UNIFORM PRECONDITIONERS FOR A PARAMETER
DEPENDENT SADDLE POINT PROBLEM WITH APPLICATION
TO GENERALIZED STOKES INTERFACE EQUATIONS
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Abstract. We consider an abstract parameter dependent saddle-point problem and present
a general framework for analyzing robust Schur complement preconditioners. The abstract anal-
ysis is applied to a generalized Stokes problem, which yields robustness of the Cahouet-Chabard
preconditioner. Motivated by models for two-phase incompressible flows we consider a generalized
Stokes interface problem. Application of the general theory results in a new Schur complement
preconditioner for this class of problems. The robustness of this preconditioner with respect to sev-
eral parameters is treated. Results of numerical experiments are given that illustrate robustness
properties of the preconditioner.
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1. Introduction. Let H; C Hs and M be Hilbert spaces such that I : Hy — Ho
is a dense embedding. Let there be given continuous elliptic bilinear forms a : H; X
Hy — R, ¢: Hy x Hy — R and a continuous bilinear form b : H; x M — R that
satisfies a standard infsup condition. Operators corresponding to these bilinear forms
are denoted by A: Hy — H{, C: Hy — H} and B : M — Hj, respectively. In this
paper we consider the following saddle-point system: Find (u,p) € Hy x M such that

Au+7Cu+ Bp =
sy = g

with f € Hj and a parameter 7 > 0. Similar abstract saddle point problems are
thoroughly analyzed in the literature, eg. [6, 11]. Important examples that fit in this
general setting are the stationary Stokes equation (then 7 = 0) and the so-called
generalized Stokes problem, which results from an implicit time integration applied
to a nonstationary Stokes equation (then 7 is proportional to the inverse of the time
step). Another (less standard) example, which motivated the research that led to the
results presented in this paper, is the following generalized Stokes interface problem.
Assume bounded Lipschitz subdomains Q1 and Qs of Q C R? such that Q = Q1 U Qa,
Q1 NQy = 0. The boundary between the subdomains is denoted by I' = 91 N 0.
Consider a problem of the following form: Find u and p such that

—div (v(x)Du) + Tp(x)u + Vp =£f in y,
divau=0 inQg, k=12
fu] =0, [o(u,p)n] =g on T
u=0 on 99

(1.2)
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In this formulation we use standard notations: o(u,p) = —p I + 2v Du is the stress
tensor, Du = 1(Vu + (Vu)T) the rate of deformation tensor, n is a unit normal
vector to I, [a]|r = (ala, — alq,)|r. We assume piecewise constant viscosity (v, > 0
in Q) and density (pr > 01in Q). An important motivation for considering this type
of generalized Stokes interface equations comes from two-phase incompressible flows.
Often such two-phase problems can be modeled by time-dependent Navier-Stokes
equations with discontinuous density and viscosity coefficients, [4, 9, 12, 21, 22]. A
localized force g on I' can be used to describe the effect of surface tension. If in such
a setting one has highly viscous flows then the nonstationary Stokes equations are a
reasonable model problem. After implicit time integration one obtains a problem of
the form (1.2). A variational formulation of this problem results in a saddle point
problem of the form (1.1).

A Galerkin discretization appoach applied to (1.1) results in a finite dimensional
saddle point problem. In the examples mentioned above one applies iterative methods
for solving the matrix-vector representation of such discrete problems, cf.[1] for a
recent overview. Most of these iterative solvers use block preconditioners [8, 10, 14,
19, 23]. For such methods a good preconditioner of the Schur complement is crucial
for the efficiency of the iterative solver. There is an extensive literature on this issue
of preconditioning the Schur complement. We mention results that are related to
those presented in this paper. For the generalized Stokes problem one is interested
in a preconditioner that is robust with respect to variation in both h (mesh size
parameter) and 7. Such a preconditioner was introduced by Cahouet and Chabard in
[8]. A proof of robustness of this preconditioner (w.r.t. 7 and h) in a finite element
setting is given in [5]. An analysis of robustness (w.r.t. 7) of this method in a
continuous setting can be found in [13]. In a recent paper [15] an analysis is presented
which shows how the construction of this Cahouet-Chabard preconditioner is related
to certain mapping properties of the gradient operator. This results in a unifying
framework in which robust preconditioning of both the continuous and the discrete
Schur complement can be analyzed. In [16] it is noted that an important assumption
about the regularity of the stationary Stokes problem is hidden in the proof of lemma
1 in [15] and not stated explicitly.

We do not know any literature in which Schur complement preconditioners for
the generalized Stokes interface problem (1.2) are treated. A preconditioner for the
stationary Stokes interface problem, i.e., 7 = 0 in (1.2), that is robust with respect to
the size of the jump in v across the interface is introduced and analyzed in [17, 18].

The two main topics of this paper are the following.
Firstly, we extend the analysis that is presented in [15] for the generalized Stokes
problem to the general abstract saddle point problem (1.1), resulting in an abstract
framework for analyzing the Schur complement S = B/(A+7C)"'B: M — M’'. In
this framework we obtain a natural preconditioner S for this Schur complement. We
show that a spectral inequality S < S that is uniform with respect to 7 is easy to
derive. For a uniform spectral inequality S < S, however, we need a certain bound-
edness property for the orthogonal projection P : H] — B(M) C H] (assumption 1
below). We apply the abstract theory to the continuous and to the discrete general-
ized Stokes problem. The preconditioner S then coincides with the Cahouet-Chabard
preconditioner. To prove the robustness with respect to 7 we have to verify the bound-
edness property, which turns out to be a regularity property for the stationary Stokes
problem that is very closely related to the “hidden” assumption in [15] (cf. [16]). The
preconditioner S = S, is of the form 5‘;1 =1, + T(B{lch_lBh)’l, where I, is the
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identity on the pressure finite element space M}, and By, C}, are discrete analogons of
the operators B, C' in (1.1). We show that if M, C H'(Q) holds, the operator S, * is
uniformly spectrally equivalent to the simpler operator S n = I, +7N n 1 with N, h 1
a solution operator of a discrete Neumann problem in the space My,.

Secondly, we introduce and analyze a Schur complement preconditioner for the
generalized Stokes interface problem (1.2). This preconditioner is new and is ob-
tained by applying the general abstract analysis to the variational formulation of the
generalized Stokes interface problem. In this interface problem it is interesting (for
two-phase flows with large differences in viscosity and density of the two phases) to
have a preconditioner that is robust not only with respect to variation in 7 but also
with respect to the jumps in v and p across the interface. From our general analysis
applied to the continuous generalized Stokes interface problem it follows that a spec-
tral inequality S < S holds uniformly with respect to 7 and the jumps in v, p. For
the spectral inequality S < S we can only show uniformity with respect to 7. An
equality S < S that is uniform w.r.t. the jumps in v and p, too, would hold if we
could verify the boundedness assumption formulated in the abstract theory. It turns
out, however, that this requires certain regularity results for the stationary Stokes
interface problem that are not known in the literature. This issue of the dependence
of the constant in the spectral inequality S < ¢S on the jumps in v and p will be
treated in a forthcoming paper.

The preconditioner for the continuous generalized Stokes interface problem has
an obvious discrete analogon. For a standard finite element discretization (Pa-Py
Hood-Taylor) we present results of numerical experiments that illustrate robustness
properties of this preconditoner for the discrete Schur complement.

The remainder of paper is organized as follows. In section 2 we present a general
analysis for the abstract problem (1.1). We introduce a preconditioner S for the Schur
complement S and derive spectral inequalities S <S8 < S. A crucial assumption to
obtain the lower spectral inequality uniformly in 7 is introduced in section 2.5. In
sections 3 we apply the general theory to the continuous generalized Stokes problem
and we show that this crucial assumption corresponds to a regularity assumption for
the stationary Stokes equations. In section 4 we consider a finite element discretiza-
tion of the generalized Stokes problem with an LBB stable pair of spaces and show
how the general theory can be used to prove robustness of the Cahouet-Chabard pre-
conditioner. In section 5 we apply the abstract analysis to the continuous generalized
Stokes interface problem (1.2) and derive a robust preconditioner for the Schur com-
plement. This preconditioner has an obvious discrete analogon. In section 6 results
of numerical experiments are presented that illustrate certain robustness properties
of this discrete Schur complement preconditioner.

2. General analysis. Consider Hilbert spaces H; and M. In section 2.1 we
describe a parameter dependent saddle point problem in the pair of spaces H; x M.
We are interested in a uniform (w.r.t. variation in the parameter) preconditioner for
the selfadjoint and positive definite Schur complement operator S : M — M’. In
section 2.2 we collect some results that will be used in our analysis. In section 2.3
a Schur complement preconditioner S is introduced. In the sections 2.4 and 2.5 we
prove uniform spectral inequalities S < S and S < S, respectively.

Apart from H; we will also use a Hilbert space Hy such that H; C Hs and
I : Hy — H, is a continuous dense embedding. We use (-,-)g to denote a scalar
product in a Hilbert space H and (-, ")y x g for the duality pairing. The subscripts
are omitted when these are obvious from the context.
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2.1. A parameter dependent saddle point problem and its Schur com-
plement. In this section we introduce a parameter dependent saddle point problem.
Assume continuous symmetric bilinear forms a : H; x H; — R, ¢: Hy X H, — R and
a continuous bilinear form b : H; x M. For the analysis given below it is convenient
to introduce corresponding linear mappings

A:Hy — Hi, (Au,v)=a(u,v) forall u,ve H
C:Hy — H, (Cu,v)=c(u,v) forall u,ve Hy
B: M — Hj, (Bp,v)=>b(v,p) forall pe M, ve H;
For these mappings we assume that there exist positive constants V4, ', Ve, I'e, Vo, L'p,s
such that
Yallullz, < |Aullg; < Tallulls,  for all w e Hy
Yellull gy < ||C’uHHé <T.||u|lg, forall ue Hy
Yollpllar < |Bpllay < Tollpllar  for all p e M

1

N
OIS
o~

= =

Note that the operator A : Hy — Hj is selfadjoint: (Au,v) g u, = (Av, u)myxm,
for all u,v € Hy. The operator C : Hy — HJ is selfadjoint, too.

REMARK 1. The properties in (2.1)-(2.3) are fulfilled if the following ellipticity,
continuity and infsup conditions hold:

YallullFr, < alu,w), a(u,v) <Tolullm,l[v)|m, forall u,ve H;

Yellullf, < eu,u),  e(u,v) < Tellullm,|lvllm,  for all u,ve Hy

b(v,p
wllpllar < sup 202
vEH, ||UHH1

b(v,p) < Tpllv]|m, |lpllar forall ve Hy, pe M

Consider the following general saddle point problem: Given 7 > 0 and f € Hj, find
(u,p) € Hy x M such that

a(u,v) + Te(u,v) + b(v,p) + b(u,q) = f(v) forall ve Hy, g€ M. (2.4)
The problem (2.4) can be rewritten in operator formulation: find (u,p) € H; x M
such that

Au+717Cu+Bp = f
( 0 @)

B'u =

Standard analyses of saddle point problems (e.g., [6]) yield that this problem has a
unique solution. The Schur complement

S:=B(A+70)"'B

of the system is a selfadjoint positive definite operator S : M — M’. It defines a
scalar product (and corresponding norm) on M:

1 (Bp,v)
=(Sp,p)? = sup ——— , eM 2.6
Iplls := (Sp,p) sup (At Cpo)b P (2.6)

ExaMPLE 1. For the nonstationary Stokes system on a bounded connected Lip-
schitz domain Q C R? we take the spaces

Hy, :=H}(Q), Hy:=L*Q), M =L3Q)
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with scalar products
(w, V), = (YU, VV) 2, (0, 0)m, = (0, V)2, (P, q)ur = (P q)r
The bilinear forms are
a(u,v) = (Vu,Vv)r2, c(u,v):=(u,v)r2, b(v,p):=—(p,divv)2
and the problem is as follows: Find (u,p) € H; x M such that

a(u,v) + re(u,v) + b(v,p) = f(v) forall ve H
b(u,q) = 0 forall ge M

Recall the infsup inequality (Necas inequality):

div,
sup ivy,p) > wllplle, forall pe M

veH; HVVHLz

with 4, > 0. Using this one easily verifies that conditions in (2.1)—(2.3) are satisfied
with v, =T =7, =T.=Tp =1, 74 > 0 the constant from the infsup inequality.

2.2. Preliminaries. In this section we derive some properties of the saddle point
problem (2.5) that will be used in the analysis of the Schur complement preconditioner.
We use the concept of sums and intersections of vector spaces (cf. [3]). The idea of ap-
plying this concept in the analysis of Schur complement preconditioners is introduced
in [15].

Let X,Y be compatible normed spaces, i.e., both X and Y are subspaces of some
larger topological vector space Z. Then we can form their sum X 4+ Y and intersection
X NY. The sum X 4+ Y consists of all z € Z such that we can write z = x 4+ y with
z € X,yeY. The spaces X NY and X + Y are normed vector spaces with norms

1
Izl xny = (lzl% +12]3)*  (@eXnY)

1
el = inf (lalk +Iul})?  (@eX, yev)

If X and Y are complete then both X NY and X +Y are complete (Lemma 2.3.1 in
[3]). A few properties that we will need further on are given in the following lemma.
The space of bounded linear mappings X — Y is denoted by £(X,Y).

LEMMA 2.1. Let X1, X5 and Y1,Ys be pairs of compatible normed vector spaces
and let T be a linear mapping on X1+ Xo such that T € L(X1,Y1)NL(X2,Y2). Then
T: X1+ Xo — Y1+ Y5 is bounded and

1Tl x 4 xa—vive < (1T, —y, + 1715, —v,) ? (2.8)

holds. If X1 and Xo are Hilbert spaces such that X1 N X5 is dense in both Xy and
Xo, then (X1 N Xo) = X1 + X, holds and

l9ll(xinxz) = N9l xg4x;  for all g € (X1N Xa) (2.9)

Proof. Proofs are given in [3]. Since these results are fundamental for our further
considerations, we present an elementary proof to make the paper self-contained.
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Consider z € X and an arbitrary decomposition x = x1 + z2, 1 € X1, T2 € Xo.
For T'x = T'x1 + Txo we have

1
2

1
1T zlviy, =, inf (ynll5s + llw2l%,)* < (17215, + 1 T2203,)

1 1
S T~y + 1T —v,) 2 (2, + llz2ll,)?

Since the decomposition z = x1 + x2 is arbitrary we obtain

1
1T 2llvi+ve < (1715, —yy + 1T 1R, - v,) 2 2l

Thus (2.8) is proved.

To prove the second part of the lemma consider arbitrary g € X] + X} and take
x € X1 N X,. For an arbitrary decomposition g = g1 + g2 with g1 € X7, g2 € X} we
have g(x) = g1(x) + g2(z) and thus

1 1
l9@)| < (lgallx; + lgalliy) 2 (lzl%, + ll=l%,)2

This yields

. 1
lg@)| < inf (lg1ll%; + llg2ll%) 2 1zl xinxe = gl xgex; 12l xinxs-
9=91+g2 1 2

Therefore (X1 N X»)" O X{ + X3 and ||g]|(x,nx,) < ||g||x§+X5-

Now take g € (X1 N X3)'. Since X7 N X5 with scalar product (-,-)x, + (-, ") x, is
a Hilbert space, there exists an element G € X; N X3 such that g(x) = (G,2)x, +
(G,x)x, for all z € X1 N X5 and

1
I9ll(xinx2) = [Gllxinx. = (IGI%, +1G1%,)>

For i = 1,2 define §; : v — (G, 2)x, for all ¥ € X;. Then §; € X/, |4illx; = |Gl|x,
and g(z) = §1(z) + go(z) for all z € X7 N X5. Because X1 N X7 is dense in X; and
in X5, both §; and g, are uniquely defined by their values at x € X7 N X5. Hence we
get g = g1+ g2 € X{ + X} and

. 2 2 \3
l9lxiexg = _inf  (lgall; + lg2llx;)

1
2

< (19115 +1921%;)* = (IG11%, +IG1I%.)

which completes the proof. 0O

= ||g||(XlﬁX2)/

In the remainder we assume 7 > 0, unless stated otherwise. By 7H> we denote
the space Hy with the scaled scalar product 7(-,-)p,. Using the previous lemma we
obtain the following equivalence result for the Schur complement norm in (2.6).

THEOREM 2.2. For all p € M we have

min{a, YeHPII$ < 1BPII% 411, < max{Ta,Te}llpl5 (2.10)

Proof. For p € M we have

Bp,v
1Bl vy = sup —— 2 2.11)
ety (ol + 7llol,)3
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Due to the properties of A and C' and the definition of || - ||s we get

min{Ya, Y|Pl < 1 BpItk, nrr,y < max{Ta,Te}|plls forall pe M

Now we apply the result in (2.9) to the case X1 = Hi, Xo = 7Hy. Note that H; N
TH> = H; (this should be understood as equality of sets) and that the intersection is
dense in 7Hs. Hence, we get

1Bpll (runr 2y = 1Bl By -1y

and thus the result is proved. 0O

REMARK 2. For the nonstationary Stokes problem described in example 1 we
obtain

(Sp.p)r2 = |Vplf-1r 12 forallpe L3(Q) .

We introduce a subspace W of M:
W={peM | Bpe H)} (2.12)
and define the following functional on W:

(Bp,v)
= sup ——2L 2.13

The lemma below summarizes several useful properties of .
LEMMA 2.3. The following holds

Il - lw defines a norm and (W, || - |lw) is a Hilbert space, (2.14)
I: W — M is a continuous embedding, (2.15)
B(W) s a closed subspace of H} , (2.16)
If dim(Hs2) < oo then W = M holds. (2.17)

Proof. First we prove (2.16). From the definition (2.12) we have B(W) = B(M)N
H). Thanks to (2.3) B(M) is closed subspace of H{. From the assumption that
H! — Hj is a continuous embedding, it follows that B(M) is closed subspace of Hj.
Thus B(W) is closed in Hj.

To prove (2.14) and (2.15) we note that for all p € W we have

_1 _1
Lo 21Bpllay < llpllw < e * 1Bpll g,

1
Ipllar < yb_l”BpHH{ < c||BpHHé < ¢ |pllw  with ¢ independent of p

Hence, ||-||w indeed defines a norm on W and I : W — M is a coninuous embedding.
Moreover, since B(W) is closed in H) and B: W — B(W) is bounded (W, || - ||w) is
a Banach space. It remains to define a scalar product on W that induces | - ||w. For

this we need the adjoint of B: W — HJ. Recall that B’ : H; — M’ is the adjoint
of B: M — Hj, ie, (B'v,p)mxm = (Bp,v)g;xm, for all v € Hy,p € M. To
distinguish from this adjoint we use the notation B} for the adjoint of B : W — HJ.
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Hence, (Byv, p)yw'xw = (Bp,v)uyxm, for all v € Hy, p € W. Using this we define
So: W — W' by

S, :=ByC™'B (2.18)
and we get

Ipll5y = (Sap,p)wixw forall peW (2.19)

Thus the scalar product on W that corresponds to || - ||w is given by (p,q)w =
(SQPa q>W/><W-

From dim(H3) < oo and the assumption that the embedding H; < Hj is dense
it follows that Hy = Hy (with possibly different norms) and that g € Hj iff g € Hj.
Using that Bp € Hj for all p € M we conclude that W = M holds. O

In our analysis we will need the orthogonal projection on B(M) in H{. This
projection, which is well-defined since B(M) is a closed subspace of Hj, is denoted
by P. The following lemma gives another characterization of this projection P.

LEMMA 2.4. Let I, : Hy — Hj be the Riesz isomorphism, i.e., (Iyu,v) = (u,v)m,
for all u,v € Hy. For f € H{ let (u,p) € Hy x M be the unique solution of

Lu+Bp=f
Bu=0

Define the solution operator Sy : H] — M by f — p. Then P = B Sy holds.
Proof. For arbitrary f € Hj we have BS;f = Bp € B(M) and for any ¢ € M:

(f = Bp, Bq)u; = (I '(f — Bp), Bq)u, xrt; = (t, Bq)rt, wert; = (B'w, @) i = 0

and thus the result holds. 0O

2.3. Schur complement preconditioner. We introduce the norm
1
Ipllas e = inf (Ilp—allas + 7 alliv)* (2:20)

From the analysis below (section 2.4 and 2.5) it follows that (under a certain as-
sumption) this norm is uniformly (w.r.t. 7) equivalent to ||p|ls = (Sp,p)=. It is not
obvious how to use ||p||ar4--1w to construct a feasible preconditioner for the Schur
complement S. In this section we address this issue.
Let Ipr : M — M’ be the Riesz isomorphism. Because I : W — M is a continuous
embedding we have Iy (W) C W’. The mapping Ips : W — W' is denoted by Iy
(note that in general this is not the Riesz-isomorphism in W).

THEOREM 2.5. Define S: M — M’ by S = Iy — Iny(Iyy + 7 1S2) = 15y with Sy
defined in (2.18). Then S is selfadjoint and positive definite and

1Pl r—1w = (Sp.p)  for all pe M (2.21)

Proof. By assumption the operator C~! : H) — H} is selfadjoint, therefore S is
selfadjoint as well.



With the help of elementary variational analysis we see that the infinum on the
right handside in (2.20) is attained for ¢ € W that satisfies

(G—p, O +7 G w =0 forall & € W.

This can be reformulated in operator notation, using the definition of the W-scalar
product:

(In(G—p) + 71524, )wixw =0 forall €W (2:22)
Note that In;p € M’ C W’ holds. The solution § € W of (2.22) is given by
(Iw 4+ 77"82)§ = Inp
and thus ¢ = (Iy + 77 182) "1 Iyp. A straightforward computation yields
P13 472w = o= @li3 + 7 Hdllfy = (0 — @ p)ar = (Tna(p — @), p)-

Substituting ¢ = (Iw + 77'S2) " Ixp, we obtain (2.21). From (2.21) it follows that
S is positive definite. 0O

In the setting of preconditioning one is interested in the inverse of the preconditioner.
By a straightforward computation one can check that the inverse S 1M — M of
S is given by

Sh=1 + 7S5t (2.23)

2.4. Uniform spectral bound S < §. The proof of a spectral bound S < ¢S
with a constant ¢ independent of 7 is very simple.

THEOREM 2.6. Define I'y = % For all p € M we have

(Sp,p) < Ts(Sp,p)

Proof. From theorem 2.2 we get

2
<Sp7p> < }HBpHH{JrT*lHé

min{'ya y Ve

From (2.2) and the definition of || - ||y we have
1
IBllsr—m; <To, [ Bllw—n, <T2
and thus from (2.8) we obtain

1
I Bo|l ey v 111, < (T3 + L) 2 Ipll pgr—1w

Hence, using theorem 2.5, we obtain

1Bl gy 4r 111, < (U5 +Te)(Sp,p)



2.5. Uniform spectral bound S < S. The derivation of a spectral inequality
S < &S with a constant é > 0 independent of 7 turns out to be more delicate than the
bound S < ¢S that is shown in theorem 2.6. We present an analysis which requires
an assumption on the orthogonal projection P : H; — B(M) (cf. section 2.2).
This crucial assumption is as follows.

ASSUMPTION 1. Assume that P : H} — H) and that there exist constants
cp > 1, dp > 0 such that

1P FI%y < (I Fl% + ol = P)fI) forall feHy — (224)

LEMMA 2.7. If assumption 1 holds then we have

B(W) = P(H}), (2.25)

Proof. Take p € W. Then Bp € H) C Hj and with the solution operator S
as in lemma 2.4 we get S1Bp = p. This yields PBp = BS1Bp = Bp and thus
Bp € P(H}), which proves B(W) C P(H}). Take Pf € P(H}). Then Pf € H) and
Pf = BSif = Bp with p:= S1f € M. Thus Pf € B(W), ie., P(H)) C B(W).
Hence, the result (2.25) holds. 0O

Below we use the spaces (B(M), || - [|g;) and (B(W), || - ||ay)-

LEMMA 2.8. Let assumption 1 hold. Then for all p € M we have

IBpll sy 118wy < el Bpllysr-rmy  for all 7> dp

Proof. We use the notation f := Bp. Note that

=

Il rsmy = nf (L = wllfy + 77 wly)
2

Take an arbitrary w € Hj. Using f € B(M) we get
If = wiify; = I1P(f = w) + (P = Dl = |Pf - Pwlfy; + (P - Dwl,
— If = Pully, + (1 — Pyl
From [[Pwl, < e (luwlldy + bl - Pyulid) we get [l > x| Pl — | (T-
P)wH%{i. Hence we obtain, using 7 > d% and cp > 1,

1 . .
Jnf, (I1F = wl[Fy + 7 wlFy)? > ot (If = Pul?, + 752 Pwll?,

1
+ (=7 ldp)I - PulFy)?

1
> inf (If = Pullfy + g | Pully)’

N[

> it it (1 = Pullfy + 7| Puliy)

1
> el inf (B + 7 ol
f=fi+f
f1 € B(M), f2 € B(W)

= cp' I f | Bany4r—1B07)
10



and thus the result is proved. 0O

REMARK 3. Consider the finite dimensional case dim(Hs) < co. We then have
H, = Hy, H{ = H) and W = M (where ”=" allows different norms in the spaces).
We can apply a symmetry argument involving an alternative to the assumption 1.
Let P : H, — B(W) be the orthogonal projection on B(W) in Hj. Assume that
cp > 1, Jp > 0 are such that

1P F2, < U1 + dBll (1= P)fl%,) forall fe H (2.26)
Lemma 2.8 then yields, for all p € M:

1Bl sw)+r—1B() < cpl|Bpllagsr—m;  forall 7> dp
which is equivalent to

I Bpl p(aty+r—1 8wy < cpl|Bpllmysr—my forall 7 < dp? (2.27)
This will be used in the analysis of the finite element discretization in section 4.

2
THEOREM 2.9. Let assumption 1 hold. Define s := — G ';”IZ‘;X{F Ty For all
(2 +7e asle
p € M we have

75(Sp,p) < (Sp.p)  for all 7> dp (2.28)
Proof. From (2.2) and the definition of || - |[r we also have
-1 -1 -1 -3
1B M Boan—m <7 - 1B IBowy—w <7e ®

and thus
_ _ . L
| B 19|\M+r1W < (% 2 + e 1>2 ”gHB(M)JrT*lB(W) for all g € B(M)
Hence,

75 Ve
Y + e

||p||?w+rlw < ||BpHQB(]\/I)+T*IB(W) forall pe M

Using lemma 2.8 we obtain

Y29e

2 2 2
— 0= _ < ||B P forall 7>d
C?D(Wg ) HpHM-‘rT W I p||H1+T 1H, Zap

and combining this with theorem 2.5 and theorem 2.2 proves the inequality in (2.28).
O

REMARK 4. Consider the finite dimensional setting as in remark 3 and assume
that besides assumption 1 also (2.26) holds. Then (2.27) holds, and a slight modifi-
cation of the last step in the proof of theorem 2.9 then yields, for all p € M:

v5(Sp,p) < (Sp,p) V¥ 7€ (0,dp*] U [d},o0) (2.29)
11



The main result of the general analysis is the following.
COROLLARY 2.10. Suppose assumption 1 holds. The following inequalities hold
foranype M:

vs(Sp,p) < (Sp,p) <Ts(Sp,p) for all 7> d% (2.30)

Proof. Direct consequence of theorem 2.6 and theorem 2.9. O

REMARK 5. Consider the finite dimensional case dim(Hz) < co. From remark 4
it follows that if the assumptions 1 and (2.26) hold, then the equivalence result in
(2.30) holds for all 7 € (0,dp?] U [d%, 00).

As a final result in this section we give a simple criterion that will be used in the
applications in the next sections to show that assumption 1 holds.

LEMMA 2.11. Let Sy : H{ — M be the solution operator from lemma 2.4.

Assume that there is a subspace W C M with norm | - || such that both Sy :
Hj) — W and B : W — Hj are bounded, i.e.,

I1S1fllw < el fluy ¥ f€Hs, |Bplluy <elplly YpeWw,

then assumption 1 is fulfilled with cp = cica, dp = 0.
Proof. The proof immediately follows from P = B .S; and

1Pfllay = 1B S1fllmy < c2llS1fllyy < cacallfllmy forall fe Hy

3. Application to the continuous generalized Stokes problem. In this
section we apply the above abstract analysis to the generalized Stokes problem. The
spaces and bilinear forms used in the variational problem are as in example 1. It was
noted that we have the properties (2.1)-(2.3) withy, =T =7 =T =Ty =1,7% >0
the constant from the infsup inequality . For the operators A, B, B’, C' corresponding
to the bilinear forms we use the (usual) notation

A=:—-A, B:=V, B = —div, C=:1

We now consider assumption 1. We use the criterion given in lemma 2.11. Note
that —A is the Riesz isomorphism H}(Q) — H{(Q)" =: H™!. Thus for f € H!
the solution p = S:1f, with S; from lemma 2.4, satisfies the weak formulation of the
stationary Stokes problem:

—Au+Vp=f
divu =0 (3.1)
u|aQ =0

In the following lemma it is shown that H2-regularity of the Stokes problem implies
that assumption 1 holds.

12



LEMMA 3.1. Assume that the domain ) is such that the Stokes problem (3.1) is
H?-regular, i.e., there is a constant cg such that for any £ € L2() the solution (u, p)
is an element of H*(Q)? x H'(Q) and satisfies

lallz2) + IVPllL2 < crllf]z- (3.2)

Then assumption 1 is satisfied with cp = cr and dp = 0. Furthermore, we have
W= H'(2) 0 I3(©) and lpllw = |Vpllse.

Proof. We apply lemma 2.11 with W := H'(Q) N L§(Q) and norm [[p|% =
(Vp, Vp) 2. Due to the regularity assumption we have ||Sif||;;; = || Vpl|z2 < cr|lf]| 2.
Furthermore, for p € W we have I Bpllry = [IVpllL2 = |lplly- Thus the assumptions
in lemma 2.11 hold with ¢; = cg, co = 1. It follows that assumption 1 is fulfilled.

The definition (2.12) of W takes the form W := {p € L : Vp € L?}. Thus
W = HY(Q) N L3(Q) = W. Finally by the definition of the W-norm we have for

peW:
<Bp7 V> (vpav)LZ
= sSup —— = —_— = v 2.
HpHW ’UGI?Q <C’U,U>% veiz HV||L2 H pHL

Now consider the Schur complement of the generalized Stokes problem:
S = —div (71 — A)"'V (3.3)

We identify L3(Q) with its dual. Then S : LE(Q) — L3(Q) and (-, )arxar = (-, ) 2.

If the stationary Stokes problem is H?2-regular our abstract theory can be applied,
with dp = 0 in assumption 1, and we have a uniform equivalence result given in
corollary 2.10. This yields the following main result of this section.

THEOREM 3.2. Assume that the domain Q C R? is such that the Stokes problem
(3.1) is H?-regular. Denote by —AN' : L3(Q) — HY(Q)NLE(Q) the solution operator
of the following Neumann pressure problem: Given f € L3(Q) findp € HY(Q)NLE(Q)
such that

(Vp, V)2 = (f,q)r2, Vg€ H'(Q)NLE(SQ).
Define S=' = I — 7ARY. Then 71 : L3(Q) — LZ(Q) is selfadjoint and positive
definite, and for all p € L3(Q) and all 7 > 0 the following holds:

vs(Sp,p)r2 < (Sp,p)r2 < Ts(Sp,p)12.

2
; — b —
with vs = EexeEyE I's=2.
Proof. We apply corollary 2.10. In the setting here we have W = Hg (€2) N L§(£2),
M = L%(Q) = M’. The mapping S : M — M is defined by, cf. (2.23), S71 =

I+ 785 =1+ 785" with Sy = ByC~!B. For f € M we have w = S; ' f € W iff
ByC™'Bw, ywrxw = (f,q)r2 Vg e W

(
& (Bq,C7'Buw)payre = (fiq)2 VgeW
& (Vg1 Vw)pegre = (fiq)re Vge W
< (V’LU, Vq)L2 = (f7 Q>L2 Vq S W

and thus S5 !is equal to the Neumann solution operator —A;,l. Hence S~ = I +
TS, - TA;,l. The values for the spectral bounds follow from corollary 2.10 and
from v, =Ty =7.=T.=Ty=1,and cp =cgr. O

13



4. Application to finite element discretization of the generalized Stokes
problem. In this section we apply the abstract analysis of section 2 to a finite element
discretization of the generalized Stokes problem (2.7).

Let Vi, x My, € HY(Q) x L3(2) be a pair of conforming finite element spaces. We
assume the LBB stability condition:

(div Vi, pr) L2

> wllpnllr, forall p, € My
SO vl = el

with a constant v, > 0 independent of h. We also assume a global inverse inequality
and an approximation property:

||VVh||L2 < Cinv h_lHVh||L2 Vv, eV
inf HV( —vp)llez+ inf |[p—aqnllrz < Ch(|[allg2 + |[plla)
qn €My,

Vh

for all u € H2(Q)I N HY(Q), p € HY(Q). In the setting of the general analysis we
take the spaces

H, = (Vha (V',V')LZ), H; = (Vha ('a ')LZ) M = (Mha ('a ')LZ)

In this finite dimensional case we have W = M (note, however, that in general
I llw # || - la)- The bilinear forms are the same as in section 3. The operators
corresponding to these bilinear forms are denoted by Ay, Ch, Bp. Asin the continuous
case we identify My, with its dual M;. Thus we have (-, Yy xmr = (-, Ywrsw = ()12
and

Ap 2V, = Vi (Apup,vy) = a(uy,vy)  for all up, vy, € Vi,
Cn:Vy,—V,, (Chup,vp) =

By : My, — Vi, (Brpn,va) = b(vi,pn) forall p, € My, vy € Vy,
By, : Vi, — My, (Byvn,pn)r2 = b(va,pn) forall p, € My, vy € Vy,

(
c(up,vy) for all up, vy, € Vy,

The discrete generalized Stokes problem is as follows: given f;, € V) find (upn,pp) €
V}, x M}, such that

Apup, + 7Cpup + Brpp, = fp, (41)
B;luh =0 '
The corresponding Schur complement is given by S, = B}, (A + 7Ch) ™' By, : My, —
Mjp,. Application of the general analysis yields the following main result of this section.
THEOREM 4.1. Assume that Q C R? is such that the continuous stationary
Stokes problem (3.1) is H?-reqular. With I}, the identity operator on My, define 5”,:1 =
I +T(B;10h_13h)71. Then the following inequalities hold for any py, € My, with cq > 0
independent of T and h:

ca(Shpn,pr)rz < (Shpnspn)rz < 2(Shpn, pn)r2

Proof. The properties (2.1)-(2.3) hold with v, =Ty = 9. =T. =T = 1, and
~p > 0 the constant from the LBB condition.

We now treat assumption 1. Let P, : Hy — By (M},) be the orthogonal projection
on By(Mp) in Hi. From lemma 2.4 we have P, = BpSin, where (for f, € H))

14



S1,nfn, = py is the solution operator corresponding to the discrete stationary Stokes
problem

Apup + Bupn =i

4.2
B;Luh =0 ( )

The functional f;, can be extended to f € L2(Q2) with f(vy,) = fi(vs) for all v, €
Vi and |f][z2()y = [[fallay (vecall, Hy = (Vp, || - [[z2)). Consider the continuous
stationary Stokes problem with right handside f:

Au+ Bp=f
. (4.3)
Bu=0
Comparison of (4.2) and (4.3) yields
a(u—up,vy) +b(vp,p—pn) =0 forall v, €V,

Using the H?2-regularity, the inverse inequality and the approximation property of the
finite element spaces we obtain

b Vh,Ph
”thh”]—]é = ||Bhsl,hfh||Hé = HBhthHé = sup g
VREVH ||VhHL2
b _
> (Vh’p) + sup w
VhREVH ||Vh||L2 VREV, HVh||L2
Vvh 2
< Vil + [V(u—up)llge sup Vel

vievy, |[Vallz2
< |fnllmy + clIV(a—up)l 2k ™"

< fnllmy + cllullm2) < cllfullm

Hence, assumption 1 holds with dp = 0 and a constant cp independent of h. Appli-
cation of corollary 2.10 proves the result. 0O

Both in the analysis of the continuous generalized Stokes problem (theorem 3.2) and
of its finite element discretization(theorem 4.1) we need a H2-regularity assumption.
We now show, that for a certain range of 7 values a regularity assumption can be
avoided.

THEOREM 4.2. Let S’;l =1, —l—T(B;LCh_lBh)_l be as in theorem 4.1. There exist
positive constants c1,ca, independent of h and T, such for all p;, € My, the following
holds:

Vs(Shpn,pn) L2 < (Swpnspn)rz < Ts(Shpn,pn)rz  for all 7€ [0,¢1] U fesh ™2, 00),
with v = Wbﬂ)’ I's=2.
Proof. We use the result given in remark 5. The properties (2.1)-(2.3) hold with

Yo =Tg =7.=T.=T4 =1, and 7 the constant from the LBB condition.
Let Py, : H] — Bp(M},) be the orthogonal projection on Bp(Mp) in H{. Using the
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inverse inequality we get, for f, € H:

I— P))fy,,vi)?
B2 < 20812 + 20— B = 2062 2 sup (= TV
vLEV) ||VhHL2

_ I— Py)fn,vi)2,
<2||fnll%, + 22072 s (« —L
> H hHH2 Cinv vhlel\gh HVVhH%Z

= 2(|Ifall3r; + k2N = Pu)fullZy)

Thus assumption 1 holds with cp = V2 and dp = ¢inyh L.
Let Py : Hy — Bp(M},) be the orthogonal projection on Bp(Mp) in Hj. Using the
Friedrichs inequality, ||vi||z2 < cp||VVvh| L2, we obtain, for f;, € Hi:

1PE T < 208l + 200 = Pofulzy < 2(IfllZ; + cEIU — Pofalli,)

Thus (2.26) holds with ¢cp = V2, dp = c¢p. Using the result in remark 5 we obtain

the equivalence result with spectral constants v, = #ﬁ, =2 10O
b

REMARK 6. The equivalence result for the Schur complement operator S :
M}y, — My, has an obvious analogon if we use matrix representations. Assume that
we have chosen (nodal) bases in Vj, and M},. The coefficient vectors of u, and pj, in
these bases are denoted by u, pp, respectively. The Euclidean scalar product in R™
is denoted by (-, -)2. Let Qj be the mass matrix in Mj. The matrix representations
of Ay, Ch, By, are defined by

<Ah ﬁh,vh>2 = (Vuh, VVh)L2 for all uy, vy € Vi
<Ch ﬁh,\?h>2 = (uh, Vh)Lz for all up, vp € Vi

<Bhﬁha‘_’h>2 = (diVVh,ph)Lz for all p, € My, vy € Vj,
The discrete generalized Stokes problem has a matrix-vector formulation with matrix

A, +7C, By
B,j; 0

and thus the Schur complement matrix is S;, = BY (A}, + 7C;,) "'By,. Using

b(vi,pn)? (BhDh, V)3
—— e — = SUP T ————
vievn Ivallzz vnerr (CrVnh, Vi)2
= <B£C;1Bhﬁh,ﬁh>2 for all pn € My,

(BLCLBRDR, PR) L2 =

it follows that the Schur complement preconditioner S, given in in theorem 4.1 and
in theorem 4.2 has the matrix representation S™' = Q; ' + 7(BY C, 'B,,) !

The operator By, C, !By, in the definition of Sj, corresponds to a mixed discretiza-
tion of the saddle point formulation of a Neumann problem: find u € Hy(div ),
p € L3(2) such that

u+Vp=0
divu=g
un|pg =0
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This mixed discretization is convenient when the discrete pressure is not continuous,
ie. M, ¢ H'(2). On the other hand, if M, C H'(f), then one may wish to use a
conforming finite element discretization of the Neumann problem and thus obtain a
discrete analogon of the preconditioner given for the continuous case in theorem 3.2.
This is treated in section 4.1 below.

4.1. Schur complement preconditioner for the case M, C H!({). Assume
My € HYQ). Let N, ' : My — My, N; 'gn = pn be the solution operator of the
discrete Neumann problem in Mp:

(Vpn,Van)r2 = (gn,qn) > for all qn € M.
Note that (Nyppn,pr) = || Vpnl|3. for all p, € Mj,. We define S’hyN : My, — My, by

S‘,Z}V =1 TN !

This preconditioner has been proposed in [8] and analyzed in [5]. The preconditioner
Sp.n is uniformly (w.r.t. h and 7) spectrally equivalent to Sy from theorem 4.1 iff N,
is, uniformly in h, spectrally equivalent to B} C,’ ! By;,. Note that, for all p, € My,

B P, div vy, 2
(B,Cy "B phipn)rz = sup (7)L2

3 < |IVpuli: = (Nuph,pa)re
VREVH th||L2

Hence, S’hw is uniformly spectrally equivalent to S, iff

(ph, div Vh)L2
sup ———————————

> YwllVpnllp2  forall py € M, (4.4)
vRLEV) thHL2

holds with 7,, > 0, independent of h. This modified stability condition (also called
weak inf-sup condition) can be found at several places in the literature, e.g., [2, 7, 24].
In [2] a proof of this result for PyjisoP» — P; and for the Hood-Taylor P,-P; pair is
given for the two-dimensional case. Below we give a simplified analysis for P»-P;
Hood-Taylor finite elements in a d-dimensional domain, with d = 2,3. We assume
that the family of triangulations {75} is regular but not necessarily quasi-uniform.

LEMMA 4.3. For Q C R?, let {7;,} be a regular family of triangulations consisting
of d-simplices. Assume that every simplex has at least one vertex which is not on 9S2.
Then the Hood-Taylor Pe-Py pair of finite element spaces satisfies (4.4).

Proof. The Hood-Taylor P,-P; pair is denoted by (V, My). Take q, € My,
gn # 0. The constants used below are independent of 7, € {73} and of ¢;,. The set of
edges in 7}, is denoted by £. This set is partitioned in edges which are in the interior
of 2 and edges which are part of 0€2: €& = &y U Epng. For every E € £, mg denotes
the midpoint of the edge E. Every E € &yt with endpoints a1, a2 € RY is assigned a
vector tg := a1 —as. For E € &y,q we define t := 0. Since ¢, is continuous piecewise
linear the function * — tg - Vgp(x) is continuous across FE, for E € Epy. We define

tg = tell; 't (tg:=0 if E € &na)
Wg = (EE . th(mE))‘EE, for £ €&

A unique wy, € Vy, is defined by

() 0 if x; is a vertex of T € 7Tj,
WhrZ;) =
h ) if ©;=mg for E€é&
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The set of edges of T' € 7}, is denoted by Er. By using quadrature we see that for
any p € P which is zero at the vertices of T" we have

[ s = 575 S s

E€Er

We obtain:

—/qhdivwhdx:/th-whdx: Z(th)‘T-/whdx
Q Q T

TeT),
- > S Y watme) (43)

TeTh Ee€Er

=Y i X (e Vame)

TeTh E€Er

Using the fact that (Vgp)|p is constant and for each T' at least two independent
nonzero vectors tg exist, one easily checks that

o 2 ~
c|IVanllizry <ITI Y (b5 Van(me))” <El[Vanllizmy , ¢>0
Ec€Er

Combining this with (4.5) we get

- /( grdivwidz > C 3 Vg 2er) = CVanll2s (4.6)
TeT

Let E; be the set of edges of the unit d-simplex. In the space { © € P | 0 is zero at the vertices of T}

1
the norms [|9] ;57 and (X pe By 9(mg)?)? are equivalent. Using this componentwise

for the vector-function wy, := wy, o F', with F' the affine mapping such that F(T') =T,
we get:

2
L*(T)

<O Y IWn(me)l3 =CIT] Y llwels

ECE; EcEr

(WallZe(ry < CIT) [[Wal|

Summation over all simplices T yields

Iwll3e <C DT Y lwsl3=C > 171 > (be- Var(me))®

TeT, E€Er TeT, EcEr (4 7)
<C Y IVanllizery = ClIVanl
TeT)

(From (4.6) and (4.7) we obtain

(gn, div (=wn)) >
[[whllz

> C[Vanllz2

with a constant C' > 0 independent of ¢;, and of 7, € {7;,}. O
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5. A Stokes interface problem. In this section we consider a generalized
Stokes interface problem. Assume bounded Lipschitz subdomains €; and 9 of 2
such that Q@ = Q1 U Qy, Q1 N Qs = 0. The interface between the subdomains is
denoted by I' = 9, N9Q;. The problem we consider is as follows: Find u and p such
that

—div (v(x)Du) + p(x)u+ Vp =£ in Q, (5.1)

divu=0 inQ, k=12 (5.2)

[ =0, [o(u,p)n] =g onT (5.3)

u=0 on 9N (5.4)

In this formulation we use standard notations: o(u,p) = —pI + 2vDu is the

stress tensor, Du = 1(Vu+ (Vu)T) the rate of deformation tensor, n is a unit normal
vector to I, [a]|r = (a]o, — ala,)|r-

We assume piecewise constant viscosity and density. A localized force term g
occurs, for example, in models that take surface tension effects into account, cf. [12,
22]. Suitable scaling can be used to ensure that viscosity and density are equal to one
in €. Hence, we assume

_ 1 n Ql _ 1 n Ql (5 5)
- vy >0 in Qo P= p2>0 in Q9 )

The weak formulation leads to a saddle point problem as in (2.4), (2.5): find u,p €
H}(Q) x LE(Q) such that

ay (0, v) +7c,(u,v) +b(v,p) + b(u,q) = f(v) forall veH}(Q), g€ L), (5.6)
with
a,(u,v) = /Q vtr(DuDv)dz , cp(u,v) = (pu,v)r2, b(v,p):=—(p,divv)e,
fW%:@ﬂm+Agvﬁ
In view of the general analysis it is natural to introduce the following Hilbert spaces:

Hy = { H)(), with ||v[|3, == / vir((Dv)?) dz }
Q
Hy = { L*(2), with ||v|/m, == [p*v] = }

Due to Korn’s inequality || - ||z, defines a norm on H}(Q). Related to this norm we
need a uniform equivalence result that is proved in [17], lemma 6.1. Assume that one
of the following conditions is satisfied:

meas(0Q; NIN) >0 for k=12 (5.7)
meas(0Q2; NON) >0 and vy <C (5.8)

Then there exists a constant ¢ > 0 independent of v such that

vzVvlire < |Vl < w2V forall v e H (5.9)
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Before we introduce the (pressure) space M we recall a result from [18] that we need
in the analysis below. Let p be the piecewise constant function

S { |Ql|_1 on O

- —|QQ|_1 on . (510)

Since (p,1)z2 = 0, we have p € LZ(2). Consider the one-dimensional subspace Py :=
span{p} of L3(Q) and an L2-orthogonal decomposition L3(Q2) = Py ® Ps-. For p €
L3(2) we use the notation

P=po+py , po€Po, py € Py (5.11)
One easily checks that
Py ={pe L§(Q) | (p,1)r20,) = (P, 1)r2(00) =0}, (5.12)

Using this splitting we can define an appropriate norm on L3():

M = { L3(@). with [plas = (Ipollt + v 03 1E:) " ).

The scalar product corresponding to || - ||as is denoted by (-, ). In [18], lemma 1
and theorem 1, the following results are proved. There exist constants C' and ¢ > 0
independent of v such that
|(divv.p)pz| < Cllv= 9| iellplas for all v e Hy, pe M (5.13)
(le V7p>L2

- > ¢pllar for all pe M (5.14)
veny [[v2Vv|L,

We identify L?(2) with its dual and then have

f
Hy = { H, with [|f]/; = sup {f, v)
ven [vllm

Hy = { L(Q), with [[v][my = [[p”2v] L2 }
. 1 i
M’ = { L§(Q), with [|pl[arr = (llpoll7= + 2 pgl72) 2 }-

With these spaces Hy and M the properties (2.1)-(2.3) can be shown to hold.

b

LEMMA 5.1. Assume that (5.7) or (5.8) is satisfied. The properties (2.1)-(2.3)
hold with v, =Tq =v. =T =1 and constants T'y, v, > 0 independent of v and p.

Proof. From a,(u,u) = |[ul|};, we get property (2.1) with v, = 'y = 1. Due to
cp(u,u) = [lul|%, property (2.2) holds. Using (5.9) and (5.13) we get

(divv,p)re < Clv2 Vv pzlpllar < C& V] pllar
and thus the upper bound in (2.3) with I, = C' &', Using (5.9) and (5.14) we obtain

sup (le Vap)L2 > (le Vap)L2

> > ¢|lplla
veH HV||H1 vEH; ||V%VV||L2

and thus || Bpl|z; > ¢||pllar =: lpllas, i-e., the lower bound in (2.3). Because p is not
used in the definitions of H; and M the constants I'y, and v, are independent of p. 0O

20



The norm || - ||g, is equivalent to the standard L?-norm. Hence, the space W =
{p € M | Bp € H,} is the same as the one for the generalized Stokes problem in
section 3:

B 1
W =HYQ)N L(Q), with norm |[p|w = sup (Bp. v) =|p7zVpllrz (5.15)

vEH> ||VHH2

The Schur complement S, , : L3(£2) — L3(f2) corresponding to this Stokes interface
problem is characterized by

(p,divv) e

1
(Su,pp,D)j2 = sup T (5.16)
VEHY(D) (ay (v, V) 4+ Tcp(v,Vv))?
We take the preconditioner from theorem 2.5:
(Suppop)fe = IPlarsr-rw = inf (Ip —allar + 7" o7 Vallz2)* (5.17)

This preconditioner can be characterized using a Neumann solution operator by ap-
plying a similar approach as in theorem 3.2. We can apply the general analysis of
section 2.4 to derive a uniform spectral bound S < S. This is summarized in the
following theorem.

THEOREM 5.2. Assume that one of the conditions (5.7) or (5.8) is satisfied.
Denote by —AJ' 2 Lg(Q) — H'(Q) N L§(Q) the solution operator of the following
Neumann interface problem: Given f € L3(Q) find p € H(Q) N L3(Q) such that

(p'Vp, V)2 = (f,@)r2, ¥ q€ H'(Q)NLQ).

I, : L3(Q) — LE(Q) is defined by (I,p,q)rz = (p,q)m for all p,q € LE(Q). Then

Sol=r-1 77’A;1

v,p v

holds and or all p € LE(2)

(Sv,ppsP) 12 < (S ppsP)L2

with a constant ¢ independent of T, v and p.
Proof. For W as in (5.15) define S as in (5.17). Using the same arguments as in
the proof of theorem 3.2 it can be shown that S™' = I”' —7AJ! holds. The spectral

inequality S < ¢S follows from theorem 2.6. The constant ¢ is uniform not only in 7
but also w.r.t. v and p, due to the fact that I'y,I'¢,y, and 7. are independent of v
and p. 0O

REMARK 7. We comment on a discrete version of the preconditioner S*V, p in a
pair of finite element spaces Vj, x M}, as considered in section 4.1. In the operator I,
the scalar product (-, -)as and thus the orthogonal projection on the one dimensional

subspace Py = span(p) is used. This projection is avoided in the following operator
L, : L3(Q) — L3(Q)

(Lp,q)rz = (v~ 'p,q)re for all g€ LE(Q)
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Note that I,p = I,p for all p € L3(Q) N Pi-. In general a poor behaviour of a
preconditioner on a one dimensional subspace is harmless if the preconditioner is
combined with a CG method. Therfore we base our discrete precondltloner on the
simpler operator I, instead of on I,,. Let Iui My — My, IV »gn = pr, be such that:

(v 'oh,an) 2 = (gn,qn) 2 for all g, € My,

Let J\Afp_i : My — My, Ny_ﬁgh = pp, be the solution operator of the following discrete
Neumann problem:

(0~ Von, Van)r2 = (gn, qn) 2 for all g € M,
We define S‘U,p,h : My — My by
o—1 £ -1
S, on ok =1 ont TN h
This preconditioner is used in our numerical experiments. To evaluate S p.hJh one

has to solve a system with a pressure mass matrix (w.r.t. scalar product (v ( -l

and a discrete Neumann interface problem.

e

Note that in theorem 5.2 we have a spectral inequality S, , < 5‘1,1 p that is uniform
with respect to both the parameter 7 and the jumps in the coefficients v, p without
using any reqularity assumptions. To derive a spectral inequality S~’l,7p S Sy, we need
(at least in our analysis) regularity results for a stationary Stokes interface problem
of the form

—div (v(x)Du) + Vp =1f in Q, (5.18)
divu=0 inQy, k=1,2 (5.19)

[u] =0,[c(u,p)n]=g onT (5.20)
u=0 on . (5.21)

Similarly to the Stokes case in section 3, verifying assumption 1 is based on regularity
properties of the solution of this problem. This important issue is largely unsolved.
The following result is found in the literature (see, [20]): If the interface I' = 901NN
is sufficiently smooth and has no common points with 92 and f € L? then a solution
u, p of (5.18)—(5.21) belongs to H?(Q)? x H*(Q4), k = 1,2. However, in these results
and in other analyses known in the literature the dependence of constants in a priori
estimates on v is not known. Due to this we are not able to prove a result S, , < S,
that is uniform both with respect to 7 and the jumps in v, p. Below we present an
analysis where the spectral inequality is uniform with respect to T only.

THEOREM 5.3. Assume that one of the conditions (5.7) or (5.8) is satisfied and
that the domain Q C R? is such that the Stokes problem (3.1) is H?-regular. Let S, »
be the preconditioner from (5.17). There exists a constant ¢ > 0 independent of T
such that for all p € L3(Q2)

C(gv,ppv p)L2 S (Su,ppa p)L2

holds.

Proof. Let S : L§(2) — L3(Q) as in (3.3) be the Schur complement for the
generalized Stokes problem and Let S the preconditioner from theorem 3.2. For this
preconditioner we have

1 1
S , 2 inf _ 2 -1 \V/ 2 \2
(Spop)iz= ot Lo (Ip = allz> + 7 Vallz:)
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Using (5.17) and the norm equivalences || - ||ar ~ || - [|z> (on LE(Q)), [[p72V - |12 ~
IV - |lz2 (on HY(Q) N LE(Q)) it follows that there exists a constant ¢ independent of
7 such that

(Sy.p0; )12 < c(Sp,p)rz forall pe L3(Q) (5.22)
From theorem 3.2 it follows that
(Sp,p)r> < c(Sp,p)L> forall pe LE(Q) (5.23)
holds with a constant ¢ independent of 7. From

p,divv) e
(Sp;p)L2 = sup ( )L 1
veH(@) ([|[Vv]2, + 7]|v]2.)?

the representation for S,,, in (5.16) and the equivalences a, (-,-) ~ [V - [|22, ¢,(-,+) ~
V|2, (on H{(Q)) it follows that

(Sp,p)r2 < c(Sypp,p)r2 forall pe Lg(Q) (5.24)

Combination of the results in (5.22), (5.23) and (5.24) completes the proof. 0O

6. Numerical experiments. We present results of a model generalized Stokes
interface problem. Numerical results for a stationary (7 = 0) Stokes interface problem
can be found in [17].

We take Q = (0,1)% with subdomains Qs = (0,3)%, Q1 = Q\ Q2. The model
problem reads: Find (u,p) € H}(Q) x LZ(2) such that

a,(u,v) + 7c,(u,v) + b(v,p) =0 for all v.e H}(Q),
b(u,q) =0 for all ¢ € LE(Q).
The bilinear forms b(-,-) and ¢,(-, -) are as in section 5, a, (u, v) := (v Vu, Vv) 2 with

v and p piecewise constants as in (5.5).

For the discretization we start with a uniform tetrahedral grid with h = % and

apply regular (red) refinement to this triangulation. The resulting grids 7j, satisfy a
conformity condition:

3T T VT | TeTP =0, i=1,2

We use the LBB-stable P>-P; Hood-Taylor finite element pair, denoted by Vj x My,

and perform computations for h = %, %6, 3% and various values of 5, po and 7. For
h = 3%2 we have approximately 7.5 - 10° velocity unknowns and 3.3 - 10* pressure

unknowns.
The following matrices are introduced (notation as in remark 6):

(Apup, vi)e = (VVuy, V)2 for all up, vy, € Vi,

(Crun, V)2 = (pup,vp)re  for all up, vy € Vy,

(Bhpn, V)2 = —(divvp,pp)r2  for all pn, € My, v € Vi,
)
)

(A} Pry@n)2 = (p~'Vpn, V)2 for all py,q, € Mp,
(Qn P, @n)2 = W 'pr,qn)e  for all pn,qn € My
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The discrete model problem has the following matrix-vector formulation: Find qy €

R™, pr € R™, such that
<Ah +7Cy, Bh) (l_lh) . <fh>
BT 0 ) \pn 0/)"

In the experiments we use f;, = 0 and a fixed starting vector (ﬁgo),ﬁgo)) # (0,0). The
Schur complement is

Sy =BL (A, +7Ch)'By,
The linear system of equations is solved with a Uzawa method:

(1) Solve (Ah + TCh)Z =1,
(2) Solve S;,pn, = B} z. (6.1)
(3) Solve (Ah + TCh)ﬁh = f;, — Bups.

In step (1), (2) and (3) the equations of the form (Aj + 7Cp)x = r are all solved
with a standard multigrid V-cycle with one pre- and one post-smoothing iteration with

a symmetric Gauss-Seidel method. The iteration is stopped as soon as the relative
scaled residual satisfies

|ID-! ((Ah + TCh)X(k) — r) [
ID-1((A +7Cy)a” —1)|

<107 ) D :=diag(Ay +7Ch). (6.2)

Here || - || denotes the Euclidean norm. The system in step (2) is solved with a
preconditioned conjugate gradient method. The iteration is stopped as soon as the
relative preconditioned residual satisfies

—1 S ~k BT*
Qs B =Dl g (6.3)
Qs (Swpy,” — B 2)||

The preconditioner Qg is derived from our theoretical analysis as explained in re-
mark 7. We compute ler as follows

(a) solve ANa=r,
(b) solve Qpb =r, (6.4)
(c) compute Qg'r:=Ta+b.

The linear systems in (a) and (b) are solved up to machine accuracy (using an SSOR-
preconditioned conjugate gradient method).

Of course, in practice the Uzawa method is not very attractive because one has to
solve the systems with Ay, 4+ 7C), accurately. In this paper we take the Uzawa method
to illustrate the robustness of the multigrid solver and of the preconditioner Qg for
the Schur complement. In practice one would use a block-preconditioner combined
with a MINRES method or an inexact version of the Uzawa method, cf. [19]. The
efficiency of such methods is mainly determined by the efficiency of the precondition-
ers. The quality of the MG preconditioner (for the Ay +7C), systems) and of the Qg
preconditioner for the Schur complement is illustrated in the numerical experiments
below.
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In the first experiment (table 6.1) we take h = %, 7 =h7! and vary vy = V0,
and p2 = pj, (recall that Vja, = plo, = 1). We present the average iteration numbers
of the solvers in the Uzawa method (6.1). The first row (#-MG) gives the average
number of V-cycle steps for solving the systems with Ay + 7Cy,. In the second row
(#-PCG) we give the average iteration number of the preconditioned conjugate gra-

dient solver in step (2) of (6.1).

TABLE 6.1
Tteration counts for MG and PCG in Uzawa method, with h = 1/16, 7 = h™!

Vg = pa led 1e2 1le0 1le-2 1le4
#-MG 13 13 13 13 13
#-PCG 23 23 20 24 22
vy = 15p2, p2 | led 1e2 1e0 le-2 le-4
#-MG 13 13 13 13 13
#-PCG 22 22 21 22 22
vo = 10p2, p2 | led 1e2 1le0 1le-2 1le-4
#-MG 13 13 13 13 13
#-PCG 23 24 23 22 23

1

We repeat the experiment from table 6.1 for the case v2 = 10p2, but now with h = 55.

The results are given in table 6.2.

TABLE 6.2
Iteration counts for MG and PCG in Uzawa method, with h = 1/32, 7 = h~1!

vo =10pa, p2 | led 1e2 1e0 1e-2 le4
#-MG 13 13 13 13 13
#-PCG 24 24 23 21 22

In table 6.3 we present results for different 7 values, with h = %, Vo = 1—10 02

TABLE 6.3
Iteration counts for MG and PCG in Uzawa method, with h = 1/16, v = 1—10p2

p2=10,7 | 1le2 1le0 1le-2
#-MG 12 13 13
#-PCG 20 20 20
P2 = 1—10, T | 1le2 1le0 1le-2
#-MG 12 13 13
#-PCG 23 24 24

In all these experiments we observe a clear robustness both of the MG and the PCG
method in large parameter ranges. We observe robustness of the PCG method with
respect to the jumps in v and p across the interface, too. Note, however, that the
analysis in section 5 does not yield such a robustness result. We observed in numerical
experiments, that if we take very large jumps in opposite directions in v and p (which
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is not likely to occur in realistic two-phase problems) then the Schur complement pre-
conditioner turns out to become (much) less efficient, whereas the muligrid method
remains robust. Results of one such an experiment are given in table 6.4.

TABLE 6.4
Iteration counts for MG and PCG in Uzawa method, with vo =1e-6, pa =le+4, 7 = 10

h /8 1/16 1/32
#MG | 14 14 14
#PCG | 125 211 324

These results motivate a further theoretical analysis of the Schur complement precon-
ditioner with respect to jumps in the coefficients.
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