
holds. Further we need the following chain of equalities
(M2AM?y,v) = (M}/?D'2D= 2 AD= V2DV )\ 20 0) =

) (D1/224D1/jw,w) (DY2 M2, D22y =
w, w

1/2 1/2
- (AD /)w’w) (M, 2D M, v, v) =
w, w

(DY2ADY?w,w) 1
N (w,w) (i(DMv + M,D)v,v) =

(D'2AD 2w, w)
= (w w) (DM'UUJU)J

from which using (7.3), (7.5) and (7.6) we obtain

(17— e)oll* < (M2AM,P0,0) < (1+7)(1+€)l|o]”

Now from (3.1) and the results of Theorem 3 we directly obtain

(k) }%Z ] ﬁ—l -1 (k—1) YHE k-
N < = Il = s I
11— E—i‘l 1+8’)/

Note that € must be less than 1 because when € = 1 we can not be sure that the method has
converged.

12



On the other hand, it is well known that the condition number of the preconditioned
matrix in the case of the two-level hierarchical basis function method [1] (see (7.3)) is the
following

from which it follows
B < ]l

Now an elementary computation shows that

Tre =,
1+ey

i.e., the hierarchical variable-step block-diagonal preconditioning method in the two-by-two
form is limited by the hierarchical two-level block-diagonal preconditioning method [1] with
respect to the rate of convergence.

Now due to the fact that the inequality (7.4) include in an explicit form the maximum over
all the diagonal blocks we can directly extend the results of Theorem 3 for the multilevel case.
Thus, the rate of convergence of the GCG-VS method is similar to the rate of convergence of
the hierarchical basis function method and depends on the maximum of the values £;; and
g9 as mentioned in (7.4) with ¢ defined by

e = max{e1, &0 }-

We now collect the convergence results in a theorem.

Theorem 4. The rate of convergence of the EBE/GCG-VS method is nearly optimal, i.e.,
independent of the number of nodes on the finest level, and depends on the number of levels
used and the mazimum of the values 11 and £9 as mentioned above.

7.3 Computational complexity

In order to investigate the whole computational complexity of the EBE/GCG-VS method
we recall that the solution of the system with the variable-step preconditioner requires the
largest computational costs. By its definition, such a solution breaks up into a set of problems
with the matrices A% on all intermediate levels and with the matrix A® on the first (coarse)
level.

Let w denote the whole computational complexity for the solution of the system with a
variable-step preconditioner and let C' denote the upper bound of the arithmetic work per
meshpoint defined by the local iterative processes with matrices flg’i) and A, Then

w<Cny—ngq)+C(ng1 —ng9)+ ...+ C(ny — ng) + Cngy/ng

= C(n; — ng) + Cngy/ng < C(ny + ngy/no).
If we now assume that ny grows with n;, for instance as

ng = nt (7.7)

13



for some £ < 1, then

w < C Ff +ny) < QCmaX{nfi,nl}, (7.8)

from which we can find the condition on the number of nodes on the last level

£ < (7.9)

3 3
under which the computational complexity is proportional to n;. Moreover, if we assume
that the number of nodes increases in a geometrical ratio with a factor p defined by

Nk41

=pp>p>1, kE=0,1,...,1—1,
ng

then n; = ng - p’ and taking (7.7) into account we rewrite the condition (7.9) as follows

1 1— 1/3
p =n £>nl/7

and hence 1
[ > glogp n. (7.10)

Thus, the optimal order of the computational complexity can be attained by increasing the
number of levels used.

Remark 6. Condition (7.10) is similar to the previous one [6].

Unfortunately, from a practical point of view we cannot considerably increase the number of
levels, and hence, the condition (7.10) can be violated, i.e.,

1
[ < 3 log, .
Thus, in this case due to the fact that

E=1—-1- (logpnl)i]

from (7.8) we obtain
w < 2Cn; T,

1 3 1 1 3 l
a:max{(],———l-(log ) }:max 0,— — = b
2 2 g 2 2 I+log,ng

where

Here, if the size of the coarse level problem is fixed, i.e., ng is fixed, then the value of « as a
function of [ tends to zero when the number of levels used increases. Hence, the arithmetic
cost per iteration step is nearly (asymptotically) optimal, i.e., proportional to O(n, ), where
« is positive and small.

We now collect the results of this subsection in a theorem.

Theorem 5. The total computational costs of the EBE/GCG-VS method per iteration step
is nearly (asymptotically) optimal and depends on the number of levels used.

14



8 Numerical results

In this Section experimental results for various test problems are presented. First we test
the above-described method on the Laplace equation

—Au=0

in the domain Q = [0, 1]? with various boundary conditions on the boundary T
Problem 1. Consider the homogeneous Dirichlet boundary conditions

u‘F: 1, where I' = 09Q.

Problem 2. Consider the Neumann boundary conditions on the boundary I' except the
origin, where we used the Dirichlet boundary condition

oo

The coefficient matrix on the finest level was computed using the standard piecewise linear
finite elements on an isosceles right triangular mesh. The right-hand side in the system of
equations was always chosen so that v = 1 is the solution. The following vector was always
taken as an initial approximation [8]

u?.:2+100sin2< il )sin2< T ) ii=1,....n
' n+1 n+1

Iterations were repeated until the condition

o~ ulla o
[0 = ull.

was satisfied.

All calculations were performed on Sun SPARCstation-10 (Sun4m, 85 MHz) in double
precision.

To illustrate the quality of the preconditioner used we shall show that the rate of con-
vergence as of the outer iteration process is independent on the number of unknowns on the
finest mesh and is slightly dependent both on the number of levels used and on the choice of
€11 and &g.

The first group of numerical experiments were performed for various combinations of the
values of £1; and g, when the number of unknowns on the finest mesh denoted by N is fixed.
The behavior both of the number of outer iterations and of the time of the whole iterative
process with respect to €17 and €y are shown in Figures 1 and 2, respectively. Here, the value
of €11 and £y are changed in a range from 107! to 107°, and the power of 10 are given along
the left axis for ¢y and along the right axis for £1;. Moreover, N = 3969 for Problem 1 and
N = 4224 for Problem 2.
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Problem 1 Problem 2

Fig. 1. The number of EBE/GCG-VS iterations vs. 17 and &y.

Problem 1 Problem 2

Fig. 2. The time of the whole iterative process vs. £1; and &.

From the presented numerical results we see that the number of outer iterations depends
only slightly on the values of €;; and ¢;. However, there is a strong dependence of the
computing time on the values of €;; and £¢, i.e., the computing time of the whole iterative
process increases when the values of 17 and ¢ are decreased. Hence, in practice, the optimal
choice of the iterative parameters seems to be ;1 = g9 = 107! or close to these values. Note
that in all above experiments we used only two levels: the last as a finest level and the
previous one as a coarse level.

The second group of numerical experiments were performed for various problem sizes
and for different values of the number of level used, when £1; and ey are optimal in above
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mentioned sense and are fixed. The number of iterations and the time of the whole iterative
process for various values of [ with respect to the number of unknowns on the finest mesh
are given in Figures 3 and 4, respectively.

Problem Problem
40 T T T T T T T T 50 T T T T T T T T
=1 — 5 =1 —
L =2 - | =2 -o-- 1
® 3 - =3
40 1
[4) 30 F B [4)
§ § 3 ;
I I
g Bri ] g W :
: | ;|
3 of 1 ER 4
s [ S
5 15 ; g 2 .
a r a
: s B 1
z 0t i z
10 1
5F . ; |
0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2000 4000 6000 8000 10000 12000 14000 16000 2000 4000 6000 8000 10000 12000 14000 16000
Number of unknowns on the finest mesh Number of unknowns on the finest mesh
Fig. 3. The number of outer iterations for different values of the number of levels used.
Problem Problem 2
250 T T T T T T T T T T T T T T T T
=3 — =3 —
2 - 50 2 ]
0 L o " 1o,
¢ 20F 1 ¢ .
8 8
a e 40 |
H % g
g 150t o 3
b L 300 1
o o
o] o]
L L
3 100 ] 3
;o =
5 5 -
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E 50} 1 £
£ / £ 10 _ .
z /;> . =
C/'/I’ 1 1 1 1 1 1 1 0 ’/I 1 1 1 1 1 1 1

2000 4000 6000 8000 10000 12000 14000 16000
Number of unknowns on the finest mesh

2000 4000 6000 8000 10000 12000 14000 16000
Number of unknowns on the finest mesh

Fig. 4. The time of the whole iterative process with respect to the number of unknowns
on the finest mesh for Problem 1 and 2.

Based on the presented numerical results we can see that the EBE/GCG-VS method has
an nearly optimal rate of convergence, i.e., the number of iterations does not depend on the
number of nodes and does only slightly depend on the number of level used; see Figure 3. As
it is readily seen from Figure 4 the computing time of the whole iterative process essentially
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depends on the number of level used. For example, in a case of [ = 1 the computing time
of the whole iterative process grows faster than a linear function, i.e., the computational
costs per iteration step increases faster than the number of unknowns on the finest mesh.
On the other hand, in if [ = 2 or [ = 3 the computing time of the whole iterative process
grows almost linearly. However, this difference in a behaviour is of no surprise, since in the
case [ = 1 the arithmetic cost per outer iteration is not optimal, inasmuch as the optimal
condition on the number of levels used is not satisfied. Indeed in this case we must satisfy

1 1
1=10> glogpnl = glog4n;,

from which follows that the computational costs per outer iteration are optimal if and only
if n; < 43 = 64 holds. For the other cases we have

1
2 > g1og4 ny = ny < 4% = 4096,

1
3> 3 log, n; = n; < 4° = 262144.

Moreover, the results of the Table show that the number of iterations for the coarse mesh
solver depends on the number of nodes as  O(/ng). Indeed in these tests we have ny =
ni—1 ~ ny /4. Hence, p = 4. At the same time the number of EBE/PCG iterations grows
with factor 2.

Table. The average number of EBE/PCG iterations for the coarse mesh solver per one inner iteration

with respect to the number of unknowns on the coarse mesh for Problems 1 and 2 (I = 1).

Number of Number of
unknowns 9 49 225 961 unknowns 24 80 288 1088
Problem 1 | 2.80 | 4.89 | 7.53 | 14.39 || Problem 2 | 6.59 | 12.64 | 23.85 | 45.06

Finally, we emphasize that the results of the numerical experiments are in a good agree-
ment with the theoretical results.

Now to illustrate the efficiency of the techniques used and to compare the method pre-
sented here with the earlier ones the experiments with the GCG, EBE/GCG and HB-GCG
methods were performed. Here GCG denotes the unpreconditioned generalized conjugate
gradient method applied to the standard (nodal) finite element system (2.3), EBE/GCG de-
notes element-by-element preconditioned generalized conjugate gradient method applied to
the same system (2.3), HB-GCG denotes the GCG method applied to the hierarchical basis
function system (4.1) and EBE/GCG-VS denotes the method used with £, = g5 = 10~
and [ = 1. The time of the whole iterative process for GCG, EBE/GCG, HB-GCG and
EBE/GCG-VS methods for Problems 1 and 2 are given in Figure 5.

It can be seen from Figure 5 that the EBE/GCG-VS method with optimal values of
iterative parameters £1; and £, performs more efficient than the other ones even in a case of
only two levels used (I = 1).
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Problem 1 Problem 2
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Fig. 5. The time of the whole iterative process with respect to the number of unknowns
on the finest mesh for Problem 1 and 2.
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Fig. 6. The time of the whole iterative process with respect to the number of unknowns
on the finest mesh for Problem 3 and 4.

The final experiments are made for the elliptic boundary value problem with discontinuous
coefficients
—VaVu =0,
where
100, in (3/8,5/8) x (3/8,5/8)
1 otherwise.

b

in the domain Q = [0, 1]* with various boundary conditions on the boundary T.
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Problem 3. Consider the homogeneous Dirichlet boundary conditions
u‘rz 1, where I' = 09

Problem 4. Consider the Neumann boundary conditions on the boundary I' except the
origin, where we used the Dirichlet boundary condition
u‘ =1.
(0,0)

From Figure 6 it can be seen that the time of the whole iterative process for the EBE/GCG-
VS method with optimal values of iterative parameters 17 and gy grows linearly with the
number of nodes on the finest level.

Hence, the EBE/GCG-VS method has all the advantages of both the variable-step mul-
tilevel preconditioning methods and the element-by-element technique, i.e., the proposed
method is an ef ficient ”black box” solver with a minimal requirement of amount of mem-
ory. In addition, it has an optimal order of computational complexity.

Acknowledgments

This research was done during a visit of the second author to the University of Nijmegen.
He is grateful to Professor Owe Axelsson, who made the visit possible, and to all of the staff
at the Department of Mathematics for their hospitality.

References

[1] O. Axelsson, 1. Gustafsson, Preconditioning and two level multigrid methods of arbitrary
degree of approzimation, Math.Comp., 40 (1983), pp. 219 242.

[2] O. Axelsson, V.A. Barker, Finite Element Solution of Boundary Value Problems: Theory
and Computation, Academic Press, Inc, 1984.

[3] O. Axelsson, P. Vassilevski, A black box generalized conjugate gradient solver with inner
iterations and variable—step preconditioning, STAM J.Matrix Anal. Appl., 12 (1991),
pp. 625-644.

[4] O. Axelsson, P. Vassilevski, Variable—step multilevel preconditioning methods, I: Self-
adjoint and positive definite elliptic problems, Numer. Lin. Alg. Appl., 1 (1994), pp. 75
101.

(5] O. Axelsson, Iterative Solution Methods, Cambridge University Press, New York, 1994.

(6] O. Axelsson, M. Neytcheva, Scalable Algorithms for the solution of Navier’s Equations
of Elasticity, J. Comput. Appl. Math., 63 (1995), 149 178.

(7] O. Axelsson, A. Padiy, On the additive version of the algebraic multilevel iteration
method for anisotropic elliptic problems, STAM J. Sci. Comput., 20 (1999), pp. 1807-
1830.

20



8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

V.P. II'in,Iterative Incomplete Factorization Methods, World Scientific Publishing Co.,
Singapore, 1992.

D.K. Fadeev, V.N. Fadeeva, Computational Methods of Linear Algebra, Freeman, San
Francisco, 1963.

T.J.R. Hughes, 1. Levit, J.M. Winget, An element-by-element solution algorithm for
problems of structural and solid mechanics, Comput. Meths. Appl. Mech. Engrg, 36
(1983), pp. 241-254.

T.J.R. Hughes, J.M. Winget, Solution algorithms for nonlinear transient heat conduction
analysis employing element-by-element iterative strategies, Comput. Meths. Appl. Mech.
Engrg., 52 (1985), pp. 711-815.

Y. Notay, Flezxible conjugate gradient, STAM J. Sci. Comp., 22 (2000), pp. 1444-1460.

B. van Rietbergen, Mechanical behavior and adaptation of trabecular bone in relation to
bone morphology, PhD. thesis, University of Nijmegen, The Netherlands, 1996.

B. van Rietbergen, H. Weinans, R. Huiskes, B.J.W. Polman, Computational strategies
for iterative solution of large FEM applications employing voxel data, Int. J. Numer.
Meth. Engrg., 39 (1996), pp. 2743-2767.

H. Yserentant, On the Multilevel Splitting of Finite Element Spaces, Numer. Math., 49
(1986), pp. 379 412.

P. Vassilevski, Hybrid V-cycle Algebraic Multilevel Preconditioners, Math. Comput., 58
(1992), pp. 489 512.

A.J. Wathen, An analysis of some element-by-element technigques, Comput. Methods
Appl. Mech. Engrg., 74 (1989), pp. 271 287.

21



