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Abstract

This paper is concerned with further developing and refining the analysis of a recent
algorithmic paradigm for nonlinear approximation termed “Push-the-Error” scheme.
It is especially designed to deal with L., approximation in a multilevel framework. The
original version is extended considerably to cover all commonly used multiresolution
frameworks. The main conceptually new result is the proof of the quasi-semi-additivity
of the functional N(e) counting the number of terms needed to achieve accuracy e.
This allows one to show that the improved scheme captures all rates of best n-term
approximation.
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1 Introduction

The understanding of nonlinear approximation has greatly benefitted from recent multilevel
and wavelet concepts. Norm equivalences induced by wavelet bases in a Hilbert space context
play a major role in the analysis of best n-term approximation part of which can be even
retained for L, norms for 1 < p < oo, see e.g. [18]. Near best n-term approximation
is simply obtained by keeping the (properly scaled) n largest coefficients in the wavelet
expansion. However, many applications involve more complex geometries for which wavelet
bases with the desired properties are hard to construct or even not available at all. In the
absence of such bases the realization of best n-term approximation is far less obvious, let
alone approximation in L.,. A significant advancement of best n-term approximation in
settings where explicit wavelet bases may not be available is offered by the approach in
[16, 23, 25].
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contract HPRN-CT-202-00286, (BREAKING COMPLEXITY) and by the National Science Foundation
Grant DMS-0200665.



The situation is again quite different when approximating in the uniform norm which is
the primary concern and guiding issue in this paper. The “piling up” effect of multilevel
structures is not well aligned with the L.-norm. This principal obstruction concerns any
sort of multilevel expansions, even those for “ideal” wavelet bases. Nevertheless, an efficient
way of realizing optimal L..-approximation rates for approximation spaces induced by best
n-term approximation in the above mentioned flexible settings is offered by another algo-
rithmic paradigm, called “Push-the-Error” algorithm. This has been developed in [24] for
the specific case of nonlinear n-term approximation from Courant elements (piecewise linear
finite elements) in the uniform norm and dimension d = 2. The essence of this algorithm
originates from [18]. In view of its importance as a paradigm that works in the uniform
norm (even in the absence of good multilevel bases), it is interesting to explore the scope of
applicability of its conceptual foundation.

Our primary goal in this paper is therefore to further refine and extend this algorithm in
several directions. The key new steps in this article are the following: (i) We generalize the
“Push-the-Error” algorithm to nonlinear n-term approximation from the “scaling functions”
of a general Multiresolution analysis (MRA) on compact domains in R?. (ii) We refine the
algorithm from [24] and its analysis considerably. In particular, we prove the quasi-semi-
additivity of the functional N (&) counting the number of terms in the approximation needed
to achieve accuracy €. This enables us to show that the improved algorithm captures all
rates of the best n-term approximation.

It should be stressed that the “Push-the-Error” paradigm is, in principle, very flexible in
that it essentially requires only refinability of single scale basis functions, i.e. has a potential
to work under fairly general circumstances. For instance, complex domain geometries pose
much less of an obstruction than for the construction of wavelet bases thresholding concepts
in L, are typically based upon. The main idea is to complement thresholding strategies,
i.e. keeping terms with large coefficients, with transferring small terms to higher levels with
the aid of refinement equations. This accounts for the fact that small terms may add up
over different levels to form after all a significant contribution in the uniform norm because
even the best multilevel bases are no longer able to properly separate the contributions from
different length scales.

In addition we briefly relate our findings to the somewhat wider context of nonlinear n-
term approximation in L,. As mentioned before, for 1 < p < oo best n-term approximation
is provided by thresholding wavelet expansions. We show here first that even for 0 < p < co
the usual thresholding strategy can be utilized for nonlinear n-term approximation in L, for
the more flexible setting of multilevel scaling function representations in general MRAs so
as to capture the rate of the best n-term approximation. This thresholding scheme can be
shown to emerge from extending “Push-the-Error” to the L, case for 0 < p < oo.

In [24] there is another algorithm (named “Trim & Cut”) developed for nonlinear n-term
approximation in L,, 0 < p < oo. The idea of this algorithm originates in the proof of
the Jackson estimate in [20]. A similar algorithm has been suggested by Yu. Brudnyi and
I. Kozlov as well (see [2] and the references therein). The execution of the “Trim & Cut”
algorithm relies heavily on a coloring procedure used to represent the set of all supports
of basis functions as a disjoint union of trees with respect to the inclusion relation. This
renders the scheme practically infeasible. Consequently, it is less valuable compared to the
“Push-the-Error” algorithm.



Finally, we note that the “Push-the-Error” algorithm is not restricted only to approxima-
tion from MRAs consisting of continuous functions. It can be successfully used for nonlinear
approximation of continuous functions from discontinuous (isotropic or anisotropic) hierar-
chical bases in the L,,-norm. All results from this article have analogues in such settings
under less restrictive conditions. We shall not present the details here.

The paper is organized as follows. In Section 2 we collect some prerequisites. First, in
Section 2.1 we describe a general multiresolution setting which is designed to host all com-
monly used setups. In doing so we extract the abstract requirements on such multiresolution
hierarchies of spaces that make “Push-the-Error” work and collect the tools needed in this
context. In Section 2.2 we outline several examples covered by the general framework while
we collect in Section 2.3 some further consequences and prerequisites for later use. In Section
2.4 we introduce a family of local projectors that serve as a tool for forming multilevel de-
compositions. In Section 3 we introduce a scale of “Besov-like” spaces (B-spaces) associated
with the multiresolution analysis (MRA) needed to prove optimality of the “Push-the-Error”
scheme. In Section 4 we characterize the approximation spaces generated by nonlinear n-
term approximation from the scaling functions of an MRA, placing special emphasis on the
L,-case. In Section 5 we describe the improved “Push-the-Error” algorithm, present its error
analysis, and discuss its complexity. In Section 6 we describe and give the error analysis of
the " Threshold” algorithm for nonlinear n-term approximation in L,, 0 < p < oo, from the
scaling functions of an MRA. In Section 7 we give the proof of the main results concerning
the quasi-semi-additivity of the functional counting the number of terms generated by the
scheme, and the error estimation theorem. Finally, Section 8 is an appendix, where we place
the proofs of the Bernstein estimate and the norm equivalence in the B-spaces.

Throughout the article, we use the following notation: N := {1,2,...}, Ny := NU {0}.
For any set E C RY, 1y denotes the characteristic function of E, and |E| denotes the
Lebesgue measure of E¥ while E° means the interior of E. For a finite set E, #FE denotes the
cardinality of E. Positive constants are denoted by ¢, ¢, ¢, ... (if not specified, they may
vary at every occurrence), A &~ B means c;A < B < ¢3B, and A := B or B =: A stands for
“A is by definition equal to B”. Whenever an L,-norm refers to the fixed underlying domain
Q, we write briefly || - ||,, whereas || f||z, () indicates the reference to a particular subdomain

G C Q.

2 Preliminaries

2.1  Multiresolution analysis (MRA) — Basic Properties

We consider the general case of a hierarchy of spaces
WwcwvcC--- (2.1)

on a compact domain Q C R? (d > 1) such that [JV,, = C(Q) (usually Q is a polyhedral
(polygonal if d = 2) domain in R?). We set M := {V,,,},n>0. In what follows we shall specify
our requirements on such hierarchies. These assumptions are designed to accommodate all
commonly used setups as well as possible further settings that could be anticipated in the
future.



We assume that each V,, is spanned by a basis ®,, = {¢y}eco,,, consisting of compactly
supported and continuous basis functions, normalized in L, (||@s]/c0 = 1), which should be
viewed as scaling functions when dealing with the classical wavelet setting. Here ©,, is an
index set and for convenience we use these indices simultaneously to denote sets satisfying
supp ¢g C 6 for 8 € ©,,,. We denote O := UmeNO O,, and ® = UmeN0 ®,,. At times we shall
loosely call 6 the “support” of ¢y although supp ¢y may actually be strictly contained in 6.
However, # and the true support will always “scale” in the same way which will be made
precise later. In particular, ©,, may contain more than one (although always a uniformly
bounded number) copy of a set 6.

More specific properties of the single scale bases ®,, can typically be related to some
underlying mesh or, more generally, to some partition of the spatial domain. We shall
formalize next our requirements on such partitions that will cover all cases of interest.

Cells (cubes, simpleres). We shall always assume that there is an underlying sequence of
partitions of Q: Py, Py, ... with P := UmeNO P, which satisfy the following conditions:

(a) Every level P, is a partition of ), consisting of finitely many compact connected
sets (cells) with disjoint interiors. Usually these cells are cubes, simplexes (triangles) or
polyhedral subdomains of €Q.

(b) The partitions (P,,) are nested, i.e. P,,,1 is a refinement of P,,.

(c) Each cell I € P, has (contains) at least two and at most v children in P,,;; with
vy > 2 a uniform constant.

(d) There exist constants 0 < r < p < 1 such that for each I € P and any child I" of T

Pl < |7 < pl). (2.2)

(e) Local quasi-uniformity: There exists a constant © > 1 such that if I, .J € P,, (m > 0)
and I N.J # (), then
07 <11 < 0. (23

Further properties of the “supports” 6 € © of the basis functions ¢y can be specified in
terms of these cells.

(o) Each 6§ € ©,, as well as supp ¢y is a connected compact and can be “paved” by cells
from P,,, that is, 6 = (J;c,, I, where Ny C P,, and #Ny < v; with v; a uniform constant.

For a given 6§ € ©, we denote by [(6) the level of 6, i.e. [(f) = m if 6 € ©,,, and we
similarly denote by [(I) the level of I € P.

For later use it will be convenient to record for direct reference the following consequences
of the properties (a)-(e) and («):

(B) If I C @ and I(I) =1(6), then
10| < BolI|, Bo = constant. (2.4)

(7) The interiors of at most v, sets § € O,, (m > 0) may intersect at a time, where vy is
another uniform constant.

(6) For each 0 € ©,, (m > 0)
#{n € Opy1:n C O} <v3, wv3=constant. (2.5)



Remark 2.1. It is an important observation that the above conditions involve essentially
only measures of cells but not the shape of cells and consequently cover the case of anisotropic
partitions of the types considered in [16, 23, 24, 27].

Since ®,, is a basis for V,,, each f € V,,, has a unique representation

F=3 ol (2.6)

0€EOm,

where {cy(f)}oco,, are the dual functionals, i.e. co(pg) = g .

Aside from the locality of the ¢g’s, a crucial further requirement on the multiresolution
analysis  concerns the locality of the dual functionals. We assume that each liner functional
co(+) is supported on 6 and satisfies the condition

lco(g) |9|/g z)|dx for § € ©,, and g € V,,, (2.7)

where ; is a uniform constant. We shall assume that the linear functionals ¢, (-) are extended
to L1(€2) (retaining the same notation) so that

co(f |0| /f ) dz for f € Ly(Q). (2.8)

Due to the Hahn-Banach Theorem this is always possible. We pause to record a few impor-
tant consequences of (2.7).

A first consequence of (2.7) is the stability of the single scale bases (P.,)men,. There
exists a constant 3 > 1 such that for each g € V,,, with representation g = » ;.o cags, we
have

B 1/p
B ally < (D llcodully) < Ballgly 1 <p< o0, (2.9)

0cO,,

uniformly in m, with the usual modification when p = oo. Moreover, using also (2.3) and
property (7) of the ©,,’s, it follows that for any 0 < ¢ < oo and v € R,

1/q 1/q
(3 (lgle,n)?) ™ = (3 (6 lleodoll)?) (2.10)
1€ePm 0cOm,

Condition (2.7) readily implies that
16l = 1671 9l|glly, 6 €O, 1 <p,q < o0, (2.11)

where the constants of equivalence depend only ;.
When dealing with nonlinear approximation in L,, 0 < p < 1, we shall be additionally
assuming that for any g € V,,, and I € P,, (m > 0)

g2y = 1Y gl ary, 0<q<1, (2.12)

with constants independent of g and m. Evidently, this condition yields (2.9)-(2.11) when
0<p<l.



From (2.1) we know that each element of ®,, can be written as a linear combination of
elements in ®,,,;. Furthermore, due to the locality of the dual functionals, this expansion
is local, i.e. we have

¢9 = a9,n¢na 0 c (_)mfl- (213)

nEBOm,nCo

Moreover, by (2.7) and the Ly-normalization of the ¢g, we have |ag,| = |¢,(¢g)| < Bi.

We conclude our list of basic general assumptions by one which can be viewed as strength-
ening our assumptions on the dual functionals. We shall assume that there exist constants
0 <6 < 1and 3 > 1 such that for each g € V,,, I € P, (m > 0), and any set E C I with
|E| < ||, we have

190l 2oty < Bsllgl Locir\i)- (2.14)

This condition is in essence the local linear independence of the ¢y’s which is known to hold
in many cases of interest, see the examples below.

For the purpose of nonlinear approximation in L,, 0 < p < 0o, we shall assume that the
L, analogue of (2.14) is valid:

l9llz,) < BsllgllL,e)- (2.15)

The only use of (2.14) and (2.15) is in the proof of the corresponding Bernstein estimates
(see Theorem 4.2 below).

Depending on the domain €2 in some settings one can even construct wavelet or priwavelet
bases. For simplicity, whenever we assume in this article the existence of wavelets we assume
the existence of a biorthogonal wavelet basis ¥ = {¢, : A € L} on Q with a dual ¥ = {4, :
A € L}, where £ = Uyen, £ s the index set of the “true” wavelets. Then each f € L,(Q2)
(1 < p < o0) has the representation

f= co(f)pn+ a(Hvr,  a(f) = (f), (2.16)

[ASCH) meNy AeLm,

which is assumed to be unconditional if 1 < p < oc. In addition, we assume that ¥y,
1y are compactly supported with supp¢y,suppyy C A, and A = Usepn, I, 1 < v, with
v, = constant. Also, we assume that for A € L,,, ¥\ € V41, le. ¥, = 0c0,,,, AA0P0,
and |ayg| < B4 with B, a uniform constant. Our last assumption is that i, are at least

continuous, ||| = 1, and ||@Z>\Hoo < 0.

2.2 Examples of As

In this section we briefly outline some examples covered by the above framework. This list
is by no means meant to be exhaustive.

Shift invariant refinable functions: The classical approach to constructing wavelets on R
is based on hierarchies of nested shift invariant spaces spanned by the dilated translates
¢(2™ - —k), k € Z, of a single scaling function ¢, or more generally of a finite number
¢'(2™ - —k),i=1,...,r, k € Z, of multi-scaling functions, which are refinable, i.e.

T

o= a2 --k) or ¢ = ald’ (2 —k)

kez j=1 keZ



holds for some mask sequences (a:)zcz. These translates are usually required to have some
stability properties such as linearly independent integer translates, ie. ,_,cpo(- —k) =0
implies ¢, = 0,k € Z. It is known that this latter fact implies the existence of local dual
functionals in the sense of (2.7). For the most prominent examples, such as cardinal B-
splines or the family of orthonormal Daubechies scaling functions one even has that the
dual functionals are also refinable scaling functions [14, 7]. In this case even local linear
independence of the scaling functions is known to hold [5]. This means that, whenever a
linear combination of such scaling functions vanishes on any given open neighborhood, the
coefficients of those scaling functions whose support intersects this neighborhood have to be
zero. This setting hosts the well-known local orthonormal or biorthogonal bases for Lq(R).

As mentioned above, the local independence implies property (2.14). Moreover, fixing
any interval {2, say, we can take here

@, = {02 —k): k€Z, suppp(2™-—k)CQ (or (suppp(2™-—k))°NQ#0D)}.

Here P,, consists of the dyadic intervals of length 27™ contained in {2, while the § € ©,, are
unions of finitely many dyadic intervals.

Of course, taking tensor products provides analogous multiresolution analyses on domains
Q) which are finite connected unions of integer translates of the unit cube the cells being
dyadic cubes now.

A classical class of non-tensor product shift-invariant multivariate MRAs satisfying the
above requirements is based on the notion of boz-spline. In this case stability, linear indepen-
dence, and local linear independence are known to be equivalent properties whose validity
can be characterized completely in terms of the generating set of directions, see e.g. [10].

Wawvelets on the interval: The biorthogonal or orthogonal shift-invariant multiresolution
analyses on R can be used as a starting point for constructing an MRA on a fixed finite
interval [0, M], say, along with corresponding biorthogonal or orthogonal bases, see e.g.
[5, 9, 8]. Instead of taking just basis functions whose supports are contained in a given
domain or its restrictions to such a domain, one proceeds as outlined next first again for the
univariate case and a fixed integer interval €2. The idea is to generate V| as the span of all
integer translates of a scaling function ¢ whose supports are fully contained in (0, M) and by
finitely many additional basis functions near the end points of the interval, which are formed
as finite linear combinations of the ¢(- — k) so as to retain some polynomial exactness and
refinability. The Vj,7 > 0, are obtained by scaling. One still has local biorthogonal bases
so that (2.7) and (2.14) remain valid. These boundary adaptations allow one to construct
a dual pair of biorthogonal MRAs on 2 which in turn lead to the construction of wavelet
bases on (2.

Parametrically lifted MRA and Wavelets on domains: Once boundary adapted MRAs of
the above type are available, one can construct MRAs on more complicated domains whose
boundary is not necessarily aligned with the coordinate axes. In fact, on can deal with

domains of the type
Q= r(D),

KEK
where [ is again the unit d-cub and the s are regular parametric mappings. Corresponding
parametric liftings of the MRA on [ can be stiched together to form even a globally smooth



MRA on €2 which inherits the relevant properties of MRAG. For details the reader is referred
e.g. to [3, 4, 11, 12, 6].

Finite elements: Suppose that Py is a locally quasi-uniform, shape regular triangulation
of the polyhedral domain €2 and each P,, for m > 0 arises from Py through m successive
regular subdivisions. Examples for d = 2 are based on decomposing each triangle into four
congruent children or into two triangles by splitting the longest edge. Similar procedures
are known for d = 3. In this case the cells are triangles or more generally simplices. Finite
element spaces of degree k on such partitions are usually defined as linear spans of nodal
basis functions which are (globally continuous, sometimes even C') piecewise polynomials
on these partitions which are dual to suitable collections of nodal values (point values or
derivatives) at the vertices or mid points of edges. The simplest examples are continuous
Lagrange finite elements of degree k in the plane where the nodal values are associated with
a regular “k-mesh” which is the refined triangulation obtained by subdividing each triangle
in P,, into k? congruent subtriangles. Since on each cell the same number of basis functions
overlap, namely the dimension of the generated polynomial space, local linear independence
and hence property (2.14) holds. Moreover, the construction of a local dual basis, consisting
of (discontinuous) piecewise polynomials of the same degree, is straightforward, so that all
the above assumptions can be verified in this case as well, see e.g. [13] for wavelet bases in
the finite element context.

Anisotropic spline bases over multilevel nested triangulations: For a given bounded polygonal
domain 2 C R?, consider a sequence of triangulations (P,,)men, such that each level P, is
a partition of €2 into triangles and a refinement of the previous level P,, ;. Write P :=
Upmen, Pm- Each such sequence of triangulations generates an MRA of spaces Sp C S; C - - -
consisting of piecewise linear functions, where S, (m > 0) is spanned by all Courant elements
g supported on cells # at the m-th level P,,. Natural mild conditions should be imposed
on the triangulations in order that this MRA satisfy our conditions from §2.1 (see [23, 24]
for the exact conditions; P is then called a locally reqular triangulation). These conditions
essentially do not allow the areas of the triangles to change uncontrollably when moving
away from a fixed triangle in P with regard to scale and spatial location. On the other
hand, the conditions still allow the triangles in P to change in size, shape, and orientation
quickly when moving around at a given level or across the levels. In particular, triangles
with arbitrarily sharp angles are permitted in any location and at any level. The above
described hierarchy of linear splines provides a simple example of an MRA which may have
a very anisotropic structure.

To give an example of more general anisotropic MRAs, consider now the hierarchy
Sy C 8 C ---, where S,, := S*"(P,,) is the space of all r-times differentiable piecewise
polynomials over the triangles of P,, of degree < k (k > 1). In [16], a construction of spline
basis ®,, in Sk”“(Pm) is given, whenever 7 > 1 and k > 4r + 1, in the case of Q = R?. It
is shown that under some reasonable conditions on the triangulations (P,,)mez of R? the
bases (®,,)mez satisfy our conditions on MRAs from §2.1. In particular, these conditions
admit arbitrarily sharp angles and offer considerable flexibility. The triangulations satisfying
these conditions are called strong locally reqular triangulations. If one considers sequence of
triangulations (P,,)men, on a compact domain 2 C R, then usual modifications (see [15]) of



the basis functions corresponding to boundary edges or vertices lead again to bases satisfying
our conditions. The construction in [16] can be extended to the spaces S*"(P,,), k > r2¢+1,
in dimensions d > 2.

MRAs consisting of discontinuous functions: MRAs consisting of (discontinuous) piecewise
polynomials are completely legitimate as well. Such hierarchies can be defined over regular
(uniform) or irregular simplicial or other partitions of a compact domain in RY. See [23,
26] for more details in the anisotropic case. Due to the the more enhanced locality of
corresponding basis functions (e.g. supports and cells agree in this case) the analysis becomes
simpler in many ways. In this article we focus therefore our attention on MRAs consisting
of continuous or even more regular functions.

2.3 Geometric Properties and Further Prerequisits

Refined properties of the above examples involve in one or another way the geometry of the
supports of the basis functions. In spite of the difference of respective geometric settings the
relevant properties turn out to be governed by the same abstract mechanism. The objective
of this section is to extract and bring out the essential mechanism in order to allow us to
provide a unified treatment of the above and many other cases.

In order to deal with graph distances and neighborhood relations in such partitions under
possibly general circumstances it is convenient to employ the notion of the m-th level star
of a set. For a given set £ C 2 and level m > 0, we define

Star "™ (E) := Star ™ (E) := U{I € P, : INE # 0}

and inductively

Starg.m)(E) = Star gm)(Starg-T}(E)) j>1.

3

One can easily show that

Star ™ (E) = Star ™ (Star ™ (E)), 1,42 > 1.

We shall drop the the reference to m whenever the level is clear from the context which is,
for instance, the case when the set F has a specific level such as the indices 6 € ©,, or the
cells I € P,,. When E consists of a single point = we write in a slight abuse of notation
briefly Star gm) (z) instead of Star gm)({x})

The extent to which the supports 6 overlap can be conveniently expressed in terms of
stars as well. We record for later use the following consequence of («a):

(¢) For each 6 € ©,,,
6 C Star ,(Jm)(x) for z €0, (2.17)

where v, < 17 is also a uniform constant, see property («) in Section 2.1.
The m-th level stars of sets generate a (graph) distance d™(z,y) in €, defined by

d™ (z,y) := min{j : = € Star "™ (y) and y € Star ™ (z)}. (2.18)



Clearly,
Star "™(E) = {z € Q : d"™(z, E) < j}.

We can state now one more condition on the cells which guarantees that they are properly
refined, i.e. as in all our examples all “sides” of the cells are subdivided (in a weakly isotropic
fashion). We require that there exists a constant # > 1 such that

1 -
d™ (z,y) < 3 d™ ) (g, y)  for z,y € Q and m > 0. (2.19)

Evidently, this is equivalent to the condition
Star "™)(E) ¢ Star ™ (E), Ec Q. (2.20)

The fact that the supports 6 overlap causes some “spatial pollution” across different lev-
els. The following notion helps us to quantify this effect.

Connecting by n-stars. For 8,n € © with () > [(0), we say that 6 is connected with 1 by
n-stars (n > 1) if there exist cells I, j = 1,...,r, such that

(1) {(5H) = 10) + 1, U(Li) > UL) + 1, 5 =1, or = 1L U(L) < U(n),
(ii) I; c Star (), I, c Star "(1y), ..., I,  Star ") (1,_4),

n C Star (1), where Iy :=1(6), ; := I(I;).
Lemma 2.2. If .7 € © with I(n) > 1(6), and 0 is connected with n by n-stars, then
independently of the number of the connecting cells

n C Star 5 (0), m:=1(6), (2.21)

where U is from (2.19).

Proof: The claimed inclusion follows almost immediately from (2.19) (or (2.20)). We skip
the formal proof but indicate only the following rough line of argument. Marching from I;
to 1,41 the spatial step size does not increase but halves by at least 1/2 in every on steps.
Then a geometric series argument shows that one cannot go farther away than the length of
our first step x2rn. [

The possibly significant overlap of the supports 6 is a severe obstruction to localizing
estimates. In order to be still able to manage such pollution effects, we require an auxiliary
multilevel system of overlapping cells that are on one hand simple enough to be disentangled
while, on the other hand, they essentially scale like the actual supports.

Eztended cells. We assume the existence of a collection of overlapping extended cells

0= On

meNy

with the following properties:
(i) Every level O,, is a cover of €2, i.e. 2 = U,ep,,w.

10



(ii) Each extended cell w € O,, can be “paved” by cells from the same level P,,, i.e.
w = Uren, I with ,, C Pp,.
(iii) If w € O,y,, then
w C Star E,T)(x) for z € w, (2.22)

where v, is a uniform constant satisfying 1 < vy < v,.
(iv) For every w C O,,, m > 1, there exists ' € O,, 1 such that w C w'.
(v) For every w; C O there exists wy € O such that

Starj(wy) Cwy and l(wy) > l(wq) — vs, (2.23)

whenever [(w;) > vs, where v5 > 1 is a uniform constant and [(w) denotes the level of w.
(vi) Coloring property. The set O can be represented as a finite disjoint union of subsets
{(’)j}‘j]:l such that each set 07 is a tree with respect to the inclusion relation, that is, if
W' w" € OF and (w')° N (W")° # 0, then either v’ C w" or W’ C W'
The coloring property (vi) of the extended cells is the reason for introducing them here.
It is not clear whether it holds directly for the supports 6. One should think of extended

cells w € O,, as simple regions of type w = Star 5"” (v) with v a point in Q (which in the case

of Courant elements agrees with the sets #) or w = Star 5’”)(1) with I € P,,. This is the case
in all examples mentioned in Section 2.2. In the case when P consists of dyadic cubes in R?,
the coloring property is established in [20], and in the case when P consists of triangles (in
R?), such a result is proved in [24]. The proof of the coloring lemma from [24] can be carried

over to spatial dimensions d > 3.

Our final assumption on the supports #, which is also satisfied in the examples listed in
Section 2.2, couples the system of extended cells with the supports 6.

(¢) For each w € O,, (m > 0) there exists § € O,, such that w C 6.

Lemma 2.3. Suppose m > jK, where 7 > 1 and K := v,v5. For any 0 € ©,, there exists
w € O such that

Starg-m)(G) Cw and l(w)=m — jK. (2.24)
Moreover, .
Stargm)(G) C Star (") (z) forz €. (2.25)

Proof: In view of (2.23), it suffices to prove the lemma only in the case j = 1. Choose
I €Pand we O so that [(I) =1l(w) =1(f), I C 0 and I C w. Then by (2.17),

Star () C Star, (I) C Star,, (w).
Using (2.23), there exist extended cells wg := w,ws,...,w,, such that
Star(w;) C wipr and l(wiq) > 1(w;) — vs.

and hence
Star,, () C w,, and Il(w,,) > 1(f) — v.vs,
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which implies (2.24).
Fix z € §. By (2.24) and (2.22), we obtain Star§m)(0) Cw C Star ™K (g). O

121
In the following all constants will depend on 7, p, 9. §, Bo,..., B4, Vo, .., Vs, U, Vs, Vs,
and #0, (or at least some of them), which are not completely independent. We shall refer
to them as parameters of the MRA which is being currently used.

2.4 Local Approximation from V,, and Projectors

As in [16, 23, 24] a scale of B-spaces induced by the multiresolution hierarchy will play an
essential role in the subsequent analysis. The local approximation from the spaces V,, will
be an important element in the definition of these B-spaces. We first define, for a given cell
I € P, (m > 0), the extension I by

I:= 6. (2.26)
0€®,,: ICH

Clearly, \_ﬂ < ¢|I| with ¢ depending only on the parameters of the MRA.
For given function f € L,(Q2) and I € P,, (m > 0), the error of L,-approximation to f

on I from V. is defined by

~

E(f, 1)q = gier%/f \f— gHLq(T) . (2.27)

We define
Qu(f) = co(f)po, [ € L1(9), (2.28)

€O,
where ¢y(f) are extensions of the linear functionals from (2.6) which satisfy (2.8). Clearly,
Qm : L1(2) — V,,, is a linear projector onto V,,.

Lemma 2.4. If f € L,(Q),1<qg<o0, and I € P, m > 0, then

1Qm ()l < Il (2.29)

and R
1f = QL) < CEf,Tgs (2.30)
where ¢ depends only on q and the parameters of the MRA.

Proof: The estimates (2.29)-(2.30) readily follow by property (2.8) of the linear functionals
co(f) (see also [16, 23]). O
We use the projectors ), for decomposing a given function into multilevel components.
We denote by
Gm = Qm — Qm_1, where Q_;:=0, (2.31)
the “detail” of f between the levels m and m — 1. Whenever a wavelet basis is available, ¢,,
is understood to arise from the associated canonical projectors, i.e.

Im(f) = a(f)va,  a(f) = (f,9).

Aeﬁmfl
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In general, for a given function f € L;(€)) one has ¢,,(f) € V,, and hence

am(f) = bo(.f)Pp- (2.32)

0cOm,

From the approximation properties of the spaces V;,, we therefore know that for f € L (),
1 < ¢ < oo, the expansion

f= am(f) = bo(f) %o (2.33)

meNy meNg 0€0,,

converges in L.

For the purposes of nonlinear approximation in L,, 0 < p < 1, we modify the above
construction in a standard way as described in the following. Denote by V! the linear space
of all piecewise V,,-functions over Py, ie. g€V, if g= ;5 g;-1;, where g; € Vp,,. For
a given I € Py, let Py, : L,(I) — V,,|1 be a (nonlinear) projector such that

1 = Pra(Plle,ay < E(f1)g with  E(f1)g:= inf [If —gll;, ).
We now define the operator (projector) pm,q : Ly(2) — VI, by

Pmg(f) == Pr,(f)-1y.
JEPm

Finally, we consider the operator Q4 : L,(2) — V;, defined by Qum o(f) := Qm(Pmq(f)). It
is easy to see that @, := @, satisfies (2.29)-(2.30) if 0 < ¢ < co. In going further, we set

O = Gm,q ‘= Qm,q — Qm-1,4 With Q_1,:= 0, and define {bg4(f)}¢co,, similarly as in (2.32).
Now, we have the following representation of any f € L,(€), 0 < ¢ < oc:

f = Qm,q(f) = b0,q(f)¢9 in Lq' (234)

meNy meNy 0cO,,

See [16] for more details of the above in the spline case.

3 DB-spaces an Besov spaces

We first introduce the B-spaces, which will be an important vehicle in showing that the
“Push-the-Error” algorithm captures the rates of the best nonlinear n-term approximation.
As elsewhere, we assume that 0 < p < oo, and a > 1if p=ooc and a > 0 if p < co. In both
cases, we set 1/7:=a+ 1/p.

The case 1 < p < oco. Given an MRA with a set of basis (scaling) functions ® =
Upen, @m, we define the B-space By = B( ) as the set of all f € L;(€2) such that

~ 1
Flssian = (- (11, D7) <o, (3.)

IeP
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where E(f, 7 )1 denotes the error of Lj-approximation to f on I from V,, if I € P, (see
(2.27)). Clearly, |- |ga(nm) is a semi-norm if 7 > 1 and semi-quasi-norm if 7 < 1. For different
purposes it will be convenient to employ different equivalent norms. We shall next introduce
these variants.

The local approximation in L; above can be replaced by approximation in L, with an
arbitrary ¢ < p (but not with ¢ > p). Namely, for 1 < g < p, we define

&q _ —a—1/q+1/T N \7 L ~
Flgon = (1] E(F.D) " ~|flazm. (32)

IeP

For the proof of the above equivalence, see Theorem 3.3 below.
By (3.10) below, it follows that B¢ is embedded in L, and hence it is natural to define a
(quasi-)norm in B by

[flle == [[fllp + | f]Bg- (3.3)
We also set
£l = £l + 11 (3.4)
The space B¢ has an atomic decomposition. We define
A . . —a—1+1/7 AYT
IFeaey = ,_inf (077 aagoll)) (35)

0cO

where the infimum is over all representations of f in L;(€2). By (2.11), we have

it ( lassnly) (36)

A
o ~ 1
HfHBT (M) F=0co asds 0co

Another important fact is that the norm in B® can be realized by decompositions using
simple projectors. Let f = ;.o bg(f)de be the decomposition of f from (2.33). We define

—Q— T T 1/7-
1A = (OB o(F)doll)7) (3.7)
6cO
The norm equivalence (2.11) yields
0 1/7
G~ ( IB(Deoly) (3.8)

USC)

Finally, the B-spaces have equivalent norms through wavelets or prewavelets, whenever
the latter are available. Suppose a wavelet basis exists and satisfies the conditions from §2.1.
Let f € L1(2) and

f= CoPo +  cAa.
0cBg AeL
We define

||f|\g;(M) =

1/7
cgall; + lextally) (3.9)

0€B®g AeL
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The case 0 < p < 1. We recall our standing assumptions: « > 0 and 1/7 := a+ 1/p. In
: £, . .

this case we define [f/4h 1y, 0 < ¢ < p, as in (3.2) and set | f|ge ) = |f|gg(M)' We also

define the quasi-norms || f||ge(ar) and ||f||2"a(M) as in (3.3)-(3.4). Further, we introduce the

atomic quasi-norm Hf||ga(M) by the quantity on the right-hand-side in (3.6) and define the

quasi-norm ||f||Qa(M) by the right-hand-side quantity in (3.8) with by(f) replaced by bg,(f)
from (2.34) for some 0 < ¢ < p.

» &
Remark 3.1. In the above definition of || f|gepy, [1fllB2ry = ||f||?2‘(M) (g = 1), and
Hnga(M) via {bgq4(f)} or {be(f)} (¢ = 1) it is imperative to have ¢ < p. Therefore, it
is important that (Q,,) satisfy (2.29) — (2.30) for some q < p, which essentially follows by

condition (2.8) on the duals {cg(-)}. In turn, condition (2.8) can be relazed somewhat; it can
be replaced by |co(-)| < c|f] V|| fll, with 1 < q < p.

The following embedding result, proved in [23, 26], will play an important role.

3

Theorem 3.2. For any collection of real numbers {cp}toco and 0 < 7 < p < 00 or p = o0
and 0 < 17 <1, we have

1/7
| teolgo]| <e( leasolly) (3.10)
6co P

0cO
where ¢ depends only on T, p, and the parameters of the MRA.

The announced equivalence result reads now as follows.

Theorem 3.3. For a given MRA the norms || - ||ge, || - |15, || - e || - 9., and | - [as
(pre)wavelets exist and p > 1, are equivalent with constants of equivalence depending only on
p, a, and the parameters of the MRA.

The proof of this theorem is quite similar (but not identical) to the proofs of the corre-
sponding results in [16, 23]. For completeness, we give it in the appendix.

The following Sobolev type embedding result follows immediately by (3.6) or (3.8): If
0<ag<oand 75:=(o;+1/p)", j=0,1, then B¥( ) C Bx( ), ie if feBx( ),
then £ € B2o( ) and || s0ne) < el Flls1

Since the B-spaces are essentially sequence spaces (retracts of sequence spaces [1]) they
are easy to interpolate. In particular, the analogue of Theorem 2.12 from [16] holds with a
similar proof. We skip the details.

For a given MRA more general B-spaces B;‘q( ), 0 < p,g < o0, a > 0, can be
defined similarly as in [23] and then BY( ) = B2 ( ). The B-spaces should be viewed
as nonclassical smoothness spaces which are specifically designed for the needs of nonlinear
n-term approximation. A crucial property of the B-spaces is that the basis functions {¢g }sco
of an MRA are infinitely smooth with respect to the scale of the B-spaces BY( ). This
is reflected by the estimate ||¢g|| =) < cl|@gl|p for 0 < o < 0o (see Theorem 4.2 below). As
a consequence, our direct, inverse, and characterization theorems as well as our algorithms
impose no restriction on the rates of approximation.

In regular settings the scale of Besov spaces B$(L,(2)), 1/7 = s/d+1/p, usually arises in
nonlinear approximation in L,(£2) (see e.g. [17]). Note that the smoothnes parameters of the
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Besov spaces and B-spaces are normalized differently. Thus the Besov spaces B2*(L,(2))
corresponds to the B-space B( ). The Besov regularity of the basis functions {¢g} deter-
mines the smoothness range where the Besov space can be used in nonlinear approximation.
To be more precise, assume that in the setting described in §2.1 all P,, are regular parti-
tions of €2, that is, for each cell I € P, there exist balls B,,, B,, of radii r;, ry such that
B,, Cc I C B,, and ry < ¢r; with ¢ a uniform constant. It is not hard to be seen that if
for some a > 0, ||¢g||pao(r, () < cl/¢oll, for all ¢g € @, then BX( ) C B(L,(S2)) and
| f | gae(r, ) < cllfllBamy (see [16, 23] for the spline case).

In anisotropic setups, when basis functions of strongly elongated supports are involved,
the Besov spaces are no longer suitable for characterization of the rates of nonlinear approx-
imation whereas the B-space concept still applies.

B-spaces have been used implicitly or explicitly elsewhere, see e.g. [25], [2]. They are
systematically developed and used in the case of anisotropic MRAs generated by piecewise
polynomials in [16, 23, 24, 26, 27].

4 est Nonlinear n-ter Approxi ation

Our primary goal in this section is to characterize the approximation spaces generated by
nonlinear n-term approximation from the scaling functions of an MRA.
We let ¥,, denote the nonlinear set consisting of all functions g of the form

g= agPo,
fecA

where A C O, #A < n, and A is allowed to vary with g. We denote by o,(f), the error of
best L,-approximation to f € L,(2) from X,,:

Un(f)p = qienzf Hf - ng-

To characterize the approximation spaces generated by (o, (f),), we shall use the machinery
of Jackson-Bernstein estimates combined with interpolation (see e.g. [19, 28]).

As elsewhere, our standing assumption is that 0 < p < oo and @ > 1 for p = oo and
a > 0 if p < 0o; in both cases we set 1/7 := o+ 1/p.

Theorem 4.1. [Jackson estimate] If f € B*( ), then
on(f)p < en” | fllsg(m) (4.1)
where ¢ depends only on «, p, and the parameters of the MRA.

Estimate (4.1) follows from the basic estimates of the error of the “Push-the-Error”
algorithm (p = oo) and “Threshold” algorithm (0 < p < o0), stated in Theorems 5.6 and 6.1
below.

Theorem 4.2. [Bernstein estimate| If g € ¥,,, then
19llB2(at) < en®[lgllp (4.2)

where ¢ depends only on «, p, and the parameters of the MRA.

16



To avoid a major diversion from the presentation of our central results we postpone the
proof of this theorem to the appendix.

One can now follow the standard lines to obtain “regularity-free error estimates”. To
this end, denote by K(f,t), := K(f, t;L,(Q),B3( )) (Leo(f2) := C(2)) the K-functional
defined by

K(f,0)p:= mf |If —gll, +tllgllsz, t>0. (4.3)

By standard arguments (see e.g. [28]), the Jackson and Bernstein estimates (4.1)-(4.2)
imply the following direct and inverse estimates: For f € L,(€2) one has

on(f)p < cK(f,n" %)y (4.4)

and

n

—a —a 1 o' . 1/
K(fn - <en ([ <o) +Il). (45)
v=1
where 7 := min{r, 1}.
We define the approximation space A7 = A7(®,L,) to be the set of all functions f €
L,(€2) such that

o

£y = 170+ (o) < o (4.

n

n=1

with the usual modification when ¢ = oo.
The following characterization of the approximation spaces A} is immediate from esti-
mates (4.4)-(4.5).

Theorem 4.3. If 0 < v < a and 0 < g < o0, then

AJ(®, Ly) = (Lp(Q), BI( )2

a’q

with equivalent norms, where (Ly, BY( )2 4 is the real interpolation space between L, and
Be( ) (see e.g. [1]).

In one specific case the approximation space A;“(Lp) can be identified as a B-space:

Theorem 4.4. Assuming that o > 0 if p < oo and a > 1 if p=o00, and 1/7:=a+ 1/p in
both cases, we have

A%(D,L,) = B( ) (4.7)
with equivalent norms.

Proof: The proof is a mere repetition of the proof of Theorem 3.4 in [16] and will be omitted.
O

We next turn to a constructive realization of best n-term approximation.

17



5 ¢ wush-the-Error” Igorith

5.1 Description of the Algorithm

For a given function f € C(Q2), we use the decomposition scheme from (2.33) to represent f
in the form

= bo(f)pe = bo(f)dbe, (5.1)

0cO® meNy €0,

where the coefficients by := be(f) depend linearly on f and the series converges uniformly
on ). As elsewhere in this article, the basis functions ¢4 are normalized in L, i.€ |[@g]|co = 1.
Whenever f has a wavelet expansion (see (2.16)), we rewrite the wavelets in terms of scaling
functions to obtain (5.1). We shall drop the reference to f at times when this is clear from
the context.

For the purpose of designing an algorithm capable of achieving the rates of the best n-
term approximation from {¢g} in the uniform norm, the initial decomposition (5.1) should
provide an efficient representation of f. In our case this means that the terms in (5.1) should
characterize the norm in B¥*( ), a > 1, 7 := 1/, as in (3.7)-(3.8), which we achieve by
employing simple projectors onto the spaces (V;,) (see §2.4 and §3).

To describe the “Push-the-Error” algorithm we need a few preliminaries that help us to
develop substitutes for simple thresholding concepts that would work in L,, p < oco.

For any 1,0 € © with I(n) > [(#), we say that n is connected with 6 via sets from © if
there exists a sequence of elements n =: 19,71, ..., n, := 0 with k :=I(n) — [(6) such that

(i) () =Umis1) +1, i=0,...,k—1;
(i) m; sits on mip1, 4 =0,...,k — 1, ie. 15 Ny # 0.
Given 6 € ©, we define

U, = {ne®d:Ii(n) >1(0), n is connected with 6§} and (5.2)
Z/{Q = Lléu{ﬁ}

Note that 1 € Uy implies that U, C Uy, and hence, by Lemma 2.2 and (2.17),
nelUy = nCStary,(6), N.:=20v,. (5.4)

In order to compress the representation (5.1), it would not be reasonable to threshold the
coefficients by(f), due to the lack of stability across levels. Therefore we need more subtle
indicators and introduce local error terms by

E(£,6)=E©®) = o(F)l+|  ba(5)éy

neU,

(5.5)

Remark 5.1. Since by (2.9), one has for § € 6,

(1)) < Ball(@m = Qm 1) e < Bo(1Qm(F) = Flloe + 1S = @m sl ), (5.6)
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and

| e,

neUy

<NQu(f) = fllso (5.7)

oo

the assumed uniform convergence of (5.1) and (2.30) ensure that for each f € C(§) and
every € > 0 there exists an M € N such that E(f,0) < e for 6 € ©,,, m > M.

For each 6 € O, we define its “concrete” €l by
Qg = Star n, 14,,(0), (5.8)

where v, is from (2.17) and N, is from (5.4).
Also, for a given 6 € ©, we define

Xop:={n€B, "N #0} with m :=1(0). (5.9)
We shall call the elements of Xy the neighbors of §. By (2.17) and (5.8),
n e Xy — n C Star Ny+5vs (9) (510)

We are now prepared to describe the “Push-the-error” algorithm which in a slight abuse
of terminology will play two different roles. On one hand, it will be used as a theoretical tool
that offers a constructive way of identifying n-term approximations realizing optimal rates.
In this role it will be applied to an arbitrary infinite expansion of the form (5.1), although
the error terms E(f,0) would then not be practically accessible. In a practical context the
scheme should be thought of as applied to some initial approximation consisting of a finite
expansion of the form (5.1). We shall briefly discuss corresponding practical ramifications
later and work here first with the conceptual version of the first form:

PTE [¢, f| = A.(f), produces for a given function f € C(€2) and any target accuracy € > 0
an approximation

A(f) = A(f) = do(f) %o

9N (f.)
by the following steps:
Step 1. [Decomposition] We represent f in the form (5.1) (see also (2.33)).
Step 2. [ “Prune the shrubs”] We discard all terms bg¢pg such that

E(fﬂ?) <, VUGUO- (511)

We denote by I' = I'(f,¢) the set of all elements of © which have not been discarded and
write

fri= bydy. (5.12)

el

From Remark 5.1 we know that there exists some M € N such that

E(f,0)<e V 0€0,, m>M, (5.13)
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i.e. ' is a finite set.

Step 3. [ “Push the error”] This step is a variation of Step 3 of the “Push the error” algorithm
described in [24].

Let Ay be the set of all § € ©g N T such that |bs(f)| > ¢ and set Ay := (Upei, o) NT. We
define

Ay = bo®e.
0o

Using the refinement equations (2.13), we represent (rewrite) each of the remaining terms
bede, 0 € (B9 NT) \ Ag, as a linear combination of {¢, },co, and add to the resulting terms
the existing terms bygg, # € ©1 NT'. As a result we obtain a representation of fr in the form

M
fr=A+ dgPe + dgPe + by Pe.

0€O1\I' 6cO1NI m=260€0, NI

Further, we define A; as the set of all § € ©,NI such that |dg| > € and set Ay := (Ugei, Xo)NT.
Then we define
./41 = dg(bg.

e\

Similarly as above, we rewrite all remaining terms dygg, 0 € (01 NT') \ Ay, at the next level
and add to them the existing terms byg, 6 € ©5 N I'. We obtain

fr=A+ A + dgg + dgg + dgg + by g .

0€O1\I 0€@s\I 9€021T m=30€0,,NT

We process in the same way all other levels until we reach the finest level ©,. We define
Ay, Ay, and Ay as above. ) )
We obtain as an output the set A(f,e) := Ur]\r{:o A, of the e-significant indices (with

dg(f)| > €), the set A(f,e) := Uﬂm/lzo A,, containing also the neighbors of the elements in
A(f, ) identified by the concrete 4, and the approximation

As = Aa(f) = Am = d6¢0-

m=0 OEA(fe)
We next estimate the error caused by Step 2 and then Step 3 of the above scheme.

Lemma 5.2. We have
1f = frlleo < voe (5.14)
with vy the constant from property () of the elements of ©, §2.1.
Proof: To see this, let z € Q and set C(z,I') := {# ¢ ' : z € 6°,1(f) is minimal}. If
C(xz,T) = 0, then fr(z) = f(z). Suppose C(z,T') # (. By property (v), #C(z,T) < vs.
Then for any ¢’ € C(z,T),
S E(e) S e,

@) = fe@I < ol b

0eC(z,I") neU,, 0eC(z,I')

which confirms the claim. O
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Lemma 5.3. We have
[fr — Ac(f)lloo < cg (5.15)

with ¢ = 2v263,, where (1 is a bound of the coefficients from (2.13).
Proof: Fix z € Q and let C(z,T") := {0 ¢ T : € 6°,1() is minimal} as in the proof of the
previous lemma.

Suppose first that C(z,T') # 0. Let §' € C(z,T') and set m := [(¢'). Since z € #' and
0 ¢ T, then U), NT = () and, therefore, there is no contribution to fr at z from levels > m.
Then

fr(z) = A(f) () + doge(z) + rede(z) =: A:(f)(z)+ Fi(z)+ Fa(x). (5.16)
peC(z,T) 0EO,,NT: zEh

Here the terms dg¢p, 6 € C(z,I"), are obtained from the rewriting of some terms d,¢,,
N € ©,,_1 so that x € n and |d,| < e. Denote by IC(z,m) the set of their indices. By (2.13),
Py = pco,, 6cnAnoPe With la,6| < B1, and hence

dn¢n = ( anﬂdn) ¢9a
nek(z,m) feC(z,I') mneK(z,m)

which yields

dg = a,hgdn.

nek(z,m)

Therefore,
|d9| < |an,9|‘d77| SV?Blga QGC(T;F)a
n€K(z,m)
and hence
R < ld] < v, (5.17)
9eC(z,T)

where vy is from property (), §2.1.
The terms ro¢y (if any) in the second sum in (5.16) have indices 0 € 6,, N I" such that
z € 0 and |rg| < e since they have not been selected in A,,. Therefore,

(o) < o] < vae.
6€0,,NI": z€b

Combining this with (5.17) yields (5.15).
It remains to consider the case when C(z,T") = (). Now, we have

fr(z) = A(f)(z) + dodo (),
0cO Nl zch

where dy¢y are terms which have not been selected in the approximant. Therefore, |dg| < €
and (5.15) follows as above. [

Remark 5.4. Combining the estimates from Lemmas 5.2-5.3, we obtain the following error
bound for the “Push-the-Error” algorithm with target accuracy € > 0:

1f = Ac(f)lloo < e (5.18)
with ¢ < 3v25;.
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5.2 Error Analysis of “Push-the-Error”

Assuming that “Push-the-Error” is applied to a function f € C(2) with ¢ > 0 and A.(f) is
the approximant obtained, we denote

N(E) = Nf(g) = #A(fa 8)? AN(E)(f) = ||f - AE(f)||007

and
An(f) = inf{An ) (f) : N(e) < n}.

The main conceptual tool is the following weak quasi-subadditivity of the counting functional
N(e). We shall point out later in which sense this may be regarded as a weak stability
property.

Theorem 5.5. There exist constants ¢, and ¢ depending only on the parameters of the MRA

such that if f = fo+ f1, f; € C(Q), and the “Push-the-Error” algorithm is applied to f; with
g; >0 (j=0,1) and to f with € := c.(eg + €1), then

Ny(e) < é(Ny, (€0) + Npy (€1))- (5.19)

The proof of this theorem is rather involved and will be postponed to §7.
We shall make now precise in which sense the “Push-the-Error” scheme gives rise to an
optimal approximation scheme.

Theorem 5.6. If f € B*( ), a>1, 7:=1/a, then for each e >0
Ane(f) Lce and N(e) < ceiTHngg(M) (5.20)
and, therefore,
A (f) < en™|fllBemy, nm=1,2,.... (5.21)

Moreover, for f € C(1),
A (oo < cminfe, [[f]}. (5.22)

Here the constants depend only on o and the parameters of the MRA.

The proof of this theorem is closely related to the one of the previous theorem and will
also be deferred to §7.

We can now address the program outlined in Section 4. Let us denote by K(f, ) the
K-functional generated by the spaces C(2) and BS( ) with 7 :=1/a.

Theorem 5.7. Suppose that f € C(Q) and o > 1. Then one has

An(floo < cK(fin %o (5.23)
and, therefore,
n 1/7
oulfoe < Au e <en ([ 00|+ 1]), (5.24)

where ¢ depends on «, and the parameters of the MRA.
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Proof: We need only prove (5.23), since (5.24) follows by (5.23) and (4.5). Suppose g €
B( ) with ||g||ge # 0 and || f — g]|eo # 0. Choose g := 432 || f — gl|oo, Where 35 and ¢’ are
the constants from (2.9) and (2.29). Further, choose €; := n™?||g||ge. Let € := c.(go + €1),
where ¢, is the constant from Theorem 5.5. By (5.18) and Theorem 5.5, applied with

fo:=f—g, fi == g, we have
Anpe)(f) < eleo +e1) < e(If = glloo + 1% (lgl5e) (5.25)

and
Ni(e) < c¢(Ny,(€0) + Ny (e1)),

where ¢ depends here on the constant ¢ in (5.18) and on the constants ¢, ¢ in Theorem 5.5.
We next show that N¢(e) < cn. Similarly to Remark 5.1, using (2.9) and (2.29), we have
for 6 € ©,,,

190(fo)] < Ba(1Qum(fo)lloo + Qm-1(fo)lloo) < 282¢’|| foll oo

and

| sl < 1o = @ulfolllo < 2ol

neu,

o0

and hence

E(fo,0) < 4522 folloo-

Now, since g9 = 452¢"|| folloo, then A.,(fo) = 0 and Ny (g9) = 0, due to Step 2 of the
algorithm. On the other hand, by Theorem 5.6, Ny, (¢) < ce;"||g||ga < cn, where we have
expressed ¢; in terms of n according to the above choice, and hence TNf(s) < cn.

Since g was selected arbitrarily in BY( ), (5.25) yields Aq(f) < ¢K(f,n%)e0, which
implies (5.23) (with a different constant ¢). O

The following result is an immediate consequence of Theorem 5.7:
Theorem 5.8. For f € C(Q2) and vy > 0, A,(f) = O(n") if and only if 0,(f)e = O(n77).

More generally, let AY(0) = A)(Lw, o) be the approximation spaces generated by the
nonlinear n-term approximation from the scaling functions of the MRA, defined in (4.6). Let
A7(A) be the set of all functions f € C(Q2) such that

o0

1\ Va
1 ligen =1l + (- O7A(A)-) T < o0 (5.26)

with the usual modification when ¢ = oco.
Theorem 5.7 yields the following more general result:

Theorem 5.9. For any v > 0 and 0 < ¢ < oo, we have AJ(A) = AJ(0) and || f|| aya) ~
| fllaz(0) for f € AJ(A) = A (o).
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5.3 Practical aspects of “Push-the-Error”

From a practical perspective the “Push-the-Error” algorithm can be applied only to finite
expansions (5.1) since otherwise Step 2 is not feasible. Therefore it can be viewed as a
coarsening procedure that turns some initial (nonoptimal) approximation into a (nearly)
optimal one. To make this more precise, suppose that f belongs to some space V), so that
the decomposition Step 1 of the scheme yields a representation

f = b9(f)¢05

0co’

where © C {J, -1y ©n and thus N := #0' < dim V) < co. Suppose furthermore that f is
an approximation to the (ideal) function f* € C(Q2) and that

1f = fllee < e (5.27)

From the proof of Theorem 5.7 we infer that there exist constants c;,cy > 1 such that the
(theoretical version of the) “Push-the-Error” scheme yields that for every n € N there exists
e* > 0 such that

AN (f*) S eK(f \n %), N(e") <n, € <aK(f"\n ). (5.28)

Now let n be the smallest positive integer for which co K(f*,n" %) < €. One easily confirms
that then
£ < 2K (f*,n %) < 2%. (5.29)

Setting f* := A.(f*), one therefore clearly has ||f — f¥|l.c < 2¢. Now we write f =
(f = fa) + fr and set

for=f—f5 fii=f e:=8BcCe.
Next note that
K(f1,n oo < lfi = [Mlloo + K(f"1 %) oo < (14 c2) K(f*,7n %) oo

Hence, by the same reasoning as above, there exists e** > 0 such that e** < c; K(f1,n )0 <
Cl(l + 02)57

ANfl(E**)(fl) <K (fi,n %o < crc2(1+c2)e, Np(e™) <n. (5.30)

Choose €1 = ¢**. We now apply Theorem 5.5 with the above selection of fy, fi1, €9, and &;
to conclude that

Ny(ex(go + 1)) < &(Nygy(20) + Ny (€1))
and, using (5.29)

3

1f — Aconren(Fllee < clen +21) < e < K (fon )ee

But as in the proof of Theorem 5.7 one confirms that, by (5.28), Step 2 of the algorithm
returns I'yy = ) and hence A, (fo) = Ny, (g0) = 0. Therefore, using (5.30),

Nf(C*(€0 + 51)) S ENfl (8**) S cn.
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Consequently,

[Ac (coren) () = [ lloo < eK(f, 1 %o, Ny(c™(20 + 1)) < cn.

where K(f*,n %)s =~ €. Thus a proper coarsening of f, obtained through the (practical
version of the ) “Push-the-Error” scheme, yields a near optimal approximation to the ideal
f* whenever an initial error bound (5.27) is given. Such situations arise in the context of
adaptive schemes. One also derives from the above considerations that, when f* € B*( )
one has

[ Aeeoten)(f) = frlloo < e, Ny(c™(eo + 1)) < ce || f* e
which explains in which sense the scheme deserves to be termed stable in L.

Complezity. Assume now that the function f (a surface or multidimensional data) has an
initial representation (approximation) in some “finest” space V), of an MRA involving O(N)
terms. Let us assume that the “Push the error” algorithm (as described in §5.1) is applied to
this f. The decomposition Step 1 of “Push-the-Error” will run in O(N) flops. Step 2 [“Prune
the shrubs”| of the algorithm can evidently be realized in O(N log N) flops by rewriting all
terms of interest at the finest level. Step 3 [“Push the error”]| works in O(N) flops. The
reconstruction Step 4 runs also in O(N) flops. Therefore, the “Push-the-Error” algorithm
appears to be an attractive coarsening scheme from a practical point of view. Our next goal
is to propose an even more economical version of the second step of the algorithm.

Scalable second version of Step 2 | “Prune the shrubs”]. We define a new local error term
E(f.6) by )
E(f,0) := lbo(f)] + max by ()] (5.31)
NEUy: vEN
Now, the condition E(f,n) < ¢ in (5.11) is replaced by the condition E(f,n) < ¢ (see (5.5))
which is practically easier to be verified. The new version of Step 2 of the algorithm can be
realized in O(N) flops by employing a well-know principle of Dynamic Programming. We
use the coefficient {by(f)} obtained in Step 1 to compute

M(f,0) := max |b,(f)| for every 6 € ©.
ver neUj:ven
To this end we proceed from finer to courser levels and compute each M(f,#) by using the
outcome of the previous steps.

It is easy to see that for this new version of “Push-the-Error” Theorem 5.6 remains valid
with a slight modification of the same proof. However, it is impossible for us to establish
Theorem 5.5 in this case, which makes this version less attractive from a theoretical point
of view. In particular, we fail to have estimates like (5.23).

Further observations and practical modifications. As already mentioned in the beginning of
§5.1, for an optimal performance of the “Push-the-Error” algorithm it is important to have
an initial sparse representation of the function f being approximated. To this end the dual
functionals {cs(-)} should be bounded in L, for some ¢ < co (see Remark 3.1). In turn, this
means that decomposition methods based on interpolatory schemes do not provide efficient
representations and should be avoided.
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In the description of Step 3 of “Push-the-Error”, the neighbors of a given 6’ € © are
described as all 6’s from the same level which overlap with the concrete Qg of ¢'; all terms
{dp¢e} with such indices are taken in the approximation whenever |dg/| > €. For practical im-
plementations much smaller concretes should be used and even one can consider realizations
where the neighbors are not (automatically) included at all.

Finally, one can run the “Push-the-Error” algorithm without executing Step 2 at all. An
algorithm consisting of only Step 1 and Step 2 is also reasonable in some situations. Other
modifications are also possible. However, one should be aware of the existence of several
traps which may defeat such modifications of the algorithms (see [24]).

6 “T res ol 7 Ilgorit in L, (p < 00)

Here we show that the usual threshold scheme used in nonlinear n-term approximation from
wavelets in L, (1 < p < co) can be successfully utilized for n-term approximation from the
scaling functions of MRA in L, (0 < p < 00) (see also [24]).

We begin with a description of the algorithm.
Step 1. (Decomposition) We represent the function f being approximated by using the
decomposition (2.33) if 1 < p < oo and (2.34) with 0 < ¢ < pif 0 < p < 1. So, in both cases

f=be(f)ge in L,(Q). (6.1)

[USC)

Step 2. (“Threshold”) We first order the terms {byg }oco in a sequence (bg,¢s,)jen so that

||b91¢t91||p > Hb92¢92”P >

Then we define the approximant by A,(f), :=  7_, bs,Ps,-
We now turn to the error analysis of the “Threshold” algorithm. We define the error of
the algorithm by

A (Dp = 1 = Aa(Pllz0)-
As elsewhere we assume that @ >0, 0 < p < oo, and 7 := (e + 1/p) "

Theorem 6.1. If f € B¥( ), then

AL (Plp < en” (I flls2(my. (6.2)
Furthermore,
o 1/t
A fp<ena( boaally) (6.3)
j=n+1

Here ¢ depends only on «, p, and the parameters of the MRA.

Proof: Estimate (6.2) follows immediately by the general direct estimate of Theorem 3.4 in
[23] and the equivalence Hnga(M) ~ || f|lp(m) established in Theorem 3.3. To prove (6.2)
we apply again Theorem 3.4 from [23] but this time to the sequence (bp;¢s,)52,, 1. O

26



We next show that in a sense the “Threshold” algorithm captures the rates of the best
nonlinear n-term approximation in L,, 0 < p < oo. For this denote by A%(o,L,) :=
A2(®, L,) the approximation space defined in (4.6) and by AY(A”, L,) the set of all functions
f € L,(2) such that

o0

1\ Va
I llagiarsy = I+ (A=) < oo (6.4)

n=1
with the usual modification when ¢ = oo (see also (5.26)).

Theorem 6.2. For anya > 0 and 1/7 = a+1/p, we have A*(A", L,) = B&( )= A%(o, L,)
and for each f in this space

1 llagcar.z,) = ([ fllsey = [ Fllag(o,r,)- (6.5)

Proof: The right-hand-side equivalence in (6.5) is the statement of Theorem 4.4 when
p < oo. Clearly, to complete the proof we need only show that

o 1/7
A= RRALGLT) <l fllssian, (6.6)

v=0

Choose a; so that 0 < a; < a and set 7, := (ay + 1/p)~!. By (6.3) applied with a replaced
by «a;, it follows that

o0 1/T1
A< Plboso, )

k=v

(6.7)

Denote briefly (g := 2k/T1||bg2k¢92k||p. Then by (6.7) for v > 0 and (6.2) with n = 1, we
obtain o - -
AT <c |:2V(Ot*0£1) ( Zl) 1/7’1:| T <ec (2k(a7a1)6k)q-’
v= k=v k=0
where we used the well-known Hardy inequality (see e.g. Lemma 3.4 from [19]). Using now
that « —aq +1/7 = 1/7, we have

o0 oo o0
AT < e 2T g = 28 (lboy Saylly < e l1ba, I
k=0 k=0 v=1

and (6.6) follows. [

Several remarks are in order. We fist observe that the “Threshold” algorithm in prin-
ciple cannot be applied for approximation in the uniform norm because of the “piling up”
effect: there can be a huge number of terms bgy with small coefficients and with significant
contribution to the norm of f at a certain location, which the algorithm will fail to anticipate.

As for the “Push-the-Error” algorithm, it is critical to have an efficient initial decom-
position of the function f being approximated, i.e. representation (6.1) should provide a
decomposition of the norm in B¥( ), 1/7 = a + 1/p. For the “Threshold” algorithm this
is guaranteed by employing the decompositions from (2.33)-(2.34) with ¢ < p.
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The estimate AT (f), < c||f|, fails to be true in general (even if 1 < p < o) since the
convergence in the representation of the function f being approximated that is used (see
(2.33)-(2.34)) is not assumed to be unconditional. (This problem does not arise in the case
when wavelets exist.) Consequently, we are unable to prove the analog of estimate (5.23)
and the right-hand-side of (5.24) for the “Threshold” algorithm. This is why the result from
Theorem 6.2 is somewhat weaker than the result from Theorem 5.9.

It is possible to extend the “Push-the-Error” algorithm to approximation in L, (p < c0).
However, the resulting algorithm is very close to the “Threshold” algorithm. Therefore, the
“Threshold” algorithm should be considered as a natural generalization of “Push-the-Error”
in L,.

7 roof of t e ain results

Proof of Theorem 5.5: Our strategy will be to find for each index from A := A(f, C«€) a
reference index 7 in Ao U A, with A; = jNX( fi &), so that n € Ao U Ay serves as a reference
index for at most a uniformly bounded number of indices in A.

In what follows the “Push-the-Error” algorithm is applied to g € {f, fo, f1}. We shall
adhere to all the notation established in the previous sections, in particular, 51, B2, U, v,
Yo, ..., s (all of them > 1) denote the parameters of the underlying MRA (§2.1), and recall
that N, :=2vv,, K = v,vs.

Our main tools are criteria for identifying indices in A(g,€). The simplest one is based
on a sufficiently large threshold for the coefficients by(g).

Lemma 7.1. If |bs(g)| > ée where é := 2B1v,, then 6 € A(g,e). Equivalently, if 6 & A(g, <),
then |be(g)| < ce.

Proof: Since ¢ > 1, 6 cannot be discarded in the pruning Step 2 of the “Push-the-Error”
algorithm. Suppose that after processing all levels < m — 1 with m := [(f) in Step 3, the
current approximation to g has the form

Im-1 = Ai(g) + Tn®n + bn(g)¢n>
lgm*l T)€(®mflﬂr)\/\mf1 l(T))Zm

where |r,| < ¢ for every n € (0,1 NT)\ A1, and . | Aj(g) is the approximation
generated so far. Since by (2.13) we have ¢, = 1E)=1(n)+1 OnePe, Where lane| < Bi. Hence

Ty = < anyﬁrn)qﬁ&v
n)=m—1 W&)=m  n

so that we can rewrite g,, 1 as

Im—1 = Ai(g) + dop + bn(9)Py-

I<m-—1 0cO,NI' I(n)>m,nel

This implies

dy(9) = ay,o7y + bo(9)-
I(n)=m—1:6Cn
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Therefore,

|do(9)| = [bs(9)| = |anollral < 1bo(g)] =B |1y > Ce = Brvne > ¢
l(n)=m—1:6Cn n

and hence € A(g,¢). O

Next we have to take into account that trough rewriting small terms in Step 3 of the
algorithm new significant terms may build up. The identification of those terms will be based
on certain subsets of indices in ©, which we call segments. For a given v € ) and integers
k1 > ko > 0, we define the segment S(v, kg, k1) by

S, ko, k1) ={ne®:ven® and ky <I(n) <k} (7.1)

It is an important observation that for each v € Q and § € © the set {n € Uy : v € n°} is a
segment or empty.
We call § = S(v, ko, k1) an e-segment for a given function g, if

Fs(g) = by(9)dy(v)| > €. (7.2)

nesS

Large segments imply the existence of significant coefficients in a certain neighborhood
which is quantified by the following Lemma.

Lemma 7.2. Let L > 1 and ¢® := TLv3{3;. Suppose that the “Push-the-Error” algorithm
has been applied to g with threshold € > 0 and let S = S(v, ko, k1) be a c®c-segment for g.
Then there ezists 0* € A(g,e) with the following properties:

(a) ko <U(O) < k1.

(b) ve b and ky <1(6*) < ko + L, or
v € Star y, 15, (0%) and ko + L < 1(6*) < ky.

Proof: If SN A # 0 with A := A(g, ), then the assertion of the lemma obviously holds.
Suppose now that S NA = (. Let m be the minimum of %, and the lowest level so
that all indices n with v € n°, I(n) > m have been discarded in Step 2. Denote by D,,
the set of all indices n € S with () = m, which have been discarded in Step 2 as well.
Thus D,, = SN O,, NT°, where I'® is the complement of I' := I'(g, ). By our assumption,
(SNO,)\D,, # 0 and all § € S with [(#) < m belong to I'. Now since by assumption
SN A =0, we have for each § € D,, that |bs(g)| + | neu; by(9)Pylleo < €. Using this and

the fact that, by the hypotheses of the lemma,

Fs(g)i= | ba(9)én(v)] > ¢, (7.3)
nesS
we obtain
b(9)on(®) = | b)) @l || bal9)e
nesnr nes NEDm neué o
> (¢®— vy — 1), (7.4)
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where 6 is an arbitrary index from Dy,.
Since SN A = 0, by Lemma 7.1, |b,(g)| < ¢ for n € S and hence

|b,(9)| < Lvyce. (7.5)

n€eS, l(n)<ko+L

Since ¢® — vy — 1 > Liyé, it follows by (7.4)—(7.5) that kg + L < m < ky.
From (7.4)—(7.5), we obtain

b(9)on(@)] = | ba(0)d,0)] - by (9)|

neSNL, I(n)>ko+L nesNr neS, ko<l(n)<ko+L

> (C<> — Vg — 1-— LV26)8. (76)

Suppose now that after having processed all levels < kg + L in Step 3 of “Push-the-Error”,
we have

Gko+1-1(V) = A(g;v) + Tn¢n(v) + bn(g)¢n(v)
I<ko+L l(n)=ko+L:ven°® neSNT, I(n)>ko+L

=: A(v) + g1(v) + g2(v),

where A(v) is the approximation generated so far. As before, the r, arise from rewriting
small lower level terms and can thus be estimated as |r,| < fivoe. Hence, the second sum
can be bounded by |g;(v)| < Bivie. Using this and (7.6), we obtain

191(v) + g2(v)] = |g2(v)] = [g2(v)] = (" = 1 = v5(1 + Brv + LE))e. (7.7)

Suppose now that none of the indices n € SN, I(n) > ko + L, has a neighbor in A.
Then we can write

gl(v) + gQ(U) = dn(g)¢n(v)
nESNOm
and hence
9@ +e@) < | dleé,| <n max )
neESNOpm,
This together with (7.7) yields
max |d,(g)| > V{l(c<> —1—w(1+ Bive + Lé))e > ¢, (7.8)

neESNOp,

because, recalling the definition of & from Lemma 7.1, vy ' (¢® — 1 — vy(1 4 By + Lé)) > 1 if
and only if

> 14+ 12+ fivg + Lé) =1+ 2vy + B3 (2L + 1),
and 1 + 2uy + Byv2(2L + 1) < 6LB1v2. Since therefore (7.8) contradicts the assumption

SNA = 0, there exists n € SNT, l(n) > ko+ L, with a neighbor 0* € A. Then, using (5.10),
v € Star y, 5, (0*) and the assertion of the lemma holds. [
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~ We have collected now the necessary tools for detecting reference elements in A(fo,e0) U
A(f1,e1) from A(f,c*(eg + £1)). We shall verify the claim for

Cy i= 1461 520v3 (N, + Tv,)K, where N, := 2iv,, K = v,us, (7.9)

which is certainly far from being optimal (and we make no attempt of determining optimal
constants here). For the rest of the proof, we assume that the hypotheses of Theorem 5.5
are fulfilled.

It is an important observation that the coefficients by( f) from the decomposition of Step 1
of the algorithm (see (5.1)) are linear functionals and hence bg(f) = bg(fo) + ba(f1)-

In what follows we shall use the abbreviations A := A(f, c.(go 4 €1)) and A; = A(f;, &),
1=0,1.

We shall use two detection devices. The following first one says that one can for any
9 € A always find an element 6* in Ag U A; which is spatially located nearby 6 but has
possibly higher level. This device is, for instance, useful for the leaves in A.

Lemma 7.3. For any 0 € A there exists an index 0* € Ag U Ay such that
0* C Star n, .., (0) and 1(0) > 1(6).

Proof: From Step 3 of the algorithm, A C T(f,co(eo + €1)). Then, by Step 2, for every
6 € A there is n € Uy such that E(f,n) > c.(eo + €1). Since E(f,n) < E(fo,n) + E(f1,n),
we must have either E(fy,n) > c.e0 or E(f1,n) > c.&1. Suppose that the first inequality is
true, so that 6 € I'(fo, cx€0). Then either |b,(fy)| > c.e0/2 or ceu: bf(f0)¢§H > C.€0/2.

If the first happens to be true, we set §* := 7. We use Lemma 7.1 and the fact that c./2 > ¢
to conclude that 0* € A(fy,c0). By (5.4), we know that 8* C Star y,(#). Thus 6* has the
claimed properties.

Consider now the second case H ceu bg(f())(bgH > c.e0/2 of a significant segment.
Then for some point v and S(v) == {{ € U] : v € 50‘?}, we have Fs(f) > c.g9/2. Choose
L := (N, + 6v,)K with K := v,v5. One easily verifies that c,/2 > ¢ with ¢® := TLv23;.
This allows us to apply Lemma 7.2 to fy with the above segment S(v) to find 6* € Aq
such that [(#*) > [(#) and either v € 6* or v € Star y, 15,,(0*) and [(6*) > [(0) + L. If we
denote m :=[(f) and m* := [(#*), then from the above choice of L, we have m* > m + L =
m + (N, + 6v,) K. Employing Lemma 2.3, we obtain

6" C Star %226V*(U) C Star E,T)(v) C Star S:,”LU (),

which completes the proof. [
We need a second somewhat refined device for elements in A whose neighborhood is hit

by some higher level elements in A. In this case we need to cap the reference element from
above.

Lemma 7.4. Suppose 6y,61 € A satisfy the following: 1(6y) < 1(61) and 6, C Star ;(6p),
where j < N, + 2v,. Then there exists 6* € Ag U Ay such that

0" C Starj+2,,* (00) and l(eg) S 1(0*) S 1(91) (710)
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Proof: Let Iy :=1(6y), l; := [(#;) and consider the set

T:={neoOnl:ncC Starj,q, (6h) and ly <l(n) <}

of indices which are sandwiched by 6, and 6;, and where we have to search for 6*.
If [b,(f)| > &(eo +&1) for some n € T, then since b,(f) = b,(fo) + by(f1) either [b,(fo)| >
ceg or |by(f1)| > ¢1. Applying Lemma 7.1, it follows that n € Ag UA; and the lemma holds.
Suppose
by (f)] < é(eo+¢€1) for neT. (7.11)

Choose R
L :=20(N, + 6v,) K (7.12)

and split 7" into a lower part 7~ := {n € T : I(y) < lo+ L} and an upper part 7+ := TN\T .
We first show that, under the assumption (7.11), the lower part 7 cannot intersect A
so that I; > lp + L. To this end, fix # € 7 and denote

To:={neO:0Cn and Iy <l(n) <1(0)}.

From the definition of T" in Step 2, it follows that 75 C I'. Moreover, if § € I, then all n € ©
with [(n) < [(#) which are connected to 6 via sets from © belong to T'.

Now a possible source of significant coefficients dg(f) in 7 is through rewriting small
lower level terms in Step 3. However, the important point here is that, since  C Star y, 19,, (6o)
(it suffices to have § C Star .3, (f)) and the “concrete” of §y € A is Qg, := Star n, 1. (60),
there are no contributions to dg(f) (obtained in Step 3) from levels < ly. (Since 6y € A,
all neighbors of , are taken in the approximant.) Therefore, a significant coefficient dy( f)
could only be fed from 7 which, however, turns out to be prevented by the bound (7.11).

In fact, using (2.9), (7.11), and property () of ©, we obtain

do(f)] < [bo(f)] + Bo

bl 1) _

n€eTy:0Cn
1(0)-1

< Bo(Jba(h)] + ba(£)1)

m=lg+1n€TgNOn:0Cn

< 52£V25(€0 +¢e1) < culeo + 1),

where we have used ¢, > B Lsé (see (7.9)). Therefore, § ¢ A and T~ NA = 0.
Thus, under the assumption (7.11), it suffices to search in the upper part 7+. For a
given 6 € T, we distinguish again an upper section

Tr={ne0:0cny and ly+ L <I(n) <I1(0)}
and a lower section
T, ={ne®:0cn and ly<I(n) <ly+ L},

which may build up dg(f). Notice that, by the same reasoning as above, T, C T
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We next show that there exists 8° € A with the following properties: (P1) Iy + L <
1(8°) < Iy, 6° C Star j,,,(f), and (P2) neither € T,¢ has a neighbor in A. Indeed, if none
of the n € ’7;41' has a neighbor in A, then #° := 6; has the claimed properties since (P1)
holds by assumption. Otherwise, using (5.10) there is #' € T+ N A with /(#') < I, such that
6, C Star,, (0'), where n, := N, + 5v,. If none of the n € T.I has a neighbor in ]\, ie.

01
(P2) holds, we set §° := #'. If (P2) is not true we proceed further in the same way and find
indices 02,62, ... with strictly decreasing levels. After finitely many steps, this process will

therefore terminate and we find an index 6" € 7+ N A such that either each € 7,5 has no
neighbor in A, thus satisfying (P2), or [(67) = lo+ L. In this latter case 7,} = 0 so that (P2)
is trivially satisfied. We define 6° := 6" and show next that 6° also satisfies (P1). To this
end, note that 6° (as well as every other 67 j = 1,2,...,7 — 1) is n,-star connected with 6,
and hence, by Lemma 2.2, §; C Star QT;)(6°), where m® :=1(6°). Now, using (2.17), we have
§° C Star ;’;;3+V*(91). Further, taking into account that m® > ly + L > ly 4 (20n, + v,)K
(see (7.12)), we apply Lemma 2.3 (see (2.25)) to obtain

6° C Star ;?ZEJFU*(Hl) C Star )(6,) c Starglj:l*(eo) (Vs > 1y).

Thus 6° satisfies (P1) as well and thus 6° has the desired properties.

Consider first the case when m® := [(6°) > Iy + L. As was argued above, since 6° C
Star y, 13,,(0g) then there are no contributions to dg.(f) (obtained in Step 3) from levels
<lp. Then using (2.9), property () of ©, and (7.11), we obtain

A (£l < B DI+ B,

€T g neTh

5, <ﬁyge(go ve)t|  bine,

neT,h

b))

IN

e (£)]). (7.13)

This will allow us to find a large coefficient by(f) or a significant segment and either case
will lead to a #*. In fact, since 6° € A, |dgo(f)| > cu(eg + €1). Combining with (7.13), we
obtain

| Bs,

neTyb

(£ 2 (caBy™ — Liné)(eo + €1) =: (g0 + €1).

If [bgo(f)] > S (0 + 1), then either [bge(fo)| > Seo or [bge(f1)| > Sey. Using that

ch/2 > ¢ and Lemma 7.1, we infer that 6° € Ao N Ay and the lemma follows.
o
I ert on(F)énlle = (€0 + 1), then

> —h
Eg Or
9 0

>—h
1.
_21

| e | e,

neTyh neTys

o0

Therefore, there exists a %a—segmen’c (t = 0or 1) S(v) for fy or f1 with v € 6°. Now
applying Lemma 7.2 with L = 1, there exists 6* € Ao U Ay such that Iy + L < 1(60*) <y and
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either (6%)° N (6°)° # 0 or Star y, 15, (6%) N (6°)° # 0. In the latter case, we obtain as above,
using that L > (N, + 6v,) K,

6* c Star "), (6°)  Star 9)(9°) C Star %), (60), m* :=1(6").

The proof of Lemma 7.4 is complete. [

Finally, we are in a position to complete the proof of Theorem 5.5. An important vehicle
for proving this theorem will be the coloring property of the extended cells (§2.1). We
begin with some additional coloring type preprocessing of the subsets {O7 3-]:1 of 0. By
Lemma 2.3, for each 6 € © there exists w € O such that

Qg := Star y, 44, (f) Cw and I(w) =1(A) — K with K := (N, +41,)K, (7.14)

whenever 1(§) > K. We associate w with §. Note that each w € O can be associated in
this way with no more than N := V?{{ indices # € ©. In fact, recall that, by property ({)
of © (§2.1), there is #° such that w C 6°, and N is a rough upper bound for the number of
elements 6 € © at level [(f) = I(w) + K which are contained in any 6° with 1(§°) = I(w). We
take N copies of each class O7, denoting them by

Oj’n; n:1727"'aN; ]:1/27"]

From above, it is clear that we can establish an one-to-one correspondence between ©' :=
Umsic ©m and a subset of |J; , oim,

The set © \ ©' is finite with #60 \ ©' < (#0y) - vX, which is a constant that can be
absorbed by the constant ¢ in (5.19) and hence © \ ©’ can be ignored.

To simplify the notation, we denote by O° an arbitrary class @™ and also we denote by
©° the corresponding subset of © which is in one-to-one correspondence with a subset of
O°. Thus we can associate with each § € ©° an wy € O° such that Star y, y4,, () C wy and
I(w) =1(A) — K. In addition, if #',0" € O°, §' # 6", and we C wer, then 1(6') > 1(6").

Clearly ©° inherits the tree structure of the corresponding @7. Setting A° := /~\(f, £)Ne°,
the theorem will be proved if we show that #A° < ¢(#Ag + #A,).

We now introduce a partial order (<) in A®: 6; < 6, if wy, C wg,. With this partial order
A® becomes a tree as well.

We next introduce several subsets of A°. We denote by A¢ the set of all leaves in A°
0 € A}? if # has no children in A°) and by A{ the set of all branching elements in A°
(elements in A® with at least two children in A°). Also, we denote A% := A®\ (A U AS)
which is the set of all chain elements in A® (elements of A° with exactly one child in A).

After this ground work, we proceed with estimating #Aj, #A;j, and #]\gh By Lemma 7.3,
for each 6 € AS there exists #* € Ag N Ay such that 6* C Star y,,, () C wy. We assign such
0* as a reference index for 6. Clearly, the extended cells wy associated with leaves 6 € /N\}? are
leaves in the corresponding subtree of O° and hence are with disjoint interiors. Therefore,
the 6*’s which are associated to indices in f\}? are distinct and hence

#AG < Ao+ H#A1. (7.15)

Evidently, in any tree the number of the branching elements does not exceed the number
of the leaves. Therefore,

#A; < #A; < #ho + #A1. (7.16)

34



It remains to show that #AS, < c(F#Ag + #Al). To this end, decompose #Aﬁh into at
most K subsets #Ag, ; such that for each | < K, 6" < 6 implies [(¢') > [(#) + K. It suffices
to show that #Aﬁhvl < e(#Mo + #Ay), | < K. Fix 0 ¢ Aﬁh,l and let 8" < 6 be the only
descendent of # in the tree A° N 1~\§h71 and hence 6 € A. Let m := (). Then wy C wy and
1(6") > m + K. Two cases present themselves here:

Case 1: 0" C Star %LQV*(H). Then by Lemma 7.4 and (7.14), there exists 8* € Ag N A4
such that

6" C Star 7, () Cwy and 1(6) < 1(6%) < U(6).

We assign 6* as a reference index to 6. . .
Case 2: ' ¢ Star S\ZLLQU*(G). By Lemma 7.3, there exists 8* € Ag N Ay such that

6" C Star S\ZLLU*(G) Cuwy and (0%) > 1(0).

)

' av. (0), there exists a point

We assign 0* as a reference index to 6. Since 6’ ¢ Star%':

v € 0 N (Star %LQU*(G))C, and hence

(Star (™ (v))° N (Star 7, (8))° = 0.

Further, using (2.22), we have 0 C wy C Star(yl*(ol)*K)(v) C Star (™ (v). Therefore, 6* C

We \ Wy -

To summarize, we have assigned to each 6 € /~\§h’l (with descendent 6 in A°) an index
0* € AgNA; such that either 8* C wy and 1(6) < 1(8*) < I() or 6* C wy\wy and 1(6*) > 1(6).
Recalling that the wy’s are from a tree with respect to the inclusion relation, it follows that
each #* € AgN A, can be a reference index to at most two indices from Aﬁhyl and hence

#A2, < 2K (#Ao + #A4).

Combining this with (7.15)-(7.16), gives #A° < 2(1 + K)(#Ao 4+ #A,), which completes the
proof of Theorem 5.5. [J

Proof of Theorem 5.6: We shall follow the scheme of the proof of Theorem 5.5, but every-
thing will be much easier. We adopt all necessary notation from the proof of Theorem 5.5.
Denote briefly A := A(f,¢).

The following two trivial lemmas can be considered as analogues of Lemmas 7.3-7.4.

Lemma 7.5. For any 0 € A there exists a segment S = S(v, ko, k1) such that

S:= {n:neS(vkyk)} CStary, (0), ko >1(0), and b, ()] > /2.

nesS

Proof: If § € A, then 6 € T'(f,¢) and hence there exists 6’ € Uy such that E(f,0') > e. This
immediately implies that either |by (f)| > €/2 or there exists a segment S C Star y,6' such
that Fs(f) > ¢/2, which yields | ¢b,(f)| > Fs(f) >¢/2. O
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Lemma 7.6. Let 6,0, € A be so that 1(60) < 1(01) and 0y C Star n, 3., (60). Let Iy := 1(6y),
Iy :==1(61), and

S = S(el,lo,ll) = {T] €00, C n and l() < l(?’]) < ll}

Then
by (f)] > €/ P

nesS

Proof: Since 6, C Star n, 13, (6p), there is no contribution to dp, (f) from levels < jy. Denote
by &’ the set of all terms by ( f)¢e which contribute to dp, (f). Clearly, S’ C S and using (2.9),

e <|do,(f)| < 2

(Poa <82 ()

nes’:01Cn nes

and the lemma follows. [

To complete the proof of Theorem 5.6 we shall utilize the coloring construction from the
proof of Theorem 5.5. According to this construction (with slight change of notation), A can
be represented as a disjoint union A = <Uj:1 1~\j)U A and there exists a collection {O}_,
of subsets of O with the following properties:

(i) # A< constant.

(ii) There is an one-to-one correspondence between A/ and 07 (1 < j < J). If we denote
by we the extended cell in (7 which corresponds to 6 € A7, then Star y, ., (6) C wy.

(iii) Each set O7 is a tree with respect to the inclusion relation which we often indicate by
writing (07, C). Moreover, if #',0” € A7, §' # 6", and wy C wgn, then 1(0") > 1(0").

We introduce a partial order (<) in AJ: @' < 6" if wp C wen. Since OF (C) is a tree, then AJ
(<) becomes a tree as well.

As in the proof of Theorem 5.5, we introduce the following subsets of AJ: /NXé the set of
all leaves in A, A the set of all branching elements in A7, and A?, := A7\ (A U AJ) the set
of all chain elementsin A7,

We denote briefly (see (3.8))

1/7
1flss = Ibo(F)) (7.17)
e
Here 7 = 1/a, a > 1, and || f||g= = ||f||Q(,(M) ~ || fllB2(m), using (3.7) and Theorem 3.3.

We first estimate #[\j By Lemma 7.5, for each 6§ € 11% there is a segment Sy such that
Sp C Star v, (0) C wy and

|b,(f)] >¢€/2, andsince T <1, (¢/2)" < b, (f)]7-

neSy neSy
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Clearly, the extended cells wy associated with leaves 6 € M are leaves in @7 and hence are
with disjoint interiors. As a consequence, the segments {Sp}, i are disjoint. From this and
14

(7.17),

£l > bo(f)|” > (#A))(e/2)

6cii 0€Ss

and, therefore, B N N
#M <o fllg, and #AL < #A < co | Il (7.18)

It remains to estimate #/N\ih To this end, we shall associate with the indices 6 € Aﬁh
segments Sy which essentially do not overlap and have significant (> ce™) contribution to
| f||Ba. For a given § € A7, let # be the only child of 6 in AJ. Set m := (). Two cases are
to be considered here:

Case 1: ' C Star y,1,,(f). Then we associate with 6 the segment Sy := {6',1(0"),1(0)}.
By Lemma 7.6,

lbo(f)| > €/B2, andsince 7 <1, (g/Bs)" < lbo(f)|"- (7.19)

71686 77639

Case 2: 0" ¢ Star y,1,,(6). Then by Lemma 7.3, there exists a segment Sy = S(v, ko, k1)
such that Sy C Star y, (6), ko > 1(6), and

b,(f)] >¢€/2, and hence (g/2)" < lbe(f)|". (7.20)

nesS neSy

Choose a point v € 0"\ Star y, 1, (f). Then, using (2.22), §' C wy C Star,, (v) and
(Star,, (v))° N (Star n,(0))° = 0.

Therefore, Sy C wy \ wer.

Taking into account that 07 is a tree with respect to the inclusion relation, it is easy
to see that the set of all segments Sy which were associated with indices 6 € 1~\ih has the
property that any two segments may have a common element only if the one is obtained from
Case 1 followed immediately by the other obtained from Case 2. Using this and (7.19)-(7.19),
we infer B

115 > (1/2) b > (1/2) (#R2,) (e/2680)"

gch’, O€Se

and hence #A/, < e[| | Be-

Combining this with (7.18), yields #AJ < ce”[| f||5o; which implies N(e) < ce7|| f[/o-
The latter estimate, in turn, coupled with (5.18) establishes (5.20).

For the proof of (5.22), denote ¢ := 452¢ || f||oo. Exactly as in the proof of Theorem 5.7
E(f,0) < g for each § € © and hence A, (f) = 0. Consequently, ||f — A (f)lloo =
|l fl|oos Which coupled with the left-hand-side estimate in (5.20) implies (5.22). The proof of
Theorem 5.6 is complete. [J
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8 ppen ix

Proof of Theorem 3.3: We shall consider only the case when 1 < p < oco. The proof in
the case 0 < p < 1 is similar to the proof of the corresponding results in [16, 23].
Evidently, if || f||2. < oo, then

1115 < £ 115 (A1)

Our second step is to prove that if ||f||l'53‘51 < 00, then

1112, < ell £l (A.2)

To this end, we first observe that by (2.11) and (2.10),

o0

(137~ lea()lly + (T g (A2 (A.3)

[ASCH m=11€Py,

where g,,(f) is defined in (2.31). By (2.8) it follows that

lea(F)Poll, < cllfllp,  ¢:= e(#8Q0, 7, ). (A.4)

ISCH)

On the other hand, for m > 1 by Hdlder’s inequality and Lemma 2.4,

g (Allay < Y9 g (F) |2y
< 1Y f = Qu Nty + 1 = Quuet () 2a(r)
< IVUE(F ) + E(F.TF),),

where I* is the only parent of I in P,y (I C I*). Using this and (A.4) in (A.3), we obtain
(A.2).
We next prove that if ||f|\§$ < 00, then

£
1fllge < cllfllge, 1<q<p. (A.5)

By Hélder’s inequality, HfHZ‘L < ¢||fl|% if 1 < ¢ < 7. So, it suffices to prove (A.5), only
when max{1,7} < ¢ < p. By Theorem 3.2, | f||, < c||f||§$. Since 1/7 := a + 1/p we have,
by (3.2),

~ 1/7
Flgs = (1 0en ;) (A.6)
IepP

~ ~

Evidently, £(g,1); =0for I € P, if g € V,,,, and E(f, 1), < ||fHLq(f) if fe L, ForleP,,
denote I = U{f € ©,, : °nN I # 0}. Let f =  ,.gagps be any representation of f

1/7
in L; (and hence in L,) such that ( oco Ha9¢9||;) < CHngg- Then using the above,
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Theorem 3.2, and (2.11), we obtain

.
agoy -~ <c laodally

j=m+106€0); ¢ j=m+lgc@; 0cT

E(f, 1)y <

-~ ‘

o0
c 01701 g
J=m+lgco;,0cT

IN

Substituting this in (A.6), gives

gq T T — T — T
(\f\Bg) < ¢ I (1/p—1/q) 6] (1/q 1/P)||a9¢>9||p

IeP 0€0,0cT

< ¢ |asgsll; (|61/|1])7 o= 1/p),
ZSC) IeP:ocl

where we have switched the order of summation once. By the properties of cells and supports
of bases functions, #{I € P, :  C I} < ¢ < oo and |0] < cp’|I|if 6 C I, 0 € ©,, and
I € P;_,. Using this and that l/q —1/p > 0, we obtain

(l6)/|1) Mot <o pr/aTtie) < o < oo
IeP:0cT 3=0

Therefore, (|f|Z‘L)T < ¢ 4eo llaagsll;, which completes the proof of (A.5).

In view of (3.8) and (3.9), the equivalence of ||- ||}’3‘; and |- || ge is an immediate consequence
of the relations

be(f)| < Cmax{|cx(f)]: AN O #0}, lea(f)] < Cmax{|bg(f)] : 6° N A° # 0},

which follow by taking scalar products of both sides of the relation

be(f)pe = ex(f)va

96®m+1 )\El:m
with the dual functions ¢y or applying the dual functionals cp. [

Proof of Theorem 4.2 [Bernstein estimate]: We shall give the proof of estimate (4.2)
only in the case p = oc. We shall utilize the idea of the proof of the Bernstein estimates in
[16, 24], where the case of piecewise polynomials is treated. The proof in the case p < oo
can be carried out in a similar way (see the proofs of the Bernstein estimates in [16, 23]) and
will be omitted.

Suppose g € ¥, and g =1 ;. agpy, where A C © and #A < n. Let Ky be the set
of all cells in P which are involved (covered) in all sets # € A. Then g = ;. g1, where
g1 =: 17 - vy, vy € V,,, with m :=level (). Evidently, #/Ky < vy #A < cn.

The proof of (4.2) hinges on the tree structure in P induced by the inclusion relation:
Each I € P, has at most 14 children in P,,;; and one parent in P,,_1, if m > 1. We denote
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by To the set of all cells I € P for which there exists J € Ky such that J C I, which is
the minimal subtree of P containing Ky with its root(s) in Py. We denote by T, the set
of all branching cells in Tq (cells in Ty with at least two children in 7p) and by 7," the set
of all children of branching cells in P (which may or may not belong to 75). We define
T := ToUT,", which is again a subtree of P.

We next introduce several subsets of 7 which will be needed later on. We denote by
T; the set of all leaves in T (I € T, if I does not contain any other J € T) and T, :=
T\ (KoU Ty UT," UT;) the set of all chain cells in T. (Notice that each I € Tg, has only
one child which belongs to T.)

Let p be the smallest positive integer such that p* < §, where 0 < § < 1 is the constant
from (2.14). For each I € Tg,, we denote by I° the unique cell I° € Ky U T, U T, such that
I° C I and I° is of the least possible level. Let (jl be the set of all I € T4 such that
level (1°) — level (1) < u, and T3 := T \ T4

Clearly, #T; < #(To)e < #Ko < cn, which implies #7;% < My#T, < on, #T; <
#Ko+ #T,7 < cn, and #7T < u#(KoU T U T¢) < cn. Notice that #73 can be huge.

We now extend Ky to K := Ko UT,UT," UT,. From above #K < #Ko+ #Tp + #T, +

#7T4 < cn. Evidently, g can be represented in the form g = rex 91 with g7 similar to the
gr’s from above. N
After this ground work, we next estimate |g|5. == op [I| 7E(g, [)], where 7 := 1/a

(see (3.1)) and 7 is defined in (2.26). We denote

Jm = agpg, m > 0.
0, level (6)<m

A key fact is that

~ ~

g(gal)l = 8(9 - gmaI)l S ||g - gm||L1(f)7 Ie Pm' (A7)

~

We also have £(g, 1)1 < |||, -

Let £L:={I € P, : I CJ forsome J e KNPy} and L := U, 50 £m- Evidently,
#L < n#K < cn. -

We shall split up the sum in the definition of |g|;. above into two sums: over I € £ and
over I € P\ L.

(a) If I € L,,, then there is J € LN P, such that I C J and (see (2.26)) |I| "&(g,I)] <
c\[|*T||g||21(f) < ¢||g||Z,. Therefore, we have

177E(e. DT < Eg. D7 <cllgle #Lm

IeL m>0I€Lo m>0

= cllglli#L < enllgl%- (A.8)

(b) Let I € Py \ L. Then I = [J, J; for some J; € (T2 N Pp) U (P \ T), where
vr < vy (see §2.1). We have by (A.7)

vr
~

E@. DT < Ng—9gmlli,y ((T=<1).
i=1
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Clearly, if J; € P,, \ T, then g|;, = gm| s, and hence ||g—gm ||, (s;) = 0. Suppose J; € T2NP,,
and let J? be the unique largest element of K contained in J; (see the definition of 72
above). We have g|j\se = gm|s\se = Ly\se - v; for some v; € V,,. On the other hand,
level (J?) — level (J;) > p and hence |J7| < p#|J;| < §]J;|. Therefore, using (2.14),

il oo (72) < Vill o) < MVill Lo iira) < €l]Glloo-

We use the above to obtain

19— mllear) = 19 — gmlliaey < 1I7IUlloo + lvill Laciae)) < €l T 9loo-

Therefore,
11" 7E(g, 1)1 < cllgllo (1711 :0)T
1<i<vr, JIETY NP
and hence N
1] 7E(g, )T < cllgll% (1Tel/1I0)"
1€Pm\Lm JETLNPm

Summing over m > (), we obtain

~

11I7E(g, DT < cglle (/1D < ellglls (711717
IeP\L JeTY J'eK Jep:J'cJ

oo

cllgll% p™™ < cllglle# K < enllgll,
J' ek m=0

IN

where we used (2.2). The above estimates and (A.8) imply (4.2). O
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