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Abstra
tIn this paper an element-by-element implementation of the re
ently proposed variable-step multilevel pre
onditioning method for solving se
ond{order ellipti
 boundary valueproblems is studied. A spe
ial te
hnique based on the internal properties of the pre-
onditioning are used for analysis of the rate of 
onvergen
e. Performan
e results onstandard test problems are presented and dis
ussed.Keywords: variable-step pre
onditioners, element-by-element pre
onditioners, generalized
onjugate gradient method.1 Introdu
tionToday, robust and eÆ
ient parallel algorithms for solving the linear system of equationsresulting from large-s
ale problems of engineering, natural s
ien
es, 
omputer s
ien
e, math-emati
s and medi
ine, whose rate of 
onvergen
e is optimal or nearly optimal and is indepen-dent of both jumps of 
oeÆ
ients and anisotropy, are of 
onsiderable importan
e. Re
ently avariable-step multilevel pre
onditioning method for self-adjoint and positive de�nite ellipti
problems, dis
retized by the �nite element method, have been proposed [4℄. In spite of thefa
t that its rate of 
onvergen
e is limited by that of the exa
t hierar
hi
al two-level method[1, 15℄, it is robust in the above sense and, in addition, has the advantage of being totallyfree of parameters to estimate as well as robust with respe
t to the regularity of the ellipti
problem. However, this method has the same disadvantage as the algebrai
 multilevel ormultigrid methods, in the respe
t that to get an optimal order both of the rate of 
onver-gen
e and of the arithmeti
 
ost per iteration the method requires the number of nodes onthe initial (
oarse) grid to be suÆ
iently small assuming that we solve this system by a dire
tmethod. A similar requirement holds if we solve it by an element-by-element method. Thelatter 
an be a great problem in their appli
ation for solving real life problems, sin
e in orderto obtain a good approximation we must use a large number of levels. Another problemarises when solving extremely large-s
ale problems, for example of the order 100M { 1000M�Fa
ulty of Mathemati
s and Informati
s, University of Nijmegen, Toernooiveld 1, 6525 ED Nijmegen,The Netherlands, E-mail: axelsson�s
i.kun.nl.yLehrstuhl f�ur Numeris
he Mathematik, RWTH Aa
hen, Templergraben 55, D-52056 Aa
hen, Germany.E-mail: larin�igpm.rwth-aa
hen.de . 1



(108 � 109 degrees of freedom, see e.g. [13, 14℄), i.e., where the full matrix data stru
ture
annot be lo
ated in a single memory, there is a problem of assigning or distributing dataamong pro
essors. One possible way to solve it is to keep the matri
es in the element levelform, i.e., the original matrix and its pre
onditioner are then not based on the global sti�nessmatrix.In the present paper a simple and eÆ
ient way to over
ome these diÆ
ulties is sug-gested. By the 
ombination of the new, generalized 
onjugate gradient method with avariable-step pre
onditioner, and the old, element-by-element pre
onditioned 
onjugate gra-dient (EBE/PCG) method, te
hniques we obtain an element-by-element version of the vari-able-step multilevel pre
onditioning method, whi
h is nearly (asymptoti
ally) optimal andin whi
h both the original matrix and its pre
onditioner are stored as a set of elementary�nite element sti�ness matri
es and their pre
onditioners. Note that the use of the proposedmethod for parallel 
omputers is very natural sin
e all required operations are additive andwe use the lo
al �nite element data stru
ture only.The outline of the paper is as follows. The di�erential, variational and matrix problemformulations of an ellipti
 boundary value problem are given in Se
tion 2. The des
ription ofthe generalized 
onjugate gradient (GCG) method with a variable-step pre
onditioner is pre-sented in Se
tion 3. The hierar
hi
al basis fun
tion method and its properties are des
ribedin Se
tion 4. The algorithm of 
onstru
ting the multilevel variable-step pre
onditioning ma-trixM is presented in Se
tion 5. In Se
tion 6 the method of building the element-by-elementpre
onditioner is given. The element-by-element version of the multilevel variable-step pre-
onditioning method is des
ribed and analyzed in Se
tion 7. In the �nal Se
tion of the paperexperimental results on standard test problems are presented.2 The problem formulationConsider the ellipti
 boundary value problem with homogeneous boundary 
onditions� 2Xi;j=1 ��xi  aij(x) ��xj u(x)! = f(x); x 2 
; u(x) = g(x); x 2 �
; (2:1)where 
 is a polygonal domain in R2 with boundary �
, where the 
oeÆ
ient matrix [aij(x)℄is assumed to be uniformly symmetri
 positive de�nite for any x 2 
, and g(x) is a givenfun
tion. Although we assume Diri
hlet boundary 
onditions, the results of this paper arevalid for general boundary 
onditions.The Galerkin variational formulation of the boundary value problem (2.1) is as follows.Find u 2 H10 (
) = fv 2 H1(
) : v = 0 on �
g su
h thata(u; v) = (f; v) (2:2)for all v 2 H10 (
), where the bilinear form a(u; v) and the linear fun
tional (f; v) are de�nedby a(u; v) = Z
 24 2Xi;j=1 aij(x) �u�xi �v�xj 35 d
; (f; v) = Z
 fv d
:2



Let us assume that the initial (
oarse) triangulation �0 of the domain 
 is su
h thatthe 
oeÆ
ient matrix [aij(x)℄ is 
onstant in ea
h element Ti 2 �0 and 
an be dis
ontinuousa
ross the elements.To obtain a suÆ
iently a

urate solution of the problem (2.2) we make a uniform re-�nement pro
edure to 
onstru
t a sequen
e of nested meshes (triangulations) �0 � �1 �: : : � �l�1 � �l. Denote by Vk � H1(
) the spa
e of 
ontinuous fun
tions, whi
h are linearon ea
h element from �k, and denote by A(k) the global sti�ness matrix, 
orresponding tostandard pie
ewise linear fun
tions in Vk, whi
h is 
al
ulated asA(k) = fa(�(k)i ; �(k)j )gxi;xj2Nk ;where f�(k)i gxi2Nk is a set of standard Lagrangian (nodal) basis fun
tions in Vk.Thus, using the standard �nite element approa
h we repla
e the variational problemformulation by the matrix problem A(l)u(l) = f (l); (2:3)where A = A(l) is a symmetri
 positive de�nite matrix, 
orresponding to the standard basisfun
tions on the �nest mesh.3 The GCG-VS methodNow we 
onsider the variable-step pre
onditioned generalized 
onjugate gradient (GCG-VS)method used for solving the system of linear equationsAx = b;where A is a symmetri
 and positive de�nite matrix of order N and x; b 2 RN , in the formproposed by Axelsson and Vassilevski [3℄.Let M be a mapping RN onto RN , the a
tion of whi
h depends on a ve
tor v 2 RN and
an be represented by a symmetri
 positive de�nite matrix Mv for ea
h �xed ve
tor v 2 RN .Following [3℄, the GCG-VS method used here is de�ned as follows.Let x(0) be an initial approximation, then r(0) = b � Ax(0) is the initial residual andd(0) = Mr(0)r(0) is the 
orresponding initial sear
h dire
tion. Now, for k = 1; 2; : : : ; thefollowing a
tions have to be performed to 
ompute the next approximation x(k):� Compute �(k) = 26664 �11 �12 : : : �1k�21... �(k�1)�k1 37775 ;where �1j = �j1 = (Ad(k�1); Ad(k�j)); j = 1; : : : ; k;� Compute 
1 = (r(k�1); Ad(k�1)); 
j = 0; j = 2; : : : ; k;� Solve �� = 
; 3



� Compute x(k) = x(k�1) + kPs=1�sd(k�s);� Compute r(k) = r(k�1) � kPs=1�sAd(k�s);� Che
k the stopping 
riterion;� Solve ~r(k) = Mr(k)r(k);� Compute �j = (~r(k); d(j))(d(j); d(j)) ; j = 0; : : : ; k � 1;� Compute d(k) = ~r(k) � kPs=1�k�sd(k�s);where (u; v) = uTv and jjvjj = (v; v)1=2.Remark 1. As it is mentioned in [3℄, this formulation is quite general and 
an be used for anarbitrary mapping M . In pra
ti
e the pre
onditioner M has to be 
hosen su
h that the a
tion ofthe nonlinear operator AM is in a sense 
lose to the identity operator.Remark 2. As it is readily seen from the above it is ne
essary to store all previous sear
h dire
tionsd(k) to be able to 
ompute the parameters �j . In pra
ti
e, however, it frequently suÆ
es to keeponly a few (or even just one) previous sear
h dire
tions, for details see [3℄.As proven in [3℄ the GCG-VS method 
annot fail and 
onverges monotoni
ally with a rategiven by the inequality jjx(k) � xjjA � vuut1�  Æ1Æ2!2jjx(k�1) � xjjA;where jjvjj = (v; Av)1=2 and Æ1 and Æ2 are some positive 
onstants su
h that(v; AMvv) � Æ1(v; v) for all v 2 RN ;kAMvvk � Æ2kvk for all v 2 RN :Unfortunately, this bound gives a 
ertain overestimation in the 
ase of symmetri
 positivede�nite matri
es as has been shown in [12℄, and hen
e, does not give a desired informationabout the 
onvergen
e behaviour.To obtain a more a

urate estimate for this 
ase we will analyze the rate of 
onvergen
eof the GCG-VS method when �s = 0; s = 0; 1; : : : ; k� 2, and �j = 0; j = 0; : : : ; k� 1. This
ase has only theoreti
al interest be
ause the GCG-VS method 
onverges at least faster.It is readily seen that in this 
ase the GCG-VSmethod without pre
onditioning is identi
alto the steepest des
ent method, the rate of 
onvergen
e of whi
h is given byjjx(k) � xjjA � �� 1�+ 1 jjx(k�1) � xjjA;4



where � is the 
ondition number of the matrix A, whi
h is de�ned by� = 
ond(A) = �max(A)�min(A) ;where �max(A) and �min(A) are the maximal and the minimal eigenvalue of the matrix A,respe
tively.Now using the standard pre
onditining te
hnique (see, for example, [2, 9℄) we dire
tlyobtain that if the pre
onditioning matrix M is symmetri
 and positive de�nite, then theGCG-VS method with the fixed pre
onditioner 
annot fail and 
onverges monotoni
allywith a rate given by the inequalityjjx(k) � xjjA � �� 1�+ 1 jjx(k�1) � xjjA; � = 
ond(M1=2AM1=2):On the other hand, by assumption we have that on ea
h iteration of the GCG-VS methodwe generate a new pre
onditioning matrix Mr(k), and hen
e, the GCG-VS method 
an be
onsidered as pre
onditioned GCG method with a sequen
e of pre
onditioning symmetri
positive de�nite matri
es fMr(k)g.Thus, we obtainjjx(k) � xjjA � �k � 1�k + 1 jjx(k�1) � xjjA � : : :� kYi=1 �i � 1�i + 1 jjx(0) � xjjA � ��� 1�+ 1 �k jjx(0) � xjjA; (3:1)where � = maxi �i = maxi 
ond(M1=2r(i)AM1=2r(i) ):Hen
e, in order to obtain the rate of 
onvergen
e of the GCG-VS method we have to �nd�min and �max su
h that �minkvk2 � (M1=2v AM1=2v v; v) � �maxkvk2 (3:2)for all v 2 RN . Note that (3.2) is a more strong 
ondition, then is in fa
t required sin
e theset of ve
tors fr(k)g generates a subspa
e of the whole spa
e RN .4 The hierar
hi
al basis fun
tion methodIn this Se
tion the hierar
hi
al basis fun
tion method suggested by Yserentant [15℄ (see also[1℄) is 
onsidered as a method for 
onstru
tion of blo
k-diagonal pre
onditioners.Let now V0 � V1 � : : : � Vl be a sequen
e of nested �nite element spa
es in H1(
)de�ned above, and let Nk be a set of nodes in Vk. Moreover, denote by nk the number ofnodes in Vk. Then together with the set of standard basis fun
tions f�(k)i g introdu
e a set ofhierar
hi
al basis fun
tions f�̂(k)i g in the �nite element spa
e Vk, that is,f�̂(k)gxi2Nk = f�(k)gxi2NknNk�1 [ f�̂(k�1)gxi2Nk�1 and f�̂(0)gxi2N0 = f�(0)gxi2N0 :5



Hen
e, there is a mapping J = Jk, whi
h transforms the 
oeÆ
ient ve
tor v 2 Vkv = Xxi2Nk vi�(k)ito the 
oeÆ
ient ve
tor v̂ 2 Vk v = Xxi2Nk v̂i�̂(k)iand is written as followsv = Jv̂ () 26664 vl...v1v0 37775 = 26664 I Jl. . . ...I J10 I 37775 26664 v̂l...̂v1v̂0 37775 gNlnNl�1...gN1nN0gN0 :As it has been shown in Yserentant [15℄ for the 
ase of pie
ewise linear fun
tions on triangularelements, the 
omputation of the produ
ts Jv̂ and JTv 
an be eÆ
iently implemented, i.e.,the number of arithmeti
 operations to do this is proportional to O(nl).Thus, we 
an solve the equivalent system̂Ax̂ = b̂ (4:1)instead of (2.3), where Â = JTAJ; x̂ = J�1x; b̂ = JT b:Note that Â = Â(l) = fa(�̂(l)i ; �̂(l)j )gxi;xj2Nl and , moreover, to �nd the solution of system(2.3) we make a simple transformation x = Jx̂.Consider the following blo
k partitioning of the original matrix Â(l), whi
h 
orrespondsto the hierar
hi
al de
omposition of the nodes Nl:Â(l) = 266664 Â(l)11 �. . . Â(1)11� Â(0) 377775 gNlnNl�1...gN1nN0gN0and also its blo
k-diagonal partD̂(l) = 266664 Â(l)11 0. . . Â(1)110 Â(0) 377775 gNlnNl�1...gN1nN0gN0 :Note that by the obvious equalitŷA(k)11 = A(k)11 ; k = 1; 2; : : : ; l;and by the spe
trally equivalent substitution of the matrix A(k�1) for the matrix Â(k)22 for allk = 1; 2; : : : ; l (for the detailed proof, see [5℄), blo
ks of the matrix D̂(l) 
an be 
omputedusing standard basis fun
tions on all levels. 6



Theorem 1 [15, 16℄. For Â(l) and D̂(l), de�ned above, there are two positive 
onstants K1and K2, whi
h are independent of the number of levels l, su
h that the following inequalitiesfor all x 2 Rnl are valid: K1(l + 1)2 (D̂(l)x; x) � (Â(l)x; x) � K2(D̂(l)x; x):Hen
e, the rate of 
onvergen
e of the 
onjugate gradient method with the blo
k-diagonalhierar
hi
al basis pre
onditioner D̂(l) is nearly optimal, i.e., the method requires O(l) iter-ations. Note, however, that the above remarkable result holds only in the two-dimensional
ase.5 Constru
tion of the variable-step pre
onditionerIn the present Se
tion the algorithm of 
onstru
tion of the variable-step pre
onditioner inthe form proposed by Axelsson and Vassilevski [4℄ is given.Let k0 � 1 and � � 1 be the given integer parameters de�ning the number of levels afterwhi
h we repeat the 
orre
tion step and the number of inner iterations with the pre
ondi-tioned GCG method for ea
h 
orre
tion step, respe
tively.De�ne the variable-step pre
onditioner M (k+k0)[�℄ mapping Rnk+k0 onto itself as follows:1. M (0) = A(0)�1 andM (k0) = 266664B(k0)�111 0. . . B(1)�1110 M (0) 377775 gNk0nNk0�1...gN1nN0gN0 ;where B(i)11 is a matrix whi
h is assumed to be spe
trally equivalent to Â(i)11 .2. For s = 1; 2; : : : ; lk0 � 1 and k = sk0M (k+k0)[�℄ = 266664B(k+k0)�111 0. . . B(k+1)�1110 ~M (k)� [�℄ 377775 gNk+k0nNk+k0�1...gNk+1nNkgNk ;where ~M (k)� [�℄ is also a variable-step pre
onditioner to Â(k) and de�ned as follows:Apply the GCG method with the variable-step pre
onditioner M (k)[�℄ to the systemÂ(k)x̂ = v̂:We have ~M (k)� [v̂℄ = x̂(�);where x̂(�) is the �th iterate of this GCG method beginning with x̂(0) = 0.7



Remark 3. Hen
e the GCG method is applied in the re
ursively de�ned variable-step pre
ondi-tioner after every k0 steps. Moreover, this theory does not require exa
t solution of the system withmatrix Â(k), k = 0; 1; : : : ; l.Theorem 2 [16℄. The GCG method with the variable-step pre
onditioner M (l)[�℄ de�nedabove is optimal if the following inequalities for k0 and � are valid:Ck40 � � < 4k0for some positive 
onstant C, independent of k0 and also of possible jumps of 
oeÆ
ients[aij(x)℄.Note that �, the number of the internal GCG-type iterations depends on the inner stop-ping 
riterion ". Hen
e, 
hoosing �(or ") and assuming k0 is suÆ
iently large we 
an deriveboth an optimal rate of 
onvergen
e and an optimal order of 
omputational 
omplexity, ifthe above relation between � and k0 hold.6 The EBE/PCG methodIn the present Se
tion, preliminary 
onsiderations about the well-known element-by-elementpre
onditioned 
onjugate gradient (EBE/PCG) method, whi
h was originally suggested in[10℄ and [11℄, are des
ribed.If we denote by A and Ae the global and elementary (lo
al) �nite element sti�ness ma-tri
es, where A = PAe, and by W = diag(A) and W e = diag(Ae) their diagonal parts,respe
tively, then we de�ne the Winget regularized element matrix �Ae as follows�Ae = I +W�1=2(Ae �W e)W�1=2:This regularization ensures �Ae to be a positive de�nite matrix, hen
e the Crout fa
torizationP e �Ae(P e)T = LpDpUpis well de�ned. Here P e is a permutation matrix whose role is to inter
hange rows and
olumns of �Ae so that they are 
onsistent with the \lo
al" nodal ordering. De�ne now theelement-by-element pre
onditioner as the LU de
ompositionB = W 1=2 � NelYe=1Lep � NelYe=1Dep � 1Ye=Nel U ep �W 1=2;where Lep = (P e)TLpP e; Dep = (P e)TDpP e; U ep = (P e)TUpP e;and Nel is the number of elements in the mesh. Note that the 
entral produ
t is simply adiagonal matrix, whi
h is eÆ
ient to 
ompute on
e and for all. The order is reversed in the�nal produ
t to preserve symmetry.It is well known that the rate of 
onvergen
e of the EBE/PCG method is of order O(h�1),where h is a 
hara
teristi
 mesh size, i.e., the same order as the unpre
onditioned 
onjugategradient method [10, 11, 17℄. However, the results of those papers show that the EBEpre
onditioner is always better than the simpler diagonal s
aling.8



7 The EBE/GCG-VS method7.1 Preliminaries and des
riptionTo formulate now the element-by-element implementation of the GCG-VS method we 
on-sider the following tasks:1. 
hoose the stabilization levels;2. de�ne spe
trally equivalent pre
onditioners to Â(k)11 ; k = 1; 2; : : : ; l;3. de�ne an element-by-element method for solving a linear system of equations 
orre-sponding to the initial (
oarse) grid;Usually, if we want to 
reate an algorithm for solving real life problems, we 
annot use alarge number of stabilized levels. Hen
e, the dimension of the linear system of equations onthe 
oarse grid de�ned from the geometry of the domain 
 is still large. In pra
ti
e, we maketwo or three re�nements only. In this situation, as it seems to us, an optimal or at least,
lose to optimal, 
hoi
e from a pra
ti
al point of view will be the 
hoi
e where we use onlyone level for stabilization: the 
oarse level, i.e., we will use an (internal) iterative method asa 
oarse grid solver with a weaker stopping 
riterion 
ompared with the stopping 
riterionfor the outer iteration pro
ess.We de�ne now a spe
trally equivalent pre
onditioner to Â(k)11 , whi
h 
an be performed onthe element level, as follows:Applying the 
onjugate gradient method with zero initial guess to solve the systemÂ(k)11 x1 = v1we obtain x"11 as an approximation of x1, for whi
h the following inequality for an arbitrarily
hosen positive 
onstant "11 jjÂ(k)11 B(k)�111 [v1℄� v1jj � "11jjv1jjholds.As has been shown in [1℄ the 
ondition number of Â(k)11 is O(1). Hen
e, the number ofiterations of this method is independent of the dimension of the system nk�nk�1. Thus, thearithmeti
 
ost for solving the system with the matrix Â(k)11 with the pres
ribed a

ura
y "11is proportional to its dimension.Remark 4. The proposed pro
edure is not a good te
hnique for strong anisotropi
 problems,where we 
an use instead the pre
onditioned 
onjugate gradient method with a spe
trally equivalentpre
onditioner B̂(k)11 to Â(k)11 proposed by Axelsson and Padiy [7℄, for whi
h�(B̂(k)�111 Â(k)11 ) � 1 +q 7151�q 715 � 5:31holds. However, this method 
an not be dire
tly implemented on the element level.9



Similarly, for solving a system with the matrix Â(0) we make use of the EBE/PCG methodwith zero initial guess and the following inequality should be valid for an arbitrarily 
hosenpositive 
onstant "0 jjÂ(0) ~M (0)[v℄� vjj � "0jjvjj:As has been mentioned above the number of iterations for the 
oarse grid solver is propor-tional to O(pn0). Hen
e, the algebrai
 system with the matrix Â(0) 
an be solved with thepres
ribed a

ura
y "0 with the arithmeti
 
ost proportional to O(n0pn0).Now we 
an present a 
omplete des
ription of the element-by-element variable-step pre-
onditioner for the GCG-VS method.De�ne the variable-step pre
onditioner M [�℄ to the matrix Â as follows:M [�℄ =M (l)[�℄ = 266664B(l)�111 [�℄ 0. . . B(1)�111 [�℄0 ~M (0)[�℄377775 gNlnNl�1...gN1nN0gN0 ;where B(k)11 [�℄, k = 1; :::; l; and ~M (0)[�℄ are de�ned above.7.2 The rate of 
onvergen
eIt is well known that applying � steps of the 
onjugate gradient method for solving a linearsystem of equations we produ
e a matrix polynomial on the original matrix of degree � � 1,the 
oeÆ
ients of whi
h depend on the initial guess and the right-hand side of the system.This polynomial 
an be represented as a symmetri
 positive de�nite matrix, if the originalmatrix is symmetri
 and positive de�nite. Hen
e, by the de�nition of solvers for Â(k)11 andÂ(0) on ea
h iteration we have a symmetri
 positive de�nite matrix, whi
h depends on theright-hand side and a zero initial approximation.Thus, on ea
h outer iteration of the GCG-VS method we generate a new pre
ondition-ing matrix M (k), and hen
e, the nonlinear operator M 
an be 
onsidered as a sequen
e ofsymmetri
 positive de�nite matri
es fM (k)g.In order to investigate the rate of 
onvergen
e of the GCG-VS method we follow theanalysis given in [3℄ and use the formulae (3.1) and (3.2).Let now v be an arbitrary 
hosen ve
tor from Rn, then the a
tion of the nonlinear operatorM [�℄ is �xed and 
an be represented by the symmetri
 positive de�nite matrix denoted byMv, i.e., for all v 2 Rn we have M [v℄ def� Mvv:To derive the 
orresponding values �min and �max we then �rst 
onsider the a
tion ofM1=2v AM1=2v on v in the following two-level formM1=2v AM1=2v v = 264M11[�℄ 00 M22[�℄3751=2 264A11 A12A21 A22 375 264M11[�℄ 00 M22[�℄ 3751=2 264 v1v2 375 ; (7:1)
10



where v1 2 V1 = VlnVl�1; v2 2 V2 = Vl�1, M11[�℄ and M22[�℄ are matrix polynomials on A11and A22 with the 
oeÆ
ients depending on v1 and v2 respe
tively and alsokA11M11[v1℄� v1k � "1kv1k for all v1 2 V1;kA22M22[v2℄� v1k � "2kv2k for all v2 2 V2; (7:2)where "1, "2 are pres
ribed small positive numbers. Here for simpli
ity we omit the indexesof the number of a level. Consider also the 
orresponding blo
k-diagonal part of matrix AD = 264A11 00 A22 375 ;whi
h is symmetri
 and positive de�nite. Further we need the following strengthened Cau
hy-S
hwarz-Bunyakowski (CBS) inequality, proved in Axelsson and Gustafsson [1℄:There is a 
onstant 
 2 [0; 1), independent of the 
hara
teristi
 mesh size, su
h that(v1; A12v2) � 
(v1; A11v1)1=2(v2; A22v2)1=2for all v1 2 V1 and v2 2 V2.Using now the strengthened CBS inequality we 
an prove that for all v 2 V ,(1� 
)(Dv; v) � (Av; v) � (1 + 
)(Dv; v);for details, see [5℄, whi
h we rewrite as follows(1� 
)kvk2 � (D�1=2AD�1=2v; v) � (1 + 
)kvk2: (7:3)Denoting by " = maxf"1; "2gand taking into a

ount the inequality (7.2) in the following formkDM [v℄� vk � "kvk; (7:4)we 
an now prove the next theorem.Theorem 3. Let M1=2v AM1=2v be de�ned by (7.1), with M11[�℄ and M22[�℄ satisfying (7.2),and " be a suÆ
iently small positive value. Then(1� 
)(1� ")kvk2 � (M1=2v AM1=2v v; v) � (1 + 
)(1 + ")kvk2for all v 2 Rn.Proof. Due to (7.4) and the triangle inequality we obtainjkDM [v℄� kvkj � kDM [v℄� vk � "kvk;from whi
h it follows (1� ")kvk � kDM [v℄k � (1 + ")kvk:11



Moreover, inequality (7.4) shows thatkDM [v℄k2 � 2(DM [v℄; v) + kvk2 � "2kvk2:Hen
e 2(DM [v℄; v) � kDM [v℄k2 + (1� "2)kvk2� (1� ")2kvk2 + (1� "2)kvk2= 2(1� ")kvk2: (7:5)On the other hand, by the Cau
hy-Bunyakowski inequality we obtain(DM [v℄; v) � kDM [v℄k � kvk � (1 + ")kvk2: (7:6)and moreover, by the de�nition of M11 and M22 the following propertyDMv = MvDholds. Further we need the following 
hain of equalities(M1=2v AM1=2v v; v) = (M1=2v D1=2D�1=2AD�1=2D1=2M1=2v v; v) == (D1=2AD1=2w;w)(w;w) (D1=2M1=2v v;D1=2M1=2v v) == (D1=2AD1=2w;w)(w;w) (M1=2v DM1=2v v; v) == (D1=2AD1=2w;w)(w;w) (12(DMv +MvD)v; v) == (D1=2AD1=2w;w)(w;w) (DMvv; v);from whi
h using (7.3), (7.5) and (7.6) we obtain(1� 
)(1� ")kvk2 � (M1=2v AM1=2v v; v) � (1 + 
)(1 + ")kvk2:Now from (3.1) and the results of Theorem 3 we dire
tly obtainkr(k)k � 1+"1�" � 1+
1�
 � 11+"1�" � 1+
1�
 + 1kr(k�1)k = 
 + "1 + "
kr(k�1)k:Note that " must be less than 1 be
ause when " = 1 we 
an not be sure that the method has
onverged. 12



On the other hand, it is well known that the 
ondition number of the pre
onditionedmatrix in the 
ase of the two-level hierar
hi
al basis fun
tion method [1℄ (see (7.3)) is thefollowing � = 1 + 
1� 
 ;from whi
h it follows kr(k)k � 
kr(k�1)k:Now an elementary 
omputation shows that
 + "1 + "
 � 
;i.e., the hierar
hi
al variable-step blo
k-diagonal pre
onditioning method in the two-by-twoform is limited by the hierar
hi
al two-level blo
k-diagonal pre
onditioning method [1℄ withrespe
t to the rate of 
onvergen
e.Now due to the fa
t that the inequality (7.4) in
lude in an expli
it form the maximum overall the diagonal blo
ks we 
an dire
tly extend the results of Theorem 3 for the multilevel 
ase.Thus, the rate of 
onvergen
e of the GCG-VS method is similar to the rate of 
onvergen
e ofthe hierar
hi
al basis fun
tion method and depends on the maximum of the values "11 and"0 as mentioned in (7.4) with " de�ned by" = maxf"11; "0g:We now 
olle
t the 
onvergen
e results in a theorem.Theorem 4. The rate of 
onvergen
e of the EBE/GCG-VS method is nearly optimal, i.e.,independent of the number of nodes on the �nest level, and depends on the number of levelsused and the maximum of the values "11 and "0 as mentioned above.7.3 Computational 
omplexityIn order to investigate the whole 
omputational 
omplexity of the EBE/GCG-VS methodwe re
all that the solution of the system with the variable-step pre
onditioner requires thelargest 
omputational 
osts. By its de�nition, su
h a solution breaks up into a set of problemswith the matri
es Â(k)11 on all intermediate levels and with the matrix Â(0) on the �rst (
oarse)level.Let w denote the whole 
omputational 
omplexity for the solution of the system with avariable-step pre
onditioner and let C denote the upper bound of the arithmeti
 work permeshpoint de�ned by the lo
al iterative pro
esses with matri
es Â(k)11 and Â(0). Thenw � C(nl � nl�1) + C(nl�1 � nl�2) + : : :+ C(n1 � n0) + Cn0pn0= C(nl � n0) + Cn0pn0 � C(nl + n0pn0):If we now assume that n0 grows with nl, for instan
e asn0 = n�l (7:7)13



for some � < 1, then w � C(n 32 �l + nl) � 2Cmaxfn 32 �l ; nlg; (7:8)from whi
h we 
an �nd the 
ondition on the number of nodes on the last level� < 23 ; (7:9)under whi
h the 
omputational 
omplexity is proportional to nl. Moreover, if we assumethat the number of nodes in
reases in a geometri
al ratio with a fa
tor � de�ned bynk+1nk = �k � � > 1; k = 0; 1; : : : ; l � 1;then nl = n0 � �l and taking (7.7) into a

ount we rewrite the 
ondition (7.9) as follows�l = n1��l > n1=3l ;and hen
e l > 13 log� nl: (7:10)Thus, the optimal order of the 
omputational 
omplexity 
an be attained by in
reasing thenumber of levels used.Remark 6. Condition (7.10) is similar to the previous one [6℄.Unfortunately, from a pra
ti
al point of view we 
annot 
onsiderably in
rease the number oflevels, and hen
e, the 
ondition (7.10) 
an be violated, i.e.,l < 13 log� nl:Thus, in this 
ase due to the fa
t that� = 1� l � �log� nl��1from (7.8) we obtain w � 2Cn1+�l ;where � = max�0; 12 � 32 l � (log� nl)�1� = max(0; 12 � 32 � ll + log� n0) :Here, if the size of the 
oarse level problem is �xed, i.e., n0 is �xed, then the value of � as afun
tion of l tends to zero when the number of levels used in
reases. Hen
e, the arithmeti

ost per iteration step is nearly (asymptoti
ally) optimal, i.e., proportional to O(n1+�l ), where� is positive and small.We now 
olle
t the results of this subse
tion in a theorem.Theorem 5. The total 
omputational 
osts of the EBE/GCG-VS method per iteration stepis nearly (asymptoti
ally) optimal and depends on the number of levels used.14



8 Numeri
al resultsIn this Se
tion experimental results for various test problems are presented. First we testthe above-des
ribed method on the Lapla
e equation��u = 0in the domain 
 = [0; 1℄2 with various boundary 
onditions on the boundary �.Problem 1. Consider the homogeneous Diri
hlet boundary 
onditionsu����= 1; where � = �
:Problem 2. Consider the Neumann boundary 
onditions on the boundary � ex
ept theorigin, where we used the Diri
hlet boundary 
onditionu���(0;0)= 1:The 
oeÆ
ient matrix on the �nest level was 
omputed using the standard pie
ewise linear�nite elements on an isos
eles right triangular mesh. The right-hand side in the system ofequations was always 
hosen so that u = 1 is the solution. The following ve
tor was alwaystaken as an initial approximation [8℄u0ij = 2 + 100 sin2 � i�n+ 1� sin2 � j�n+ 1� ; i; j = 1; : : : ; n:Iterations were repeated until the 
onditionkun � ukAku0 � ukA � 10�6;was satis�ed.All 
al
ulations were performed on Sun SPARCstation-10 (Sun4m, 85 MHz) in doublepre
ision.To illustrate the quality of the pre
onditioner used we shall show that the rate of 
on-vergen
e as of the outer iteration pro
ess is independent on the number of unknowns on the�nest mesh and is slightly dependent both on the number of levels used and on the 
hoi
e of"11 and "0.The �rst group of numeri
al experiments were performed for various 
ombinations of thevalues of "11 and "0, when the number of unknowns on the �nest mesh denoted by N is �xed.The behavior both of the number of outer iterations and of the time of the whole iterativepro
ess with respe
t to "11 and "0 are shown in Figures 1 and 2, respe
tively. Here, the valueof "11 and "0 are 
hanged in a range from 10�1 to 10�6, and the power of 10 are given alongthe left axis for "0 and along the right axis for "11. Moreover, N = 3969 for Problem 1 andN = 4224 for Problem 2.
15
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Problem 2Fig. 2. The time of the whole iterative pro
ess vs. "11 and "0.From the presented numeri
al results we see that the number of outer iterations dependsonly slightly on the values of "11 and "0. However, there is a strong dependen
e of the
omputing time on the values of "11 and "0, i.e., the 
omputing time of the whole iterativepro
ess in
reases when the values of "11 and "0 are de
reased. Hen
e, in pra
ti
e, the optimal
hoi
e of the iterative parameters seems to be "11 = "0 = 10�1 or 
lose to these values. Notethat in all above experiments we used only two levels: the last as a �nest level and theprevious one as a 
oarse level.The se
ond group of numeri
al experiments were performed for various problem sizesand for di�erent values of the number of level used, when "11 and "0 are optimal in above16



mentioned sense and are �xed. The number of iterations and the time of the whole iterativepro
ess for various values of l with respe
t to the number of unknowns on the �nest meshare given in Figures 3 and 4, respe
tively.Problem 1
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Fig. 3. The number of outer iterations for di�erent values of the number of levels used.Problem 1
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Fig. 4. The time of the whole iterative pro
ess with respe
t to the number of unknownson the �nest mesh for Problem 1 and 2.Based on the presented numeri
al results we 
an see that the EBE/GCG-VS method hasan nearly optimal rate of 
onvergen
e, i.e., the number of iterations does not depend on thenumber of nodes and does only slightly depend on the number of level used; see Figure 3. Asit is readily seen from Figure 4 the 
omputing time of the whole iterative pro
ess essentially17



depends on the number of level used. For example, in a 
ase of l = 1 the 
omputing timeof the whole iterative pro
ess grows faster than a linear fun
tion, i.e., the 
omputational
osts per iteration step in
reases faster than the number of unknowns on the �nest mesh.On the other hand, in if l = 2 or l = 3 the 
omputing time of the whole iterative pro
essgrows almost linearly. However, this di�eren
e in a behaviour is of no surprise, sin
e in the
ase l = 1 the arithmeti
 
ost per outer iteration is not optimal, inasmu
h as the optimal
ondition on the number of levels used is not satis�ed. Indeed in this 
ase we must satisfy1 = l > 13 log� nl = 13 log4 nl;from whi
h follows that the 
omputational 
osts per outer iteration are optimal if and onlyif nl < 43 = 64 holds. For the other 
ases we have2 > 13 log4 nl =) nl < 46 = 4096;3 > 13 log4 nl =) nl < 49 = 262144:Moreover, the results of the Table show that the number of iterations for the 
oarse meshsolver depends on the number of nodes as O(pn0). Indeed in these tests we have n0 =nl�1 � nl=4. Hen
e, � = 4. At the same time the number of EBE/PCG iterations growswith fa
tor 2.Table. The average number of EBE/PCG iterations for the 
oarse mesh solver per one inner iterationwith respe
t to the number of unknowns on the 
oarse mesh for Problems 1 and 2 (l = 1).Number ofunknowns 9 49 225 961Problem 1 2.80 4.89 7.53 14.39 Number ofunknowns 24 80 288 1088Problem 2 6.59 12.64 23.85 45.06Finally, we emphasize that the results of the numeri
al experiments are in a good agree-ment with the theoreti
al results.Now to illustrate the eÆ
ien
y of the te
hniques used and to 
ompare the method pre-sented here with the earlier ones the experiments with the GCG, EBE/GCG and HB-GCGmethods were performed. Here GCG denotes the unpre
onditioned generalized 
onjugategradient method applied to the standard (nodal) �nite element system (2.3), EBE/GCG de-notes element-by-element pre
onditioned generalized 
onjugate gradient method applied tothe same system (2.3), HB-GCG denotes the GCG method applied to the hierar
hi
al basisfun
tion system (4.1) and EBE/GCG-VS denotes the method used with "11 = "0 = 10�1and l = 1. The time of the whole iterative pro
ess for GCG, EBE/GCG, HB-GCG andEBE/GCG-VS methods for Problems 1 and 2 are given in Figure 5.It 
an be seen from Figure 5 that the EBE/GCG-VS method with optimal values ofiterative parameters "11 and "0 performs more eÆ
ient than the other ones even in a 
ase ofonly two levels used (l = 1). 18
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Fig. 5. The time of the whole iterative pro
ess with respe
t to the number of unknownson the �nest mesh for Problem 1 and 2.Problem 3
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Fig. 6. The time of the whole iterative pro
ess with respe
t to the number of unknownson the �nest mesh for Problem 3 and 4.The �nal experiments are made for the ellipti
 boundary value problem with dis
ontinuous
oeÆ
ients �raru = 0;where a = ( 100, in (3=8; 5=8)� (3=8; 5=8)1, otherwise.in the domain 
 = [0; 1℄2 with various boundary 
onditions on the boundary �.19



Problem 3. Consider the homogeneous Diri
hlet boundary 
onditionsu����= 1; where � = �
:Problem 4. Consider the Neumann boundary 
onditions on the boundary � ex
ept theorigin, where we used the Diri
hlet boundary 
onditionu���(0;0)= 1:From Figure 6 it 
an be seen that the time of the whole iterative pro
ess for the EBE/GCG-VS method with optimal values of iterative parameters "11 and "0 grows linearly with thenumber of nodes on the �nest level.Hen
e, the EBE/GCG-VS method has all the advantages of both the variable-step mul-tilevel pre
onditioning methods and the element-by-element te
hnique, i.e., the proposedmethod is an effi
ient "bla
k box" solver with a minimal requirement of amount of mem-ory. In addition, it has an optimal order of 
omputational 
omplexity.A
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