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Abstract. We consider a stationary Stokes problem with a piecewise constant viscos-
ity coefficient. For the variational formulation of this problem in H} x LY we prove a
well-posedness result in which the constants are uniform with respect to the jump in the
viscosity coefficient. For a standard discretization with a pair of LBB stable finite ele-
ment spaces we prove an infsup stability result uniform with respect to the jump in the
viscosity coefficient. From this we derive an estimate for the discretization error. We in-
troduce a robust preconditioner for the Schur complement of the discrete system. Results
of numerical experiments are presented.
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1 Introduction

In many numerical simulations of two-phase flows a so-called one-fluid approach is used.
In such a method the two phases are modeled by a single set of conservation laws for the
whole computational domain. Such an approach leads to Navier-Stokes equations with
discontinuous density and viscosity coefficients. The effect of surface tension can be taken
into account by using a special localized force term at the interface. The latter approach
is known as the continuum surface force (CSF) model, cf. [1]. One well-known technique
for capturing the unknown interface is based on the level set method, cf. [16, 13, 8] and
the references therein. If in such a setting one has highly viscous flows then the Stokes
equations with discontinuous viscosity are a reasonable model problem.

In this paper we treat the following Stokes problem on a bounded connected domain
Q C R% Find a velocity u and a pressure p such that

—div (v(x)Vu)+Vp = f inQ, (1)
divu = 0 in (2)
u = 0 on 09Q, (3)

with a piecewise constant viscosity:

o 1 ian
"T1e mQ c€(0,1]

The subdomains 0y, Qy are assumed to be Lipschitz and such that ©; N Qy = 0 and
Q=0 UQy. By I' we denote the interface between the subdomains: I' = 0€2; N9y, We
assume that

meas(0€2; N 0Q) >0 (4)

holds. For the variational formulation of the interface problem we use the standard spaces
V = H}(Q)4 and

Q=L@ = (peL@)| [ pdr=0).
Q
The variational problem is as follows: given f € V' find {u,p} € V x @ such that

(vVu,Vv) — (divv,p) =f(v) for veV, (5)
(divu,q) =0 for g €Q .

Here and in the remainder the L? scalar product and associated norm are denoted by
(,+), Il - |l, respectively. The bilinear form (¥V-, V-) defines a scalar product on V. We
use the norm induced by this scalar product:

lullv := ¥Vu,Vu)z  for ueV
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On @Q, apart from the standard L? scalar product we will also use a weighted L? scalar
product:

(P, Q) :z/v‘lpqdwz (v'pq)  for pgeQ, (6)
Q

and the norm ||p||, = (p,p)é.

In this paper we analyze the Stokes problem with discontinuous viscosity given in (5).
For pure diffusion problems (Poisson equation) with a discontinuous diffusion coefficient
one can find analyses of discretization methods [2, 3, 6, 9, 17|, error estimators [14, 4]
and iterative solvers [5, 7, 15, 20] in the literature. For the Stokes interface problem
however, much less is known. First theoretical results are presented in [12]. In that
paper we analyzed the Stokes interface problem in the space V x M, with M = {p €
L*(Q) | (p,1), = 0 }. Note that in the space M we use the nonstandard orthogonality
condition (p,1), = 0. In [12] we proved uniform well-posedness and a uniform discrete
infsup result with respect to the norms || - [y (in V) and || - ||, (in M). In the present
paper we derive similar results but now for the more standard space Q = L%()) instead
of M. The main results of this paper (theorems 1,2 and 4) were already formulated in
[12], however, without proofs. In the present paper we give a complete analysis including
the proofs. Although the main ideas in this paper are the same as for the case V. x M
in [12] there are significant differences both in the analysis and in the results, due to the
fact that in the space () we need a norm different from || - ||, (namely the one defined in
(10) below). Further comments on the difference between the results in the space V. x M
and in V x @) are given in remark 2 at the end of section 3 and in remark 3 at the end of
section 4.

In section 2 we introduce an appropriate norm on () and prove a continuity and an infsup
result that are uniform with respect to the parameter €. Using standard arguments this
then yields uniform well-posedness of the continuous Stokes problem.

In section 3 we consider the discrete variational problem in a pair of finite element
spaces (Qn, C @, V;, C V) that are assumed to be LBB stable. As a main result of this
paper we present a discrete infsup result that is uniform with respect to the parameters
h (mesh size) and €. This result is used to derive a (sharp) uniform bound for the dis-
cretization error. In section 4 we derive a robust preconditioner for the Schur complement.
In combination with known results on block-preconditioning and on multigrid this then
implies optimality results for certain iterative methods. For a preconditioned MINRES
method we present results of numerical experiments in section 5.

2 Uniform well-posedness of the variational problem

In this section we analyze the variational problem (5). We need some preliminaries.
Let p be the piecewise constant function

~ ‘Ql‘_l Oan
p_{ —‘Qg‘_l on (5. (7)
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Since (p, 1) = 0, we have p € (). Consider the one-dimensional subspace @) := span{p}
of Q and an L2-orthogonal decomposition Q = Qy ® Q5. For p € Q we use the notation

p=po+D0y, Po€ Qo Py €Qp (8)
One easily checks that
Qy ={reQ|®)a =1, =0}, (9)

For functions in Qf we use the v-norm from (6). On @ we introduce the norm

1
lpllq = (llpoll® + llparll3)?. (10)
The following uniform continuity result holds for the bilinear form (div -, -):
Lemma 1 There exists a constant C' independent of € such that
|(divu,p)| < Cllullvliplle for el ueV, peQ

Proof. 'We decompose p = py + pg. For the component py the Cauchy inequality gives
for any u € V: .
(dive,pd) < [lvhdivallpt ) < Vaullv]ipdl,. (11)

Let ulp denote the trace of u on I'. By a trace theorem one gets u € Hz(T') — Ly(T).

Moreover,
\/unds\ <( / 2ds>%(/1ds)

For the component py (constant in each subdomain) and for arbitrary u € V we have due
to the Stokes formula:

[N

< c1 |lulp|| o)

(diva,po)| = | / wnds| ([Pl + 120 on)

IA

1 1
cilulrll ey | —==llpolla, + —==lpollo
AV VI ’

¢ [[ull @ llpoll < esl|Vullo, [[poll < esllullvi[poll- (12)

IA

For the estimate ||ul|g1(0,) < c¢||Vullq, we used assumption (4). Taking a sum of (12)
and (11) completes the proof. O

In the next theorem we prove a uniform infsup property corresponding to the problem
(5). It generalizes the well-known Necas inequality:

(divu, p)
C Q < V 1 =8Sup ————
( )HpH = H p” 1 ue\e HVU-H

with ¢(Q) > 0. We will need an equivalent form of this Necas inequality: for any p € Q)
there exists u € V such that

lpll* = (diva,p) and  c(Q)||Vull < |lp]l. (13)

VpeQ,



Maxim A. Olshanskii, Arnold Reusken

Theorem 1 There exists a constant ¢ > 0 independent of € such that

di
sup M > cllpllg  forall pe Q.
wev  ullv

Proof.  Fix an arbitrary p € . First consider the component py from (8). Since
P, € L*(Q) and (py,1)q, = 0 for k = 1,2, we can apply the Necas inequality in the
form (13) in each subdomain. Thus there exists a function u; € Hj ()¢ such that the
following relations hold with a constant ¢(£2;) > 0:

I [15, = (divur, py)a,  and  c(Q)[[Vuillo, < [Ipylla, (14)
Similarly, using a scaling argument, it follows that there exists uy € Hg(£22)? such that
1 . 1 _1
le™2pg [l5, = (divus, py)e, and ¢(Q)lle2 Vuollo, < [l€72py ||, (15)

with ¢(€2) > 0. Extending u; and us by zero on the whole domain €2 and taking a sum
of (14) and (15) we get

Iy I} = (diva,py) and eiflaflv < lpglls, 0=wm+us,

with ¢; = min{c(Q),¢(€s)}. For the component py we use the Necas inequality (13):
there exists @ € H}(2)4 such that

Ipol® = (diva, po) and  c(Q)[[Va|l < [|poll
We also have
(diva,po) =0, gl > Ipgll,  [lalv < [IVal, [diva] < Vd|vall.
Thus for any a > 0 and § > 0 we get

(div(a+au),p) = |pyllZ+ allpol® + a(diva, py)
> g llz + allpoll* = avd c(2)H||poll|lpy |l

1_(504\/3 Vd

> L2 1— 2
The choice § = vVd ()™ and o = cfgg% leads to
. _ . c(Q)?
(v -+ agu)p) 2 el 2+ Il?) it e =

Hence, for u = a + apu we get

aillplly < (diva,p) and  c|lully < |lpglls + llpoll = 1Pl

5
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with ¢ > 0 independent of €. This implies the result of the theorem. 0O

From these results it follows that we have uniform (w.r.t. &) well-posedness of the
continuous variational interface Stokes problem in the spaces V, @ with the norms || - ||v
and || - ||, respectively. Using standard arguments (cf. [11]) it can be shown that the
variational problem has a unique solution and that the a priori estimate

(¥ + %)= < cllfllv (16)

holds with a constant ¢ independent of f and of ¢.
The dual norm ||f|v in (16) can replaced by a more trackable norm of f. For this we
need the Poincare type inequality

lvzv| < Cpllvy, forall vevV. (17)

The optimal constant Cp in (17) is uniformly bounded w.r.t. € (cf. [12]). For f € Ly(Q2)4
the Cauchy inequality and (17) immediately yield the a-priori estimate

1 _1
(Illy +lIpl5)? < cCpllv™=£],

with ¢ Cp independent of f and of ¢.

3 Finite element discretization error analysis

In this section a finite element discretization of the Stokes interface problem using
conforming finite element spaces is analyzed.

We consider a family of triangulations {7} in the sense of [10] and assume that each
triangulation 7j, is conforming w.r.t. the two subdomains €27, €25 in the following sense:

ATV cT, . VT |TeT"} =%, i=1.2 (18)
This assumption is easily fulfilled if €2; and €25 are polyhedral subdomains.

Remark 1 In computational fluid dynamics for two-phase flow problems it is (more)
realistic to assume that I' = 0Q; N 9y is smooth. Then the assumption (18) in general
does not hold. However, in such applications it is common practice to approximate [ by
a polyhedral discrete interface I';. In such a setting the assumption (18) may still make
sense. As far as we know no rigorous analysis is available which for the (Navier)-Stokes
equations shows the effect of approximating the smooth interface I' by a piecewise smooth
interface I',. A theoretical analysis of this effect for a Poisson interface problem can be
found in [9]. The results in [9], however, are not robust with respect to the jump in the
diffusion coefficient.

We assume a pair of finite element spaces V), C V and @), C @ that is LBB stable
with a constant ( independent of h:

di
inf sup ( v Vhth)

>3>0.
ah€QnL v, eV, HVVhHHQhH
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For the analysis it is convenient to introduce the bilinear form
a(u,p;v,q) = (¥Vu,Vv) — (divv,p) + (divu,q)

on (V x M) x (V x M). The discrete problem is as follows: find {uy, pr} € V; x Qp, such
that
a(up, pr; e, qn) = £(vy) for all {vy,qn} € Vi, x Qp . (19)
In the proof of the discrete infsup condition below we will use a decomposition which
is similar, but not identical to the one from the previous section. Let p, € @) be the
L?-orthogonal projection of p on Qp,

(P — Pryqn) =0 for all g, € Qp (20)

and define the one-dimensional subspace Qo := span(py) of Q. This induces an L2-
orthogonal decomposition @) = Qo © Qéh, and for any p € () we write

P="Don+Dyn  Pop € Qons Pop € Qupe (21)
For this decomposition we have a discrete analog of the result in (9):

Lemma 2 The following property holds:

QnNQyp={pn € Qn | (pn, Doy = (P, 1)a, =0}

Proof. For p;, € Q, we define ¢; := (pp,1)q,, i = 1,2. Due to Q, C L3(Q) the equality
¢1 4 ¢ = 0 holds. By definition of Qg we have p, € Qg iff (pn, pn) = 0. Hence, due to
(20) we have pj, € Qéh iff (pn,p) = 0. From the definition of p and ¢; + ¢; = 0 we get

1 1 1 1
p)=0¢& —c1——c=0 (—+—)c1=0 & ¢c1=c=0
P =0 o i =0 o T e
and thus the result of the lemma holds. 0
Based on the decomposition (21) we introduce an h-dependent norm on Q:

1
Ipllon = (lpopll? + llpg,l2)?  for pe@

We define the quantity
—_|lp— al
HUh ‘= — =
18]
which measures the error made by approximating p in the finite element pressure space.
In particular, i, = 0 if Q)5 contains piecewise constant finite elements. In general we have
~ 71 7 . . . .
fn = O(h2), where h is the maximal diameter of the elements in 7, that have a nonempty
intersection with I'. We will assume fi;, < %

Y

The following continuity results hold:



Maxim A. Olshanskii, Arnold Reusken

Lemma 3 There exists a constant C' independent of h and € such that for allu € V, p €
Q the following inequalities hold

. 52 1
(divu,p)| < Cllullv(lIpllg, + Zlposl?)? (22)
[(divu,p)| < C(llullv + anlVal)pllgn- (23)

Proof. For p € () we use the decomposition p = pgp + péh. First we prove the estimate
(22). For the component péh the Cauchy inequality gives for any u € V:

. 1.
(divu, pyy,) < vzdivulllpg, )l < Vdlullvllpg,l.. (24)

For the component py, = apy, define py := ap € Qp. From ||por — poll = finllpol| and
fin, < 3 it follows that [|po|| < (1 — fin) " *{|posll < 2[|posll. Now using the Stokes formula
and a trace theorem, we have for any u € V:

IA

|(divu, pon)l |(divu, po)| + [(divu, po.n — po)

IA

2| / unds| [|poll L) + ldiv ull[[po = poll
r

IA

crllule] Loy lpoll + Va [Vl finlpoll

ez |[ull 1) llposll + Vd e ully 2 fin|po|
el Vullo, Iposll + 2 Ve fine ™ [ullvlpo.|
(cs+2Vd fine™2)|[ullvlposl-

VAN VAN VAN

Taking a sum of the latter inequality and (24) proves (22).
The estimate (23) is proved using similar arguments. For the component pé , we already
have the estimate (24). For the component py;, we get using an estimate as in (12):

|(divu, po)| + [(divu, pon — po)l
cllullv llposll + V|| Vul| 2 finllposll
C(|allv + fwlVul])||posl|-

|(divu, pon)]

IN A A

Taking a sum of this inequality and (24) we obtain (23). O

We now prove a discrete infsup stability result.

Theorem 2 There exists a constant C' > 0 independent of h and £ such that

(div uy, pn)
sup —————=

> Cllpnllgn  for all pn € Qp
ur€Vy ||uhHV
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Proof. The proof uses arguments very similar to those used in the proof of theorem 1.
Fix an arbitrary py = po s +péh € Q. From lemma 2 we get (péh, l)g, =0, fori=1,2.

7

Hence, we can apply the LBB stability result in each subdomain. This yields
lpoalls = (div i, py,) and v < poull, O =w +us,

for suitable functions u; € V;, with u; = 0 on {5 and uy € V;, with uy = 0 on ;. For
the component p,; the LBB condition gives a function u; € V), such that

Iposl* = (divan, pos) and  B[|Van| < [[posll-
Therefore we have for any a > 0 and § > 0

dav/d

(div (@, + aty), pp) > (1 — Q—B)Ilpé,hlli +a(l -

Vd 2
2B§)Hpo,h’| .

Therefore setting u = u + apu, 6 = \/33_1 and oy = ﬁ?fjd we get

lpnllEn < e (divun,pr) and  cllunlly, < Ipgall} + llposl® = [lpallEa-

a
Now one can use standard arguments (cf. [11]) to derive continuity and stability results
for the bilinear form a(-,-). It is convenient to introduce the product norm

1
ol = (v + IplG0)?*  {u,p} e VxQ
Lemma 3 and theorem 2 yield the following continuity and stability results:

Theorem 3 There exist constants C and ¢ > 0 independent of h and of € such that

~2
i 1
a(w, p; vayan) < CI[ully + il VallP + 1Pl + Zponl®) 2 Ve, anll

for all {u,p} € Vx Q, {vn,qn} € Vi, x Q) and

a(uhu Ph; Vh, Qh)
sup

{Vh,an}EVrxQp, |||Vh7th

> cl|lup, prlll - for all  {un,pr} € Vi X Qp

0
As for the continuous problem we get as a direct corollary that the discrete problem (19)
has a unique solution {uy, ps} and the inequality

. pulll < ¢ Ellvy

holds, with the constant ¢ from theorem 3. Moreover, if f € Ly(2)¢, then using the
Cauchy inequality and the Poincare inequality (17) we obtain the a-priori estimate:

— _1
llar, palll < ¢ Cpllv=].

Using the continuity and the infsup results in theorem 3 we can prove a discretization
error bound.
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Theorem 4 Let {u,p} be the solution of the continuous problem (5) and {un,pn} the
solution of the discrete problem (19). The following holds with a constant C independent
of h and of €:

o wally -l < 0y (o vally + IV - vi)l)
+ min (19— asliy + Z1 0 = o))
ar€Qn ’ € ’

Proof. For arbitrary v, € Vy, qn € Qp, define e ;= u—vy,, e, = w,— vy, g :=p—qn, gn :=
pn — qn. The Galerkin orthogonality property yields

a(ehaghS Zhﬂ“h) = a(e>9;zh,7“h) for all {Zh>7’h} €V X Q.

Using this in combination with the continuity and infsup results we obtain, for suitable
{Zh,’f’h} € Vh X th

llemgnll < o1 OCmIniZnrn) _ 1a(e,gi2nrn)
[zl Mz ral

(NI

~2
- . fi
< ¢ 1C(||e!|3/+uhHVeH2+||g!|é,h+;h||go,h|l2) :

Now combine this with the triangle inequality |||u—wus, p—pull| < |llen, gnlll +lle, gl||. O

Based on the result in theorem 4 and using approximation properties of the finite
element spaces one can derive further bounds for the discretization error. For such an
analysis one needs regularity results for the continuous Stokes interface problem. As far
as we know, this regularity issue is largely unsolved.

Remark 2 In the bound in theorem 4 in addition to the norm |[||e, g|||* = ||e||3 + 19115 1
two terms with fi, occur. In remark 3 we give an indication that in the analysis as
presented in this paper these terms can not be avoided. This, however, is not the case
if instead of the space V x @ one uses the (less standard) space V x M, where M :=
{pe L*Q) | (p,1), = 0} with scalar product (-,-)ar = (+,-),. An analysis for the space
V x M is presented in [12]. This analysis uses a splitting M = My @& My™, where M,
is a one-dimensional space and MOLM is the orthogonal complement of this space w.r.t.
(+,-)ar- It turns out that then perturbation terms like those with fi; in theorem 4 can be
avoided. For the discretization error we can prove a bound of the form (theorem 3.6 in
[12]):
lu— w5 + [lp = palli; < C( min [lu— vl + min [|p— aull3)
VhEVY qan€Mp,

This shows that for a theoretical analysis the nonstandard space M seems to be more
natural than Q = LZ(Q).

10
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4 Preconditioners for the Schur complement

In this section we discuss several preconditioners for the Schur complement. For this
we first introduce the standard matrix-vector formulation of the discrete problem (19).

In practice the discrete space @)y for the pressure is constructed by taking a standard
finite element space, which we denote by @, (for example, continuous piecewise linear
functions) and then adding an orthogonality condition:

Qn={pncQy | (pr,1) =0}

We assume standard (nodal) bases in V}, and Q;. The bilinear forms (vV-,V-), (div-, )
vield stiffness matrices A € R™" B € R™", with n := dim(V}), m := dim(Q;"). Let
M € R™ ™ be the mass matrix of @} w.r.t. () and Jg : R™ — Q) the finite element
isomorphism (y € R™ contains the nodal values of Jgy).

The matrix-vector formulation of the problem (19) is given by

(50 )()=(0) =)

The Schur complement is denoted by S := BA!BT. Note that both S and the matrix
in (25) are singular and have a one-dimensional kernel. Define the constant vector e :=
(1,...,1)T € R™. Then we have ker(S) = span{e}. To treat this singularity we need the
space

(Me)* := {y € R™ | (y,Me) =0} ,

where (-, -) denotes the standard Euclidean scalar product. Since
Qn={Joy | v € (Me)" }
we get the following matrix-vector representation of the discrete problem:
Find (x,y) € R" x (Me)* such that (25) holds (26)

In preconditioned MINRES and (inexact) Uzawa type of methods for solving (26) one
needs good preconditioners Q4 of A and Qg of S. It is known that if for Q4 we take a
symmetric multigrid V-cycle then we have (cf. [5, 7, 20])

(1 - UA)QA S A S QA7

with a constant 04 < 1 independent of h and of €.
Below we introduce preconditioners for S. Theorem 2 and estimate (22) imply

div uy, py fi, 1
cillpallon < sup (div o, ) <o (|lpalon + 2llponll®)? for pp € Qn  (27)
wevy,  |[unllv £

11
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with ¢; > 0, ¢y independent of £ and h. From the definition of the Schur complement it
follows that for arbitrary y € R™ we have

(div uy, Joy)?

(Sy,y) = sup (28)

u,€Vy HuhH%/

Let G be the mass matrix of Q) w.r.t. the scalar product induced by the L*-orthogonal
decomposition in (21):

(ph>Qh)Q,h = (pO,haQO,h) + (p(J)_,mq(J):h)V y Pndn € Q;
The vector representation of p, € @), from (20) is denoted by p. i.e., JoD = pp.

Theorem 5 The spectral equivalences

G(Gy.y) < (Svy) B0+ (Gyy)  Vye (Mo (29)
G(Gy,y) <(Sy,y) <c(Gy,y) Vy € (Me)t N (Mp)* (30)
hold with ¢y, co as in (27).

Proof. From the definition of the mass matrix G we get

(Gy,y) = (Joy, Joy)an = Il Joyllsy,  forall y € R™ (31)
We also have
2 i, 2 ﬂ}% 2
loullsn + ol < @+ Epnl,, (32)

Note that Joy = pn, € Qp, iff y € (Me)*. The result in (29) now follows from (27),(28),(31)
and (32). For y € R™ let Joy =: pp, = po.n +péh with po € span(p,) and (p&h,ﬁh) =0.
For y € (Mp)* we have (y, Mp) = 0 and thus (py, pr) = 0. This implies py; = 0 and thus
the term with i, in (27) vanishes. This yields the result in (30). 0O

We note that the deterioration (for e | 0) of the upper bound in (29) is not a serious
problem, because it is caused by the one-dimensional subspace span(Mp) (cf. (30)). If
we apply a Krylov subspace solver with a preconditioner G for S then already after a few
iterations this one-dimensional subspace does not influence the effective spectral condition
number anymore.

From

(Gy,y) = (Jgy, Joy), ¥y € (Me): N (Mp)*

we see that on the (m — 2)-dimensional subspace (Me)* N (Mp)* the mass matrix G
coincides with the mass matrix corresponding to the scalar product (-, -),. The latter mass
matrix, which is denoted by M,, is easier to construct than G. Hence, M, is a further
candidate preconditioner for S. Furthermore, the next lemma shows that either the matrix
M, can be replaced by a cheap diagonal preconditioner or a good approximation of My
can be obtained efficiently by applying a preconditioned CG method with a diagonal
matrix as preconditioner .

12
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Lemma 4 Define the diagonal matriz M, by (M,); = > (M) (diagonal lumping).
Then for all y € R™ we have

C3(M,y,y) < (M,y,y) < Ci(M,y,y)
with constants C3 > 0 and Cy independent of € and h.

Proof. The proof follows from applying the analysis from [19]. The details are given in
[12]. O

Summarizing, we discussed the following three preconditioners for the Schur comple-
ment S:

G : the mass matrix w.r.t. (-,)gn (33)
M, : the mass matrix w.r.t. (-,-), (34)
M, : the diagonal matrix such that M,e = M, e (35)

For the preconditioner G we have a spectral equivalence result on the whole pressure space
(Me)* as in (29). For all three preconditioners we have uniform spectral bounds on the
subspace (Me)t N (Mp)+, as in (30).

Remark 3 We performed a simple numerical experiment to show that the result in (29)
=2
is sharp, in the sense that the term ”?h can not be avoided. We consider a 1D Stokes

problem with Q = (0,1), Qy = (i, %) and PyisoP; — P, finite elements on a uniform

grid. In this case we have i ~ h. In table 1 we show the values of (Sy,y)/(Gy,y) for
y =D € (Me)".

h

€ 1/16 | 1/32 | 1/64
1072] 5.0 3.5 2.7
1074]3.110%2] 1.610% | 8.110°"
1079 [3.110* | 1.610* | 7.910°

Table 1: Estimates for upper bound in (29).

These results show a behaviour consistent with “?%L ~ % If instead of the spaces () and
Q1 we use slightly different spaces M and M), as explained in remark 2 then it is possible
to avoid the deterioration (for € | 0) as in the upper bound in (29). In [12] (theorem 4.1)
it is shown that on the space Mj, N (M,e)t the mass matrix M, is uniformly spectrally
equivalent to S.
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5 Numerical experiments

In this section we present results of a few numerical experiments. We consider a Stokes
interface problem as in (1)-(3) with

Q=1(0,1)?° €= (0,

For the discretization we start with a uniform tetrahedral grid with A = % and we apply
regular refinements to this starting triangulation. The resulting triangulations satisfy
the conformity condition (18). For the finite element discretization we used the LBB
stable pair of Hood-Taylor P, — P;. We performed computations for the cases h = 1/16,
h = 1/32 and with varying ¢ € (0,1]. Note that for h = 1/32 we have approximately
7.5:10° velocity unknowns and 3.3-10* pressure unknowns (n ~ 7.5-10°, m =~ 3.3-10%). We
consider the problem in (26). In the iterative method we take a fixed arbitrary starting
vector (x%,y%), with y° € (Me)L.

We use a preconditioned MINRES method. For this we consider a symmetric positive
definite preconditioner

~ ([ Qa O . A BT
K_<0 Qs) forK.-(BO)

Define the norm ||w| z := (Kw,w)2 for w € R"*™. Given a starting vector w® with corre-

sponding error ¢’ := w* —w?, then in the preconditioned MINRES method one computes
the vector w* € w + span{K~'Ke?, ..., (K"'K)*e°} which minimizes the preconditioned
residual ||[K~'K(w* — w)||z over this subspace. For an efficient implementation of this
method we refer to the literature. From the literature (cf. [18]) it is known that the con-
vergence of the preconditioned MINRES method is fast if we have good preconditoners Q4
of A and Qg of S. For the preconditioner Q4 we take one iteration of a standard multigrid
V-cycle with one pre- and one post-smoothing iteration with a symmetric Gauss-Seidel
method. We take Qs € {M, G, M,, M, }.
As a stopping criterion we use

o ()= () <oeeae(5) - (), o

Note that for Qs = M the iterands w* = (x* y*) of the preconditioned MINRES
method satisfy y* € (Me)® and thus y* converges to the solution y € (Me)* as desired in

(26). However, for Qs € {G,M,, M, }, one in general has y* ¢ (Me)*. This inconsistency
(My* e)
(Me,e)
does not influence the residual in (36), since e € ker(BT).

For Qs € {M, G, M, } the systems with matrix Qg that occur in each MINRES iteration

are solved using a CG method. This inner CG iteration is stopped if its starting residual

is easily repaired by using the projection y* — y* — e. Note that this projection

14
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has been reduced by a factor 10® (in the Euclidean norm).

A matrix-vector multiplication Gy can be computed as follows. Let p be the piecewise
constant function as in (7) and {¢; }1<i<m the standard nodal basis in Q;". Define pg, by €
R™ a9 € R by

MPO = b07

by = (B, ¢1),- .- (B b)) ag = (bo, po) "

A straightforward computation yields the representation
G = Oéobobg -+ (I — ozobopOT)M,,(I — Oéopobg)
for the mass matrix G. Using this one can compute Gy efficiently.

In table 2, for different choices of the preconditioner Qg, we show the number of iter-
ations needed to satisfy the stopping criterion (36).

h 1/16 1/32

£ 1 102 10* 101 102 100* 10°S
Qs=M |48 370 1242 1500 | 42 340 1201 1488
Qs=GCG |48 54 64 71 |42 49 58 69
Qs=M, |48 53 63 67 |42 49 58 66
Qs=M, | 62 68 98 157 || 50 58 85 116

Table 2: # preconditioned MINRES iterations.

As expected, the preconditioner Qg = M is not satisfactory for small € values. The pre-
conditiners Qg = G and Qg = M,, result in a very similar convergence behaviour of the
preconditioned MINRES method. The latter, however, is easier to implement. Finally
note that for Qg = M, there is some deterioration of the rate of convergence for small ¢
values.
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