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Abstract

Recently the direct application of a multigrid technique for computing the smallest
eigenvalue and its corresponding eigenvector of a large symmetric positive definite matrix
A has been investigated in [5]. This method solves the eigenvalue problems on the
sequence of nested grids using an interpolant of the solution on each grid as the initial
guess for the next one and improving it by the full approximation scheme applied as an
inner nonlinear multigrid method.

In the present paper the generalization of the method for computing few smallest
eigenvalues and their corresponding eigenvectors of the elliptic selfi-adjoint operator is
presented. Moreover, the quality of the method is improved by using the nonlinear Gauss-
Seidel iteration instead its linearized version as pre- and postsmoothing steps. Finally, we
give some practical advices for a good choice of multigrid-related parameters.
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1 Introduction

A lot of physical lows and govering processes can be formulated by means of partial differential
equations. In practice, most such problems concern the elliptic self-adjoint boundary value
problem

div(k(z)grad u(z)) = Au(z),

in a bounded domain of R¢ with appropriate boundary conditions. Here d = 2 or 3 is a
spatial dimension. The coefficient matrix k(z) denotes a symmetric positive definite second
or fourth order tensor, which is frequently piecewise constant and/or highly anisotropic. The
displacement equation of linear elasticity problems have the similar form, where u(z) now
denotes the displacement vector u(z) = (ug,...,uq)” and the coefficient matrix k() denotes
the elasticity tensor. Below we will stay with the scalar case of (1), using it as a model for
the vector case [6].
Consider the elliptic boundary value problem with homogeneous boundary conditions

2 5 5
- o <kij(a:)87ju(a:)> =u(z), z€Q, ux)=g), zecd, (1)
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where © is a polygonal domain in R? with boundary 02, where the coefficient matrix [k;; ()]
is assumed to be uniformly symmetric positive definite for any = € Q, and g(z) is a given
function. Although we assume Dirichlet boundary conditions, the results of this paper are
valid for general boundary conditions. Under these assumption all eigenvalues A of (1) are
real and positive.

The Galerkin variational formulation of the boundary value problem (1) is as follows.

Find )\, € R and u;, € HY(Q) ={v € HYQ) : v =0 on 99} such that

a(ug,v) = A\pb(ug,v), k=
l

R T
2
b(ug, ur) = O, 2)

for all v € HJ (), where H'(f2) is the usual Sobolev space, d;; is the Kronecker symbol
and bilinear forms a(u,v) and b(u,v) are defined by

2
a(u,v) :/ [Z km(x)g—;%
Q

,j=1

dqQ, b(u,v) = /ude.
Q

Let us assume that the domain 2 is decomposed by a set of finite elements T with a char-
acteristic meshsize h. Usally, h = O(n~"¢). Introducing Vj, ¢ H*(Q) or V}, C [HY(Q)]* the
space of vector functions with local support, associated with the vertices of T, and applying
to (2) the standard Galerkin procedure, we obtain the following eigenvalue problem

Auk:)\kuk, A:ATERHXH, 0<>\1§>\2§...§)\p,

(uk7ul) :5/{?17 kal: ]-7"'7p7 (3)

where the matrix A corresponds to the bilinear form a(-,-) or a(-,-) and (u,v) = ulv.
Typically, the matrix A is large, sparse and ill-conditioned, i.e., its condition number goes to
infinity as O(h=2) when h tends to zero.

The classical methods for solving eigenvalue problems such as the inverse iteration and the
Rayleigh quotient iteration [7] can not be applied for the large-scale finite element problems,
since the computer storage for holding the typically denser LU or Cholesky factor is not
available. On the other hand, the convergence rate of the Lanczos method [7] slows down
considerably for decreasing h and is also unacceptable for real-life problems.

The natural way to overcome these difficulties is to use an approximate inverse method
instead of the exact method for solving the linear system with A whenever it is required in
the algorithm. See [3, 4] for a combination of preconditioning and the eigensolvers.

However, all of these methods are treating this eigenvalue problem as a purely algebraic,
and hence, we loss some valuable information about the desired eigenpair. For example, the
smallest eigenvector of the Laplace operator is very smooth, i.e., it can be well approximated
on coarser grids, and hence, one can use this information during the solution process. The
nested iteration multigrid process, which take the advantage of this smoothness, was proposed
in [1] and futher investigated for the smallest eigenpair in [5]. In the present work the full
multigrid method for finding p smallest eigenvalues and their eigenvectors or, shortly, the
FMG-EV(p) method is presented. To improve the robustness of the relaxation steps the
nonlinear Gauss-Seidel method is used instead its linearized version. Finally, an experimental
study of this methods to understand the main points of the method having a great influence
as on the accuracy of computed eigenpairs and as on its computational complexity.



In the next section the method for constructing the sequence of matrices is discussed. The
FMG-EV(p) method for finding few smallest eigenpairs will be presented in the Section 3.
Finally, the corresponding numerical results showing its robustness and conclusions are given.

2 Definition of {A(*)}

In order to define a multilevel process we have to construct a sequence of symmetric positive
definite matrices {A(k)}, k=0,1,...,L — 1, L of an decreasing order nj such that A® = A.
For last two decade many scientists concerns to the question for solving the linear system of
equations: how to construct the best (or optimal) sequence of matrices A*) (in terms of com-
putational costs of the corresponding iterative process)? The problem was successfully solved
for sufficiently wide nimber of industrial problems (see [8] and references therein). There are
two major types of the methods, which are based on either problem-dependent geometrical
information or matriz-dependent numerical information. The choice of the method to com-
pute {A(k)} usually depends on the problem to be solved, and hence, is up to the user priority.
However, in the case of the eigenvalue problem the situation is quite different.

Let N € {1,...,nt} be the set of indeces of all unknowns (or nodes) on the level k,
k > 0 and is partitioned into two non-intersection subsets, e.g., N} e {1,...,n} and
Ng c {1,...,ng} such that N, = NkUN,f and Nf ﬂNf (). This partltltlomng yields
the following block matrix form of A®*)

Aﬁ) A(k) b \nk41
Alk) —
Ag’i) A(k) P

where the first group of unknowns correspond to the indeces in NV ,{ and the second one forms
a new set of indices on the next level, i.e., N1 = N. For the given partititioning, we define
a prolongation matrix P,f 1 € R X741 of the following form

Jk ] F\ngg

Py =
h [Ik—i-l }nk+1

where Iy is an identity matrix of order ngyq and the choice of blocks J; depend on the
method used for construction of the sequence of matrices A%).

For example, the matrix-dependent methods are based on the Galerkin coarse-grid matrix
formulation:

AFD = REFLAW P Ry = (PG
where BT is a transpone of B and the block Jj, in the definition of an interpolation matrix P,f 1
is a sparse approximation of —(Agl;))_lAg). Assume ”ideal” situation for iterative mehods,
ie.
E)y—1 4(k
Ji = —(A) 1A,
then we get
A(k—H) _ A( ) A(k)(A(k)) A(k)

and hence, we solve the following eigenproblem on the coarse level

ARAD) (kD) 3 (k1) (k+1) o (A( ) A(k)(A( )) 1yk )) (k) _

k
i AR ()



On the other hand, from

k k k k
A9 D[] [
—\®) ’
k k k k
a0 a L ] L

we obtain the equivalent eigenproblem on the coarse level
k k k —1 4 (k). (k k
(A3 — AR (AR = AP D AR = ABug,

which is dif ferent from (4). Thus, the direct application of matrix-dependent multilevel
technique developed for solving the linear system of equations is not a good idea, and hence,
the method for computing a good sequence of matrices A®) i required.

From the first point of view the problem-dependent approach have to work much better
than matrix-dependent one, since the problem information about the behaviour of the smallest
eigenvectors are used (at least implicitly). Nevertheless, the smallest eigenvalue on two adjoint
levels are still different due to different characteristic mesh sizes on different grids.

In the present paper following [1] we use the standard multigrid method, although any
kind of multilevel techniques specially developed for eigenproblems can be used to construct
that sequence of matrices.

Let us assume that the initial (coarse) triangulation Y of the domain 2 is such that
the coefficient matrix k(x) is constant in each element T; € Y and can be discontinuous
across the elements. To obtain a sufficiently accurate solution of the problem (2) we make
a uniform refinement procedure to construct a sequence of nested meshes (triangulations)
Y, C Y, 1 C...C7Y; C Yo=T7. Introduce V;; C H'(Q) the space of linear vector
functions, associated with the vertices of Yj. Now the Galerkin procedure applied to (2) on
each grid Ty leads to the sequence of eigenvalue problems with the corresponding matrices
A®) of the decreasing order:

AP = 3P Ak — AW e Rrn 0 < AP <A < <A, )
i,7=1,...,p, k=0,1,...,L,
where the matrix A®) corresponds PF ', to the bilinear form a(-,-) on the level k.

For the given partititioning, coefficients for the interpolation of the value u®) from u+1)
are computed using the standard linear interpolation [2, 9]. Note that by the definition of
Plf+1 we have for k <[

k _ pk k+1 _ _ pk k+1 -2 pl—1
P’ =P/ P —...—Pk+1Pk+2...Pl_1Pl ,
and vica-versa
I _ pl -1 _ _ pl -1 k+2 pk+1
Ry=R_ R~ =...=R_R_5... R {P .

3 The FMG-EV(p) method

The idea of the FMG-EV method for the first eigenpair based on the idea of the well-known
full multigrid approach, i.e., we find some approximated solution of the analogous problem
on the coarse level and using its interpolant as the initial guess for some inner iterative



process on the next (finer) one, see [1, 5] for details. Now there are several possibilities to
define a multilevel method for computing the first p eigenvalues and their eigenvectors of
A. There are two different approaches how to proceed eigenvectors through the multilevel
process simultaneously or sequentially. Both of them have their advantages and disadvantages
in terms accuracy of the eigenpairs computed, handling the orthogonalization conditions, the
computational complexity and the amount of storage requirements.

Following [1] we use a combination of those approaches. Indeed we compute all eigen-
vectors simultaneously through outer nested iteration process followed by the Ritz projection
[7] to improve the eigenvector approximations on the currently finest level, but we proceed
vector by vector through the inner nonlinear multilevel method.

(1 VI = FMG-EV(p, AL, ... AO)),
i=0, k=L, ¥ =0
1 1=1+1
Compute the coarse level approximation {,ul(.k),vgk)},

which is orthogonal to computed ones {,ug-k),v;k) 3_:11
if ((i <cng)and (i <p)) gotol
(" VY, = Ritz (A0, (vIP}i_))

2 if (k=0) stop

kE=k—-1
for s =1,...,4
ngo) = PI§+1V§I€+1)
2,
for it = 1,...,q (inner iteration)
k) (k k k k) s—
{Mg,i)1€7vg,i)1€ = FAS-EV (A(k)’ﬂg,z‘)t—lvvg,i)t—lv {V§ ) j:i)

(0 4 = it (40,0
if (i<p) then go to 1
else go to 2

Here FAS-EV (A, pi, vi, {v; };_:11) denotes the inner V-cycle multigrid method applifad
for solving the eigenproblem Au; = A\;u; with an orthogonalization condition to {v; }3_:11
using {u;, v;} as initial guess, and Ritz (A, {v;}? ;) computes new eigenvalue and
eigenvector approximations in the subspace spanned onto vy,...,v, by the Ritz method.

There are few hard points in this approach. First of all, there is no exact correspondence
between eigenvectors on different levels, i.e., the ith eigenvalue and its eigenvector on the
coarse level can be a good approximation to jth eigenpair on the fine level with ¢ # j. It is
not a problem if j is also less than p, and hence, during the following Ritz projection we find
both of desired eigenvectors on the fine level. However, if j is great than p, then the further
efforts to improve this approximation in the direction of ¢th eigenvector is vain since an inner
nonlinear method works good only in a small neighbourhood of the solution.

Thus, on the coarse level we can find a fixed number of approximation vectors, which are
a good approximation to desired eigenvectors. This number depend on the order of the coarse
level problem, and hence, can be defined as cny, where ¢ is a coefficient less than 1. Now
if p > cny, then we find the coarse level approximations only for first cnj eigenvectors and



start our nested iteration process with this smaller number of vectors. After transfering and
processing these approximated eigenvectors on the next finer level we compute the deficient
coarse level approximations using the relaxation steps followed by orthogonalization with
respect to previous ones, and if p is still great than cny_1, then we repeat this process on the
next finer level and so on. Note that the coarsest level used in the inner multilevel method
for ith eigenvector is one on each ng) first appeared. The rest components of ths method is
similar to the FMG-EV method for the first eigenvalue [5].

Since we apply the inner nonlinear multilevel method sequentially to each approximated
eigenvector, then the main algorithm for the inner multilevel method presented in [5] does
not changed. Nevertheless, in addition to it we have to orthogonalize the current eigenvector
approximation to previously computed ones.

Ty = FASBY (0 v T

=1
b =0 ’
for k£ =1...,L—-1
for it = 1,...,11  (presmoothing)

{u( ) v(k) = Relax (A(k),,ul(]z% 1,VZ Zt 1,{V }Z ! b(k)

zzt’ 2,0t j=0D

1 vy = (a2 V8
b(k'f‘l) — Ri-ﬁ-lb( ) (A(k-i-l)Ri—i-l _ Ri—HA(k)) V(k)
Gt _ gl

(k+1) _ M(k)

Hio
Solve the coarse level problem A(L)VEL) = ,ul( ) (L) + b( )

with (v\?), REv ())Z(Rg_lng),Rlng”),j:1,...,1'—1
for k: = L-1,...,1

k k+1 k
= Bl (D )
(k) _ (k1)

3,0 — M
for it = 1, vy (postsmoothing)

k i k)
) {luz it zzt} = Relax (A(k)ﬂug z?ﬁ I’VE it—1 {V }] llvb( )
{Hz » V. }_ {Nzyg’ 7,1/2}

Here Relax (A, pi, vi, {v; }; 11, b) denotes a nonlinear iteration step applied for
solving the nonlinear problem (A — f1;])u; = b with an orthogonalization

condition to {v]} _; using {yu;, v;} as initial eigenpair approximation.

Recall that the main idea of the FAS-EV method is in the construction of the coarse level
problem so that its solution is a just the fine level solution transfered to the coarse level.
Using it we obtain the following sequence of problems

ABw® = i Fw® L p® b = RE bV 4 (ABRE |~ BE AG-D) VD,

(6)
or (W) = oy, b =0, k=10+1,...,L, i=1,....p

where ¢ is a normalization condition, which guarantee the uniqueness, and oy specifies the
size of the solution.



Let ugl) is the solution on level [, then Rf“ug-l) is the solution on next level, and hence, if we

would like to find ul(-l), 1 # j, we have to orthogonalize the current eigenvector approximation

VZ(ZH) to Rf“ug-l). Unfortunately, we do not known the exact solution ug-l) (it is our original

problem!), but we have vtV 7 < 1, which is a good approximation to ugl).

7 9y
practical point of view Rf“vy) is an approximation to Rf“u&”, which one can use to keep

orthogonalization on the level [4+1. Now we define the following orthonormalization condition

Thus, from a

o (v = vV RV, o = (RE_ VIV RV =1, (7)

{NE,@’ Vl(il)f} = Relax (A(k) ’ ME Zi 1 2 zt 1» {VS }s 1 b(k))
k k
Z(,O) = GSI (A(k) :“S,il)t—llkv z(,iz)t—l,b(k))

for s =1,...,i—1 (orthogonalization)
) k—
a ( ;CVL(Q ) zs) 1) (RlVg)JRk v ( l))
(RvY, R
Wz(,k;) _ Wz(,k;) R Rkvgl)

z
(k) _ (BE_yvi RV )

k I W;i—1
(k) DRk ())

Kt = & L

Here GSI (A,y,b) denotes the Gauss-Seidel iteration step applied
for solving the linear system Ax = b usingi y as initial guess.

Nevertheless, we have to note that the condition (7) does not guarantee a uniqueness of
the solution (6), since we work with approximations rather than exact solutions. In our case

0

it may happens that the sequence of test vectors {Rfvj ;_:11 used for the orthogonalization

(k)

can be linear dependent, and hence, on the level £ we will compute v,

@

approximation to v

] )
to vz(l). It is confirmed by numerical results.

To start the nested iteration process we have to find the coarse level approximation
{NZ(L),VEL)} to the solution {)\Z(.L),uZ(L)}. To solve these problems we use the Gauss-Seidel
iteration process followed by the standard normalization condition untill a solution with a
prescribed accuracy eppsg is not reached. On the other hand, for solving the coarse level
problem in the inner multilevel process one can use the similar relaxation process as for the
smoothing with analogous stopping criteria er4g.

In order to investigate the whole computational complexity of the FMG-EV(p) method
we recall that the solution of eigenvalue problems by the FAS-EV method and Ritz projection
requires the largest computational costs. Assume that the number of nodes decreases in a
geometrical ratio with a factor p defined by

, which is a good

7 < 1, and which we already known, instead the desired approximation

Nk41
Nk

=pp<p<l, k=0,1,...,L—1.



and hence, we have

ink < (1 —p) tne. (8)
k=0

Denote by W‘(/l) the whole computational complexity of the FAS-EV method applied for
solving (5) on the level [. Let C'4 and Cp denote the upper bound of the arithmetic work per
unknowns defined by the matrix-vector multiplication with matrices A*) and P,f 1 (R,'zﬂ),
respectively. Moreover, we assume that the computational costs for solving the coarse level
problem is proportional to the number of unknowns on the fine level, i.e., there is a positive
constant Cy such that

W‘(/L) < C()’I’Lo. (9)

Thus, taking into account (8) and (9) we have

‘(/2 < i [ v+ 13) {(30,4 +9)ni + (i — 1) [(1 —p)” Lepn, + 7%”
+( 4 +6Cp + 4)’1’Lk] + Cong
< [(1/1 + 1/2) {3CA +9+ (Z — 1)((L — l)Cp + 7)} +2C4+6Cp + 4] (1 — p)_lnl + Cong.

Next summing by ¢ we obtain

p
A N _ 1 _
Wi < 3T W < pln +12)(3Ca +9)(1 = p) '+ Sp(p = V(L = OCp + (L= p) '
=1
+p(2C4 +6Cp + 4)(1 — p)~'ny + pCony.

On the other hand, the Ritz projection method on the level [ requires
o =1 Camy + O
Wthz - 2]7(5]7 + 3)71[ +pCang + (p )

Now taking into account the prolongation of p vectors from level n;41 to n; and the compu-
tation of their Ritz projection on the level [ we obtain the computational complexity of the
FMG-EV method for the transfer from level [ + 1 to level [

W(l) < qW‘(/l) + pCpn; + Wg)

< Cq(v1 +wva) (P*(L = 1)(1 = p)~ "y + pno) + O(p*ny) + O(p®).

Finally, summing by levels we obtain that the total computational complexity denoted by 1%
is proportional to the number of nodes on the fine level, the number of level used and the
number of desired eigenvectors, i.e.,

L
W => Wl < Cqlv +w) (p2lnp%(1 —p) 2ng +an0) + O(p*Lng) + O(Lp?) (10)
1=0

< Cq(r1 + 1/2)]921/120 =O0(q(vr1 + Vg)pQLno).

where C' is a positive constant. Hence, the total computational costs of the FMG-EV method
is nearly optimal.
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Fig. 2. The time of the whole iterative process for finding the first eigenpair
with respect to the number of unknowuns on the finest level

4 Numerical results

To test the method we consider the eigenvalue problem (3), which corresponds to the piecewise—
linear finite—element discretization of the three dimensional second—order elliptic problems

—Au=Au in €,
u=0 on I'p = 09, (11)
[Jull =1

in the cube domain Q = [0, 1] on a uniform Cartesian mesh Y}, with stepsize h. This problem
has the exact solution.

To illustrate the quality of the eigensolver used we shall show that the accuracy of the
eigenvalue approximation is tended to zero when we increase the number of the relaxation
sweeps per level and the number of inner FAS-EV iterations and at the same moment the
computational complexity is still optimal with respect to the different parameters used.

The first group of numerical experiments were performed for test the accuracy. It is well-
known that in the case of multigrid method when the number of smoothing steps increase and
when we find an exact solution on coarse levels, then the multigrid solver for linear system
of equation is going to be a direct solver, i.e., the difference between exact and computed
solutions tends to a mashine accuracy. We expect the similar behaviour for our eigensolver. To
guarantee the exact solvers on the coarse level we define the following values for e pprq = 10731
and epag = 10716,

In Tables 1-2 the results of the experiments for the FMG-EV method for different choices
of relaxation steps and inner iterations are given. In all tables of the paper v is the number
of pre- and post- smoothing iterations on each level (v = 11 = 1»), ¢ is the number of inner
FAS-EV iterations applied on each level and Lvls is the number of levels used. Moreover,
@ is the computed approximation to the exact eigenvalue \;, and hence, the magnitude |A; —
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Fig. 3. The time of the whole iterative process for finding the first eigenpair with
respect to the number of pre- and post- smoothing steps used

;| measures the difference between exact and computed eigenvalues, whereas ||Av; — p;v;||
measures the quality of the approximated pair {u;, v;}.

The first results in [5] shows that the accuracy of the approximated solution dose not
depend on the order of the eigenproblem to be solved, and hence, in what follows we present
the results only for NV = 32 to avoid a large number of similar figures and tables for different
grids.

From the presented numerical results we see that if we increase the number of the relax-
ation steps per level without changes of other parameters, then the accuracy of all approxi-
mated eigenvalues is improved. Comparing results for ¢ = 1 with corresponding ones for ¢ = 2
in all Tables one can see that in the second case the accuracy of the approximated solution
is always better, i.e, increasing the number of inner FAS-EV steps lead to the improving
accuracy of the approximated eigenpairs {p;, v;}.

The accuracy results in Tables 1-2 for different number of levels shows that the accuracy
of approximated solutions does not depend on the number of level used, except one remark.
Indeed, in two- and three-level cases we surprisely have a good convergence for the last
eigenvalue A5 with respect to disconvergence for four- and five-level cases. It is happens
since in the later cases the coarse level problem is not sufficiently reach to generate a good
approximation to these eigenspaces, and hence, it is more important to find a good initial
coarse level approximation, then trying to improve it later by the inner multilevel process.

10



lal v ] =l | Pe—pel | Ps—psl | Da—pal [ s—psl ]

Lvls = 5, NFine = 29791, NCoarse = 1, EFMG = 107517 eras = 10710

1] 1 ] 0.83528 -1072 | 0.94833 -10~% | 0.94864 -10~> | 0.94896 -10~> | 0.83950 -10~*
2 | 0.69550 -107% | 0.31825 -107° | 0.31826 -107° | 0.31827 -107° | 0.43920 -10~!
3 | 0.16185 -107° | 0.89322 -10~° | 0.89323 -10~° | 0.89323 -10~° | 0.21761 -10~!
4 | 0.34395 -107* | 0.33402 1072 | 0.33402 -10*2 | 0.33403 1072 | 0.19062 -10~*
5 | 0.86509 -10717 | 0.88854 -10716 | 0.88855 -10716 | 0.88862 -107' | 0.18896 -10~!
10 | 0.20247 -1072° | 0.66829 -1073' | 0.26770 -10~3' | 0.19259 -10~3' | 0.18890 -10~!

21 1 | 066492 -107° | 0.28152 -107° | 0.28162 -10°°> | 0.28166 -10°° | 0.19049 -10~2
2 | 0.36474 -10712 | 0.55080 -10~* | 0.29096 -10~'2 | 0.30506 -10~'2 | 0.18892 -10~!
3 | 0.11061 -1072° | 0.48379 -10~*° | 0.44919 -107%% | 0.11955 -10~*° | 0.18891 -10~!
4 | 0.75144 -1072® | 0.38784 -107'® | 0.12579 -107'° | 0.11994 10726 | 0.18890 -10~!
5 | 0.15214 -1073 | 0.15702 -10~2' | 0.33236 -10722 | 0.10977 -10~3' | 0.18890 -10~!
10 | 0.24459 -1073' | 0.19837 -107%! | 0.50074 -1073? | 0.32548 -1073! | 0.18890 -10~!
Lvls = 4, NFine = 29791, NCoarse = 27, EFMG = 107‘“, crpas = 1071

1] 1 ] 0.29206 -10=2 | 0.97645 -10~2 | 0.97648 -10~3 | 0.97726 -10~° | 0.1805769470
2 | 0.78025 -107% | 0.31911 -10~® | 0.31911 -10~° | 0.31911 -1075 | 0.1722472399
3 | 0.15763 -107° | 0.82750 -10~° | 0.82750 -10~° | 0.82751 -10~° | 0.1719186764
4 | 0.42301 -107* | 0.32098 -107'2 | 0.32098 -10~'2 | 0.32099 1072 | 0.1718761739
5 | 0.86888 -10717 | 0.85300 -1071% | 0.85300 -107'6 | 0.85307 -107' | 0.1718697271
10 | 0.94370 -10732 | 0.75111 -10732 | 0.19066 -1073 | 0.21955 -1073! | 0.1718685606

21 1 | 072755 -107% | 0.28289 -107° | 0.28290 -10~°> | 0.28291 -10°° | 0.1719674484
2 | 0.39828 -10713 | 0.29559 -10712 | 0.29563 -10712 | 0.29565 -10712 | 0.1718698729
3 | 0.10626 -1072° | 0.10586 -10~*° | 0.12209 -10~'° | 0.16090 -10~° | 0.1718685910
4 1 0.55921 -1072® | 0.10966 -1072°% | 0.20140 -1072° | 0.25174 -1072* | 0.1718685612
5 | 0.19451 -1073' | 0.62785 -1073% | 0.37420 -1073° | 0.14590 -10~2° | 0.1718685605
10 | 0.16370 -1073' | 0.15312 -1072% | 0.41675 -1072' | 0.18266 -10~2% | 0.1718685605
Lvls =3, NFine = 29791, NCoarse = 343, erymcg =101,  epas=10"1°

1] 1 [ 0.29204 -10=3 | 0.97639 -10~2 | 0.97655 -10=° | 0.97723 -10~2 | 0.18430 -10~2
2 | 0.78025 -107% | 0.31911 -10~° | 0.31911 -107° | 0.31912 -107° | 0.71561 -10~°
3 | 0.15763 -107° | 0.82750 -107° | 0.82751 -107° | 0.82751 -10~° | 0.23087 108
4 | 0.42301 -107'3 | 0.32098 -107'? | 0.32098 -10~'2 | 0.32099 -10~'2 | 0.11690 -10~*!
5 | 0.86888 -10717 | 0.85299 -10716 | 0.85299 -10716 | 0.85300 -107'6 | 0.38678 -10 15
10 | 0.11362 -1073' | 0.82814 -107%2 | 0.71259 -10~3' | 0.81659 -1073! | 0.10400 -10~3*

21 1 | 072755 -107° | 0.28289 -10™° | 0.28290 -10~°> | 0.28291 -10°° | 0.61068 -10~°
2 | 0.39828 -10713 | 0.29558 -107*2 | 0.29560 -10712 | 0.29561 -107*2 | 0.10645 -10~1*
3 | 0.10626 -1072° | 0.10593 -107° | 0.11592 -10~*° | 0.16149 -10~*° | 0.52750 -10~*°
4 | 0.55899 -1072® | 0.10728 -1072% | 0.50317 -10~2° | 0.25403 -10~2* | 0.85392 -10~26
5 | 0.10977 -1073' | 0.30814 -1073% | 0.16555 -1072° | 0.22887 -10~2° | 0.25422 .10~
10 | 0.14829 -1073 | 0.41214 -10~3' | 0.10014 -10~3' | 0.13481 -10~3' | 0.10168 -10~3°
Lvls =2, NFine = 29791, NCoarse = 3375, ¢ermg =10°", epas=10"1°

1] 1 [ 0.28836-1072 | 0.96578 -10°°> | 0.96578 -10°° | 0.96578 -10™> | 0.18266 -10 2
2 | 0.78025 -107% | 0.31911 -107° | 0.31911 -107° | 0.31911 -10~° | 0.71560 -10~°
3 | 0.15763 -107° | 0.82750 -107° | 0.82750 -107° | 0.82750 -10~° | 0.23087 10~
4 | 0.42301 -10713 | 0.32098 -107'2 | 0.32098 -107'? | 0.32098 -10~'? | 0.11690 -10~ !
5 | 0.86888 -10717 | 0.85299 -10716 | 0.85299 -10716 | 0.85299 -107'6 | 0.38678 -107 15
10 | 0.44296 -10732 | 0.18681 -1073! | 0.18103 -10~3' | 0.20029 -10~3% | 0.80889 -10~32

2] 1 | 072754 -10°° | 0.28289 -10~° | 0.28289 -10~° | 0.28289 -10~° | 0.61063 -10 °
2 | 0.39827 -10713 | 0.29557 -107*2 | 0.29557 -10712 | 0.29557 -107*2 | 0.10644 107t
3 | 0.10626 -1072° | 0.10585 -107° | 0.10585 -107'° | 0.10585 -10~'° | 0.52701 -10~1°
4 | 0.55911 -1072® | 0.10640 -10~2% | 0.10641 -10~2% | 0.10641 -10~2% | 0.84829 -10~26
5 | 0.90518 -10722 | 0.19644 -1073% | 0.12903 -1073' | 0.24459 -1073! | 0.16948 -10~3*
10 | 0.24844 1073 | 0.47570 -1073 | 0.20029 -1073 | 0.25614 -1073' | 0.49688 -10~31

Table 1. Accuracy of computed eigenvalues u; as a function of v and ¢, p =5
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g | v | [[Avi —pvi] | [[Ave — pova| | [[Avs — pavs| | [[Avs — pava] [ [Avs — psvs]

Lvls = 5, NFine = 29791, NCoarse = 1, EFMG = 107517 eras = 10710

1] 1 ] 0.29266 -10~1 | 0.71637 -10~ [ 0.71649 -10~" [ 0.71658 -10~* | 0.83950 -10~*
2 | 0.22693 -1072 | 0.45634 -1072 | 0.45634 -1072 | 0.45635 -10~2 | 0.65110 -107!
3 | 0.32745 -107* | 0.76292 -10~* | 0.76293 -10~* | 0.76293 -10~* | 0.23570 -10~!
4 | 0.53360 -107¢ | 0.14788 -107° | 0.14788 -107° | 0.14788 -107° | 0.57555 -10~2
5 | 0.76464 -107% | 0.24110 -10~7 | 0.24110 -10~7 | 0.24110 -10~7 | 0.98312 -103
10 | 0.45221 -1071% | 0.45557 -10716 | 0.80728 -107'6 | 0.38392 -107'¢ | 0.52163 -10~°

21 1 | 0218251072 | 0.42567 -107% | 0.42571 -10 2 | 0.42573 -10° 2 | 0.94627 -10~2
2 | 0.52210 -107% | 0.14352 -107° | 0.14352 -10° | 0.14352 -10~° | 0.40164 -10~3
3 | 0.85727 -1071% | 0.28196 -107° | 0.27972 -10~° | 0.27937 -10~° | 0.50707 -10~*
4 1 0.19581 -10713 | 0.31330 -10~'2 | 0.10004 -10~'2 | 0.87396 -10~'* | 0.50515 -10~°
5 | 0.14869 -10716 | 0.45261 -1071% | 0.60726 -1076 | 0.24530 -107'% | 0.69688 -10~°
10 | 0.23540 -1072 | 0.21185 -107*° | 0.17954 -107'° | 0.20190 -10~*° | 0.46533 -10~°
Lvls = 4, NFine = 29791, NCoarse = 27, erma = 10731, crpas = 1071

1] 1 ] 0.39956 -10~1 | 0.72774 -10~' | 0.72776 -10~ | 0.97726 -10~' | 0.1867057169
2 | 022781 -1072 | 0.45793 -1072 | 0.45793 -1072 | 0.45793 1072 | 0.19440 -10~!
3 | 0.32745 -107* | 0.76292 -10~* | 0.76293 -10~* | 0.76293 -10~* | 0.31491 -10~2
4 | 0.53360 -107¢ | 0.14788 -107° | 0.14788 -107° | 0.14788 -107° | 0.12095 -10~2
5 | 0.76464 -107% | 0.24110 -10~7 | 0.24110 -10~7 | 0.24110 -10~7 | 0.47354 -103
10 | 0.44894 -1071'7 | 0.73339 -10716 | 0.43861 -107'6 | 0.76619 -10~'¢ | 0.43801 -10~°

2 1 | 021843 -1072 | 0.42567 -107% | 0.42571 -10° 2 | 0.42572 -10 2 | 0.15604 -10 '
2 | 0.52210 -1075 | 0.14352 -107° | 0.14352 -1075 | 0.14352 -107° | 0.48879 -103
3 | 0.85727 -1071% | 0.28322 -107° | 0.28063 -107° | 0.27935 -10~° | 0.76028 -10~*
4 1 0.19535 -10713 | 0.33968 -10~'2 | 0.12704 -10~'2 | 0.87305 -107'* | 0.11685 -10~*
5 | 0.39948 -10717 | 0.38703 -107*° | 0.18923 -10~'% | 0.30853 -107¢ | 0.17964 -107°
10 | 0.64462 -1073' | 0.28575 -107*¢ | 0.18990 -1071¢ | 0.54995 1077 | 0.15441 -107°
Lvls =3, NFine = 29791, NCoarse = 343, erymcg =101,  epas=10"1°

1] 1 ] 0.39687 -10~% | 0.71641 -10~! | 0.71644 -10-1 | 0.71656 -10~* | 0.97039 -10~!
2 | 022757 -1072 | 0.45634 -1072 | 0.45634 -1072 | 0.45635 -10~2 | 0.67757 -1072
3 | 0.32745 -107% | 0.76292 -10™* | 0.76293 -10™* | 0.76293 -10~* | 0.12983 1073
4 | 0.53360 -107% | 0.14788 -107° | 0.14788 -10~° | 0.14788 -10~° | 0.28500 -10~°
5 | 0.76464 -1078 | 0.24110 -10~7 | 0.24110 -10~7 | 0.24110 -10~7 | 0.51928 -10~"
10 | 0.44894 10717 | 0.62019 -107*¢ | 0.33795 -10716 | 0.28857 -107*¢ | 0.10870 -10~1°

2|1 1 | 021843 -1072 | 0.42567 -107% | 0.42570 -10 2 | 0.42572 -10 2 | 0.61919 -10~2
2 | 052210 -107% | 0.14352 -107° | 0.14352 -107° | 0.14352 -107° | 0.27464 -107°
3 | 0.85727 -1071° | 0.28461 -107° | 0.28173 -10~° | 0.27938 -10~° | 0.64873 -10~°
4 1 0.19535 -10713 | 0.31547 -107'* | 0.11360 -107'2 | 0.87354 -107'2 | 0.25379 -10~'2
5 | 0.39948 -10717 | 0.62357 -107*° | 0.21039 -10~'° | 0.35207 -107*¢ | 0.11873 -1071®
10 | 0.66504 -1073 | 0.32661 -10722 | 0.79563 -10~25 | 0.19303 -10~22 | 0.25208 -10~2°
Lvls =2, NFine = 29791, NCoarse = 3375, ¢ermg =10°", epas=10"1°

1] 1 ] 0.39700 -10° % | 0.72378 -10° ' | 0.72378 -10~ ' | 0.72378 -10~ ' [ 0.99144 .10~ !
2 | 022781 -1072 | 0.45793 -1072 | 0.45793 -1072 | 0.45793 -10~2 | 0.68194 -10~2
3 | 0.32312-107% | 0.73423 -10™* | 0.73423 -107* | 0.73423 -10~* | 0.12174 1073
4 | 053015 -107% | 0.14496 -107° | 0.14496 -107° | 0.14496 -10~° | 0.27490 -10~°
5 | 0.75984 -1078 | 0.23622 -10~7 | 0.23622 -10~7 | 0.23622 -10~7 | 0.49987 -10~"
10 | 0.44587 -10717 | 0.28209 -107*¢ | 0.28209 10716 | 0.28209 -107*¢ | 0.10411 -10~1®

21 1 | 021859 -1072 | 0.42678 -10~2 | 0.42678 -10~2 | 0.42678 -10~% | 0.62206 -10~2
2 | 051935 -107% | 0.14153 -10~° | 0.14153 -107° | 0.14153 -10~° | 0.26837 -10~°
3 | 0.84032 -10719 | 0.26284 -107° | 0.26284 -107° | 0.26284 -107° | 0.58309 -10~°
4 1 0.19277 -10713 | 0.83157 -107'® | 0.83157 -10~'® | 0.83157 -10~'® | 0.23354 -10~!2
5 | 0.39426 -10717 | 0.22772 -1071¢ | 0.22772 -1071 | 0.22772 10716 | 0.79539 .10~ 16
10 | 0.75781 -1073 | 0.11026 -10~27 | 0.53513 -10~2® | 0.25093 -10~2® | 0.38020 -10~'7

Table 2. Accuracy of computed eigenpairs {u;,vi} as a function of v and ¢, p =5
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Fig. 4. The time of the whole iterative process with respect to the number
of levels and the number of eigenpairs computed

Now compare the results from Tables 1 and 2 for the first eigenpair {\1, vy} with ones
from [5] one can see that when more eigenvectors, whether or not they converge, are included
in the process, all approximations are improved.

Hence, we show that the FMG-EV method can compute the first eigenvalues with a
desired order of accuracy by corresponding choices of eigensolver parameters, when we solve
the coarse level problems exactly. Hence, in practice, ¢ = 1 and v = 3 or close to these values
are sufficient to ensure the convergence of the FMG-EV(p) method.

The second group of numerical experiments were performed for various combinations of
the values ep 45 and epj7¢, when the number of inner iterations and relaxation steps are fixed
and is always taken as ¢ = 1 and v = 2. The behavior both of the accuracy of eigenvalue
approximationis and of the time of the whole iterative process with respect to epags and eppra
for different number of levels are shown in Figures 1.1-1.4. Here, the value of epp;g and epag
are changed in a range from 107! to 10719, and the power of 10 are given along the left axis
for eppre and along the right axis for epag.

From the presented numerical results we see that the accuracy of approximated solution
depends only slightly on the values of e 45 and there is a strong dependence on the values of
erma. Here we have to note that starting from some values of epprg and epag the accuracy
does not changed, i.e., we reach the maximal accuracy for the given numbers v and ¢q. On the
other hand, there is a strong dependence of the computing time on the values of ep4g and,
at the same time, a weak dependence on €g,7¢. Hence, in practice, the optimal choice of the
iterative parameters seems to be epprg = 10~* and epag = 1072 or close to these values.

Moreover, the present experiments shows that the FMG-EV(p) method is of capable to
deal with a multiply eigenvalue. Indeed, we have A\; = Ao = A3 and how one can see from
the numerical results presented here we find this eigenvalue and its eigensubspace without
problems.

The next group of numerical experiments were performed for various problem sizes and
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for different numbers of relaxation steps used, when epj;¢ and epag are optimal in above
mentioned sense and are fixed. The time of the whole iterative process for various values
of Lvls with respect to the number of unknowns on the finest mesh and the number of
relaxation steps are given in Figures 2 and 3, respectively. Moreover, in Figure 4 we present
the dependence of the time of eigenvalue solver on the number of levels and on the number
of eigenvectors. Based on the presented numerical results we can see that the FMG-EV(p)
method has an nearly optimal computational complexity, i.e., the time of the whole iterative
process does not depend on the number of unknowns on the finest level and does only slightly
depend on the number of level used. Moreover, the whole computational complexity grows
linearly with respect to ¢ and v, and quadraticaly with respect to p. All results in a good
agreement with the theoretical result in (10).

In Figure 5 we compare the method with these parameters, denoted by ”real”, to the
method with ¢ = 1, v = 3, erpe = 10716 and epag = 10716, denoted by ”ideal”, from
which one can see that our choice is close to optimal from the accuracy point of view and
more attractive from the timeing point of view. Moreover, one can see that there is a limit
accuracy for each pair ¢ and v, which can not be improved by decreasing ey and/or epags.

Now we want to mention a problem with the eigenvector orthogonalization for the inner
nonlinear method. Indeed, when we try to solve the coarse level problem for the second, third
or other eigenvectors during the FAS method with some given accuracy, we always perform
the maximal number of iterations, i.e. we could not reach the desired accuracy. It seems that
it is not a strong restriction on the suggested method since the method is still convergent.
However, the proposed technique with corresponding block-type modifications for the inner
nonlinear method can be done. Another open questions are the method for computing the
sequence of matrices A®) and also the proof of the convergence rate of the method. The
future investigations will be directed in these ways.

As a final conclusion, we have found that the FMG-EV(p) method, applied for computing
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the smallest eigenvalues and their eigenvectoris, leads to an iterative eigensolver with an
nearly optimal order of the computational complexity and an uniform convergence behaviour.
Moreover, the experimental study of the FMG-EV(p) method for linear elasticity problems
give us the same results [6].
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[Avy — paval: |Avs — pavs]:

Fig. 1.1. The time of the whole iterative process (Time) and the accuracy for five smallest
eigenvalues (||Av; — u;v;||) vs. the inner stopping criteria epasg and epag, Llvs =5
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[Avy — paval: |Avs — pavs]:

Fig. 1.2. The time of the whole iterative process (Time) and the accuracy for five smallest
eigenvalues (||Av; — u;v;||) vs. the inner stopping criteria epprg and epag, Livs = 4
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>
[Ava — paval: |Avs — pavs]:

[Ava — pava: |Avs — psvs|:

Fig. 1.3. The time of the whole iterative process (Time) and the accuracy for five smallest
eigenvalues (||Av; — u;v;||) vs. the inner stopping criteria epprg and epag, Llvs = 3
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[Ava — paval: |Avs — pavs]:

[Ava — pava: |Avs — psvs|:

Fig. 1.4. The time of the whole iterative process (Time) and the accuracy for five smallest
eigenvalues (||Av; — u;v;||) vs. the inner stopping criteria epasg and epag, Livs = 2
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