Convergence of higher order finite volume schemes on irregular grids

Sebastian Noelle^∗

Abstract

We prove convergence to the entropy solution of a general class of higher order finite volume schemes on unstructured, irregular grids for multidimensional scalar conservation laws. Such grids allow for cells to become flat in the limit. We derive a new entropy inequality for higher order schemes built on Godunov’s numerical flux. Our result implies convergence of suitably modified versions of MUSCL-type finite volume schemes, ENO schemes and the discontinuous Galerkin finite element method.

1991 AMS Subject classification code: 35L65, 65M12, 65M50

1 Introduction

We shall consider higher order finite volume discretizations for scalar conservation laws in several space dimensions ∂ ∂t u(x, t) + ∇ · f(u(x, t)) = 0, (1.1) with initial values u(x, 0) = u_0(x), (1.2)

where x ∈ IR^d, t ∈ IR_+, u ∈ IR, f ∈ Lip(IR, IR^d) and u_0 ∈ L^1 ∩ L^∞(IR^d). Existence and uniqueness of admissible weak solutions, which satisfy a set of entropy inequalities, have been shown by several authors (see [21, 11] and the references therein).

In [12], DiPerna introduced the notion of measure-valued solutions to (1.1) and gave sufficient conditions for this solution to agree with the admissible weak solution. This opened a new approach for proving convergence of approximate solutions generated by numerical schemes. Before, many convergence results for numerical schemes relied on Helly’s compactness theorem and therefore on BV (bounded variation) estimates (see the introductions of [6, 9] for a review of some of that literature). Szepessy [34] and Coquel and LeFloch [8] were the first who applied DiPerna’s theory to numerical schemes. Their methods did not use BV estimates. This is important, since according to an observation of Goodman and LeVeque [16] total variation diminishing schemes in several space dimensions can only be first order accurate.

Another interesting technique for proving convergence for finite difference schemes uses Kuznetsov’s approximation theory [22]. This approach, which also brings about an L^1-error estimate, was used in [33, 31, 27]. It was applied to first order finite volume schemes in [3, 39]. A first step to apply it to higher order finite volume schemes was accomplished in [4].

In this paper, we prove convergence of first and higher order finite volume schemes to the admissible weak solution using DiPerna’s theory. These schemes, which include suitably modified versions of MUSCL-type finite volume schemes, ENO schemes and the discontinuous Galerkin finite element method, differ from finite difference schemes by the use of non-cartesian, unstructured grids. First results for monotone finite volume schemes on regular grids are due to Cockburn, Coquel, LeFloch and Shu [5], Coquel and LeFloch [10] and Kröner and Rokyta [20]. In [19], Kröner, Rokyta and the author derived a convergence result for higher order finite volume schemes on regular grids. They applied their result to a modified version of the discontinuous Galerkin finite element method due to Cockburn, Hou and Shu [6]. An independent proof of convergence for this method using finite element techniques was given by Jaffre, Johnson and Szepessy [18].

∗Institute of Applied Mathematics, Bonn University, Germany, noelle@iam.uni-bonn.de Supported by Deutsche Forschungsgemeinschaft, SFB256 Advances in Computational Mathematics 3 (1995), 197 – 218.

The main new aspects of the present paper are the following: First, the use of irregular grids, where cells may become flat at a certain rate as the grid-parameter h tends to zero (compare (4.8) and (4.12) below). This is especially useful when refining the grid in a boundary layer or near an essentially planar shock front. In Appendix C, we show that the rate with which our grids may become degenerate is optimal. Since we admit irregular grids, our convergence result generalizes previous results even for first order, monotone finite volume schemes on unstructured grids.

Secondly, we derive a new discrete entropy inequality for higher order finite volume schemes built on Godunov’s numerical flux (see Lemmata 3.7, 4.3 and Appendix A). We estimate the rate of entropy dissipation in terms of the local oscillation of the numerical flux function instead of the approximate solution itself. In this way we extend previous results of Kröner, Rokyta and the author [20, 19] obtained for first and higher order schemes built on the Lax-Friedrichs and Engquist-Osher fluxes to general E-fluxes. Our entropy inequality (4.13) is also new for one-dimensional finite difference schemes.

Finally, we generalize a technique due to Tadmor [35] to decompose the multidimensional scheme into its one-dimensional building blocks. The additional flexibility of our decomposition yields a weaker CFL-restriction for the time step than used in previous work (see (4.10) below). This is discussed in Appendix B, where we show that for a linear conservation law in IR^d and rectangular grids, our CFL-condition is arbitrarily close to the von Neumann necessary condition for linear stability.

2 Theoretical Background

In this section we briefly review Kruzkov’s admissible weak solutions and DiPerna’s theory of measurevalued solutions.

An entropy pair (U,F) for (1.1) consists of a Lipschitz continuous, convex function U : IR → IR (the entropy) and a function F : IR → IR^d (the entropy flux) given by

F^′(s) = U^′(s)f^′(s). (2.1)

For any k ∈ IR, let U(s, k) := |s − k|. U(·, k) is called the Kruzkov entropy, with entropy flux F (·, k). Let u_0 ∈ L^1 ∩ L^∞(IR^d) and u ∈ L^1 ∩ L^∞(IR^d × [0, T ]). If for all k ∈ IR ∂_tU(u, k) + ∇ · F (u, k) ≤ 0 in the sense of distributions, and if for all R > 0,

lim_{t↓0} ∫ |x|<R |u(x, t) − u_0(x)|dx = 0, then u is called the admissible weak solution, or entropy solution, of (1.1), (1.2). In [21], Kruzkov shows that given u_0 ∈ L^1 ∩ L^∞(IR^d), there exists a unique admissible weak solution u of (1.1), (1.2).^1 Next we review some results due to Tartar [36] and DiPerna [12] which provide sufficient conditions for a sequence u_h to converge to the admissible weak solution u of (1.1), (1.2). Suppose that the sequence u_h is uniformly bounded in R^d × [0, T ]. According to a theorem of Tartar [36], there is a subsequence of u_h which converges weak-star to a Young-measure ν (that is a measurable map ν : IR^d × [0, T ] → P rob(IR), (x, t) → ν_{x,t}). Moreover, for all continuous g : IR → IR, g(u_h) converges weak-star to ⟨ν, g⟩ := ∫ g(λ)dν(λ), that is the expected value of g with respect to ν. According to a corollary to Tartar’s theorem ([12]), u_h converges strongly to u in L^p_{loc}(IR^d × [0, T ]), 1 ≤ p < ∞ if and only if ν_{x,t} = δ_{u(x,t)} almost everywhere. Sufficient criteria for the reduction of ν to a Dirac measure centered at the admissible weak solution are derived in [12], the main criterium being a weak entropy inequality for the measure-valued solution ν (see inequality (4.16) below). Summaries of DiPerna’s result may be found in [34, 8, 19].

3 Finite volume schemes

In this section we define the class of schemes for which we can prove convergence and prepare the convergence proof by some observations on E-fluxes, in particular Godunov’s flux.

1Kruzkov only remarks that his result holds for f∈C^1(IR, IR^d). However, one can easily carry over his proof to f ∈ Lip(IR, IR^d) (private communication, Kruzkov, 1992).

DEFINITION 3.1 The set T := {T_i | i ∈ I} where I ⊂ IN and T_i is a convex d-dimensional polygon is called an unstructured grid of IR^d if IR^d = ⋃ i∈I T_i and if the intersection of two different polygons is a union of common sides and vertices.

Given T_i ∈ T , let ρ_i be its inner and h_i its outer diameter. Let ρ := inf{ρ_i|i ∈ I} and h := sup{h_i|i ∈ I}. Let S_{ij} , j = 1, . . . , k_i be the sides if T_i, with outward unit normals n_{ij} . Let J := {(i, j) | i ∈ I, 1 ≤ j ≤ k_i}. We will denote the center of gravity of T_i by x_i, and by x_{ij} the center of gravity of the j^{th} neighboring polygon of T_i, which we call T_{ij} . Let the polygonal grid T be given. Discretize time by 0 =: t^0 < t^1 < . . . < t^N := T , and let Δt^n := t^{n+1} − t^n. Let I(a_1, . . . , a_n) be the closed interval [min(a_1, . . . , a_n), max(a_1, . . . , a_n)]. Let V_{h,k} := {v_h ∈ L^1 ∩ L^∞(IR^d) | v_h|_{Ti} ∈ P_k(T_i)}, where P_k(T_i) is the space of polynomials of degree ≤ k over T_i. Let V_h := V_{h,0} ~V_{h,k} := {v_h ∈ V_{h,k} | ∫ T_i v_h = 0 for all i ∈ I}.

Then V_{h,k} can be decomposed orthogonally with respect to the L^2-scalar product: V_{h,k} = V_h ⊕ ~V_{h,k}, v_h = v_h + ṽ_h.

We will approximate u by a sequence u_h : [0, T ] → V_{h,k} such that u_h(x, t) = u^n_i for x ∈ T_i, t^n ≤ t < t^{n+1}. Let us begin to define the algorithm for u^n_i . The conservation law (1.1) implies that ∫ T_i u(x, t^{n+1})dx − ∫ T_i u(x, t^n)dx + k_i∑

j=1 t^{n+1}∫

t^n ∫ S_{ij} f(u(x, t)) · n_{ij} dSdt = 0.

If we approximate ∫ T_i u(x, t^n)dx by |T_i|u^n_i and t^{n+1}∫ t^n ∫ S_{ij} f(u(x, t)) · n_{ij} dSdt by Δt^n|S_{ij} |g^n_{ij} , we arrive at the

discrete approximate equations u^0_i = 1 |T_i| ∫ T_i u_0(x)dx, (3.1)

u^{n+1}_i = u^n_i − Δt^n |T_i| k_i∑

j=1 |S_{ij} |g^n_{ij} . (3.2) In order to close the algorithm (3.1), (3.2) it remains to define the approximate fluxes g^n_{ij} . DEFINITION 3.2 A family g := {g_{ij} : IR^2 → IR | (i, j) ∈ J} of measurable functions is called a conservative two point numerical flux consistent with f(u) · n (or briefly a numerical flux) if it satisfies (i) For all (i, j) ∈ J and all u ∈ IR, g_{ij} (u, u) = f(u) · n_{ij} . (ii) If S_{ij} = S_{kl} and i ≠ k, then g_{ij} (u, v) = −g_{kl}(v, u). for all u, v ∈ IR.

A numerical flux g is called an E-flux (see Osher [30]) if it satisfies in addition (iii) g_{ij} (u, v) − f(s) · n_{ij} u − v ≥ 0 (3.3)

for all u ≠ v ∈ [−M, M] and all s ∈ I(u, v).

Now we define first order finite volume schemes as follows:

DEFINITION 3.3 Let k = 0, and let g be a two-point numerical E-flux. Then a first order finite volume scheme is given by (3.1), (3.2) and g^n_{ij} := g_{ij} (u^n_i , u^n_{ij} ), (3.4) where u^n_{ij} = u^n_k for T_k = T_{ij} .

Next we turn to the definition of the general class of higher order finite volume schemes considered in this paper. For each (i, j) ∈ J, let x_{ijl} ∈ S_{ij} and ω_l ≥ 0, l = 1, . . . , m be given such that the quadrature formula ∫ S_{ij} φ(x)dx ≈ |S_{ij} | m∑ l=1 ω_lφ(x_{ijl}) is exact for polynomials of degree ≤ k + 1. Given ũ_h(·, t^n) ∈ ~V_{h,k}, let ũ^n_{ijl} := lim x→x_{ijl} ,x∈T_i ũ_h(x, t^n) ṽ^n_{ijl} := lim x→x_{ijl} ,x∈T_{ij} ũ_h(x, t^n). DEFINITION 3.4 Let k ≥ 0, and let g be a two-point numerical E-flux. Then a higher order finite volume scheme is given by (3.1), (3.2) and

g^n_{ij} := m∑ l=1 ω_lg_{ij} (u^n_i + ũ^n_{ijl}, u^n_{ij} + ṽ^n_{ijl}). (3.5)

where ũ_h(·, t^n) is an arbitrary element of ~V_{h,k}.

In order to choose a particular algorithm out of this general class, one needs to specify the construction of ũ_h(·, t^n). Let us give some examples:

EXAMPLE 3.5 1) If ũ_h(·, t^n) ≡ 0, recipe (3.5) reduces to (3.4), so we recover the first order schemes. 2) For MUSCL-type finite volume schemes [37, 7] (see also [14] and the references therein) and ENO schemes [17], ũ_h(·, t^n) is constructed from u_h(·, t^n) by interpolation.

3) For the discontinuous Galerkin method [6, 19], ũ_h(·, t^n) is constructed from u_h(·, t^n), u_h(·, t^{n−1}) and the differential equation (1.1) by a higher order finite element ansatz.

In order to prove convergence of the higher order schemes given in Definition 3.4, we will have to impose some further conditions on ũ_h(·, t^n). This will be discussed in Section 4. We finish this section with some remarks on E-fluxes which will be used in the convergence proofs below.

Any two-point numerical flux which is monotonely nondecreasing (resp. nonincreasing) in the first (resp. second) argument (or briefly monotone) and Lipschitz continuous is an E-flux. However, an Eflux needs to be neither monotone nor continuous. Two numerical fluxes are of fundamental importance: 1) Godunov’s flux g^G (see [15]), which for scalar conservation laws may be written in the form given by Osher [30] as g^G_{ij} (u, v) := min u≤s≤v f(s) · n_{ij} if u ≤ v max u≥s≥v f(s) · n_{ij} if u > v 2) The Lax-Friedrichs flux g^{LF} (see [23]) given by g^{LF}_{ij} (u, v) := f(u) + f(v) 2 · n_{ij} + q_{ij} 2 (u − v), where the q_{ij} are constants satisfying q_{ij} ≥ L_{ij} := ‖f^′ · n_{ij} ‖_L∞_{([−M,M])} and q_{ij} = q_{kl} for S_{ij} = S_{kl}. Both of these fluxes are monotone and Lipschitz continuous. Given a numerical flux g define its numerical viscosity Q by Q_{ij} (u, v) := L_{ij} for u = v and Q_{ij} (u, v) := 2 (u − v) [ g_{ij} (u, v) − f(u) + f(v) 2 · n_{ij} ] for u ≠ v. It was shown by Tadmor [35] that E-fluxes are precisely those numerical fluxes which have no less numerical viscosity than Godunov’s flux. Given an E-flux g, let the corresponding Lax-Friedrichs flux be defined by q_{ij} := sup −M≤u,v≤M (Q_{ij} (u, v), L_{ij} ) Following Tadmor [35], we may now rewrite g as g_{ij} (u, v) = (1 − θ_{ij} (u, v))g^G_{ij} (u, v) + θ_{ij} (u, v)g^{LF}_{ij} (u, v), (3.6) where θ_{ij} : IR^2 → [0, 1] are measurable functions satisfying θ_{ij} = θ_{kl} for S_{ij} = S_{kl}. REMARK 3.6 The freedom of choosing discontinuous E-fluxes is not only appealing mathematically, but might very well be significant in applications:

1) Dubois and LeFloch [13] have shown existence and uniqueness of solutions of a class of boundary value problems in a domain Ω ⊂ IR^d, where prescribed boundary data are interpreted as Riemann data given at the exterior side of the boundary. If one computes such problems with numerical schemes which are too dissipative, unphysical data will propagate into the interior of the domain. For that reason, we suggest to use Godunov’s flux whenever S_{ij} lies on the boundary of the computational domain. 2) In order to resolve discontinuities sharply, one might try to use a flux with very little dissipation at large discontinuities, while using a less expensive flux otherwise. Let, for example, tol be a given tolerance, and choose Q_{ij} (u, v) := { L_{ij} if |u − v| < tol Q^G_{ij} (u, v) otherwise Note that the resulting E-flux g_{ij} is discontinuous in (u, v).

The following observation will be essential to derive a discrete entropy inequality for Godunov’s flux in Lemma 4.3:

LEMMA 3.7 There is a family of piecewise continuous functions w_{ij} : IR^2 → IR such that for all u, v ∈ IR, w_{ij} (u, v) ∈ I(u, v), g^G_{ij} (u, v) = f(w_{ij} (u, v)) · n_{ij} and w_{ij} (u, v) = u if ∂_ug^G_{ij} (u, v) does not exist or is ≠ 0. (3.7) Proof: Fix (i, j) ∈ J. Since f · n_{ij} is continuous, w_{ij} can be chosen to be piecewise continuous with w_{ij} (u, v) ∈ I(u, v) (w_{ij} is, of course, a Riemann-solver). If u = v, w_{ij} (u, v) = u.

Now suppose that u < v and that ∂_ug^G_{ij} does not exist at (u, v) or is not equal to zero. We have to show that g^G_{ij} (u, v) = f(u) · n_{ij} . If this is not the case, then there exists a z ∈ (u, v] with f(z) · n_{ij} = min_{u≤s≤v} f(s) · n_{ij} < f(u) · n_{ij} . Since f · n_{ij} is continuous, there exists a δ > 0 such that min u−δ≤s≤u+δ f(s) · n_{ij} > f(z) · n_{ij} . Therefore, for all h with |h| < δ, g^G_{ij} (u + h, v) = min_{u+h≤s≤v} f(s) · n_{ij} = f(z) · n_{ij} = g^G_{ij} (u, v). This implies that ∂_ug^G_{ij} (u, v) exists and equals zero, contrary to our assumption. It follows that g^G_{ij} (u, v) = f(u) · n_{ij} . The case u > v can be treated analogously. q.e.d.

Let (U, F ) be an entropy pair for (1.1). An important property of Godunov’s and Lax-Friedrichs’ numerical fluxes is that they both posses natural numerical entropy fluxes, given by G^G_{ij} (u, v) := F (w_{ij} (u, v)) · n_{ij} G^{LF}_{ij} (u, v) := F (u) + F (v) 2 · n_{ij} + q_{ij} 2 (U(u) − U(v)). These numerical entropy fluxes satisfy partial analogues of the compatibility condition (2.1): ∂_uG^G_{ij} (u, v) = U^′(w_{ij} (u, v))∂_ug^G_{ij} (u, v) (3.8) ∂_vG^G_{ij} (u, v) = U^′(w_{ij} (u, v))∂_v g^G_{ij} (u, v) (3.9) ∂_uG^{LF}_{ij} (u, v) = U^′(u)∂_ug^{LF}_{ij} (u, v) (3.10) ∂_vG^{LF}_{ij} (u, v) = U^′(v)∂_v g^{LF}_{ij} (u, v) (3.11)

The compatibility conditions (3.10) and (3.11) where used by Lax [24] and later by many other authors to derive local entropy inequalities for the Lax-Friedrichs scheme. Given an E-flux g, we can now define an associated numerical entropy flux G analogously to (3.6).

4 Convergence

In this section we state and prove our main convergence result. The strategy of the proof is as follows:

In order to prove convergence of u_h using DiPerna’s theory, one needs to establish two main estimates: an L^∞ bound, which assures that the sequence of approximate solutions contains a subsequence which converges to a Young measure, and an entropy inequality, which guarantees that this Young measure coincides with the admissible weak solution almost everywhere.

The L^∞ bound was already derived by Cockburn, Hou and Shu [6], who introduced the notion of a B-triangulation, and later by Liu [26] and Geiben [14] for general triangulations. Therefore, we will assume such a bound in the statement of our main theorem and focus on the derivation of the entropy inequality. The desired entropy inequality will be derived in three steps:

In a first step, we decompose the update formulae (3.2), (3.5) of the multidimensional finite volume scheme into its one-dimensional building blocks (see (4.1) – (4.3) below). Here we further refine an idea of Tadmor [35], which was already used and refined in [9, 5]. In some cases, this additional flexibility will enable us to weaken the CFL-condition for the timestep.

In a second step, we derive local discrete entropy inequalities for the one-dimensional Godunov and Lax-Friedrichs schemes, which are the building blocks of the multidimensional scheme (compare (4.2) – (4.3) and (4.13) – (4.14) below). The entropy inequality for the higher order Lax-Friedrichs scheme is taken from [19], while the one for the higher order Godunov scheme is new. It was shown by Osher and Tadmor [32] that in general higher order finite difference (and hence finite volume) schemes cannot satisfy a discrete entropy inequality as derived in Lemma 4.3 below. We therefore resort to a modification of such schemes called the antidiffusive flux approach. This approach requires that the higher order corrections ũ^n_{ijl} of u^n_i be of order O(h^α),^1_2 < α ≤ 1. Even with such an assumption, the derivation of a discrete entropy inequality remains nontrivial. A more detailed discussion of the antidiffusive flux approach is given below.

In the third step, we combine the local discrete entropy inequalities derived for the one-dimensional building blocks into a weak entropy inequality for the approximate solution u_h (see (4.15) below). In order to conclude the convergence proof, one has to pass to the limit h → 0 in this weak entropy inequality. Here one has to control a remainder, which is essentially of order O(h^{2α}/Δt). In the statement of our main theorem, we assume that lim_{h→0} h^{2α}/Δt = 0, which is a geometrical condition on the space-time grid. Since the timestep is coupled to the inner diameter of the cells via the CFLcondition (4.10), this geometrical condition may be translated into another one on the spatial grid alone (see (4.12) below). It turns out that condition (4.12) is weaker than the standard regularity condition (4.11) used by other authors and admits irregular families of grids, where cells may become flat in the limit h → 0.

After finishing the proof of the main theorem, we state an alternative convergence theorem for first order finite volume schemes, where we may weaken some of the assumptions made for the higher order schemes. In particular, this allows taking a larger, and in some cases optimal, timestep.

We begin our analysis with the decomposition of the multidimensional update formulae (3.2), (3.5) into contributions from each node x_{ijl} . Let f^n_{ij} := f(u^n_i ) · n_{ij} and note that ∑_{ki} j=1 |S_{ij} |f^n_{ij} = 0. Let Δx^n_{ij} ≥ 0 such that k_i∑

j=1 |S_{ij} |Δx^n_{ij} = |T_i| and Δx^n_{ij} ≠ 0 if g^n_{ij} ≠ f^n_{ij} . Define

λ^n_{ij} := { Δt^n/Δx^n_{ij} if Δx^n_{ij} ≠ 0 Δt^n/h_i if Δx^n_{ij} = 0 σ_{ij} := |S_{ij} |Δx^n_{ij} /|T_i|. Note that ∑_{ki} j=1 σ_{ij} = 1. Let g^n_{ijl} := g_{ij} (u^n_i + ũ^n_{ijl}, u^n_{ij} + ṽ^n_{ijl}) θ^n_{ijl} := θ_{ij} (u^n_i + ũ^n_{ijl}, u^n_{ij} + ṽ^n_{ijl}) and rewrite (3.2) as

u^{n+1}_i = k_i∑

j=1 m∑ l=1 σ_{ij} ω_l [ (1 − θ^n_{ijl})u^{jl,n+1,G} i + θ^n_{ijl}u^{jl,n+1,LF} i ] (4.1)

where u^{jl,n+1,G} i resp. u^{jl,n+1,LF} i are obtained via a one-dimensional Godunov resp. Lax-Friedrichs step: u^{jl,n+1,G} i := u^n_i − λ^n_{ij} (g^{n,G}_{ijl} − f^n_{ij} ) (4.2) u^{jl,n+1,LF} i := u^n_i − λ^n_{ij} (g^{n,LF}_{ijl} − f^n_{ij} ). (4.3) It follows from the definition of ω_l and θ that u^{n+1}_i is a convex combination of u^{jl,n+1,G}_i and u^{jl,n+1,LF}_i , j = 1, . . . , k_i, l = 1, . . . , m. Note that the parameters Δx^n_{ij} never have to be computed in practice, where one uses the update formulae (3.2) and (3.5) instead of (4.1) – (4.3). They are merely introduced in order to simplify the following analysis without restricting the timestep unnecessarily. An intuitive interpretation of this procedure will be given in Appendices A and B.

Next, we state our main convergence theorem. For simplicity of exposition, we restrict ourselves to initial data u_0 ∈ L^∞(IR^d) with compact support in B_R ⊂ IR^d. Our result may be extended to the case of data in L^1 ∩ L^∞(IR^d) via techniques developed in [19].

THEOREM 4.1 (main convergence theorem) Let u_0 ∈ L^∞(IR^d) with compact support in a ball of radius R. Let u_h be the family of approximate solutions of (1.1), (1.2) constructed with the (first or higher order) finite volume E-scheme (3.1), (3.2) and (3.5). Suppose that

(i) There is a constant M < ∞ such that for all h > 0 ‖u_h‖_L∞_{(IR}d_{×[0,T ])} ≤ M. (4.4)

(ii) There are constants C_0, C_1, C_2 > 0 and α ∈ (^1_2 , 1] such that for all i, j, l and n ũ^n_{ijl} = 0 for |x_i| > R + C_0t^n, (4.5) |ũ^n_{ijl}| ≤ C_1h^α, (4.6) (u^n_i − u^n_{ij} )ũ^n_{ijl} ≤ C_2h^{2α}. (4.7) (iii) For the same α, and for Δt := min_{0≤n<N} Δt^n,

lim_{h→0} h^{2α}/Δt = 0. (4.8)

(iv) There is a constant ε > 0 independent of h such that for δ := εh/ √ Δt and for all i, j and n, λ^n_{ij} q_{ij} ≤ 1 (4.9) and (1 + δ)λ^n_{ij} L_{ij} ≤ 1. (4.10) Then for 1 ≤ p < ∞, u_h converges strongly in L^p_{loc}(IR^d × [0, T ]) to the entropy solution of (1.1), (1.2). Let us discuss the assumptions of the theorem in some more detail:

REMARK 4.2 1) Note that conditions (4.4) – (4.7) are trivially satisfied by the first order schemes, where the E-flux property (3.3) together with the CFL-condition (4.10) give the L^∞ bound, and for which all ũ^n_{ijl} equal zero.

2) Condition (4.6) has sometimes been called the antidiffusive flux approach. This terminology goes back to Boris and Book [1]. Similar conditions to the one used here have been used by several authors to enforce an L^∞-bound [6] or convergence to the entropy solution [28, 25, 38, 2, 9, 4]. Conditions (4.6) - (4.7) do not reduce the accuracy of the scheme in regions where the solution is sufficiently smooth.

Near discontinuities, however, the schemes are modified and degenerate to first order. It remains an open problem whether or not the unmodified MUSCL-type finite volume schemes and ENO schemes are convergent, even for a strictly convex, one-dimensional scalar conservation law. First steps in that direction are [29, 32]. As discussed in [6, 19, 14], conditions (4.6) – (4.7) may be implemented numerically via a flux-limiting projection.

3) Even though the previous results [5, 20, 10, 19] on finite volume schemes used unstructured polygonal grids, they all assumed a regularity condition, h ≤ Cρ, (4.11) which is often used in the theory of finite elements. In Appendix B we show that the timestep is of the order of magnitude of ρ. Therefore, we only have to require the weaker geometrical condition

lim_{h→0} h^{2α}/ρ = 0 (4.12)

in order to enforce convergence, so our convergence result is new even for first order, monotone finite volume schemes. Condition (4.12) allows the family of grids to become irregular, i.e. cells may become flat in the limit. This may be important in applications, especially when a grid is refined adaptively near an essentially planar shock front or in a boundary layer. In Appendix C, we show that (4.8) and (4.12) are in fact necessary for convergence, and hence optimal.

4) From (4.8), lim_{h→0} δ = 0. In Appendix B we show how the local CFL-conditions (4.10) may in some cases be translated into one global CFL-number of 1 in the limit h → 0.

Besides the treatment of irregular grids, the main achievement of this paper is the derivation of a discrete entropy inequality for Godunov’s flux (see (4.13) below), which is new even for one-dimensional finite difference schemes. As it was done by Kröner, Noelle and Rokyta [20, 19] for the first and higher order Lax-Friedrichs and Enquist-Osher schemes, we write the entropy dissipation of the higher order Godunov scheme in terms of the local oscillation of the numerical flux function instead of estimating it more roughly in terms of the local oscillation of the approximate solution itself, as in [9]. For the higher order schemes, there is a remainder in the entropy inequalities whose sign cannot be controlled (compare Osher and Tadmor [32], Theorem 7.3). We now use condition (4.6) to expand this remainder in powers of h^α. As for the monotone schemes, terms of order O(1) have the correct sign. Terms of order O(h^{2α}) can be controlled via (4.8). It remains to control the terms of order O(h^α). For the Lax-Friedrichs flux, these terms have the correct sign due to (4.7). For Godunov’s flux, they vanish identically due to Lemma 3.7.

LEMMA 4.3 (local entropy inequality) Let (U, F ) be a convex entropy pair with U ∈ C^2, and let σ := min_{−M≤u≤M} U^{′′}(u). Then there is a constant C_3 depending only on C_0, C_1 and C_2 such that at each node x_{ijl}, the following entropy inequalities hold: U(u^{jl,n+1,G} i ) − U(u^n_i ) + λ^n_{ij} ( G^{n,G}_{ijl} − F (u^n_i ) · n_{ij} ) + δ σ 2 (λ^n_{ij} )^2 ( g^{n,G}_{ijl} − f(u^n_i ) · n_{ij} )_2

≤ C_3h^{2α}‖U^{′′}‖_L∞_{([−M,M])}χ^n_i , (4.13) U(u^{jl,n+1,LF} i ) − U(u^n_i ) + λ^n_{ij} ( G^{n,LF}_{ijl} − F (u^n_i ) · n_{ij} ) + δ 2 + δ σ 2 (λ^n_{ij} )^2 ( g^{n,LF}_{ijl} − f(u^n_i ) · n_{ij} )_2

≤ C_3h^{2α}‖U^{′′}‖_L∞_{([−M,M])}χ^n_i , (4.14)

where χ^n_i = 1 if |x_i| ≤ R + C_0t^n and χ^n_i = 0 otherwise.

Proof: Let us first prove (4.13). Let i, j, l, n be fixed. We will use the notation u := u_i, v := u_{ij} , ũ := ũ^n_{ijl}, ṽ := ṽ^n_{ijl}, λ := λ^n_{ij} , L := L_{ij} (M). For 0 ≤ τ ≤ 1 let γ(τ) (respectively γ_1(τ), γ_2(τ), Γ(τ), Γ_1(τ), Γ_2(τ), ω(τ)) be the function g^G_{ij} (respectively ∂_ug^G_{ij} , ∂_vg^G_{ij} , G^G_{ij} , ∂_uG^G_{ij} , ∂_v G^G_{ij} , w_{ij} ) evaluated at (u + τũ, u + τ(v − u + ṽ)). Let γ_0 := γ(0), Γ_0 := Γ(0) and b(τ) := u − λ(γ(τ) − γ_0). Note that b(0) = u and b(1) = u^{jl,n+1,G}_i . Denote the LHS of (4.13) by E. E is the entropy produced at node x_{ijl} during time t^n ≤ t ≤ t^{n+1}. We can calculate E = ∫_1 0 [ U^′(b(τ))b^′(τ) + λΓ^′(τ) + δσλ^2(γ(τ) − γ_0)γ^′(τ) ] dτ.

From the compatibility conditions (3.8), (3.9),

Γ^′(τ) = Γ_1(τ)ũ + Γ_2(τ)(v − u + ṽ) = U^′(ω(τ))[γ_1(τ)ũ + γ_2(τ)(v − u + ṽ)] = U^′(ω(τ))γ^′(τ).

Since U ∈ C^2, it is possible to choose ξ(τ) ∈ I(b(τ), ω(τ)) such that U^′(ω(τ)) − U^′(b(τ)) = U^{′′}(ξ(τ))(ω(τ) − b(τ)). Therefore, E can be rewritten as E = λ ∫ [0,1]∩{ω(τ )≠u} [ U^{′′}(ξ(τ)) + [U^{′′}(ξ(τ)) + δσ]λ γ(τ) − γ_0 ω(τ) − u ] (ω(τ) − u)γ^′(τ)dτ

Note that from (4.10),

0 ≤ U^{′′}(ξ(τ)) + [U^{′′}(ξ(τ)) + δσ]λ γ(τ) − γ_0 ω(τ) − u ≤ 2‖U^{′′}‖_L∞_{([−M,M])}. Next let us analyze (ω(τ) − u)γ^′(τ).

a) If |x_i| > R+C_0t^n, then from (4.5) ũ = ṽ = 0. Since γ_2(τ) ≤ 0 and ω(τ) ∈ I(u+τũ, u+τ(v −u+ṽ)) ⊂ I(u, v), we obtain (ω(τ) − u)γ^′(τ) = (ω(τ) − u)(v − u)γ_2(τ) ≤ 0, and E ≤ 0.

b) If |x_i| ≤ R + C_0t^n and |v − u| ≤ C_1h^α, then from (4.6) |(ω(τ) − u)γ^′(τ)| ≤ |ω(τ) − u| [|γ_1(τ)||ũ| + |γ_2(τ)||v − u + ṽ|] ≤ 3C^2_1 Lh^{2α}, so E ≤ 6C^2_1 λLh^{2α}‖U^{′′}‖_L∞_{([−M,M])} ≤ 6C^2_1 h^{2α}‖U^{′′}‖_L∞_{([−M,M])}. c) If |x_i| ≤ R+C_0t^n and |v−u| > C_1h^α, then we use (3.7) to assert that if γ_1(τ) ≠ 0, then ω(τ) = u+τũ. Therefore, (ω(τ) − u)γ_1(τ)ũ = τγ_1(τ)ũ^2. Moreover, sign(v − u + ṽ) = sign(v − u), so γ_2(τ)(v − u + ṽ)(ω(τ) − u) ≤ 0 as in a). From this and (4.6) E ≤ 2C^2_1 λLh^{2α}‖U^{′′}‖_L∞_{([−M,M])} ≤ 2C^2_1 h^{2α}‖U^{′′}‖_L∞_{([−M,M])}. This completes the derivation of (4.13). The estimate (4.14) for the Lax-Friedrichs scheme can be derived similarly, and using (4.7) (see also [19]). q.e.d.

Using the decomposition (4.1) – (4.3) of the multidimensional finite volume scheme, we now combine the algebraic entropy inequalities derived above for the one-dimensional building blocks into a weak discrete entropy inequality for the multidimensional scheme. The remainder which occurs in this entropy inequality can then be controlled using the geometrical constraints (4.8) respectively (4.12) for the spacetime grid.

Proof of Theorem 4.1: With the help of Lemma 4.3, the proof can be finished using techniques similar to those already established in [34, 8, 5, 20, 19]. Here we restrict ourselves to showing how the regularity condition (4.11) used in those papers is replaced by (4.8).

As discussed in Section 2, u_h converges weak-star to a Young measure ν. We now derive a weak entropy inequality for ν. Let ϕ ∈ C^∞_0 (IR^d × [0, T )), ϕ ≥ 0,

ϕ^n_i := 1 |T_i| ∫ T_i ϕ(x, t^n)dx, and ϕ^n_{ij} := 1 Δt^n|S_{ij} | t^{n+1}∫

t^n ∫ S_{ij} ϕ(x, t)dSdt. Using the decomposition (4.1) – (4.3), Lemma 4.3 and Jensen’s inequality, one can show that ∫_T 0 ∫ IR^d [U(u_h(x, t))∂_tϕ(x, t) + F (u_h(x, t)) · ∇ϕ(x, t)]dxdt + ∫ IR^d

U(u_h(x, 0))ϕ(x, 0)dx ≥ R_h + S_h (4.15) where R_h := − N−1∑ n=0 Δt^n ∑ i∈I |T_i| k_i∑

j=1 σ_{ij} (U(u^{j,n+1}_i ) − U(u^n_i ))(ϕ^{n+1}_i − ϕ^n_{ij} ), u^{j,n+1} i := u^n_i − λ^n_{ij} (g^n_{ij} − f^n_{ij} ) and S_h := −C(ϕ)‖U^{′′}‖_L∞_{([−M,M])}h^{2α} N−1∑ n=0 ∑ i∈I |T_i|χ^n_i . From (4.8), lim_{h→0} S_h = 0. We now show that lim_{h→0} R_h = 0. Using Hölder’s inequality we obtain |R_h| ≤ ‖U^′‖_L∞_{([−M,M])} N−1∑ n=0 ∑ i∈I |T_i| k_i∑

j=1 σ_{ij} |ϕ^{n+1}_i − ϕ^n_{ij} | λ^n_{ij} |g^n_{ij} − f^n_{ij} |

≤ ‖U^′‖_L∞_{([−M,M])} N−1∑ n=0 ∑ i∈I |T_i| k_i∑

j=1 σ_{ij} |ϕ^{n+1}_i − ϕ^n_{ij} |^2 1/2

· N−1∑ n=0 ∑ i∈I |T_i| k_i∑

j=1 σ_{ij} (λ^n_{ij} )^2(g^n_{ij} − f^n_{ij} )^2 1/2 .

The first factor is O(h^2/Δt). Using the entropy inequalities (4.13) and (4.14) together with Jensen’s inequality, one can show that the second factor is O((1 + h^{2α}/Δt)/δ) = O(δ^{−1}). Therefore, |R_h| ≤ C_4 ( h^2 δΔt ) 1_2 ≤ C_5 ( h^2 Δt ) 1_4

which tends to zero from (4.8). We have thus shown that ∫_T 0 ∫ IR^d [⟨ν, U⟩ϕ_t + ⟨ν, F ⟩ · ∇ϕ] ≥ ∫ IR^d

U(u_0)ϕ(·, 0). (4.16)

This is the main estimate needed for DiPerna’s convergence theory. q.e.d.

As noted above, Theorem 4.1 includes convergence of first order finite volume schemes. In this case, however, we may replace the CFL-condition (4.10) by an even weaker condition: Now in the derivation of the L^∞ bound and the entropy inequality only the derivative of the numerical flux function with respect to the second argument comes into play. The proof of Theorem 4.1 thus includes the following result:

THEOREM 4.4 Let u_h : [0, T ] → V_{h,0} be defined by (3.1), (3.2) and (3.4), and let L^n_{ij} := ‖∂_vg_{ij} (u^n_i , ·)‖_L∞_{(I(u}n_{i ,u}n_{ij ))}. Then u_h converges to the entropy solution provided that (i) lim_{h→0} h^2/Δt = 0. (4.17)

(ii) There is a constant ε > 0 independent of h such that for δ := εh/ √ Δt and for all i, j and n,

λ^n_{ij} q_{ij} ≤ 1 (4.18) and (1 + δ)λ^n_{ij} L^n_{ij} ≤ 1. (4.19) In the Appendices we give a geometrical interpretation of the algebraic entropy inequality (4.13), discuss the CFL-conditions (4.10) and (4.19) and the irregularity conditions (4.8) and (4.12) for the space-time grid.

A Geometrical interpretation of the entropy production of the first order Godunov scheme

In this appendix we interpret the entropy dissipation of Godunov’s scheme in terms of the waves entering a cell during one timestep.

Let u be the entropy solution of the one-dimensional Riemann-problem

u_t + f(u)_x = 0 (A.1) u(x, 0) = { u_L for x ≤ 0 u_R for x > 0. (A.2) Let λ :=^{Δt}_{Δx} , u_M := u(0, Δt), and

u := 1 Δx ∫_{Δx} 0 u(x, Δt)dx, U := 1 Δx ∫_{Δx} 0 U(u(x, Δt))dx.

Let g be Godunov’s flux consistent with −f. Then g(u_R, u_L) = −f(u_M ), and u = u_R − λ(f(u_R) − f(u_M )). Note that this is the building block of the multidimensional finite volume scheme (4.1) – (4.3). In Lemma 4.3, it was shown that if (1 + δ)λL ≤ 1, (A.3) then E := U(u) − U(u_R) + λ(F (u_R) − F (u_M )) + δ σ 2 λ^2(f(u_R) − f(u_M ))^2 ≤ 0. (A.4)

We will now give a simple alternative proof. Let

E_{ex} := U − U(u_R) + λ(F (u_R) − F (u_M )) E_{av} := U(u) − U E^∗ := δ σ 2 λ^2(f(u_R) − f(u_M ))^2

Then E = E_{ex} +E_{av} +E^∗. Since u is the entropy solution of the Riemann problem (A.1) (A.2), E_{ex} ≤ 0, where equality holds if u(·, Δt) is continuous. We thus have to show that E_{av} + E^∗ ≤ 0. Let s := f(u_R) − f(u_M ) u_R − u_M , i.e. if the wave entering a cell is a single shock, it will travel with speed s. From (3.3), s ≥ 0. Now u = λs u_M + (1 − λs)u_R. From (A.3), u(x, Δt) = u_R for x ≥^{Δx}_{1+δ} , i.e. even the fastest waves do not reach the opposite boundary of the computational cell during one timestep. If s > 0, Jensen’s inequality will therefore be a strict inequality. To quantify this, let

z :=

1 + δ Δx ∫ Δx_{1+δ} 0 u(x, Δt)dx. Then u = 1 1 + δ z + δ 1 + δ u_R. Let V (v) := v − u_R z − u_R U(z) + v − z u_R − z U(u_R) + σ 2 (v − z)(v − u_R) i.e. V (v) is the parabola through (z, U(z)), (u_R, U(u_R)) with V^{′′}(v) = σ. Since σ = min_{BR} U^{′′}, we have that for all v ∈ I(z, u_R), U(v) ≤ V (v). In particular, U(u) ≤ V (u) = 1 1 + δ U(z) + δ 1 + δ U(u_R) − δ σ 2 λ^2s^2(u_R − u_M )^2.

On the other hand, by Jensen’s inequality, U ≥ 1 1 + δ U(z) + δ 1 + δ U(u_R). Combining the last two inequalities we obtain −E_{av} = U − U(u) ≥ δ σ 2 λ^2s^2(u_R − u_M )^2 = E_∗,

which implies (A.4).

B Discussion of the CFL-condition

In this section we give some sufficient CFL-conditions which may be useful in practice. For linear and monotone conservation laws, we argue that our CFL-condition is weaker than those used in previous convergence proofs (see, for example, [35, 5, 20, 19]) and compare it to the von Neumann necessary condition for linear stability. Let Δx^n_{ij} = |T_i|L_{ij} ∑_{ki} l=1 |S_{il}|L_{il} , and for first order schemes define Δx^n_{ij} analogously, but with L_{ij} replaced by L^n_{ij} . If we define L_i := ( ∑_{ki} j=1 |S_{ij} |L_{ij} )/( ∑_{ki} j=1 |S_{ij} |), L^n_i := ( ∑_{ki} j=1 |S_{ij} |L^n_{ij} )/( ∑_{ki} j=1 |S_{ij} |), Δx_i := (|T_i|)/( ∑_{ki} j=1 |S_{ij} |), and λ^n_i := (Δt^n)/(dxi), then (4.10) becomes

sup_{i,n,h} λ^n_i L_i < 1, (B.1)

respectively sup_{i,n,h} λ^n_i L^n_i < 1 (B.2)

for first order schemes. We have thus chosen Δx^n_{ij} in such a way as to allow the maximal timestep over each cell.

The following sharp estimate relates ρ_i and Δx_i:

LEMMA B.1 Let T_i ∈ T be a d-dimensional convex polygon with inner diameter ρ_i. Then ρ_i 2d ≤ Δx_i ≤ ρ_i 2 . (B.3)

Proof: The proof relies on the observation that |T_i| = 1 d k_i∑

j=1 h^j_i |S_{ij} | ≥ ρ_i 2d k_i∑

j=1 |S_{ij} |,

where h^j_i is the distance of the center of a maximal ball contained in T_i to the side S_{ij} . This gives the first inequality in (B.3). The second inequality is trivial. q.e.d.

We can thus see that Δt is coupled to the inner diameter of the cells, Δt ≤ Cρ. Together with Theorem 4.1 the lemma implies that for unstructured, irregular meshes the finite volume schemes will converge provided that Δt^nL_∗ ρ < 1 2d , (B.4) where L_∗ := ‖f^′‖_L∞_{([−M,M])}. If the cells are made of d-dimensional rectangles, we can do better: let u_∗ and n_∗ be such that |n_∗| = 1 and L_∗ = f^′(u_∗) · n_∗. Note that k_i = 2d. Now k_i∑

j=1 |S_{ij} |L_{ij} ≤ |T_i| ρ_i 2d∑ j=1 |f^′(u_∗) · n_{ij} |

≤ 2 √ d |T_i| ρ_i |f^′(u_∗)|, which gives the sufficient CFL-condition Δt^nL_∗ ρ < 1 2 √ d . (B.5)

However, conditions (B.4) and (B.5) are much stronger than (B.1) and (B.2). In fact, for linear conservation laws and rectangular meshes, (B.2) is arbitrarily close to the von Neumann necessary condition for linear stability, which can easily be computed to be

sup_{i,n} λ^n_i L^n_i ≤ 1 + O(Δt).

More generally, if the grid is rectangular and the fluxes f · n_{ij} are monotone, then the CFL-condition Δt^nL_∗ ρ < 1 √ d guarantees convergence of the first order Godunov scheme to the entropy solution. We have thus overcome the usual CFL-restriction of^1_2 (compare the discussion in [35]). For the one-dimensional Godunov scheme, this improvement may be interpreted in terms of the waves entering a cell of length h: a CFL condition of 0.5 guarantees that incoming waves cannot interact during a timestep Δt and thus allows to decompose the scheme into building blocks of the form (4.2). This corresponds to choosing all Δx^n_{ij} =^h_2 . If, however, waves enter the cell only from one side, as is the case for monotone conservation laws, we set Δx^n_{ij} = h on that side and Δx^n_{ij} = 0 on the opposite side. Now we can compute with a CFL number of 1. Carrying out the analogous argument for a monotone conservation law and the Lax-Friedrichs scheme yields a CFL-condition of 2/3 instead of 0.5.

C Sharp lower bounds on Δt and ρ.

Consider the two-dimensional scalar conservation law ∂ ∂_t u(x, y, t) + ∂ ∂_x f(u(x, y, t)) + ∂ ∂_y g(u(x, y, t)) = 0, (C.1) where f, g ∈ C^2(IR) with L_f := ‖f^′‖_L∞_{([−M,M]} ≠ 0 and L_g := ‖g^′‖_L∞_{([−M,M]} ≠ 0. Consider a cartesian grid with mesh sizes Δx and Δy, so that h^2 = Δx^2 + Δy^2 and ρ = min(Δx, Δy). Let T_0 be a cell with center (x_0, y_0) and let u^0 := u_h(x_0, y_0, t^{n+1}), u_0 := u_h(x_0, y_0, t^n), u_1 := u_h(x_0 + Δx, y_0, t^n), u_2 := u_h(x_0, y_0 + Δy, t^n), u_3 := u_h(x_0 − Δx, y_0, t^n), u_4 := u_h(x_0, y_0 − Δy, t^n). Let σ^n_{0j} :=^1_4 and q^n_{0j} :=^1_λn_{0j} , j = 1, ..., 4. Then the first order Lax-Friedrichs scheme may be written as

u^0 − u_0 Δt + f(u_1) − f(u_3) 2Δx + g(u_2) − g(u_4) 2Δy = Δx^2 8Δt u_1 − 2u_0 + u_3 Δx^2 + Δy^2 8Δt u_2 − 2u_0 + u_4 Δy^2

. (C.2)

Suppose now that (4.10) holds, i.e. there is a constant δ > 0 such that

4(1 + δ)L_f Δt/Δx ≤ 1, 4(1 + δ)L_gΔt/Δy ≤ 1. (C.3)

Then Theorem 4.1 shows that the scheme (C.2) converges to the entropy solution u of (C.1) if

lim_{h→0} h^2 Δt = 0. (C.4)

We will now show that (C.4) is also necessary for convergence:

The finite difference equation (C.2) is consistent with the differential equation ∂ ∂_t u(x, y, t) + ∂ ∂_x f(u(x, y, t)) + ∂ ∂_y g(u(x, y, t)) = μ ∂^2 ∂^2_x u(x, y, t) + ν ∂^2 ∂^2_y u(x, y, t), where μ := lim_{h→0} Δx^2/(8Δt), ν := lim_{h→0} Δy^2/(8Δt). Therefore, (C.2) is consistent with (C.1) only if μ + ν = 0, which is equivalent to (C.4).

Finally, let us consider irregular cartesian meshes, w.l.o.g. lim_{h→0} Δy/Δx = 0. Then (C.3) implies that Δt ≤ CΔy = Cρ, so (C.4) implies that

lim_{h→0} h^2 ρ = 0,

which gives the optimal rate with which cells may become flat in the limit.

Acknowledgement: The author would like to thank Professor Eitan Tadmor for his interest in this work.

References

[1] Boris, J.; Book, D.: Flux corrected transport I. SHASTA, a fluid transport algorithm that works.

J. Comp. Phys. 11 (1973), 38–69.

[2] Cockburn, B.: Quasimonotone schemes for scalar conservation laws I. SIAM J. Numer. Anal. 26 (1989), 1325–1341.

[3] Cockburn, B.; Coquel, F.; LeFloch, P.: An error estimate for finite volume methods for scalar conservation laws. Preprint (1991).

[4] Cockburn, B.; Coquel, F.; LeFloch, P.: An error estimate for high-order accurate finite volume methods for scalar conservation laws. Preprint (1991).

[5] Cockburn, B.; Coquel, F.; LeFloch, P.; Shu, C.W.: Convergence of finite volume methods. IMA Preprint #771 (1991).

[6] Cockburn, B.; Hou, S.; Shu, C.W.: The Runge-Kutta local projection discontinuous Galerkin finite element method for conservation laws IV: the multidimensional case. Math. Comp. 54 (1990), 545–581.

[7] Collela, P.; Woodward, P.: The piecewise parabolic method for gas-dynamical simulations. J. Comp.

Phys. 54 (1984), 174–201.

[8] Coquel, F.; LeFloch, P.: Convergence of finite difference schemes for conservation laws in several space dimensions: a general theory. SIAM J. Numer. Anal. 30 (1993), 675–700.

[9] Coquel, F.; LeFloch, P.: Convergence of finite difference schemes for conservation laws in several space dimensions: the corrected antidiffusive flux approach. Math. Comp. 57 (1991), 169–210.

[10] Coquel, F.; LeFloch, P.: The finite volume method on general triangulations converges for general conservation laws. Preprint (1992).

[11] Crandall, M; Majda, A.: Monotone difference approximations for scalar conservation laws. Math.

Comp. 34 (1980), 1–21.

[12] DiPerna, R.: Measure valued solutions to conservation laws. Arch. Rational Mech. Anal. 88 (1985), 223–270.

[13] Dubois, F.; LeFloch, P.: Boundary conditions for nonlinear hyperbolic systems of conservation laws. J. Diff. Eq. 71 (1988), 93–122.

[14] Geiben, M.: Convergence of MUSCL-type upwind finite volume schemes on unstructured triangular grids. SFB256 Preprint no. 318, Bonn, Germany (1993). (submitted) [15] Godunov, S.: Finite difference methods for numerical computation of discontinuous solutions of the equations of fluid dynamics. Math. Sb. 47 (1959), 271–295.

[16] Goodman, J.; LeVeque, R.: On the accuracy of stable schemes for 2D scalar conservation laws.

Math. Comp. 45 (1985), 15–21.

[17] Harten, A.; Engquist, B.; Osher, S.; Chakravarthy, S.: Uniformly high order accurate essentially non-oscillatory schemes III. J. Comp. Phys. 71 (1987), 231–303.

[18] Jaffre, J.; Johnson, J.; Szepessy, A.: Convergence of the discontinuous Galerkin finite element method for hyperbolic conservation laws. Preprint No. 1993-11/ISSN 0347-2809, Chalmers University of Technology, Sweden (1993).

[19] Kröner, D.; Noelle, S.; Rokyta, M.: Convergence of higher order upwind finite volume schemes on unstructured grids for scalar conservation laws in two space dimensions. SFB256 Preprint no. 268, Bonn, Germany (1993). (submitted) [20] Kröner, D.; Rokyta, M.: Convergence of upwind finite volume schemes for scalar conservation laws in 2-D. SFB256 Preprint no. 208, Bonn, Germany (1992). To appear in SIAM J. Numer. Anal. (1994).

[21] Kruzkov, S.: First order quasilinear equations in several independent variables. Math. USSR- Sbornik 10 (1970), 217–243.

[22] Kuznetsov, N.: Accuracy of some approximate methods for computing the weak solutions of a first-order quasi-linear equation. USSR Comp. Math. and Math. Phys. 16,6 (1976), 105–119.

[23] Lax, P.: Weak solutions of nonlinear hyperbolic equations and their numerical computation. Comm.

Pure Appl. Math. 7 (1954), 159–193.

[24] Lax, P.: Shock waves and entropy. Proceedings of a symposium at the University of Wisconsin (E.H. Zarantonello, ed.) (1971), 603–634.

[25] Leroux, A.: Convergence of an accurate scheme for first order quasi linear equations. RAIRO Numer. Anal. 15 (1981), 151–170.

[26] Liu, X-D.: A maximum principle satisfying modification of triangle based adaptive stencils for the solution of scalar hyperbolic conservation laws. SIAM J. Numer. Anal. 30 (1993), 701 – 716.

[27] Lucier, B.: A moving mesh numerical method for hyperbolic conservation laws. Math. Comp. 46 (1986), 59–69.

[28] Majda, A.; Osher, S.: Numerical viscosity and the entropy condition. Comm. Pure Appl. Math. 32 (1979), 797–838.

[29] Nessyahu, H.; Tadmor, E.: Nonoscillatory central differencing for hyperbolic conservation laws. J.

Comp. Phys. 87 (1990), 408–463.

[30] Osher, S.: Riemann solvers, the entropy condition and difference approximations. SIAM J. Numer.

Anal. 21 (1984), 217–235.

[31] Osher, S.; Sanders, R.: Numerical approximations to nonlinear conservation laws with locally varying time and space grids. Math. Comp. 41 (1983), 321–336.

[32] Osher, S.; Tadmor, E.: On the convergence of difference approximations to scalar conservation laws. Math. Comp. 50 (1988), 19–51.

[33] Sanders, R: On convergence of monotone finite difference schemes with variable spatial differencing.

Math. Comp. 40 (1983), 91–106.

[34] Szepessy, A.: Convergence of a shock capturing streamline diffusion finite element method for a scalar conservation law in two space dimensions, Math. Comp. 53 (1989), 527-545.

[35] Tadmor, E.: Numerical viscosity and the entropy condition for conservative difference schemes.

Math. Comp. 43 (1984), 369–381.

[36] Tartar, L.: The compensated compactness method applied to systems of conservation laws. J. Ball (ed.): Systems of nonlinear PDE, NATO ASI Series (1983), 263–285.

[37] van Leer, B.: Towards the ultimate conservative difference scheme V. J. Comp. Phys. 32 (1979), 101–136.

[38] Vila, J.: High order schemes and entropy conditions for nonlinear hyperbolic systems of conservation laws. Math. Comp. 50 (1988), 53–73.

[39] Vila, J.: Convergence and error estimates in finite volume schemes for general multidimensional scalar conservation laws: I Explicit monotone schemes. Preprint (1993).