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Abstract

Hybrid discontinuos Galerkin methods are popular discretization methods in applica-
tions from fluid dynamics and many others. Often large scale linear systems arising from
elliptic operators have to be solved. We show that standard p-version domain decom-
position techniques can be applied, but we have to develop new technical tools to prove
poly-logarithmic condition number estimates, in particular on tetrahedral meshes.

1 Introduction

In this paper we are concerned with discontinuous Galerkin (DG) finite element methods for
elliptic problems [4, 12, 23]. The motivation might be to have dominant convection, or one
wants to build exactly divergence free finite element spaces for incompressible flows [11, 30], or
other. We think of operator splitting methods, where one has to solve a large scale symmetric
matrix equation in each time-step.

In recent years hybridization methods appeard, which allow to reduce the discrete system
to the element interfaces [10]. This paper is concerned with the construction and analysis of
domain decomposition methods for the Hybrid Discontinuous Galerkin (HDG) method. We
consider one element as sub-domain, and the coarse grid problem consists of mean values on
element interfaces. We prove robustness with respect to the mesh-size, and a poly-logarithmic
growth of the condition number with the polynomial order p.

There is now an established literature on high order finite element methods, from the
more theoretical point of view as well as from an applied one [41, 39, 25, 13].

We consider two strategies for domain decomposition algorithms [43], non-overlapping
Schwarz type methods [15, 19, 20] and balancing domain decomposition with constraints
(BDDC) [14, 31]. There is a big literature, in particular high order methods and three
dimensional problems are treated in [2, 5, 7, 8,9, 18, 22, 26, 27, 29, 29, 34, 35, 36, 38, 40]. There
is a classical paper on multi-level analysis for h-version DG methods by Gopalakrishnan and
Kanschat [17], and a recent one studying higher order methods by Antonietti and Houston [3]
showing a polynomial growth of the condition number in p. We will see that the conditioning
is significantly improved by hybridization, namely to a poly-logarithmic growth. We are not
aware of particular analysis for preconditioners for high order HDG methods, even not in 2D.

The main result of the present paper is Theorem 3 proving that optimal extension from
faces to elements with Dirichlet constraints is nearly as good as extension without constraints.
With this result condition number estimates follow with the usual techniques.



The main difficulty is to build optimal extension operators from an edge to a tetrahedron.
This problem was solved for hexahedal elements by multiplying with fast decaying functions
by Pavarino and Widlund [36]. Polynomial extension operators for simplicial elements are
usually based on smoothing operators [5, 32]. Heuer and Leydecker have analyzed such
operators also for boundary elements, i.e, for three dimensional edge to face extension.

We cannot use the existing simplicial extension operators to prove quasi-optimality of
HDG methods since they do not decay fast enough in the jump-norm. We give a new con-
struction of discrete edge-to-tetrahedron extension operators which are motivated by the
multiplication with low-energy functions of Pavarino and Widlund, but are contained in the
polynomial space on tetrahedra.

We declare some notation. With a < b we mean the existence of a generic constant ¢
such that a < c¢b, where c is independet of parameters h and p. Otherwise, we denote the
dependence as ¢(p). The space of univariate polynomials of order p is PP, and PP(T) is the
space of multivariate polynomials of total order p on a simplex T. To simplify notation we
redefine logp := 1 for p € {0,1}.

In Section 2 we give the hybrid DG formulation, in Section 3 we prove the main result,
Theorem 3, and show how to apply it to analyze domain decomposition algorithms for HDG.
Technical lemmas are shifed to Sections 4, 5, and 6. In Section 4 we collect properties
of orthogonal polynomials, and prove one dimensional trace estimates and construct one-
dimensional extension operators with respect to different norms. The short Section 5 gives
the proofs for extension from vertices, the main technical proves for the extension from edges
are in Section 6.

2 HDG discretization

Let © C R3 be a polyhedral domain. Let 7 = {7} be a conforming triangulation of

consisting of shape regular tetrahedral elements. With F = {F'} we denote the set of all

faces, and Fr are the faces of the element T'. As usual hp = diam T is the local mesh-size.
We consider the Dirichlet problem of the Poisson equation problem, namely

—Au = fin Q, u =0 on 0,

with the source f € Ly(Q). We define the p** order hybrid discontinuous Galerkin finite
element space
Vy := P(T) x PP(F) == [[ PP(T) x [] PP(F),
TeT FeF

its subspace Vyo = {(u,A) € Vy : A = 0 on 00}, and the hybrid discontinuous Galerkin
(HDG) method as: find (u, A) € Vi o:

A(U,)\;'U,,U,) = <f7v)L2(Q) V(v,,u,) € VN70'
The HDG bilinear-form is

A(uv )\7 v, :U) = Z AT(U7 )\7 v, M)
TeT

with the element contributions

Ap(u, \jv, p) == / VuVov + @(u —v) +
T 7 871

ov

—A—u)+a(u—Av—pu)js
8T8n< ) ( )]T



with a fixed o > 4 = |Fr|. We choose the stabilization similar to the stabilized Bassi-Rebay
method [6, 4, 24] as

(u=Av—wor=> (re(u—N),re(v—p)L,m)-
FeFr

The discrete lifting operator rg : PP(F) — [PP(T)]? is defined by

(TF(:U')aU)LQ(T) = (p,v- n)Lg(F) Vv € [Pp(T)]g-
The norm
lu—=Allj,r = [lre(u— Al Ly(r)
is realized by
(w—X,0-n)r,F) (u =X\, 0)Ly(F)

lu—=Alljp=sup = sup
o€[PP(T)]3 loll L, oerrm) ol

The last equality holds since the normal vector n is constant on F'.
We define the norm

1 B srp = Y {IVuldyer + e = AZor |
TeT

with ||Ju — AH?,BT = rer, lu— /\H?F We note that more general elliptic equations, with
mixed boundary conditions, variable coefficients as well as variable polynomial orders can be
treated the same way.

Theorem 1. The HDG bilinear-form A(.,.) is continuous and coercive on (Vno, | - ||1,mpc)-
Proof. Continuity and coercivity are proven element-wise, i.e.,
2 2 2 2
HVU||L2(T) + [lu — )‘Hj,BT = Ar(u, Aju, A) =< ||VUHL2(T) + [lu— )‘Hj,@T

is shown for all w € PP(T),\ € PP(Fr), and for all T € T. For F € Fr we use Young’s
inequality ab < %az + 2b* with 4 < v < « to obtain

ou [onla—2)
(u—=A) < [[Vu S ol
; 8n( ) ” HLQ(T) oe[pr]3 HUHLQ(T)

VAN

1 Y
ZHVUH%Q(T) + 5”“ = Al 5
Summing over the 4 faces of T" we obtain

ou
Ap(u, \ju, \) = HVU||%2(T)+2 Z /an(u—)\)—i—a(u—A,u—)\)ﬂ
Ferr ¥

4
> |[Vull, ) — §HVUH%2(T) =) llu= Al +alu=Alsr
F

= IVl + e = Al ors

continuity is verified similar. O



Theorem 2. For F € Fr let P* denote the Lo(F)-orthogonal projector onto P*(F), with
P~ =0. For A\ € PP(F) there holds

p
NG p = bzt Y p(p =k + 1) [(P* = P YA, )
k=0

Proof. By an affine-linear transformation to the reference tetrahedron and reference face

T = {(z,9,2):y>0,2>0,]z| +y+ 2z < 1}, (2)
F = {(#,90):y>0,|z|]+y <1} (3)

one obtains the scaling in the mesh-size. By means of Jacobi and Legendre polynomials (see
Section 4), the Dubiner basis polynomials [16, 25]

wij(z,y) = PZ(H>(1 — ) PO2H) (1 — 2y) fori+j<p
form an Lo(F)-orthogonal basis for PP(F'). Expand
Ma,y) = Y Nijgij(e,y)
i+j<p

o(z,y,2) = Y wij(liiz’lg )(1—Z)i+j0z‘j(2)

= z
i+j<p

with o;; € PP~""J. By the change of variables

g: Fx[0,1] = T:(&n,2)— (z,y,2) := (1 —2)& (1 — 2)n, 2)

with det ¢’ = (1 — 2)? we express

o122, / / (1 - 2)20((1 - 2)&, (1 - 2)n, 2)* d= d(€,n).

Due to orthogonality there holds

Il = 3 Nl / (1 — 22424262 (2) da

i+7<p
and
(A o)Ly (r Z ||902JHL2 )‘UUU(O)
i+j<p
There holds 0o )2
L2(F) *1(12
sup = [lo™ 17,1
o€PP(T) ”UH (T) La(T)

where o* € PP(T) solves

(0" T)po(ry = (A7) Lo(r) VT e PP(T).



The components o7; € PP==J of the Ly(T)-orthogonal decomposition

* _ . x Y i+7 %
o (z,y,2) = Z Pij (ma 1— z)(l —z) ]Uij(z)
1+5<p
solve .
/0 (1— z)2i+2j+2afj(z) 7(2) dz = X\i;7(0) V1€ PPy

and there holds

! 2
L Neioii (0
/ (1—2)**5 %267 (2)%dz = sup  — ( ”%( ) ,
0 oizePr=i=i [ (1 — 2)2”27*20%(2) dz

From Lemma 6 below we get
1
|0'ij(0)|2 <plp—i—j+1) / (1— Z)2z+2j+20i2j(z) dz
0
is sharp, and thus
! 2i+2j42 2 2
/ (1= 22204205 ()2 dz o plp — i — j + 1)A3,.
0

Thus there holds

(Av O-)%Q(F)

sup |2 ~ Z p(p—’i—j—l—l) )‘szH‘Pin%Q(F)
sepr(r) llo ’Lz(T) i+j<p
p
= > plp—k+1) Y Nl
k=0 itj=k

p
= > plp—k+DIP" =P AL, 5
k=0

We observe that

B —A 2 ~ —A 2 < Zf —A 2 4

Often anQ [lu— /\]\%2( ) With a sufficiently large parameter o is chosen as penalty term. Usually
« is chosen on the safe side. We will see in the numerical examples that the condition
number does increase with «. In this paper we prove quasi-optimal condition numbers for
the presented stabilization, it does not carry over to the weighted Ls-stabilization.

The benefit is two-fold, on one side the method is guaranteed to be stable, for any a > |Fr|,
on the other side the condition number is proven to have only poly-logarithmic growth.



3 Domain decomposition preconditioning

The analysis of non-overlapping DD preconditioners is based on stable decompositions of
finite element functions. For that, quasi-optimal extension procedures are essential. The
main result of our work is to construct an extension operator, and bound its norm.

For F € F and a fixed T € T such that F' C T we define the trace semi-norm

M= it {1Vl + = Al

and the trace norm

Ao = nf  {IVullf,r) + lu=MZ 4+ D u=0l ).

epr (T) F'eFp
FI4F

The semi-norm ||A|| p mimics the H'/?(F) semi-norm, i.e. the trace semi-norm correspond-
ing to arbitrary H'-optimal extension onto the element 7', while the norm ||| o mimics the

HééQ—norm, i.e., the trace norm corresponding to H'-optimal extension under Dirichlet con-
straints on 91"\ F. Note that for continuous finite element spaces [|A[[ 12 is defined only for

A =0 on OF. For hybrid DG, both norms |[A||r and ||A||Fo are defined for the same space
PP(F).

Theorem 3. Let A\p € PP(F) with [, A =0. Then here holds
IN[F0 = (logp)™ A
with v = 3.

Proof. 1t is enough to consider the reference element T'. Let u be the minimizer corresponding
to ||A]|r. Thanks to a Poincare - type inequality and Theorem 2 there holds

9 2
iy = 196,00+ ([ )
2 2
< 2 —
= HVu\|L2(T)+</Fu /\) +(/F/\)
S O A Y

We modify the function u by subtracting vertex and edge contributions:

ug = u-— Z Evoru(V)
VCF

uz = ug— E EpruslE
ECF

In Theorem 11 and Theorem 18 below we prove that the function us is in PP, vanishes on
OF, and satisfies

IVusl, o + llu — usl2 0 < log p lul2 .

There holds Hu?’”i]&éz = (log p)? ||“3H§11/2(F) [8], Lemma 4.7. Now take

(F)

U := Epruslp



as the Munoz-Sola extension [32]. Finally we get

25 = (logp)" A7,

and together with @ = 0 on 9T \ F' we have proven the result. O

IVl ) + = A

We note that in [36, 8, 35] and others estimates with (logp)? have been obtained for

continuous finite elements. It might be that our result can also be improved to (logp)2. One

approach would be to directly estimate the [, Wu(wﬁ dx term of the HééQ(F)—norm.

If one succeeds with that estimate, then that improved v can be used immediately in the
following condition number estimates.

3.1 Schwarz type domain decomposition

To analyze Scharz-type domain decomposition methods one has to prove stable decomposi-
tions into sub-spaces.
For A € PP(F) we define the Schur-complement norm

IME = inf )R oo

Theorem 4. Let A € PP(F). Define the coarse grid component as

Mg € PY(F) such that / A = / A,
F F
and for F' € F define the local components Ap as

)\ o )‘\F_AH|F OTLF
E= 0 for F' 4 F

Then there holds

INallE + D IAFIE =< (logp) NI
FeF

Thus, the additive Schwarz preconditioner Cagyr applied to the facet Schur-complement S 4
of A leads to a condition number estimate

K(C7LpSa) < (logp)?

Proof. From the definitions of the norms there follows

S llulelF = lleld 2> lulrlze Vi e PP(F).
FeF FeF

Since [, Ar = 0 we have

YIRS = D IArlFlFe < (ogp)” Y IAF|FIE = (ogp)” Y IAIFIE < (logp)” [ AIIZ,

FeF FeF FeF FeF
and
IXENIE = 1A= D AplE 2 IME+ 1D ArlE 2 IAIE+ D IAmFllEo X (logp) A%
FeF FeF FeF

Due to finite overlap of the sub-spaces, the the largest eigenvalue of CZé S is bounded by a
constant, and thus the condition number is bounded by (logp)”. O



3.2 BDDC preconditioners

To define a BDDC preconditioner one sub-divides degrees of freedom into primal and dual.
The dual ones are treated discontinuous, and thus can be eliminated on the element-level.
In our case we choose the mean value on the face as primal, all others are dual degrees of
freedom. Thus, the remaining global system involves only one degree of freedom per face.

Theorem 5. The BDDC preconditioner with mean values on faces leads to a condition num-
ber

K(CpphpeSa) < (logp)?

Proof. Let A be double-valued on faces with consistent mean-values, this means

A= (Ar)reT € H PP(Fr),
TeT

such that
AT:/)\T’ for F=TNT.
F F

Define the average A € PP(F) as

5 _ Zrnrcr MiF
ZT:FCT 1

We have to prove continuity of the averaging operator, i.e.

INE < c(p) Y IMrlIE s
TeT

where ||AT"?9,T := infy, e pr(T) {HVUH%Q(T) +flu— )‘HiaT}‘
We use [ A= [, Ar to apply Theorem 3 for estimating

IME = > Worllir = 3 {IArlZe + 1Nor = Arlidr }

TeT TeT
< S {IarlEe+ X 1Ror - il
TeT FeFr
=< (logp)" > {InrliEzr+ D or = Arl
TeT FeFr
< (ogp) 3 {IArlze + 3 I3}
TeT FeFr
< (logp) Y IIMrlEr
TeT
The condition number ﬂ(Cgll) pcA) is given by the continuity bound c(p) = (logp)”. O



4 Traces and polynomial extensions on the interval

In this section we collect some properties of Jacobi polynomials which can be found in [42],
Chapter 4, or [1], then we prove trace and extension estimates on the interval. Let w =
(1 — 2)%(1 4 )? be the weight function, for us a, 8 € Ny is sufficient. The n'"-order Jacobi

polynomial P,ga’ﬁ ) is defined by Rodrigues’ Formula as

1 dan

P a) = (=2)"n!w(x) dz™

(w(x)(l - x2)").
There holds the orthogonality relation

/ " PR plad) gy 5 2045 (n+ o)l (n+ B)!
EE "M+ a+pB+1 nl(n+a+p)’

and boundary values are

pled) (1) = <n+ a) '

n

The Legendre polynomials are P, := PT(LO’O)

defined as

, and the integrated Legendre polynomials are

We often us P =
€1 use 2
|| TLHLQ([ 171]) m’

and we need
(2n + 1)Ln+1 = Pn+1 — Pn—l-

Parameters can be shifted by
2 9 P a—1,8 6; P a,f 6) P a,p
( ) ?’(L ! ) - (n + « + ) 7& ) ( ) T(L—l )7

and by telescoping one obtains for the particular choice a =1

(m+ B+ 1P =Y "(2n+ g+ 1)P"P). (5)
n=0
Differentiating Jacobi polynomials gives
d 1 o
SR = S(n+a+f+DPCTHY. (6)

Lemma 6 (Trace inequality 1D). For v € P" there holds

w07 < S(an) [ 71— o) )
and for every n there exists an 159 ¢ pn such that 157 (0) =1 and

/01 v (1= )21 (y)? dy < S(n,a, 8)7",

9



with
m+a+)!(n+a+p+1)!

S(n, o, f) = —— (a+1)n! (n+B)!

For a fixed o there holds

S(n,a,B) ~ (n+ 1) (n+1+p)t

Proof. Estimate (7) is sharp for the solution of the constrained minimization problem
1 5
min (1 —y) v dy.
U@ﬂ%;y< y)u(y)”dy

By choosing the representation

n

o(y) =3 PP - 2y),
k=0

the minimization problem can be rephrased as

min ¢! De
CER"+1
pTe=1

with b € R*™! and D € R*1*"+1 diagonal with components

o8 (k+ a)!
be = P’g )(1): al k!
! Lil—zne/l4+2\8 ap), ol
D = /yal—yﬁP(a’ﬂ)l—Qdey:/ PP (2)? Zdz
e = [ 00— B2y () () Emers
1 (k+ a)! (k + B)!

%k+a+pB+1 k(k+a+p)

Using the method of Lagrange multipliers we obtain
D b c\ (0
b 0 A) L1 )

n b2
S = VD h=) —H
k:Z:O Dy

With the Schur complement

n

= > @k+a+B+1)

k=0

(k+ o) (k+a+p)!
(a2 Kl (k+ )

the solution is given by \ = %1 and ¢ = %Dilb. The value of the minimum is S~!.

By means of the Paule/Schorn implementation [33] of Gosper’s algorithm, V. Pillwein
computed
n+a+)!(n+a+p+1)

al (a+1)!In!(n+B)!

More on computer algebra techniques in finite element methods is found in [37].

S =

10



We continue with a hand-proof for the assymptotic behavior:

n

S~ ela) S (k4 1)k + B+ 1)+
k=0
n a+1 a+1 ' )
= c(a)d (k+1)*) ( , >(k: + 1)/ gati=d
k=0 =0 N 7
a+1
a+1 . )
~ cla . n+1 Jjta+1 pa+l—j
@3 (“T e
7=0
= c(a)(n+1)*(n+ B+ 1)*",
O
Lemma 7. For v € P" there holds
1
O = o) < togn [ (1 =) dy (®)
1
o0 = togn [ y(1= )W) o)) dy 9)
Proof. To verify (8) we follow the lines of Lemma 6. Now we expand
o(y) = Y aP"V (1 - 2y),
k=0
from (6) there follows
V(y) = =Y ek + DRI (A - 2),
k=1
and now
b = POY1) - POV (1) =14 (-1)F
1
Dip = (k+1) 1— )P (1= 29)2dy = (k + 1)2
o = e [y )PP 202y = (1P e
and thus ,
b? 42k 4+1) & 1
S = —k = — T~ —— ~logn
Estimate (9) follows from (8) as follows: for o(y) := (1 — y)v(y) we apply (8) to obtain
1
W0P =50 = ogn [ y(1-9)7()*dy
0
1
= ogn [yl =)o)+ (1= 9 ) dy
1
< logn /0 y(1 =) (v(y)? +'(y)?) dy
O

11



Next we prove that the minimal energy extension in certain norms is also quasi-optimal
in related norms:

Lemma 8. We define for n, 3 € Ny
lf; = argmin /1 y(1 —y)Pu(y)? dy.
veP™,p(0)=1.J0

Then there holds

1
(n+1)2(n+8+1)%

1
(n+1)(n+p8+1)

1

/Oy(l—y)ﬁlff(y)Qdy <
1
A(l—wﬁﬂm%w

1
géyu—yﬁﬂ«mwwfm/j 1. (12)

PN

Proof. The optimizer lﬁ was calculated in the proof of Lemma 6 with o = 1, namely
n
=3 apr"P 1 - 2y),
k=0

FTATE k+,8+1 We get
. by  Rk+B+2)(k+B+1)
"7 DpiS S ’
and S ~ (n+1)%(n + 8+ 1)2. Inequality (10) was proven in Lemma 6. To verify (11) we

utilize (5) to re-expand I in terms of Jacobi-polynomials oo,

2]—1-64—1 ,
Z Zk+ﬁ+1 ;-2
J_

with by, = k + 1 and Dk,k =

15 (y)

Il
(-
=
o
N
+
=
n
2
o
<
+
=
n
\':
’5
:‘3
l\:)
Y

(n+j+B+2)(n—j+1)(2+8+1)P") (1 - 2y) (13)

Thus there holds
1
A(l—wﬁﬂw%yz

1 2 4 2 ; 2
_ Z/ (1 - P (PO — 2y)2ay THITAHD) (nSQJ+1) (2 + 8 +1)
N S N UE Y Ry Gl R R R
2B+ (n+1)4(n+ B+ 1)*
1

= i Dm+B+D

12



From (13) and (6) we get
+B+1, . .
(12 (y SZJ B (n +]+B—|—2)(n—]-1-1)(2]+5+1)Pj(£,1,8+1)7

and thus with similar arguments as above

/ y(1— )P 18Y ()2 dy < 1.
Il

We construct a family of minimal extensions {e! : 0 < ¢ < p} similar to Lemma 8, such
that the differences between two consecutive functions is small. We obtain this by weighted
averaging of the previously defined 12

Lemma 9. For i such that p/2 <1i < p we define the weighted average
e(y) = Zwk (1—y kzl% () with wy, = (p— k + 1)

and for i < p/2 we set
o 2]—i
ef(y) == (1 -y~ (y).
There holds e € PP~ it satisfies the boundary condition €?(0) =1 and the estimates

- 1
/y(l_y)m 15?(9)2 dy = m (14)
L N2i—1 P, N2 1
Ja—vPtawtay < s (15)
d i 2
[oa=n (G (a=-wde) @ = 1 (16)
We define differences of consecutive functions as
d(y) = ef(y) — (1 —y)el1 (y),
they satisfy d € PP~%, d¥ =0 fori < p/2, and
. .2
/(1 _y)zl_ldf(y>2d3/ = m (17)
d ; 2 i?
Jua=n(G - aw) & = (18)

Proof. We apply the triangle inequality, use (10), and >_F_ wy, ~ (p — i + 1) to prove (14):

([ot—vPew?ay)”

1 b i ok 9 1/2
< pu)E:W(/yﬂ—yV (= ) () dy)
k=i TR =
1 <& 1
=< —k+1
- Zwk;(p )(p—k+1)(p—k:+1+2k:—1)
. 1
- oplp—it1)

13



The estimates (15) and (16) follow similarly.
The differences d vanish for ¢ < p/2, and (17) is trivially fulfilled for ¢ < p/2. Thus we
assume i > p/2. We realize that

d(y) = e (y) — (1 —y)el, 1 (y)

1< 2k 1 2 ir2ke
= S Zwk(l —y)* zgi’jkl(y) By Z w(1 — y)* leﬁkl(y)
k—i k—i k=i+1 k=i+1
wj .
= 57 (516 - - 0ea®).
=1
Since
w; -~ 1
biwr p—i+ 1
we get
/(1 — )" (y)* dy
1 o N
(p—i—i—l)Q(/(l —y)* lli’_il(y)Q dy + /(1 —y)¥ el (y)? dy)
. 1
- i+ 1)%p
The additional factor ;—22 follows trivially since p/2 < i < p. Estimate (18) follows similarly.

O]

5 Extension from a vertex

In this section we define and analyze minimal extensions from a vertex of the reference
tetrahedron T'.

Lemma 10. We define
1
éy = argmin / y?u(y)? dy
vePP—1 v(0)=1J0

and
ev(y) = (1 —ylev(y).
Then ey € PP with ey (0) = 1 and ey (1) = 0, and there holds

1
/ ylev(y)??dy =< p "
0

1
/0 yev(y)?dy =< p*

1
/Oyge’v(y)zdy < p2

14



Proof. With Lemma 6 there follows

1 1
/0 y2€v(y)2dy§/0 y*ev(y)*dy = p S

With fol v(y)? < p? fol y(1 —y)v(y)? dy, see [39, Thm. 3.96], we get
1 1 1
[ vevtwran = [Cut—previar <ot [ 20— <o

and with fol y(1 —y)'(y)? dy < p? fol v%(y) dy, which is [39, Thm. 3.95], we get

1 1
/ Ve ()2 dy = / (1 — ), (y) — v (y))’dy
0 0
1 1
< /0 VA1 — )% (y)? + / y2ey (y)? dy

0
1
< p2/ y(1—yév(y)dy+p °=<p?
0
0

Theorem 11 (Extension from a vertex). Let V' be a vertex of the reference tetrahedron T', and
Ay the corresponding barycentric coordinate. Define the vertez-to-element extension Ey_p :
R — PP(T) as

gv_gﬂ) = €V(1 — Av) V.

Then u := Ey_,pv(V) vanishes on the face opposite to V and satisfies

IVul ey + > e < 1ol
FeFr

Proof. We recall the inverse estimate |v(V)| < p2\|v||§{1(T). There holds

1
[Vey (1 — )\V)H%Q(T) ~ / (1= Av)2%el (1 = A\y)?dAy < p 2,
0

and for a face F' containing V' we have

1
levIZe = p2llev], m ~ 5 /0 (1 A)ev(l - Av)2dhy < p2,

and thus the powers of p cancel out. ]

6 Extension from an edge

In this section we analyze trace operator on edges, and define edge-to-element extension
operators. We consider the edge E = {(z,0,0) : |z| < 1} of the reference tetrahedron T'
defined by (2). We split the construction into two pieces, one is face-to-element extension,
the other one is edge-to-face extension.
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Lemma 12. Define the face-to-element extension Ep_7 and the element-to-face restriction
operator Rr_r between the reference tetrahedron T and the reference face F' from (2), (3) as

(Eporu) (,y,2) = ulz,y+ 2), (19)

1
(Rrorw) (z,y) = /0 w(z, sy, (1 — s)z)ds. (20)

These operators are mappings between PP(T) and PP(F'), preserve the function on the edge
y =2 =0, and are continuous with respect to the norms

IRr—Frwl L, F)y 2 lwllLyr) IRr—Fwlgi(r)y 2wl g

and
|€rorullpyry 2 ullpyr)y  NE€r—sTulla ) 2 lullmm),y

with the norms
ull, ),y = /Fw(t'fc,y)2 dz,y)  ulltp ey, = lullz,m, + 1Vl @),
Proof. The proof follows from change of variables via
g: [071] XF —=1T: (S,ZL‘,y) = (IL‘,Sy,(l _S)y)

with |det ¢’| = y, and thus

1
/T u(E,m, O d(€, ¢) = / /F yu(e, sy, (1 — s)y)? d(z, ) ds

O

Next we study trace and extension operators between the face F' and the edge E. Con-

tinuity is proven with respect to the weighted norm || - || g1 (F),, and a proper norm on the
edge || - ||

Expand u € PP(F) as

p

u(ey) = D0 Li( ) (1= p)uily) + wur () = wo(y), (21)

i=2 1=y

where u; € PP~ Utilize L; = ﬁ(PZ — P;_5), define u; = 0 for i > p, and shift indices

1 |

P (1 =) uiy) = > 5= Pia()(1 = ) 'uily) + zur (y) — uo(y)

p
=2 =2
p

W wao(l— )2
RO~y (5~ L) 20 s — Lall— )Py + zan(y) — o)

2 2i—1  2i+3
P . — U;
- Sal)e-n (G - SR
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Thus, u can be re-expanded as

u(e,y) = Y P ) 1= y)uly). (22)

i=0 —Y
where the v; € PP~% are given as

Uq - 2ui

Lemma 13. Let u € PP(F), and u;,v; € PP~" be the expansion coefficients in (21) and (22).
Then there holds

p 1
1 %
R Sl R

and

Proof. Use the Duffy transform g : [-1,1] x [0,1] — F: ({,y) — (x,y) = (£(1 — y),y) with
det ¢’ = (1 — y) to transform the norm

iy = [ vl o) = /0 1 / 11y det g’ u(€, ) de dy
= [ [ va- y)(imm - y)"v,-(y))zdsdy

_ Z /P 2 ge / 254142 dy

To transform the gradient-norm we calculate

(¢) " = <

’(9’)_TU\2 ~(1- y)_Qv% + v% Vo e R?

— —
I‘MI‘H
< <
—= O
~

and note that

Then we get
IV, i, = / / IV o yyul? dady
1+y

_ /O /_ v detg'[(9) T Vieuf dedy

/Ol/_llya—y d&dy+// (1-y ‘ ()

12

dgdy.

€ § Y)
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For the first term we use representation (21):

/ / -y ZL’ D)ualy) + () de dy
- // 1=y sz WO~ 0)wi(y)) de dy
N Z/ Fica dﬁ/ )* ui(y)? dy

For the second term we use representation (22):

[ [ ZP p)'uily)) dedy
;/P dé/ (=) (G (0= 9'))

O
For u(z) = Y0 s u;Li(z) + w1z — ug = >.%_yv;P;j(x) € PP(E) we define the norm
2 ¢ Uzz . ”1'2
I =Y o 2 (21)

‘We note that
2

p
Vi 2

1=0

Numerical tests indicate that the first sum in (24) is bounded by log pHuH%z( ) and we
decided to keep it in the definition of the norm || - ||z instead of loosing another log-factor.

Lemma 14 (Trace theorem on edges). Let u € PP(F'). Then there holds

lulel} < 1ogp [l r.,

Proof. Follows immediately from the definition of || - ||z, trace inequalities Lemma 6 and
Lemma 7, and the representation Lemma 13:

p 2 p 2
2 Uz(o) Ui(o)
lulle = Zin(p—i+1)2+Zi—l—1

=1 =0

P
<Y i1 [ )
T = ip?(p—i+1)2 0

X
=)
(]
s
=
T
3
<



Lemma 15 (Extension from edges). For u(z) = >0 ,w;Li(x) + w1z — ug € PP(E) and the

functions e from Lemma 9 we define the extension operator as

(Ee—ru)(z,y) Zuz z( — ) 1—y)'el (y) + urzel (y) — uoeg (y)-

Then here holds
I€e—Fullgi )y = llulle.

Proof. We convert the extended function into the Legendre basis as
P " '
Epru = i§zoﬂ<1_y)(1 y)'vi(y),

where v; € PP~ are
uiey (y) uip2(1 —y)%el ,(y)

vi(y) =

% — 1 2 +3
We rewrite
U; Uj42 Uj+2
ul) = (G~ greg) W) + (F) — (1 - e (v) 515
Ui4-2
= w0 (v) + 5 13(#’( y)+ (1 -y, (y)).

Note that there holds u(z) = >"F_ v;(0)Pi(z).
From Lemma 9 and Lemma 13 there follows

P
HEE—>FUH%2(F),y = Z / -y (e ()vi(0) + (4 (y) + (1 — y)d7 1 (1))
2:0
P (% . z+2 iz
= zz;z—klp —z—i—12+lz: i+ 13 p3(p—i+1)3
=l

and

p 2
u; i—
IVEk-rullt e, = 3 [ (=¥t dy
i=1
1 d

Uj+2
21+ 3

Y /O y( =) (G (0= 9" (o + (@) + (1= )l 0) 55

)



Now we apply Lemma 9 to estimate

p 2 1

b9
% V()
v 2 _< v - 3
IVl =25 v P T it 1

~ |ull%-

O]

Next we estimate the contributions from the jump - norms. For this, we prove a face-to-
edge trace lemma in weighted Lo-norms:

Lemma 16. Let D = {(y,2) :y > 0,2 > 0,y + 2z < 1}. For v € P"(D) there holds

1
/O ¥ (1= 9)Po(y,0)2dy < (n+ 1)(n+a+B+1) /D Y01y - 2)Pu(y, 2)2 dly, 2)
Proof. We expand

oy 2) =3 Pl (2L = 1) = 2)us(2)

= 11—z
with v; € P"7J_ and calculate
1 1
/0 Yo (1 = 1)o(y,0)% dy = ;0 /0 ¥ (1 - ) PO 2y — 1)2dy v;(0)%,

and with the change of variables (y, z) = (n(1 — 2), 2)
| =y =22 o2
1,1 . )
= [ [ mia - - 2), 22 dns
~ [ (a.B) 2 ! 1425 2

= > [ P - Dy [ (1 2 )R s

The estimate follows with Lemma 6, i.e.
1 .
B0 % (0 =G+ D0 —j+at§+1+2)) [ (=2 0P ds,
0

for 0 <j<n. O

Lemma 17. For u € PP(E) there holds

1€~ Fulljr < ullp
Proof. By characterization (1) we have to prove the estimate
(5wt ) oy = il Nl oy V€ PP(E), Yo € PY(T)
We recall

p

Ep—ru= Y vi(y)P; (

=0

X
1—y

)(1—y)i
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with (25)

vily) = vi0)el(y) + 5 P () + (1= y)d )

We expand o as
Py, =) -y = 2ol 2)

with o; € PP~%(D). By the change of variables (z,y,2) = (£(1 —y — 2),y, z) we have

l1-y—=z
o2,y = / / o dndy.2)
y+z

= / / 1_ _Z 6(1_ —z),y,z)ngd(y,z)
= SIRIE [ (- 2o )

We expand the inner product, use Lemma 9 and Lemma 16 to estimate

(EB-FU, 0)Ly(F) = / /1+y fy)( )(ZP( > y)'oi(y, )> dxdy

- Z 1217 [0 0P )00 dy

1
-
I M@
o

< ZHPH ([a-wrruwra)” ([ o= owo )"
< ZIIPII (st ) (i vp [ -y 9 o2 2)
< (;umﬂ(w(mhwufﬂ)) (Zupu? / v oy, 2P dly, 7))

12

lullz lloll o)

Finally we define the edge to element extension Eg_,p : PP(E) — PP(T) as
Epr = ErsrlE—F
Theorem 18. For v € PP(T) define
u:=Eprv|E.

Then u|g = v|g and there holds

lalZr + 32 NullZ e < logp ol 3 )
F:ECF

If in addition v vanishes at the end-points of the edge E, then u vanishes on faces not con-
taining E, and there holds

el iy -+l o = Tog p [0]12 1y

Proof. Follows from the construction of £p_,7 and £€g_,p, and Lemmas 12, 14, 15, and 17. [
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pol deg BR - facet BR - element Lo-stab Ls-stab Lo-stab  Lo-stab

a=>5H a=1.5 a=>H a=10 a=20 «oa=140
2 24.91 10.62 12.91 23.74 45.50 88.96
4 41.41 18.64 23.62 41.19 75.63 144.65
8 59.44 33.16 42.27 67.20 116.47  214.49
16 80.70 54.78 65.97 94.73 152.47  268.62

Table 1: Condition numbers of the BDDC-preconditioned system depending on p and the
stabilization method

7 Numerical results

In this section we give some computational results for different versions of stabilization terms.
The first one is the facet-wise Bassi-Rebay stabilization as we have analyzed. The second one
is an element-wise Bassi-Rebay stabilization where

—ANopd
lu—=Alljor == sup faT(u Jo S.
seprrys NollLym

Here it is enough to choose the stabilization factor & > 1. The norm is equivalent to the
analyzed one (the proof is at some point tricky, and not given here). The developed theory
carrys over. The third one is weighted Ls-stabilization with

2 p2 2
= M2 1= b llu = X2, o)

Here, the choice of a sufficiently large « is not trivial.

We have chosen € = (0,1)3, and used Netgen to generated an unstructured mesh consisting
of 184 tetrahedal elements. The condition numbers using a BDDC - preconditioner are given
in Table 7. Choosing o < 3 for the method with Lo-stabilization does not lead to a coercive
discrete problem.

It is clearly seen that the condition number depends on the stabilization term, and it is
an advantage of having a method for which small stabilization factors are guaranteed to be
stable. As we have proven, the condition numbers show a poly-logarithmic growth for the
BR-facet method. It is left the reader to interpret the numbers for Lo-stabilization, from our
analysis there follows only x < p(log p)? due to norm equivalence (4).
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