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tThis paper is 
on
erned with developing numeri
al te
hniques for the adaptiveappli
ation of global operators of potential type in wavelet 
oordinates. This isa 
ore ingredient for a new type of adaptive solvers that has so far been exploredprimarily for PDEs. We shall show how to realize asymptoti
ally optimal 
omplexityin the present 
ontext of global operators. \Asymptoti
ally optimal" means herethat any target a

ura
y 
an be a
hieved at a 
omputational expense that staysproportional to the number of degrees of freedom (within the setting determined byan underlying wavelet basis) that would ideally be ne
essary for realizing that targeta

ura
y if full knowledge about the unknown solution were given. The theoreti
al�ndings are supported and quanti�ed by �rst numeri
al experiments.AMS Subje
t Classi�
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heme, best N -term ap-proximation, 
ompressible matri
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onvergen
eestimates.1 Introdu
tionRe
ent developments of adaptive wavelet solvers rely in a 
ru
ial way on the ability ofapplying the relevant operator in wavelet 
oordinates to any �nitely supported inputve
tor within any desirable a

ura
y toleran
e. So far this 
on
ept has been analyzed andto some extent realized numeri
ally for lo
al operators su
h as 
ompositions or di�erentialoperators, see [8℄. The obje
tive of this paper is to explore the potential of this paradigmalso for global operators su
h as boundary integral operators of potential type.�This resear
h was supported in part by the EEC Human Potential Programme under 
ontra
t HPRN-CT-2002-00286, \Breaking Complexity", and the SFB 401, \Flow Modulation and Fluid-Stru
ture Inter-a
tion at Airplane Wings", funded by the German Resear
h Foundation
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1.1 Problem Formulation and Ba
kgroundGiven a Hilbert spa
e H and a linear operator L that takes H onto its normed dual H0,we wish to �nd for any given f 2 H0 the solution u 2 H of the operator equation Lu = fin the sense that hv;Lui = hv; fi; v 2 H (1.1)where h�; �i is the duality pairing on H�H0. It will always be assumed to agree with thestandard L2-inner produ
t on the underlying domain or manifold whenever the argumentsare square integrable.We are interested in this paper mainly in situations where L is a global operator. Thefollowing 
lassi
al operators of potential type will serve as model 
ases throughout thispaper.L = V : H := H�1=2(�)! H1=2(�); (Vv)(x) = Z� v(y)4�kx� ykd�y (1.2)L = K � 12 : H := L2(�)! L2(�); (Kv)(x) = Z� (x� y)Tnyv(y)4�kx� yk3 d�y (1.3)L = W : H := H1=2(�)! H�1=2(�); (Wv)(x) = � ��nx Z� (x� y)Tnyv(y)4�kx� yk3 d�y; (1.4)where k � k is the Eu
lidean norm in R3 , ny denotes the unit outer normal at the pointy of the boundary manifold � and Hs(�) are the usual Sobolev spa
es of order s on �.It is always understood that for s < 0 one has Hs(�) = (H�s(�))0. It is well-knownthat e.g. the Lapla
e equation �U = 0 on some domain 
 � R3 with either Diri
hletor Neumann boundary 
onditions 
an be transformed into a boundary integral equation(involving e.g. V;K in the 
ase of a Diri
hlet Problem, or W for a Neumann problem).Moreover, in all these 
ases it is well-known that (1.1) is well-posed in the sense that thereexist positive bounded 
onstants 
L; CL su
h that
LkvkH � kLvkH0 � CLkvkH; 8 v 2 H: (1.5)In fa
t, this 
an be derived in many 
ases of 
lassi
al boundary integral equations from thevalidity of a G�arding inequality together with the inje
tivity of L. For the 
ase (1.3) onLips
hitz domains (1.5) was established by Ver
hota [36℄ although in this 
ase the validityof a G�arding inequality is still an open problem. Moreover, we shall always assume thatL has the form (Lv)(x) = av(x) + Z� K(x; y)v(y)d�y; (1.6)where for H = Hq(�) ����x��yK(x; y)�� <� dist(x; y)�(d+2q+j�j+j�j): (1.7)2



A standard way of solving (1.1) numeri
ally is to 
hoose some �nite dimensional trialspa
e Sh � H and some test spa
e Th of equal dimension to determine uh 2 Sh su
h thathwh;Luhi = hwh; fi 8 wh 2 Th: (1.8)This 
overs Petrov Galerkin, in parti
ular 
ollo
ation s
hemes. For simpli
ity we 
on�nethe subsequent dis
ussion to Galerkin s
hemes, i.e. Th = Sh.On
e the linear system indu
ed by (1.8) has been assembled one looks for possiblyeÆ
ient ways of solving su
h systems numeri
ally. The 
entral goal is to 
ome up withsolution s
hemes that s
ale linearly in the size N = dimSh of the problem with regardto storage and arithmeti
al operations (ex
luding for the moment storage a

ess for sim-pli
ity). At any rate, a lower bound for the 
omputational work is given by the numberof degrees of freedom indu
ed by the (a priori) 
hoi
e of Sh. In the 
ontext of boundaryintegral equations one fa
es in addition the following well known obstru
tions to a linears
aling of the 
omputational work:(I) For operators L of nonzero order (su
h as V;W above) the systems grow in
reasinglyill-
onditioned when N be
omes larger.(II) The matri
es are in general densely populated whi
h is perhaps the most severeobsta
le.Several 
on
epts have been developed to deal with these diÆ
ulties. They 
an be groupedinto two main 
ategories, namely 
luster methods like fast multipole methods (FMM) orpanel 
lustering and abstra
tions like Hierar
hi
al Matri
es (HM) [23, 22, 21℄ on one hand,and wavelet 
ompression (WC) on the other hand see e.g. [2, 16, 28, 15, 24, 33℄. (FMM)aims at eÆ
iently applying the operator A to a given input thereby addressing mainly(II). Sin
e it exploits the smoothness of the integral kernel in Rd+1 when the boundarymanifold has dimension d, it is very robust with respe
t to the geometry of the boundarysurfa
e. Ex
ept for the use of approximate inverses based on hierar
hi
al matri
es thesemethods do usually not in
orporate any pre
onditioning whi
h, however, is not an issue forse
ond kind formulations. On
e a trial spa
e has been 
hosen, (WC) aims at assembling a
ompressed version of the wavelet representation of the operator. Meanwhile 
ompressionstrategies and 
orresponding quadrature te
hniques have been developed whi
h 
an beshown to yield linearly s
aling solvers. This means the perturbed problems (due to 
om-pression) still realize dis
retization error a

ura
y while the 
ompressed matri
es exhibitonly O(N) nonzero entries [15, 24, 33℄. It is important to note here that pre
onditioning iseasily in
orporated in this approa
h. Experien
e shows that the major part of the 
ompu-tational work is absorbed by 
omputing the 
ompressed matrix while ea
h matrix/ve
torappli
ation of the 
ompressed matrix is then mu
h more eÆ
ient than in the (FMM)approa
h.1.2 Obje
tives and ContentsNevertheless, the following points remain unsatisfa
tory. Sin
e the boundary manifoldsare often only pie
ewise smooth the solutions typi
ally exhibit only a low degree of globalregularity. Thus the dis
retization error is still large 
ompared to the invested number of3



degrees of freedom when working with quasi-uniform meshes. Sin
e, espe
ially for globaloperators, the size of the problem matters very mu
h this 
alls for adaptive solutionstrategies. While su
h 
on
epts have been extensively studied for PDEs it is fair to saythat they are less understood for boundary integral equations, again a super�
ial reasonbeing the global nature of the operator L in this 
ase. Even though meanwhile eÆ
ientand reliable a posteriori error estimators are known [19℄ to our knowledge no 
onvergen
eresults for any adaptive re�nement s
heme based on su
h a posteriori bounds are availablethat guarantee a �xed error redu
tion per re�nement step. Even less is known 
on
erning
orresponding 
omplexity estimates or error rates relating the generated number of degreesof freedom to the a
hieved a

ura
y.A 
entral obje
tive of this paper is to derive su
h estimates for a new adaptive wavelets
heme for boundary integral equations of the above potential type. Moreover, the asymp-toti
al theoreti
al results are 
omplemented by �rst numeri
al experiments of su
h type.The remainder of the paper is organized as follows. Se
tion 2 is devoted to the adap-tive paradigm in
luding the essentials of the 
omplexity analysis. Se
tion 3 
ontains themain part of this paper, namely the ingredients for the numeri
al realization of residualsin wavelet 
oordinates and the 
orresponding 
omplexity analysis. In Se
tion 4 we dis
ussseveral modi�
ations respe
tively spe
i�
ations of the prototype s
heme that lead to sig-ni�
ant quantitative improvements. This is supported quantitatively by several numeri
alexperiments that to our knowledge are the �rst of this sort.2 An Adaptive ParadigmAdaptive strategies based on wavelet 
on
epts appear parti
ularly natural sin
e boundaryintegral operators are nearly sparse in wavelet 
oordinates. This suggests applying thefollowing general paradigm (whose 
on
rete formulations have so far been mainly stud-ied for variational problems involving lo
al operators [7, 8℄) to the present 
ontext. Itessentially 
onsists of the following steps:(i) Given an operator equation establish its (in�nite dimensional) well-posedness in thesense of (1.5), whi
h amounts to identifying the right spa
e H. This is done for theabove examples.(ii) Transform the original problem (1.1) into an equivalent one Au = f , that is nowwell-posed in the spa
e `2(J ) of square summable sequen
es (with respe
t to somein�nite index set).(iii) Use the well-posedness in `2(J ) in order to 
ontrive an (idealized) iteration s
heme(for the full in�nite dimensional problem) that exhibits a �xed error redu
tion ratekun+1 � uk`2(J ) � �kun � uk`2(J ); n = 0; 1; 2 : : : ; (2.1)where u 2 `2(J ) is the 
oeÆ
ient array of the unknown solution of the transformedproblem.(iii) Realize the idealized iteration approximately by means of adaptive appli
ations ofL within suitable dynami
ally updated a

ura
y toleran
es.4



Obviously a 
ore ingredient of su
h a strategy is the approximate appli
ation of (in�nitedimensional) operators. By now an abstra
t 
riterion is known (referred to as s�-sparsityas explained later below) in terms of 
onditions on the numeri
al approximation of the(in�nite dimensional) residuals f �Aun that ensures asymptoti
ally optimal 
omplexityin the following sense. If (in the given dis
retization framework) the unknown solution
an be approximated with an optimal 
hoi
e of N degrees of freedom at a rate N�s (forsome range of orders s), then the adaptive s
heme mat
hes this rate by produ
ing for anytarget a

ura
y " an approximate solution u" su
h that ku�u"kH � " at a 
omputationalexpense that grows at most like "�1=s when " tends to zero, [7, 8℄. However, the 
on
reterealization of the announ
ed 
riterion (s�-sparsity) has been 
on�ned essentially to lo
aloperators. Our obje
tive is to develop here adaptive s
hemes along su
h lines for globaloperators of the above type.It should be mentioned that the above 
on
epts applies also to non
oer
ive and non-linear problems with optimal results for lo
al operators [8, 9℄. Here we shall 
on�ne thedis
ussion for simpli
ity to linear positive symmetri
 problems, extensions being 
learfrom the general treatment in [7, 8℄.2.1 An Equivalent `2-ProblemAs mentioned before, it is natural to base the transformation required in the above step(ii) on suitable wavelet bases. To this end, suppose that 	 = f � : � 2 J g � H is a Rieszbasis for H, i.e. every v 2 H has a unique expansion v =P�2J v� � with 
oeÆ
ient arrayv = (v�)�2J and there exist 
onstants 
	; C	 su
h that
	kvk`2(J ) � kvkH � C	kvk`2(J ): (2.2)Setting A := (a( �;  �))�;�2J ; f := (h �; fi)�2J ; (2.3)it is not hard to establish the following fa
ts.Theorem 2.1 The problem (1.1) is equivalent toAu = f ; (2.4)where u = P�2J u� � is the solution to (1.1) with (unknown) 
oeÆ
ient array u =(u�)�2J . Moreover, (2.4) is well-posed in `2(J ), i.e.
2	
Lkvk`2(J ) � kAvk`2(J ) � C2	CLkvk`2(J ); v 2 `2(J ): (2.5)In fa
t, (2.5) follows easily from 
ombining (2.2) and (1.5) (see e.g. [16, 8℄).In the present 
ontext we shall employ 
ertain spline wavelets based on parametri
liftings of lo
al bases on the unit 
ube satisfying (2.2) for the relevant 
hoi
es of H, see[4, 5, 11, 17℄ and [24℄ for implementation details and stru
tural improvements. We shalladdress the spe
i�
 properties when needed. For the time being it suÆ
es to know thatthe index set J 
onsists of a �nite part J� referring to 
oarse s
ale s
aling fun
tion typebasis fun
tions and an in�nite part J referring to the \true" wavelets having vanishing5



moments of a 
ertain order. Moreover, ea
h index � 2 J in
orporates information aboutthe s
ale j = j�j, the spatial lo
ation k = k(�) and the type e = e(�) of the wavelet  �.Re
all that for tensor produ
t type wavelets in d dimensions one has 2d�1 di�erent typesasso
iated with the same lo
ation index. We work ex
lusively with 
ompa
tly supportedwavelets whose supports s
ales 
anoni
ally as diam(supp �) � 2�j�j. The in�nite matrixA is 
alled the standard wavelet representation of the operator L.We 
lose this se
tion with a slight spe
i�
ation of the norm equivalen
e (2.2). A typi
alapproa
h taken in all the quoted referen
es is to 
onstru
t an an
hor pair of biorthogonalRiesz bases 	Æ; ~	Æ in L2(�). It then turns out that when 	Æ � Hs(�) for s 2 [0; 
) and~	Æ � Hs(�) for s 2 [0; ~
) then properly s
aled versions of 	Æ and ~	Æ form Riesz bases fora whole range of Sobolev spa
es whi
h for 	Æ reads as follows. For any s 2 (�~
; 
) thereexist positive 
onstants 
s; Cs su
h that
sk(v�)�2J k`2(J ) � kX�2J v�2�sj�j Æ�kHs(�) � Csk(v�)�2J k`2(J ); (v�)�2J 2 `2(J ): (2.6)In the present 
ontext one should have q;�q 2 (�~
; 
) when H = Hq(�). The parti
ularbasis appearing in (2.2) is then obtained with  � := 2�qj�j Æ�, � 2 J , and we shall fromnow on always assume this to be the 
ase. It will be 
onvenient to view 	 as an in�niteve
tor whose 
omponents are the basis fun
tions  � (in some �xed but unspe
i�ed order)in order to express this s
aling relation in the following 
ompa
t form	 = D	Æ; D := (2�qj�jÆ�;�0)�;�02J : (2.7)2.2 An Idealized IterationSuppose �rst that A is symmetri
 positive de�nite. Clearly, (2.5) implies that there issome � > 0 su
h that (I� �A) is a 
ontra
tion in `2(J ). Hen
e the iterationun+1 = un + �(f �Aun); n = 0; 1; 2; : : : ; (2.8)of Ri
hardson type satis�es (2.1). Of 
ourse, a smaller � 
an obtained by 
hoosing aperhaps stage dependent step size � = �n. Moreover, as long as (2.5) holds (2.1) 
an berealized by �nding suitable pre
onditioners Cn inun+1 = un +Cn(f �Aun); n = 0; 1; 2; : : : ; (2.9)even when A is not symmetri
. For instan
e, in prin
iple, Cn = �nAT always worksalthough the quantitative performan
e may su�er from the resulting squared (althoughbounded) 
ondition number. Now in addition to applying A one also has to apply ATwhi
h, however, is a problem of the same type. In general one should think of Cn asthe appli
ation of some sort of approximate inverse in order to improve the quantitativeperforman
e of the iteration. This will a
tually be done in our numeri
al examples, seeSe
tion 4.
6



2.3 A Perturbed Iteration S
hemeSo far we have made only use of the norm equivalen
e (2.2) in the relevant energy spa
eto arrive at step (iii) of the paradigm. The envisaged numeri
al realization of (2.8) nowrequires for any given �nitely supported input array v the approximate realization of Avwithin any desired a

ura
y toleran
e.In order to outline �rst the essential stru
ture of the adaptive s
heme we postponefor the moment des
ribing 
on
rete ways of performing su
h approximate realizations butassume at this point that a routine with the following properties is available:Apply [�;A;v℄! w:determines for any finitely supported input v a finitely supported outputw� su
h that kAv �w�k`2(J ) � �: (2.10)We need one further ingredient whi
h is known to be important for 
ontrolling the
omplexity of the perturbed realizations of (2.8), namely a 
oarsening routine [6, 8℄:Coarse [�;v℄! v�:Determines for any finitely supported input v an output v� su
h thatkv � v�k`2(J ) � � (2.11)su
h that the support of v� is (nearly) minimal (subje
t to possible 
on-straints on the 
orresponding index distributions to be detailed later).Possible 
onstraints on the distribution of 
oeÆ
ients mentioned in Coarse 
on
ernthe natural tree-stru
ture of the typi
al index sets J . Roughly speaking ea
h index � oflevel j = j�j 
an be viewed as a 
hild of some index �0 of level j�0j = j� 1 where typi
allysupp � � supp �0 , see [8, 9℄. From a theoreti
al point of view su
h tree stru
turesare, a

ording to [7℄, not ne
essary for linear operator equations. In fa
t, they make
oarsening and its analysis more deli
ate. But tree stru
tures do play an essential role forthe realization of eÆ
ient routines Apply and are therefore 
onsidered here.The realization of the routine Coarse that s
ales linearly in the size of the inputarray while respe
ting tree stru
ture is not obvious. It 
an be based though on the treeapproximation s
heme from [3℄, see [8℄.The realization of an adaptive s
heme always hinges on having 
omplete a

ess tothe data as they are given by the user. We shall therefore always assume that the arrayf is already �nite and ordered by size (either be
ause it is initially given that way orbe
ause in some prepro
essing step it has been arranged to mat
h some \ideal data" within some a

ura
y toleran
e whi
h suÆ
es for the �nal target a

ura
y �" for the solution,re
all (2.5)). Therefore the 
omplexity estimates derived here refer stri
tly speaking tothe approximate inversion of the operator, given full a

ess to the data.The approximate realization of (2.9) requires approximating the weighted residualC(f � Av) for any given �nite array v. In the present 
ontext su
h a residual approxi-mation is required to perform the following task:7



Res [�;C;A;v℄! r:Determines for any given target a

ura
y � � �" > 0 a finitely supportedarray r su
h that kC(f �Av)� rk`2(J ) � � (2.12)For instan
e, when A is symmetri
 positive de�nite one 
an take C = �I, for a suitabledamping parameter in (2.8). A possible realization has the form�(Coarse [�=2�; f ℄�Apply [�=2�;A;v℄)! r; (2.13)provided that the s
heme Apply is available. More generally, as long as (2.5) holdseven though L is unsymmetri
 or inde�nite, re
all from Se
tion 2.2 that one 
an take,in prin
iple, C = �AT again for a suitable damping parameter, [7℄. The 
orrespondingRes would then be given e.g. as follows:Let CA := C2	CL (see (2.5)) and 
omputeCoarse [�=2CA�; f ℄�Apply [�=2CA�;A;v℄)! �r;�Coarse [�=2�;AT ; �r℄! r: (2.14)As already mentioned a realization of Apply will be given later. Moreover, we shalldis
uss later ways of realizing more eÆ
ient pre
onditioners C.With these ingredients at hand, we 
an formulate now the following prototype solutions
heme.Solve[";C;A; f ;u0; �; C�℄! �u(")(i) Choose some �� 2 (0; 1). Set �u0 = u0 whi
h is a given initial guess forwhi
h an initial bound "0 satisfying ku � u0k`2(J ) � "0 is known (if noparti
ular guess is given, one 
an take u0 = 0 and "0 = 
�1L kfk`2(J )). Setj = 0;(ii) If "j � " stop and output �u(") := �uj; else set v0 := �uj and k = 0(ii.1) Set �k := ��k"j and 
omputerk = Res[�k;C;A; f ;vk℄; vk+1 = vk � rk:(ii.2) If �(�k + krkk`2(J )) � "j=(2(1 + 2C�)); (2.15)set ~v := vk and go to (iii). Else set k + 1! k and go to (ii.1).(iii) Coarse[ 2C�"j2(1+2C�) ; ~v℄! �uj+1, "j+1 = "j=2, j + 1! j, go to (ii).
8



The 
onstant C� depends on the 
oarsening s
heme. If no 
onstraints are imposed onthe index distribution any �xed C� > 1=2 will do. In the 
ase of tree approximation C�is the 
onstant from [3℄. The 
onstant � depends only on the 
onstants 
L; CL; 
 ; C in(2.2) and (1.5). With these 
hoi
es the following has been shown in [8℄.Proposition 2.2 Given routines Coarse, Res, satisfying (2.11), (2.12), respe
tively,the s
heme Solve terminates for any target a

ura
y " � �" after �nitely many steps andku� �u(")k`2(J ) � ":Note that (2.2) implies that one has for the 
orresponding expansions the energy errorestimate ku� �u(")kH � C ".For a wide range of problems Solve 
an be shown to exhibit asymptoti
ally optimal
omplexity in a sense to be made pre
ise in the next se
tion. In order to guarantee also agood quantitative performan
e the s
heme should be spe
i�ed so as to take up the spe
i�
nature of a given 
on
rete appli
ation.2.4 Some Ingredients of the Complexity AnalysisA lower bound for the 
omputational 
omplexity of Solve is, of 
ourse, the numberof nonzero entries in the output �u("). Thus as a natural ben
h mark for measuring theperforman
e of Solve the following size/a

ura
y rate suggests itself. Given all informa-tion about the (in�nite) array u one 
an ask how small one 
an make the approximationerror in `2(J ) when using at most N (optimally) sele
ted terms from the wavelet basis 	.This is usually referred to as best N-term approximation. When emphasizing that su
h asele
tion � � J of terms is 
ompletely arbitrary, i.e. � 2 J J is any subset of J , we speakof un
onstrained N -term approximation. In 
ontrast, depending on the 
ontext it is oftenuseful or even ne
essary to impose some mild 
onstraints on the distribution of a
tiveindi
es, i.e. a
tive sets � should be taken from some stri
t subset P � J J of the set of allsubsets. Spe
i�
ally, re
all from [9℄ that J itself may be viewed as an in�nite tree wherethe roots are the elements of J�. Moreover, denoting in the following S� := supp �,when �̂ 2 J is a parent of some � 2 J we have S� � S�̂, see [9℄ for more details. Weshall use the set IT of all �nite subtrees of J whose roots belong to J�. In this 
ase wespeak of best tree N-term approximation.Obviously, a numeri
al s
heme deserves to be termed (asymptoti
ally) optimal if itswork/a

ura
y rate stays proportional to the size/a

ura
y rate of the (underlying versionof) best N -term approximation. To make this pre
ise, 
onsider the error of best P-
onstrained N -term approximation in some Bana
h spa
e X with respe
t to a givenun
onditional basis � = f�� : � 2 J g�PX;N(v) := inf fkv �X�2�w���kX : w� 2 R; � 2 �; � 2 P; #� � Ng (2.16)along with the 
orresponding approximation spa
esAsX(P) := fv 2 X : supN2NN s�PX;N (v) := jvjAsX(P) <1g: (2.17)9



It is easy to see that k � kAsX(P) := k � kX + j � jAsX(P) is a quasi-norm.Obviously any �nite expansion belongs to AsX(P) for all s > 0. Note that for thepresent 
hoi
e of � = 	 when X = H and � = f(Æ�;�)�2J : � 2 J g the set of 
oordinateve
tors when X = `2(J ), the Riesz basis property says that
 �P̀2(J );N(v) � �PH;N(v) � C  �P̀2(J );N(v); v =X�2J v� � 2 H: (2.18)Thus, by de�nition, AsX(P) gathers all elements in X that 
an be approximated by ex-pansions 
ontaining at most N terms subje
t to the 
onstraints given by P with an ap-proximation rate N�s. Moreover, in the present setting approximation in H 
orrespondsdire
tly to approximation in `2(J ).In these terms we may 
all Solve P-optimal (in some range s < s�) if, whenever theexa
t solution u belongs to As̀2(J )(P) (viz. u 2 AsH(P)) (for s < s�) then the 
omputa-tional work needed in Solve to produ
e �u(") (see Proposition 2.2) (and hen
e also thenumber of nonzero terms in �u(")) grows at most as "�1=s.Clearly, whenever P is a stri
t subset of J J one has AsX(P) � AsX(J J ). Hen
e,J J -optimality would be the strongest notion as it ensures optimal performan
e for thelargest 
lass. To appraise the meaning of su
h optimality notions one has to understandthe 
lass As̀2(J )(P) a little better. In absen
e of any 
onstraints P = J J it is known that(see e.g. [18, 6℄)As̀2(J )(J J ) = `w� := fv 2 `2(J ) : supn2N n1=� jv�nj := jvj`w� <1g; where 1� = s+ 12 ; (2.19)where (v�n)n2N is a rearrangement of v su
h that v�n+1 � v�n, n 2 N . The weak spa
e `w� ofsequen
es whose de
reasing rearrangement de
ays at least like n�1=� is very 
lose to `� ,i.e. we have the embeddings `� � `w� � `� 0 for any � 0 > � . When H = Hq(�) (and asbefore 	 is a Riesz basis for H) `� in turn is isomorphi
 to the Besov spa
e Bq+sd� (L� ),i.e. (see e.g. [12℄) jX�2J v� �jBq+sd� (L� ) � kvk`� : (2.20)This spa
e is in some sense the largest spa
e with smoothness q+sd that is still embeddedin Hq. One 
an pi
ture this as a point in the (1=p; �) plane where the point (1=p; �)is asso
iated with the spa
e B�p (Lp) 
onsisting of fun
tions with regularity � measuredin Lp. Note that when p de
reases, i.e., one moves to the right in the (1=p; �)-plane,the spa
es B�p (Lp) be
ome larger for �xed � and a more and more singular behavior isadmitted. In order to have B�p (Lp) still embedded in Hq, say, one 
an move to the rightup to the Sobolev embedding line where for the spatial dimension d the smoothness � andthe metri
 �p are 
oupled through the relation 1�p = ��qd + 12 . Thus for � = q + sd the
riti
al relation is 1=�p = s+ 1=2.Admitting only approximations whose a
tive 
omponents are grouped in a tree might,of 
ourse, a�e
t the approximation quality in that a given a

ura
y might require moreterms sin
e unne
essary small 
oeÆ
ients may be involved just to have the set of a
tive
oeÆ
ients form a tree. However, the 
onstraints indu
ed by P = IT are known to 
ause10



only a small di�eren
e in the following sense. It has been shown in [10℄ that, whenever1� < s+ 12 (2.21)one has Bq+sd� (L� ) � AsHq(IT ) and supkvkBq+sd� (L� )�1 �JJHq ;N(v) >� N�s; (2.22)i.e., in the 
lass Bq+sd� (L� ) (in the worst 
ase sense) the rate of best tree N -term approx-imation agrees with the un
onstrained rate provided that (2.21) holds. This means thatBq+sd� (L� ) has to be just left o� the embedding line through the an
hor spa
e Hq whi
hin turn means that the embedding Bq+sd� (L� ) ,! Hq is 
ompa
t.In prin
iple, we 
ould strive for realizing a s
heme that is optimal with regard tothe strongest notion of un
onstrained best N-term approximation. In fa
t, the problem
lass 
onsidered here is 
overed by the 
orresponding results in [6℄ ex
ept for a 
on
reterealization of 
ertain 
ompressed matri
es in a 
orresponding operator appli
ation s
heme.It will be seen, however, that (as in image 
ompression/en
oding) tree stru
tures areextremely important for (quantitatively) eÆ
ient numeri
al realizations of the routineApply. On the other hand, the analysis of tree approximation s
hemes is a little moredeli
ate. Therefore and in view of the above mentioned small di�eren
e in these optimalitynotions, most attention will be paid to the 
ase of tree N-term approximation (P =IT ). Re
all that tree stru
tures also appeared to be helpful when dealing with nonlinearproblems [8℄ as well as for entropy-optimal en
oding s
hemes for image 
ompression [10℄.In order to simplify notation we shall hen
eforth brie
y write As := As̀2(J )(P) andalso, in view (2.18), As := AsH(P) for the 
orresponding fun
tion spa
e. Whi
h one ismeant and whether this refers to tree approximation (P = IT ) or un
onstrained N-termapproximation (P = J J ) will always be 
lear from the 
ontext.The following result from [8℄ gives the announ
ed 
riterion { s�-sparsity { for P-optimality for both P 2 fIT ;J J g:The residual s
heme Res is 
alled s�-sparse for some s� > 0 if the following holds.Whenever the exa
t solution u of (1.1) belongs to As for some s < s�, then one has for any�nitely supported input v and any toleran
e � > 0 that the output r� := Res [�;C;A; f ;v℄satis�es #supp r� � C��1=s �kvk1=sAs + kuk1=sAs � ;kr�kAs � C (kvkAs + kukAs) ; (2.23)where (in addition to the dependen
e on the 
onstants in (1.5) and (2.2)) C depends onlyon s when s ! s�. Moreover, the number of operations needed to 
ompute r� stays pro-portional to #supp r�.Note that the 
ondition di�ers slightly from those in [8℄ in that additional 
onstantterms on the right hand side of (2.23) are missing. This is justi�ed sin
e we are dealinghere only with linear problems [8, 9℄. 11



Theorem 2.3 If the exa
t solution u = P�2J u� � belongs to As, for any s < s� =s�(A;	), then, for any target a

ura
y " > 0, the approximations �u(") produ
ed bySolve satisfy ku�X� �u(")� �kH � C	";and #supp �u("); 
omp: work <� "�1=skuk1=sAs :Thus it remains to 
onstru
t a 
on
rete s�-sparse residual s
heme Res. To this end,re
all that Res 
onsists essentially of (a) approximating the data f within some toleran
eand (b) of an approximate appli
ation of A to a �nitely supported input ve
tor.We shall address �rst (a). Viewing f , as pointed out before, as some prepro
essed �nitearray, this latter approximation may be realized by an appli
ation of Coarse. In theun
onstrained 
ase 
oarsening of any �nitely supported input array v is just thresholdingthe entries of v whi
h, in turn, requires sorting its entries [6℄. However, the stri
t sorting
an be relaxed to quasi-sorting based on binary binning, so as to ensure the linear s
alingof the 
omputational work needed to 
omply with s�-sparsity. In the following we shalluse the notation S(�;v) := supp v� for v� = Coarse [�;v℄; (2.24)when we are working in the setting of un
onstrained best N -term approximation. Thus,#S(�;v) is bounded by a �xed 
onstant multiple of the smallest number of terms neededto approximate v within toleran
e �.Moreover, the Coarsening Lemma from [6℄ ensures stability in the 
orresponding spa
eAs whi
h means that, whenever for some �nitely supported w su
h that kv�wk`2(J ) � �,one has for any �xed a > 1 that the output w� = Coarse [a�;w℄ satis�eskw�kAs <� kvkAs; #S(a�;w) = #suppw� <� ��1=sjvj1=sAs : (2.25)When P = IT the 
oarsening pro
edure has to respe
t tree stru
ture. This wouldrequire solving the following task: Given w, a tree T = T �(�;w) is 
alled �-best forw if �ITN;`2(J )(w) = kw � wjT k`2(J ). It is not obvious how to realize eÆ
iently su
h abest N -term tree approximation. In fa
t, one 
annot expe
t to have a s
heme whose
omputational work s
ales linearly. Therefore, one has to relax again the notion of bestN -term tree approximation to near best N -term tree approximation de�ned as follows: Atree T = T (�;w) is 
alled (�; C)-near best (or brie
y near best when the parameters are
lear from the 
ontext) ifkw�wjT k`2(J ) � � and #T � C#T �(�=C;w):From now on it will always be understood that v� in (2.11) is given by v� = vjT (�;v) withT (�;w) the near best tree de�ned above.As pointed out in [8℄ a near best tree 
an be determined at linear 
ost by a spe
i�
ationof the Binev/DeVore s
heme from [3℄ whi
h is always used here as well. Thus, in the
ontext of tree approximation we haveT (�;v) = suppv�; where v� = Coarse [�;v℄: (2.26)The key properties of this 
oarsening s
heme may be formulated as follows.12



Proposition 2.4 For any given �nitely supported input v the 
omputational 
ost of theoutput v� produ
ed by Coarse [�;v℄ remains proportional to #T (supp v), (T (I) denotingthe smallest tree 
ontaining the index set I). The underlying tree T (�;v) is (�; C�)-nearbest, where C� is the 
onstant appearing in the estimate (5.8) in Theorem 5.2 of [3℄.The following 
ounterpart to (2.25) for the tree version of Coarse has also beenestablished in [8℄.Proposition 2.5 If v 2 As and kv � wk`2(J ) � � with #suppw < 1, then �w� :=Coarse [2C��;w℄ satis�es#supp �w� <� kvk1=sAs ��1=s; kv � �w�k`2(J ) � (1 + 2C�)�; (2.27)and k �w�kAs <� kvkAs; (2.28)where the 
onstants depend only on s when s! 0 and on C� in Coarse.A

ording to (2.25), Proposition 2.5 applies to the un
onstrained 
ase for any �xedC� > 1=2.As a 
onsequen
e of Proposition 2.5 and the pre
eding remarks, the approxima-tion f� = Coarse [�=2�; f ℄ in (2.13) in a typi
al realization of Res is stable in As,i.e. kf�kAs <� kfkAs for either 
hoi
e of P 2 fJ J ; ITg. Moreover, whenever we have thatalso A is bounded on As we would have kfkAs = kAukAs <� kukAs . This provides thefollowing fa
t.Remark 2.6 Any routine Res of the form (2.13) is s�-sparse whenever the followingproperties hold:(i) A is bounded on As for s < s�, i.e.kAvkAs <� kvkAs : (2.29)(ii) The output w� of Apply [�;A;v℄ satis�es for any �nitely supported input v#suppw� � C��1=skvk1=sAs ;kw�kAs � CkvkAs; (2.30)and the 
omputational work required to produ
e w� is bounded by a �xed 
onstantmultiple of #(supp v)+��1=skvk1=sAs when P = J J and of #T (suppv)+��1=skvk1=sAswhen P = IT . (in the latter 
ase we shall usually have that the support of v alreadyhas tree stru
ture so that T (supp v) = suppv).3 Realization of ResA

ording to the above remarks we shall address in this se
tion the 
onstru
tion of ap-pli
ation s
hemes Apply that satisfy the 
onditions in Remark 2.6.13



3.1 Compressible Matri
esThis is where a se
ond main feature of wavelets 
omes into play namely the 
an
ellationproperty whi
h 
an be formulated as follows:jhv;  �ij � C2�j�j ~mjvjW ~m(Lp(S�))k �kLp0 ; 1p + 1p0 = 1; (3.1)where we re
all that S� = supp � Here the order ~m of 
an
ellation properties agrees withthe order of polynomial exa
tness of the dual wavelet basis when dealing with Eu
lideandomains.This has been used in matrix 
ompression to quantify the quasi-sparseness of prin
ipalse
tions of A 
orresponding to trial spa
es spanned by all wavelets up to some highestlevel J of resolution.A 
onvenient way of formulating this quasi-sparseness for the full operator A is basedon the notion of s�-
ompressibility, see [6℄. We say that A is s�-
ompressible if for everys < s� there exists a summable sequen
e (�j)j2N0 of positive numbers and for ea
h j thereexists a matrixAj whose rows and 
olumns have at most the order of �j2j nonzero entrieswhile kA�Ajk <� �j2�sj; j 2 N : (3.2)Here and in the sequel kAk := supkvk`2(J )=1 kAvk`2(J ) denotes the spe
tral norm. Thiswill later be 
ru
ial with regard to storage e
onomy and eÆ
ien
y of (approximate) ma-trix/ve
tor multipli
ation. In what follows we shall employ the weights �j := (1 +j)�(M+M 0+2), i.e. A is 
alled s�-
ompressible if there exist submatri
es Aj s.t. for any�xed �s < s�kA�Ajk`2(J ) � (1 + j)�(2+M+M 0)2�j�s; #(suppA�j ) <� (1 + j)�(2+M+M 0)2j; (3.3)where M;M 0 are spe
i�ed later in 
onne
tion with quadrature.We shall always assume in what follows that the operator L (aside from being anisomorphism from H = Hq(�) ! H0 = H�q(�)) is still bounded from Hq+� ! H�q+�for � 2 [0; �̂℄ and some (suÆ
iently large) �̂ > 0. This is the 
ase when � is smooth butwould otherwise need to be 
on�rmed in ea
h parti
ular 
ase. Under su
h hypothesis andwhen using spline wavelets of the type 
onstru
ted in [4, 5, 11, 17, 24℄ one 
an derivefrom estimates of the form (1.7) de
ay estimates for the entries of A of the following form[16, 15, 26, 27, 33, 34℄ jh �;L �0ij <� � 2�jj�j�j�0jj=21 + d(�; �0)�d+2 ~m+2q; (3.4)where d(�; �0) := 2min(j�j;j�0j) dist(supp( �); supp( �0)): (3.5)Using de
ay estimates of the form (3.4) 
ompressibility ranges were identi�ed already in[6℄. These estimates made no further assumptions on the wavelets other than lo
ality, a
ertain number of vanishing moments and a 
ertain order of global regularity so that theresulting 
ompressibility ranges turned out to be far from sharp. Mu
h more 
an be said14



when using wavelet bases that are obtained by parametri
 liftings of tensor produ
t splinewavelets whose 
onstru
tion 
an be found e.g. in [4, 17, 24℄. An important additionalingredient is the so 
alled se
ond 
ompression from [33℄. Denoting by singS� the singularsupport of the wavelet  �, i.e. the union of interfa
es separating the smooth parts of thewavelet, let �d(�; �0) := 2j�0j dist (S�; singS�0) whenever j�j > j�0j:One 
an then show that [15, 33, 34℄� jh �;L �0ijjhL� �0 ;  �ij � <� 2(j�0j�j�j)( ~m+q+d=2)�d(�; �0) ~m+2q : (3.6)It was re
ently shown in [34℄ that whenever (3.4), (3.6) are valid the wavelet representationis s�-
ompressible of optimal order.Theorem 3.1 ([34℄) Suppose that for H = Hq(�) the operator L is still bounded as amapping form Hq+�(�) to H�q+�(�) for a suÆ
iently large range of positive �. Moreover,suppose that the wavelet bases 	; ~	 have (exa
tness) order m; ~m, respe
tively and that~m > 
 � 2q; ~m > m� 2q; (3.7)where 
 is the 
onstant from (2.6). Then A is s�-
ompressible withs� > (m� q)=d (3.8)where d is the dimension of �.Note that N�(m�q)=d is the highest possible 
onvergen
e rate attainable for approxima-tions in the energy norm k � kHq(�) from the multiresolution spa
es generated by waveletsof exa
tness order m.Moreover, setting ĵ := j + log2(�j), the 
orresponding 
ompression pattern has alsobeen identi�ed in [34℄ and reads as follows. To obtain Aj from A Repla
e h �;L �0i =a�;�0 by zero when:jj�j � j�0jj > ĵ=(d� 1) if d > 1; else > 2ĵ; ord(�; �0) � amax f1; 2b( ĵd�jj�j�j�0jj)g or (3.9)jj�j � j�0jj > ĵ=d and �d(�; �0) � a0max f
jj�j�j�0jj� ĵd2ĵ�djj�j�j�0jj; 2�jj�j�j�0jjg;where a; a0 and b 2 [1=2; 1) are suitable �xed parameters, and where (
n)n2N0 is againa polynomially de
reasing sequen
e su
h that Pn 
n < 1. Spe
i�
ally, we take 
n :=(1 + n)�2.3.2 The Signi�
an
e of CompressibilityTo explain the relevan
e of 
ompressibility for both settings, un
onstrained and tree N -term approximation, letY(�;v) := � S(�;v) when P = J J ;T (�;v) when P = IT :15



Now re
all (3.8) and �x some �s with (m� t)=d � �s < s�. Clearly (3.3) holds then for alls � �s. Moreover, for a wavelet basis of order m we 
an expe
t an N -term approximationrate (in either setting) of at most O(N�s) for s � (m� t)=d � �s.Given any �nitely supported v (whose support is assumed to be a tree when dealingwith tree 
onstraints) and any positive target a

ura
y � we wish to 
onstru
t an �-a

urate approximation toAv. To this end, 
onsider the output supports of the respe
tive
oarsening s
hemes for a sequen
e of growing toleran
esYj := Y(2j�s�;v): (3.10)Thus, we haveY0 = Y(�;v); Yj+1 � Yj; Yj = ; for j > J = J(�;v) := log2(kvk`2(J )=�)�s ; (3.11)so that by (2.11), we have kv � vjYjk`2(J ) � 2�sj�: (3.12)Finally, we de�ne the di�eren
e sets and the 
orresponding portions of v�j := Yj n Yj+1; v[j℄ := vj�j : (3.13)Now let Aj be the 
ompressed matrix from (3.3) and let A�j its �th 
olumn. Followingessentially [6℄, a 
andidate for a �nitely supported approximation to Av is given byw� :=PJj=0Ajv[j℄. In order to des
ribe the support of w� letS�j := suppA�j : (3.14)and set Y� := J[j=0 [�2�j S�j : (3.15)It is 
lear that supp � JXj=0 Ajv[j℄� � Y�: (3.16)Theorem 3.2 Let v be any �nitely supported array and �s as above. When dealing withtree approximation the support of v is assumed to have tree stru
ture. Then there existsa 
onstant C, depending on �s < s�, on the 
onstants in (1.5), (2.2) and on the treealgorithm from [3℄ when P = IT su
h that


Av � JXj=0 Ajvj[j℄


`2(J ) � C�: (3.17)Moreover, the 
omputational work W� needed to determine Y�, i.e, the work required bythe appli
ation of the 
oarsening s
heme for determining the Yj, 
an be bounded asW� � C#supp v (3.18)16



and for any s � �s one has #suppY� � C��1=sjvj1=sAs ; (3.19)where the spa
es As are the approximation spa
es for best un
onstrained respe
tively besttree N-term approximation.Proof: First note that by (2.11)kv[j℄k`2(J ) = kv � vjYj+1 � (v � vjYj)k`2(J ) � (2�s(j+1) + 2�sj)� � (2�s + 1)2�sj�: (3.20)Then, sin
e vjY(�;v) =PJj=0 v[j℄, we obtain


Av � JXj=0 Ajv[j℄


`2(J ) = 


 JXj=0(A�Aj)v[j℄ +A(v � vjY0)


`2(J )� JXj=0 kA�Ajk kv[j℄k`2(J ) + kAkkv � vjY0k`2(J )� �(2�s + 1) JXj=0 �j2��sj2�sj + CLC2	� � C�; (3.21)where we have used (2.5) and (2.11). This 
on�rms (3.17).The work 
ount (3.18) follows from the results in [3℄. As for (3.19), note that by (3.3),#Y� � JXj=0 X�2�j #S�j � C0 JXj=0 X�2�j �j2j= C0 JXj=0 #�j�j2j: (3.22)Sin
e by the near optimality of the Binev-DeVore s
heme and the de�nition of j � jAs ,(re
alling that v has �nite support) one has#�j � #Yj � C�(2j�s�=C�)�1=sjvj1=sAs ; (3.23)we 
on
lude from (3.22) and s � �s that#T� � C 00 JXj=0 �j��1=sjvj1=sAs= �C��1=sjvj1=sAs ; (3.24)whi
h 
ompletes the proof. 2A

ording to Remark 2.6, we have to 
on�rm the boundedness of A on the respe
tiveversion of As for s < s�. When dealing with un
onstrained N -term approximation thishas been already done in [6℄. The argument will be impli
itly 
ontained in the subsequentreasoning for the 
ase of tree approximation P = IT whi
h requires a little more 
are. Thekey is the following observation. 17



Proposition 3.3 When Yj = T (2�sj�;v), i.e., P = IT , the index set Y� := T� de�ned by(3.15) is a tree.Proof: We have to show that whenever � 2 T� then either � is a root or there exists aparent �̂ 2 T�, i.e., j�̂j = j�j�1 and S� � S�̂. By de�nition, � 2 T� implies the existen
e ofsome � 2 �j, j � J , su
h that � 2 S�j . Re
all that ĵ = j + log2(�j). We shall distinguishtwo 
ases:(a) j�j > j�j: In this 
ase � 
annot be a root. Let �̂ be a parent of � su
h that S� � S�̂and j�̂j = j�j � 1 � j�j. We shall show that �̂ 2 S�j as well. We know from (3.9) thatjj�j�j�jj � ĵ=(d�1) and hen
e jj�j�j�̂jj � ĵ=(d�1). Sin
e ĵd�jj�j�j�jj < ĵd�jj�̂j�j�jj,we obtain by (3.9)d(�̂; �) = 2j�jdist (S�̂; S�) � 2j�jdist (S�; S�) = d(�; �)< a max f1; 2b( ĵd�jj�j�j�jj)g� a max f1; 2b( ĵd�jj�̂j�j�jj)g:Now suppose that jj�̂j � j�jj > ĵ=d. Then, sin
e � 2 S�j , it follows�d(�̂; �) = 2j�jdist (S�̂; singS�) � 2j�jdist (S�; singS�) = �d(�; �)� a0max f
jj�j�j�jj� ĵd 2ĵ�djj�j�j�jj; 2�jj�j�j�jjg� a0max f
jj�̂j�j�jj� ĵd 2ĵ�djj�̂j�j�jj; 2�jj�̂j�j�jjg:By (3.9), we therefore 
on
lude that �̂ 2 S�j � T�.(b) j�j � j�j: If � is a root there is nothing to show. Thus j�j > 0 and therefore � 
annotbe a root either. We shall show now that there exists an an
estor �� of � and a j 0 � jsu
h that the parent �̂ belongs to S��j0 and thus belongs also to T�. To this end, note thatsin
e � 2 �j � Tj and Tj is a tree it must have a parent �̂ in Tj. Thus there must exist aj 0 � j su
h that �̂ 2 �j0 . Now note that jj�̂j � j�̂jj = jj�j � j�jj and jj�j � j�jj � ĵ=(d� 1)implies jj�̂j � j�̂jj � ĵ 0=(d� 1) so thatd(�̂; �̂) = 2j�̂jdist (S�̂; S�̂) � 2j�jdist (S�; S�) = d(�; �)< a max f1; 2b( ĵd�jj�j�j�jj)g� a max f1; 2b( ĵ0d �jj�̂j�j�̂jj)g:Thus, when j�j � j�j � ĵ=d � 0 it follows �̂ 2 S�̂j0 � T� and we have found the asserted�� = �̂. On the other hand, in the 
ase ĵ=(d � 1) � j�j � j�j > ĵ=d � 0 we have to takethe se
ond 
ompression into a

ount. To this end, note that when 0 � j�̂j � j�j � ĵ 0=d we
on
lude from (3.9) that � 2 S�̂j0. Likewise, in the 
ase j�̂j � j�j > ĵ 0=d we 
on
lude from�d(�; �̂) = 2j�jdist (singS� ; S�̂) � 2j�jdist (singS�; S�) = �d(�; �)� a0max f
jj�j�j�jj� ĵd2ĵ�djj�j�j�jj; 2�jj�j�j�jjg� a0max f
jj�j�j�̂jj� ĵ0d 2ĵ0�djj�j�j�̂jj; 2�jj�j�j�̂jjg;18



whi
h means that � 2 S�̂j0. Hen
e we 
an repla
e � by �̂ and repeat the argument. Sin
eea
h time the level is lowered by one we eventually �nd an an
estor �� of � su
h that0 � j��j � j�j � ĵ 0=d and � 2 S��j0. This �nishes the proof by the �rst part of the aboveargument in the 
ase (b). 2Corollary 3.4 When A is s�-
ompressible then A is bounded on As for any s < s� foreither setting of un
onstrained N-term approximation, P = J J , and tree approximation,P = IT .Proof: We have to show that for any � > 0 and any v 2 As, s < s�, we 
an �nd aw� su
h that kAv � w�k`2(J ) � � and S := suppw� satis�es (#S)s� � �C where �Cdoes not depend on �. Moreover, when working in the setting of tree approximation,P = IT , we must have S = T is a tree. By Theorem 3.2, (3.19), and Proposition 3.3,w� :=PJj=0Ajv[j℄ satis�es these requirements, whi
h 
ompletes the proof. 2For later use we re
ord the following simple fa
t.Remark 3.5 In
identally we have shown that there exists a 
onstant C, depending onlyon �s < s�, on the 
onstants in (1.5), (2.2) and on the 
onstant C� from the tree algorithmfrom [3℄ in 
ase P = IT , su
h that for Y� given by (3.15)kAv � (Av)jY�k`2(J ) � C�; (3.25)and hen
e also k(Av)jY� � JXj=0 Ajv[j℄k`2(J ) � C�; (3.26)with v[j℄ de�ned in (3.13).Proof: We haveAv� (Av)jY� = Av� JXj=0 Ajv[j℄ + JXj=0(A�Aj)v[j℄! ���Y�+ (A(v� � v)) jY� : (3.27)The �rst sum on the right hand side of (3.27) has been already estimated in (3.17). These
ond and third sum are estimated in (3.17). 2So far we have 
on�rmed part (i) in Remark 2.6 as well as the asymptoti
ally opti-mal growth rate of the predi
tion sets Y�. These �ndings suggest the following prin
iplestrategies for a 
on
rete realization of Apply.(I): Based on the a-posteriori information from the input v and the a-priori knowledgeabout the operator L, given in terms of the 
ompression rules (3.9) and the resultingsupports S�j , one determines in a �rst step a predi
tion set Y� a

ording to (3.15). Note19



that this does not require the knowledge of the entries of A. By Theorem 3.2, the
omputational work for this step s
ales linearly in the input size. By (3.25) in Remark3.5, this set 
ontains all the 
oeÆ
ients of the image Av needed to have an order �-a

urate approximation to Av.In a se
ond step one has to determine an order �-a

urate approximation to the �nitearray (Av)jY� , i.e., some ~w� with supp ~w� � Y�, su
h that alsok(Av)jY� � ~w�k`2(J ) � C�: (3.28)In prin
iple, one 
an now try to realize su
h a ~w� through 
lustering te
hniques like panel
lustering or multipole expansions without ever 
omputing the signi�
ant entries of Aindividually within some suitable a

ura
y. A similar idea in the 
ontext of linear solvershas been proposed in [32℄.(II): The se
ond option is to use Theorem 3.2, (3.17) dire
tly, i.e., to seek a ~w� su
h thatk JXj=0 Ajv[j℄ � ~w�k`2(J ) � C�; (3.29)where as before the v[j℄ are de�ned in (3.13). This 
an be done by using evaluationte
hniques like 
lustering methods to approximate the summands Ajv[j℄ or Av[j℄ withina suitable toleran
e. Alternatively, one 
an exploit the expertise on matrix 
ompressiongained in the 
ontext of linear solvers [25℄ to approximate the 
ompressed matri
es Aj inthe spe
tral norm by 
omputing the entries of Aj within a suitable a

ura
y toleran
e byadaptive quadrature.Option (I) will be addressed in more detail in a forth
oming paper. In the remainderof this paper we fo
us on option (II).Remark 3.6 Suppose that the entries of Aj were given. Then there exists a 
onstant C,depending only on �s and the 
onstants in (2.5) but not on s and v, su
h that the numberW (�;A;v) of operations needed to 
omputePJj=0Ajv[j℄ for J = J(�;v) as above, remainsbounded by W (�;A;v) � C(��1=sjvj1=sAs +#T (suppv)); (3.30)where in the setting P = IT , T (supp v) is again the smallest tree 
ontaining suppv.Proof: The term #T (supp v) stems from the Binev-DeVore s
heme. Now the numberof operations needed to 
ompute Ajv[j℄ is, by de�nition of Aj, bounded by a 
onstantmultiple of �j2j#�j <� �j2j(1� �ss )��1=sjvj1=sAs : (3.31)Summing over j � J yields the assertion. 2It therefore remains to approximate the terms Ajv[j℄.20



3.3 Approximation of Signi�
ant EntriesA

ording to Theorem 3.2, an �-a

urate approximation to Av is given by PJj=0Ajv[j℄,where J = J(�;v) and v[j℄ are given in (3.11), (3.13). Thus we have to approximatethe 
ompressed matri
es A�jj := ((Aj)�;�0)�2J ;�02�j by 
omputing the nonzero entries ofA�jj through suitable quadrature te
hniques. This will be done by adaptive hp-quadraturebased on Gau�-Legendre formulas along the lines already developed in the matrix 
om-pression framework, see e.g. [25℄ and also [24, 33, 28, 31℄ for further referen
es. Theresulting perturbed matri
es are denoted by ~A�jj . The following observation is an imme-diate 
onsequen
e of the proof of Theorem 3.2.Remark 3.7 Setting w� :=PJj=0 ~Aj(vj�j) we havekw� �Avk`2(J ) � C�provided that kA�jj � ~A�jj k`2(J )!`2(J ) � C�j2��sj; j � J(�;v): (3.32)We shall pro
eed in two steps. First we shall determine the a

ura
y for ea
h en-try whi
h ensures the validity of (3.32). Then as a se
ond step we shall estimate the
orresponding 
omputational work. Here we 
an resort to known results from [15, 25, 24℄.Proposition 3.8 If the quadrature realizes an a

ura
yej�;�0 = ej := j(A�jj )�;�0 � ( ~A�jj )�;�0j <� 2��sjp2jmin f2j;#�j=�jg ; (3.33)then the estimate (3.32) required in Remark 3.7 holds for some 
onstant independent ofv and s � �s.Proof: Let Ej := A�jj � ~A�jj denote the error matrix. By interpolation we know thatkEjk2̀2(J )!`2(J ) � kEjk`1!`1kEjk`1!`1 : (3.34)Let us assume �rst that 2j�j < #�j. By de�nition we have at most �j2j nonzero entriesper row and 
olumn in Aj. On a

ount of (3.33) we therefore havekEjk`1!`1 <� �j2jej <� �j2j 2��sj2j = �j2��sj: (3.35)Similarly we obtain kEjk`1!`1 <� �j2��sj. Thus, when 2j�j < #�j the assertion followsfrom these estimates together with (3.34).Suppose now that 2j�j � #�j, i.e. ej � 2�(�s+ 12 )jp�j=#�j. Now, by de�nition of Ejwe have at most #�j entries per row. ThuskEjk`1!`1 <� #�jej <� 2�(�s+ 12 )jp�j#�j: (3.36)21



Likewise we obtain kEjk`1!`1 <� �j2jej <� �j2�(�s� 12 )jq�j=#�j (3.37)Inserting (3.36) and (3.37) into (3.34) 
ompletes the proof. 2We 
an now turn to the work 
ount. The following result is in the spirit of earlierwork on matrix 
ompression, see e.g. [25, Theorem 9.9℄ and [31℄. However, the estimatespresented there do not apply dire
tly to the present situation as required. Therefore wesket
h a derivation trying to make as mu
h use as possible of related published material.In parti
ular, we refer to [25℄ for the pre
ise formulation of the quadrature rules alongwith 
orresponding error estimates. For the sake of simpli
ity we do not insist here onthe sharpest possible bounds.Theorem 3.9 For any boundary integral operator L from the 
lass 
onsidered in Se
tion1.1 any entry h �;L �0i 
an be 
omputed within an a

ura
y toleran
e " at a 
omputa-tional expense of O(jj�j � j�0jj2d j log "j2d) operations if d > 1 and O(jj�j � j�0jj3 j log "j2)if d = 1.Proof: Without loss of generality we 
an always assume " � 1=2. In what follows wesuppose that l := j�j � l0 := j�0j. For the 
omputation of a�0;� = h �0 ;L �i the domainof integration is devided into dyadi
 boxes[S�0 � S�℄ = K[j=1 L[i=12�0;j � 2�;i;where  �j2�;i;  �j2�0;j are lifted polynomials of degree m � 1, i.e. the 2�;i are the largestregions where the wavelet  � is a smooth fun
tion. Here the 
ells 2�;i will typi
ally havethe same size � 2�l. Therefore L is uniformly bounded, L <� 1. On the other hand, the2�0;j are 
ells in the support S�0 of  �0 
orresponding to all levels l00 between l0 and l andhave to be 
hosen so as to satisfy the admissibility 
onditionl00 < l =) dist(2�;i;2�0;j) � 2�l00r; (3.38)where r is �xed 
onstant to be spe
i�ed below. Hen
e their number s
ales like the di�er-en
e in levels with a 
onstant that depends on d, i.e.,K <� jj�j � j�0jj = jl � l0j: (3.39)Clearly, the diameters diam2�;i; diam2�0;j are then bounded by 2�l respe
tively, 2�l00,where l0 � l00 � l.Let 2 := [0; 1℄d be the unit d-
ube and suppose that 
�;i : 2 ! 2�;i and 
�0;j : 2 !2�0;j are analyti
 parametrizations. Denoting by ��;i and ��0;j0 the 
orresponding surfa
emeasures, the transported kernel fun
tionsk̂(s; t) := k(
�;i(s); 
�0;j(t))��;i(s)��0;j(t)22



are generally analyti
 standard kernels, that is, there exists a � > 0 su
h thatj��s ��t k̂(s; t)j . 2�(j�j+d)l2�(j�j+d)l00 (j�j+ j�j)!�j�j+j�j k
�;i(s)� 
�0;j(t)k�(d+2q+j�j+j�j); (3.40)see [25℄ for details. Now re
all that, as mentioned above  �(
�;i(s)) is a polynomial ins 2 2 of order m. Note that the normalization of  �;  �0 implies then for 0 � n < mj�nsi �(
�;i(s))j . 2( d2�q)l; j�nti �0(
�0;j(t))j . 2( d2�q)l02n(l0�l00); (3.41)while these derivatives vanish for n � m. Of 
ourse, the 
onstants depend on the (�xed)order m of the polynomials. The fa
tor 2n(l0�l00) in the se
ond inequality results from thes
aling indu
ed by 
�0;j and an inverse inequality sin
e 2�0;j is possibly only a portionof the domain where  �0(
�0;j) is a polynomial. Combining the estimates (3.40) and(3.41) and taking, in view of (3.38), k
�;i(s)� 
�0;j(t)k � 2�l00r into a

ount, we �nd bystraightforward estimates that for n � mEsk;n�;i;�0;j := j�nsk [k̂(s; t) �(
�;i(s)) �0(
�0;j(t))℄j . 2 d2 (l0�l)2�q(l+l0�2l00) n!(r�)n2(n+1�m)(l00�l);Etk;n�;i;�0;j := j�ntk [k̂(s; t) �(
�;i(s)) �0(
�0;j(t))℄j . 2 d2 (l0�l)2�q(l+l0�2l00) n!(r�)n ; (3.42)holds for all s; t 2 �. Now we �x r so that r� = 1.We shall approximate the integralI�;i;�0;j := Z2 Z2 k̂(s; t) �(
�;i(s)) �0(
�0;j(t))dt dsby a tensor produ
t Gauss quadrature formulaQQs;Qt�;i;�0;j as de�ned in [25℄. Following Lemma9.1 in [25℄, we have to estimate thenEQs;Qt�;i;�0;j := jI�;i;�0;j �QQs;Qt�;i;�0;jj <� maxk n 4�2Qs(2Qs)!Esk;2Qs�;i;�0;jo+maxk n 4�2Qt(2Qt)!Etk;2Qt�;i;�0;jo;where Qs; Qt are the (
oordinate) degrees of the tensor produ
t Gauss quadrature ruleson 2�;i;2�0;j, respe
tively, i.e. these rules are exa
t of 
oordinate degrees 2Qs; 2Qt, re-spe
tively. Consider �rst the 
ase dist (2�;i;2�0;j) � 2�lr whi
h implies l � l00. Then,invoking (3.42), we obtain the error boundEQs;Qt�;i;�0;j <� 2 d2 (l0�l)2�t(l+l0�2l00)(4�2Qt + 4�2Qs2(l00�l)(2Qs+1�m)): (3.43)Choosing Qs := 2Qt + (l � l00)m�122 + l � l00 ; (3.44)we obtain 4�2Qs2(l00�l)(2Qs+1�m) � 4�2Qt and thusEQs;Qt�;i;�0;j <� 2 d2 (l0�l)2�q(l0+l�2l00)4�2Qt: (3.45)23



There will generally remainO(1) nearly singular and singular integrals, i.e. dist (2�;i;2�0;j) <2�lr and l = l00. However, in 
ase of the nearly singular integrals we still have dist (2�;i;2�0;j) >2�l
�, where 
� depends only on �. Hen
e, it suÆ
es to 
hoose Qs = Qt as above for the
ase l = l00 and to apply an M -fold dyadi
 subdivision to both domains of integration,where M = �blog2(
��)
, in order to realize the error estimate (3.45). In fa
t, with-out su
h a subdivision we would obtain fa
tors of the form (4
��)�2Q in (3.45), whilethe subdivision gives rise to fa
tors of the form (4
��2M)�2Q � 4�2Q as needed above.The singular integrals are treated by transformation te
hniques [29, 30℄ and then like thenearly singular integrals.We are now prepared to assess the requirements on the quadrature that ensure a giventarget a

ura
y. On a

ount of (3.39) and L <� 1, to obtain now the desired a

ura
y" for a�0;� the individual quadrature 
ontributions Q�;i;�0;j have to be a

urate within atoleran
e of order "=jl� l0j. To a
hieve this one has to 
hooseQt � 14 �j log2 "j+ log2(l � l0) + d2(l0 � l)� q(l + l0 � 2l00)� : (3.46)This �xes Qs by (3.44). Note that (3.46) 
an be realized by some Qt whi
h is boundedfrom above like C(j log2 "j+ jl� l0j) for a suitable C. Therefore the number of quadraturepoints PL;Ki;j=1N�;i;�0;j 
an be estimated by j log2 "j2jl � l0j3 if d = 1. If d > 1 we 
anexploit the fa
t that Qs is 
onsiderable smaller than Qt when l00 is smaller than l, namely,Qs < 2Qt=(2 + l� l00) + (m� 1)=2. Summing over i; j 
an, in view of (3.39), be boundedby summing over l00 whi
h leads toL;KXi;j=1N�;i;�0;j <� lXl00=l0 [C(j log2 "j+ jl � l0j)℄d �2C(j log2 "j+ jl � l0j)2 + l � l00 + m� 12 �d<� (j log2 "j+ jl � l0j)2d;sin
e P1l=1 l�d <� 1 if d > 1. This �nishes the proof. 2We 
an now formulate the main result of this se
tion.Theorem 3.10 There exists a 
onstant C independent of v and s � �s su
h that, em-ploying the adaptive Gau�-Legendre quadrature te
hniques from [25℄ the work 
ount inTheorem 3.9 is based upon, the number of operations W (�;A) needed to 
ompute thematri
es ~A�jj , j = 0; : : : ; J = J(�;v) is bounded for every s � �s byW (�;A) � C��1=sjvj1=sAs : (3.47)Moreover, the work W (�;A;v) needed to 
ompute ~w� = PJj=0 ~Ajv[j℄), with v[j℄ = vj�j ,
an be estimated by W (�;A;v) � C(��1=sjvj1=sAs +#T (suppv)): (3.48)Proof: The following argument refers to a work 
ount of the formjj�j � j�0jjM 0j log2 "jM : (3.49)24



Above we have derived su
h bounds for M 0 = 2d+ 1, respe
tively M 0 = 2d and M = 2d.Let us denote by Wj for 0 � j � J(�;v) the work required for the 
omputation of ~A�jj .First it is easy to show that the turnover level jt for whi
h 2jt�jt � #�jt <� (2�sjt�)�1=sbehaves like jt � J2 � 
v; (3.50)where the 
onstant 
v depends on j log2 kvk`2(J )j.We 
onsider �rst the 
ase 2j�j � #�j, i.e. j � jt. Re
all from Proposition 3.8 thea

ura
y toleran
e (3.33) needed for the 
omputation of the entries of ~A#�j . Due toTheorem 3.9 and the 
ompression strategy (3.9), the work for 
omputing a matrix entryin ~A#�j is bounded by a 
onstant multiple of ĵd� 1!M 0 "log2 2��sj2j=2p#�j=�j!#M � CĵM 0(jM + j log �jM + j log2 �jjM + 
0v);where we have used (3.23) and 
0v depends on j log2 jvjAsj. In order to estimate the workWj one has to sum over �j2j entries in ea
h 
olumn of ~A�jj for #�j 
olumns. Re
allingthat j log2 �j � �sJ , we obtainWj <� #�j�j2j ĵM 0(jM + j log �jM + j log2 �jjM + 
v)<� jvj1=sAs ��1=s2�j( �ss�1)�jjM 0(jM + JM + 
v):Summing over jt � j � J gives, in view of (3.23) (see also (3.31)),JXj=jtWj <� jvj1=sAs ��1=s JXj=J=2 2�j( �ss�1)�j ĵM 0(jM + JM + j log2 �jjM + 
v) <� jvj1=sAs ��1=s;where we have used (3.50) and the fa
t that PJj=J=2 �j ĵM 0JM <� 1.In the the remaining 
ase 2j�j � #�j, i.e. j < jt, the work for a single nonzero matrixentry in ~A#�jj is, again in view of the 
orresponding target a

ura
y from (3.33), boundedby  ĵd� 1!M 0 (j(�s+ 1))M � CĵM+M 0;and we have to 
ompute at most �j2j#�j nonzero matrix 
oeÆ
ients inA�jj . Summationover 0 � j < jt � J yields on a

ount of (3.31)jtXj=0 Wj <� jtXj=0 �j ĵM+M 02j#�j <� jvj1=sAs ��1=sXj�0 ĵM+M 0�j2j(1��s=s) <� jvj1=sAs ��1=s;where we have used again that �j is 
hosen to de
ay so fast that Pj2N ĵM+M 0�j < 1.This 
ompletes the proof of (3.47). Sin
e A�jj and ~A�jj have the same pattern of nonzeroentries, (3.48) follows immediately from Remark 3.6. This 
ompletes the proof. 225



The above 
onsiderations give rise to the following evaluation s
heme:Apply [�;A;v℄! w�Given any finitely supported v and any target a

ura
y � > 0 performthe following steps:� Determine the layers �j, j = 0; : : : ; J = J(�;v) a

ording to (3.13).using the Binev-DeVore to generate the Tj as indi
ated (see [8℄);� Determine the 
ompression pattern in terms of the 
olumns S�j , � 2�j, j = 0; : : : ; J of the matri
es Aj.� Compute the 
ompressed blo
ks ~A�jj , j = 0; : : : ; J by the adaptivequadrature te
hniques.� Compute w� := JXj=0 ~Aj(vj�j): (3.51)When L is symmetri
 positive de�nite (as in the 
ase of the single layer potential)the pre
onditioner C appearing in the residual (2.12) 
an be taken as a damped identityC = �I, where the 
hoi
e of � depends on some estimates for the 
onstants appearingin (2.2) and (1.5). Thus Res is given by (2.13). When L is not symmetri
 or inde�niteone 
an, in prin
iple, take C = �AT again with a suitable damping parameter � > 0.An appli
ation of AT 
an be done by the same s
heme and Res takes the form (2.14).Alternatively, for saddle point problems everything 
an be redu
ed to an Uzawa-basedrealization of operators. In all these 
ases the s
heme Apply given above in 
onjun
tionwith Coarse (bin-thresholding for P = J J or tree 
oarsening for P = IT , see (2.13))gives rise to a realization of Res whi
h is s�-sparse for some s� > (m�t)=d. In parti
ular,it follows now from Theorem 3.2, Proposition 3.3, Corollary 3.4, Proposition 3.8 andTheorem 3.9 that the requirements of Remark 3.7 are satis�ed. The following result isthen an immediate 
onsequen
e of Remark 3.7 and Theorem 2.3.Theorem 3.11 Let Apply be de�ned as above and C be either one of the above 
hoi
esdepending on the properties of the operator L of potential type. The realization of Solve basedon the residual approximation Res of the form (2.13) or (2.14) is asymptoti
ally optimalin the sense of Theorem 2.3.We have deliberately kept the stru
ture of the s
heme Solve simple for two reasons.First, in 
ombination with a suitable 
hoi
e of C it gives a s
heme with asymptoti
allyoptimal 
omplexity for a wide range of problems that need neither be symmetri
 nor
oer
ive. Se
ond we wish to bring out the essential me
hanisms re
e
ted by the notion ofs�-sparsity or by the resulting key requirements on the s
heme Apply given in Remark2.6. These latter fa
ts identify the essential features of Apply that are needed in allvariants or spe
i�
ations of Solve. Those 
an be realized with the aid of the quadraturete
hniques outlined above. 26



We stress, however, that in any 
on
rete appli
ation the prototype s
heme Solve needsto by spe
i�ed in order to ensure a good quantitative performan
e. We shall address thisissue in the next se
tion.4 Implementation and Numeri
al ResultsTheorem 3.11 so far gives only a 
omplexity estimate in the asymptoti
 sense. A poorquantitative performan
e 
ould arise from several sour
es. (i) For instan
e, Coarse willalways redu
e the size of a 
urrent approximation by a 
onstant fa
tor but this fa
tor maybe very large whi
h means that many previously 
omputed degrees of freedom are thrownaway. Moreover, the 
oarsening parameter depends on an upper bound of the 
urrent errorobtained by su

essive halving (see step (iii) of Solve). The 
urrent error and the lefthand side of (2.15) 
ould a
tually happen to be mu
h smaller than the right hand side.Therefore one 
ould estimate the 
urrent error bound through the 
omputed approximateresidual, namely the left hand side of (2.15). (ii) Using the simple pre
onditioner C = �I,one may be for
ed, based on the available estimates for the 
onstants in (1.5) and (2.2),to 
hoose � rather small whi
h results in a (�xed but) bad error redu
tion in (2.1). (iii)A 
orresponding frequent re
omputation of the 
ompressed matri
es would take its tollin 
omputing time, although the asymptoti
s remain the same.It is therefore important to 
omplement the asymptoti
 analysis by numeri
al testsin 
ombination with further spe
i�
ations of the algorithmi
 ingredients. Here we shalldemonstrate this for the boundary integral formulation of Lapla
e's equation based on thesingle layer potential (1.2) whi
h gives rise to a symmetri
 positive de�nite problem. On
an then take additional advantage of this additional stru
tural information with regardto all the above points (i) - (iii).Residual Coarsening: Somewhat in spirit of an earlier version of Solve from [6℄ theissue of 
oarsening (i) 
an be addressed as follows. It is shown in [20℄ that, when dealingwith symmetri
 positive de�nite (H-ellipti
) problems, one 
an get rid of 
oarsening the
urrent approximation of u provided the residual is 
oarsened properly. More pre
isely,only that part of the residual having 
omponents outside the support of the 
urrent inputve
tor v need to be 
oarsened so that the thresholding is not diluted by ina

urate interiorresidual 
omponents. We refer to [20℄ for a detailed analysis and 
orresponding estimates.Why Trees? The above analysis 
overs the 
ase of un
onstrained N -term approximationas optimality ben
h mark. However, the eÆ
ien
y of implementations bene�ts essentiallyfrom tree stru
tured index sets regarding the determination of the predi
tion set T� from(3.15) as well as the 
omputation of the 
ompressed (sub)matri
es in linear time. This dueto the fa
t that to a large extent the te
hniques developed for matrix 
ompression in thenonadaptive 
ase in [15, 25℄ 
an still be employed in essentially the same way with properly
hosen threshold parameters, see Theorem 3.10 above. In fa
t, in this setting the index sets
ontained always all wavelets up to some highest level J whi
h are spe
ial 
ases of trees.The 
omputation of entries h �;L �0i = a�;�0 for (up to parametri
 lifting) pie
ewisepolynomial wavelets was redu
ed to an elementwise 
omputation of integrals based on27



an elementwise representation of the wavelets in terms of polynomial shape fun
tions.Moreover, when using tree stru
tured index sets one 
an still employ the \re
y
ling"te
hniques from the non-adaptive setting. We refer to [24, 25℄ for 
orresponding details.In parti
ular, when determining the 
ompression pattern we 
an in the present 
ase stilltake advantage of the fa
t that when � 2 �j, say, then the father �̂ belongs to some �j0 forj 0 � j. Moreover, we still have that whenever for j�̂j � j�j an entry ~a�̂;� of the 
ompressedmatrix vanishes, then also ~a�;� = 0 for the son � of �̂. Espe
ially when j�̂j = j�̂j then~a�̂;�̂ = 0 implies ~a�;� = 0 for the sons �; �.Moreover, one 
an still take advantage of symmetrization as des
ribed in [25℄ for thenonadaptive 
ase. It suÆ
es to 
ompute only the 
olumns of the 
ompressed matri
es inthe lower half of the 
ompressed matrix and 
omplete the matrix by symmetry. Re
allfrom Theorem 3.2 the approximation w� =PJj=0Ajvj�j 
an be s
hemati
ally written as
(Av)approx = 24 AJ AJ�1 AJ�2 � � � A0 A�1 35 � 266666664

vj�Jvj�J�1vj�J�2...vj�00j��1
377777775where T�1 := T�, i.e., ��1 := T� n T0. This involves (formally) a (#T�) � (#T�) matrix.Suppose now that only the signi�
ant entries of the 
olumnA�jj , identi�ed by (3.9), belowand up to the diagonal have been 
omputed approximately by the quadrature te
hniquesdes
ribed above. Note that, whenever �0 2 S�j belongs to the support of the 
olumn A�jwith j�0j > j�j. By symmetry also � 2 S�0j , i.e., a�0;� = a�;�0 needs to be 
omputed. Thus,re
e
ting the lower part of the 
olumns of ~A�jj a
ross the diagonal 
reates a matrix whoseentry pattern 
ontains the one of ~A�jj . Therefore,(Av)approx = 26664 AJ;J AJ;J�1 : : : AJ;0AJ�1;J AJ�1;J�1 : : : AJ�1;�1... ... ...A0;J A0;J�1 : : : A�1;�1

37775 � 26664 vj�Jvj�J�1...0��1
37775 : (4.1)gives rise to an even more a

urate approximation, where the involved symmetri
 matrix
an be generated along the lines of [25℄.The Pre
onditioner: In spite of the linear work 
ount, the 
omputation of the 
om-pressed matri
es is the most time 
onsuming part. So it would be reasonable to exploitthe invested work as mu
h as possible. Upgrading a

ura
y after every appli
ation ofRes would degrade the quantitative performan
e signi�
antly. This 
an be remedied byfreezing the spa
e asso
iated with the 
urrent predi
tion set T�, 
omputing the residual ata somewhat higher a

ura
y and then use any pre
onditioner to solve the 
orresponding�xed Galerkin problem within a suitable a

ura
y. Formally this pro
ess 
ould be viewedas the appli
ation of C. In the subsequent numeri
al tests this is 
ombined with the28



residual 
oarsening version mentioned above.Numeri
al Results: We shall present next our numeri
al results. We solve an interiorDiri
hlet problem for the Lapla
ian by the indire
t approa
h using the single layer po-tential operator. This gives rise to a Fredholm integral equation of the �rst kind for anunknown density u. As domain 
 we 
onsider the Fi
hera vertex [0; 1℄3n [0; 1=2℄3 as a �rstexample and a 
rankshaft as a se
ond one. The surfa
e of the geometries are representedvia 12 and 142 pat
hes, respe
tively, as depi
ted in Figure 4.1.

Figure 4.1: The Fi
hera vertex and the 
rankshaft.As Diri
hlet data we 
hoose the restri
tion of the harmoni
 fun
tionU(x) = (a; x� b)kx� bk3 ; a = (1; 2; 4); b = (1:5; 0; 0) 62 
to �. Then, U is the unique solution of the Diri
hlet problem. We dis
retize the givenboundary integral equation by pie
ewise 
onstant wavelets with three vanishing moments.We emphasize that we do not know the density fun
tion u in the indire
t method. How-ever, sin
e the density u exhibits the singularities of both, the interior and exterior Lapla
eequation, it is in fa
t not in H1(�).In order to measure the error produ
ed by the method, we 
onsider point evaluationsUN = AuN inside the domain, whi
h yields the following estimate in 
ase of the best-N -term approximationjU(x)� UN (x)j = jA(u� uN)(x)j . ku� uNkH�1=2(�) . N�0:75:To remain on save grounds, we evaluate the approximate solution in several points insidethe domain. Then, denoting the dis
rete potentials byU := [U(xi)℄; UN := [(AuN)(xi)℄;29



we measure the error kU�UNk1.n N (n) nnz (res(n�1)) kres(n�1)k kU�UN(n)k1 % 
pu-time1 45 48 2.4 4.6e-1 100.00 02 126 185 1.7 1.7e-1 87.25 03 349 504 6.3e-1 1.0e-1 51.96 14 916 1496 3.2e-1 6.5e-2 29.66 25 2353 4210 1.5e-1 1.7e-3 13.81 136 5200 10701 7.9e-2 1.1e-3 6.50 367 11531 24408 4.9e-2 1.0e-3 2.98 958 25011 58261 3.0e-2 4.7e-4 1.34 2439 54044 129223 2.0e-2 2.9e-4 0.62 60910 119966 293707 1.2e-2 1.7e-4 0.27 155811 246318 664292 8.5e-3 4.9e-5 0.13 3818Table 1: Numeri
al results with respe
t to the Fi
hera vertex.First, we list in Table 1 the results produ
ed by the adaptive wavelet Galerkin s
hemein 
ase of the Fi
hera vertex. We start the iteration with the single s
ale basis, thatis the number of a
tive 
omponents is N (0) = 12. The �rst 
olumn shows the numbern of the iteration step, the se
ond one the a
tual number of unknowns N (n), whi
h arederived from the 
oarsening of the residuum res(n�1) of the previous step. Its supportlength and norm is presented in the third and fourth 
olumn. The 
olumn entitled by\kU �UN(n)k1" refers to the error of the potential. A

ording to Figure 4.2 both, thenorm of the residuum and the potential, behave like the best possible rate N�0:75. The
olumn entitled by \%" refers to the number of nonzero 
oeÆ
ients (measured in per
ent)of the Galerkin matrix. It veri�es that the Galerkin matrix be
omes also quite sparse inthe adaptive 
ase. The last 
olumn refers to the 
pu-time required to 
ompute and 
oarsenthe residual arising from the previous iteration and to 
ompute and solve the Galerkinsystem of the a
tual iteration. The 
pu-time seems in fa
t to s
ale linearly with thenumber of unknowns.Next, we 
onsider the more 
ompli
ated 
rankshaft as domain 
. As for the Fi
heravertex, we listed the observed results in Table 2. We start again the iteration with thesingle s
ale basis, that is N (0) = 142. Also in this example both, the norm of the residualand the potential, behave like N�0:75, see also Figure 4.3. Likewise to above, the Galerkinmatrix is quite sparse while the 
pu-time seems to s
ale linearly with the number ofunknowns.Referen
es[1℄ A. Barinka, Fast 
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