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Abstract

We present rigorous a posteriori output error bounds for reduced basis approximations of
parametrized parabolic partial differential equations with non-affine source terms. The method
employs the empirical interpolation method in order to construct affine coefficient-function ap-
proximations of the non-affine parametrized functions. Our a posteriori error bounds take both
error contributions explicitly into account — the error introduced by the reduced basis approx-
imation and the error induced by the coefficient function interpolation. To this end, we employ
recently developed rigorous error bounds for the empirical interpolation method and develop error
estimation and adjoint procedures to provide rigorous bounds for the error in specific outputs of
interest. We present an efficient offline-online computational procedure for the calculation of the
reduced basis approximation and associated error bound. The method is thus ideally suited for
many-query or real-time contexts. As a specific motivational example we consider a welding pro-
cess. Our numerical results show that we obtain efficient and reliable mathematical models which
may be gainfully employed in manufacturing and product development.

Keywords:
reduced basis methods, parabolic PDESs, non-affine parameter dependence, a posteriori error

estimation, empirical interpolation method, welding process

1. Introduction

The role of numerical simulation in engineering and science has become increasingly important.

System or component behavior is often modeled using a set of partial differential equations and
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associated boundary and initial conditions, the analytical solution to which is generally unavailable.
In practice, a discretization procedure such as the finite element method (FEM) is used.

However, as the physical problems become more complex and the mathematical models more
involved, current computational methods prove increasingly inadequate, especially in contexts re-
quiring numerous solutions of parametrized partial differential equations for many different values
of the parameter. For example, the design, optimization, control, and characterization of engineer-
ing components or systems often require repeated, reliable, and real-time prediction of performance
metrics, or outputs, s¢, such as heat fluxes or flow rates'. These outputs are typically functionals of
field variables, y¢, — such as temperatures or velocities — associated with a parametrized partial
differential equation; the parameters, or inputs, u, serve to identify a particular configuration of
the component — such as boundary conditions, material properties, and geometry. The relevant
system behavior is thus described by an implicit input-output relationship, s¢(u), evaluation of
which demands solution of the underlying partial differential equation (PDE). Even for modest-
complexity models, the computational cost to solve these problems using classical discretization
procedures is prohibitive.

More specifically, the motivation of this work is to develop an efficient mathematical model
for the heat flow in a welding process [1, 2, 3, 4, 5]. An accurate knowledge of the temperature
distribution within the workpiece is crucial in determining the quality of the weld: two such quality
measures are the weld pool depth — indicating the strength of the joint — and the shape distortion
of the workpiece.

A complete model of the welding process which couples and accounts for all of the physical
processes involved does not yet exist. In actual practice, the heat flux input is therefore modeled
as a parametrized volume heat source [6, 2, 7]. The temperature distribution, y¢(x,t; u), within
the workpiece is governed by the unsteady convection-diffusion equation

5V @t )+ V- VYt ) — eV (st ) = als p) u(t), x€Q tel, (1)
with initial condition (say) y°(z,t = 0;u) = 0. Here, Q C R? is the spatial domain, a point in

which shall be denoted by x = (z1, x2, z3), the time interval of interest is I =|0, ¢;] with final time

'Here, superscript “e” shall refer to “exact.” We shall later introduce a “truth approximation” which will bear

no superscript.



ty > 0, v is the velocity, x the thermal diffusivity, and u(t) the source strength. In this paper, we

consider the so called hemispherical volume heat source given by
q($7 M) = €_$%/U% e_x%/ag e—xﬁ/ﬁ’ r €, (2)

with the parameter . = (01,02,03). This type of source is a special case of the double ellipsoid
source which was first introduced by Goldak et al. [6] to model the heating effect of a welding
torch. We note, however, that the methods developed in this paper are not restricted to the
particular welding process considered here, i.e., Gaussian source terms play an important role in
many applications in science and engineering — another prominent example is the simulation of
airborne contaminants [8, 9, 10]. Furthermore, our approach of course also directly applies to other
types of non-affine functions besides Gaussians.

The main task in the analysis and modeling of the welding process is to find parameters p such
that the simulated temperature at one or several measurement points on the surface of the work-
piece predicted by (1) and (2) matches the experimental measurements [11]. Given the parameter
estimates, we may subsequently aim to control the welding process to achieve a desired weld pool
depth [12, 13, 3]. The parameter estimation problem thus needs to be solved in real-time, requiring
a rapid and reliable evaluation of the PDE (1).

To achieve this goal we pursue the reduced basis method. The reduced basis method is a
model-order reduction technique which provides efficient yet reliable approximations to solutions
of parametrized partial differential equations in the many-query or real-time context; see [14]
for a recent review of contributions to the methodology. In this paper we focus on parabolic
problems with a non-affine parameter dependence in the source term — a typical example is
given by the Gaussian function (2). To this end we employ the empirical interpolation method
(EIM) [15] which serves to construct affine approximations of non-affine parametrized functions.
The method is frequently applied in reduced basis approximations of parametrized PDEs with non-
affine parameter dependence [15, 16, 17, 18]; the affine approximation of the coefficient function is
crucial for computational efficiency.

A posteriori error estimators for non-affine elliptic and parabolic problems have been proposed
in [19, 18] and [20], respectively. However, these estimators generally do not provide a rigorous
upper bound for the true error due to the contribution of the interpolation error. Only recently,

Eftang et al. [21] introduced a rigorous error analysis for the EIM. Furthermore, reduced basis
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output approximations and associated output bounds may suffer from a slow convergence, thus
requiring a large dimension of the reduced order model to achieve a desired accuracy. To circumvent
this problem adjoint procedures were proposed in [22, 23]; however, these previous works only
considered affine problems. The contributions here are thus (i) rigorous a posteriori error bounds
for reduced basis approximations of non-affine parabolic problems, and (i) the development of
adjoint procedures for non-affine problems to ensure rapid convergence of the reduced basis output
approximation and output error bound.

This paper is organized as follows: in Section 2 we present a short review of the EIM and
corresponding rigorous error analysis. The abstract problem formulation and reduced basis ap-
proximation for linear coercive parabolic problems with non-affine source terms are introduced in
Section 3. In Section 4 we develop our a posteriori error estimation procedures and in Section 5
we briefly discuss the sampling technique to generate the reduced basis space. Numerical results
for the welding process are presented in Section 6. Finally, we offer concluding remarks in Section

7.

2. Empirical Interpolation Method

In this section we briefly review the EIM and associated a posteriori error estimation procedures.

2.1. Coefficient Function Approximation

We assume we are given a function g: Q x D — R with g(-; ) € L*°(Q2) for all u € D, where
D C RP is the set of admissible parameters, @ C R% d = 1,2,3, is a bounded domain, and
L>*(Q) := {v]|esssup,eq |v(z)| < oo}. We introduce a finite but suitably large parameter train

=EIM
sample =50

C D which shall serve as our surrogate for D, and a triangulation Zx/(€2) of 2 with
N vertices over which we shall in practice realize g(-; u) as a piecewise linear function.

The construction of the EIM approximation space W3, and set of interpolation points T4, =
{#',...,#M} is based on a greedy algorithm [24]: we first choose ! := arg MAX,, czpM 19(5 1)l oo ()
set &' := argesssup,cq |g(z; u')|, and obtain the first (normalized) EIM basis function §'(z) :=
g(z; ') /g(&*; p'). We define W{ := span {§'(:)} and introduce the nodal value matrix G* € R'*!

with the single element Gi ; := g'(&') = 1.



Then, for 1 < M < Mpyax — 1, we compute the approximation gas(-; u) to g(-; p) from

M
m(xsp) =) wn(w)d™ (@), (3)
m=1
where the coefficient vector w(y) = w1 (1), . .., war()]T € RM is given by the solution of the linear

system
] T

GMw(p) = [g(z"5p), ..., 9(@"; 1) (4)

We choose the next parameter

s 1=t e, g (-5 1) = gaa (5 1)l oo () (5)

and define the residual 74, (z) := g(z; par+1) — ga(@; par41). The next interpolation point is then

M+1

set to T := argmaxgecq |rf;(¢)|, and the next EIM basis function is given by ¢M*!(z) :=

rd (@) /r, (M), We define Wiy = span{g™(:) |1 <m < M + 1}, and update our nodal
value matrix GM+1 ¢ RIM+DX(M+1) with components GM+1 .= §7(#™), 1 < m,n < M + 1.

This procedure is either terminated if the maximum dimension of the EIM space M.y is reached

—EIM

or if the maximum of ||g(-; u) — gM(-;,u)HLOO(Q) over all p € Zi;} is smaller than some desired

tolerance £y,] > 0. We note that the determination of the coefficients w(p) requires only O(M?)
computational cost since GM is lower triangular with unity diagonal and that {§™ 7]\,/{:1

for W¥, [15, 16].

is a basis

Finally, we define a “Lebesgue constant” [25] Ajs := sup,cq Z%zl |[VM(z)|, where VM (z) €
W;\Z are the characteristic functions of Wf\'/f satisfying Vn{\f[ (1) = Omn, 1 <m,n < M; here, 6y, is
the Kronecker delta symbol. We recall that (i) the set of all characteristic functions {VM}M_, is a
basis for W¥,, and (i) the Lebesgue constant A satisfies Apy < 2M—1, see [15, 16]. In applications,

the actual asymptotic behavior of Ap; is much better, as we shall observe subsequently.

2.2. A Posteriort Error Estimation

We briefly recall the non-rigorous and rigorous a posteriori error bound procedures for the EIM.

Given an approximation gps(z; u) to g(x; ), we define the interpolation error as

et (1) = 19(5 1) — gar (5 1) oo ) - (6)

The first error estimator provides a rigorous upper bound for £;(u) only under the condition

g(-sp) € Wy, 41 — thus referred to as “next-point” error bound — whereas the second bound is
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rigorous without requiring an additional condition on g( -; u). We discuss the trade-off and present

numerical results for the performance of both bounds in Section 2.3.

2.2.1. A “Next Point” Error Bound
Assume we are given an approximation gps(x;p) for M < Myax — 1. If g(5p) € WJ“(\]4+17 the
interpolation error satisfies [15, 16]

e (1) = € (w), (7)

where the estimator is defined as €%, () := |g(zar+1; 1) — gmr (2 a1 ). We note that the estimator
is very inexpensive — it requires only one additional evaluation of g(-; 1) at a single point in .
However, in general g(-;u) ¢ Wy, and hence our estimator &y(u) is indeed a lower bound for

the true error, i.e., we have £9,(n) > &9, (n).

2.2.2. A Rigorous Error Bound

In a recent note, Eftang et al. [21] proposed a new rigorous a posteriori error bound which does
not rely on the assumption g(-; u) € Wy, 41~ We shall assume that g is parametrically smooth; for
simplicity here, we suppose g € C*°(D, L*>(12)).

We first introduce a P-dimensional multi-index § := [f1, ..., Sp] with non-negative integers
Bi,...,0p. We define the length || := Zil B; and refer to Blp as the set of all multi-indices 3 of
dimension P and length |3 = I. The number of elements of B is then given by ‘Blp‘ = (P+ll_1).
We then define the parametric derivatives
B (; ) = m. (8)

pit ... Oup
Note that we use the same interpolation space W]“(/I for both the function g and its parametric
derivatives.

We further assume that for all non-negative integers p there exists a constant o, < oo such that
max,ep MaXgepr Hg(ﬁ)(-;u)HLw(Q) < 0p. We also introduce a finite set of points ® C D with |P|
elements and define pgp := max,ecp minges ||t — ¢||5; here ||-||, is the usual Euclidean norm. For

given positive integer p, the interpolation error then satisfies [21]

(1) < g VHED, (9)



where the error bound is given by

p—1l j
g Py pj/2
&9 .= (1+ Apr) 2p2 PP 4 sup — P/* max
Vi AP | 2

ICTOR AICTS! I PR

Leo(Q)

In practice, higher values of p and larger cardinalities |®| require larger computational effort
but result in sharper bounds. However, note that the bound is parameter-independent and can

thus be computed once offline.

2.3. Numerical Results
In this section we apply the EIM to the hemispherical volume heat source defined in (2), given
by

qla; p) = e ¥1/71 ¢~ 73/0% o3/ z €, (11)

for z = (z1, 29, 23) € Q := [—30,10] x [0, 10] X [~10,0] and p = (01, 09,03) € D := [1.08,1.32]>. The
admissible parameter set D is obtained by taking i = [1.2,1.2,1.2] from the double ellipsoid source
of the penetration welding example in [6] and assuming a 10% uncertainty in each parameter. We
perform our computations on a triangulation Ty (2) with /' = 23891 vertices (also see Figure 2
for a sketch of the computational domain).

Next, we choose a random parameter train sample EEQ/II] C D with 1000 elements for the
greedy algorithm to construct the coefficient-function approximation. For the computation of the
rigorous error bound we introduce two deterministic parameter samples ®; C D and o C D with
|®1| = 125 and |®2| = 1000 elements. We shall consider p = 1,2,...,5 and test the rigorous error
bound with a random parameter test sample ZEM € D with 100 elements.

In Figures 2.3 (a) and (b), we plot the maximum interpolation error ;™ = max,czen €3, (1)
and interpolation error bound (5}]\4%@ as function of M for p=1,2,...,5 and ® = ®&; and & = d,,
respectively. We observe that the error bounds initially decrease, but then reach a plateau in M
depending on the particular value of p. The plateau itself is due to the fact that the first term in
(10) eventually dominates and compromises the sharpness of the bounds. The slight increase of
each plateau is related to the growth of the Lebesgue constant Aj; with M. We note that with
increasing p and increasing |®| the bound is sharper for a larger range of M, thus resulting in
smaller effectivities.

In Table 1, we first present the Lebesgue constant Ay, the condition number x(GM) of the

nodal value matrix GM , and the maximum interpolation error sﬁz,max

7

as a function of M. We



interpolation error and error bound
interpolation error and error bound

M M
(a) ® = & with |<I)1| =125 (b) d = Oy with |‘I)2| = 1000

Figure 1: Numerical results for the empirical interpolation of ¢(x; 1): maximum interpolation error €%,*** (dashed

line) and interpolation error bound 43, , & (solid lines) for p=1,...,5 as a function of M.

observe that the Lebesgue constant grows very slowly, and that the nodal value matrix GM is
quite well-conditioned. Note that the modest growth of the Lebesgue constant is crucial to obtain
a sharp error bound [26]. The maximum interpolation error £{,"** decreases very fast with M.
We next compare the rigorous error bound and the non-rigorous “next-point” error bound.
To this end, we also present in Table 1 the rigorous error bound 5?\/[,1)7@ and the effectivity

q _ 54 g,max _ _ : :
MM po = ) Mp.® /ey for p=>5and ® = @y, as well as the maximum non-rigorous error bound

~@,max
Em = max

e €4, (1) and the average effectivity %™ = (1/|ZEM]) Y, czm 4, (1) /24, (1):
We observe that both the rigorous bound 5%/17])7@ and the non-rigorous bound £4;"** decrease very
fast. However, 5?\471)?@ is a true upper bound for the interpolation error: the effectivity is always
larger than one and — as expected — grows slowly with M (note that 5%4757% reaches the plateau
for M = 36). The non-rigorous error bound, on the other hand, clearly underestimates the inter-
polation error: the average effectivities are less than one for all values of M. We recall that the
offline stage for the rigorous bound is much more expensive than for the next-point bound [21]. In
the online stage, however, the rigorous bound requires no computation at all and the next-point

bound requires only one additional evaluation of the non-affine function at a single point in €. As

long as we can afford the increased offline cost, the rigorous bound is thus clearly preferable.



M g,max q q Ag;max  ~g,ave
M Ay w(G™) €m 5M,5,<1>2 M.5,®4 Em U}

10| 2.29 4.96 1.17E-03 | 2.31E-03 1.98 | 1.13E-03  0.48
20| 6.71 7.57 T7.30E-05 | 3.08E-04 4.22 | 7.30E-05  0.53
30 | 8.54 13.86 2.20E-05 | 1.16E-04 5.26 | 2.20E-05  0.57
40 | 14.78 22.78 2.36E-06 | 3.12E-05 13.20 | 1.97E-06  0.51

50 | 15.31 25.32 1.83E-06 | 3.01E-05 16.49 | 1.22E-06  0.63

Table 1: Numerical results for the empirical interpolation of g(x;u): Lebesgue constant Az, condition number

#(G"), maximum interpolation error e4;**, rigorous error bound 6%, and associated effectivity 0}, , 4 for p =5

and ® = ®2, maximum non-rigorous error bound £9,"** and associated average effectivity 73" as a function of M.

3. Reduced Basis Method

In this section we incorporate the empirical interpolation method described in the last section
into our reduced basis approximation to develop an efficient offline-online computational procedure

for linear parabolic problems with non-affine source terms.

3.1. Problem Formulation
3.1.1. Abstract Statement

We recall that Q C R?, d = 1,2,3, denotes the spatial domain, a particular point in which
is denoted by z = (x1,...,74) € Q. We also specify the function space X¢ = H}(Q) — or,
more generally H}(Q) € X¢ C HY(Q) — where H'(Q) := {v | v € L*(Q),Vv € (L*(Q))%},
H(Q) :=={v | v € HYQ),v|sq = 0}, and L?(Q) is the space of square integrable functions over
Q0 [27].

For simplicity, we will directly consider a time-discrete framework associated to the time interval
I:=]0,ts] (I :=[0,t7]). We divide I into K subintervals of equal length At = ¢;/K and define
th .= kAt, 0 < k < K = t;/At. We shall apply the finite differences #-method [25] with 0.5 < 6§ < 1
for the time integration and define v*+¢ = (1 — §)v* + gv**! for any time-discrete variable v*,
0 < k < K. Note that 8 = 1 corresponds to the Euler-backward and # = 0.5 to the Crank-Nicolson
scheme.

Our exact problem of interest is then: given a parameter ;1 € D C R”, we evaluate the output

sC(tFs ) = 1(y° (-, t%; ), E=1,... K, (12)
9



where (1) = y°(-, t*; 1) € X© satisfies the weak form of the parametrized linear parabolic PDE

m(y*H () =y (1), v) + At aly™ 0 (), v p) = At f(vsg(5 p)ut (13)

forallv € X¢and k =0,1,..., K—1, with initial condition (say) y°(-,0; u) = 0 for all u € D. Here,
a(-, - p) is an X°-continuous bilinear form, m(-,-) = (-,*)12(q) is a symmetric L?(£2)-continuous
bilinear form, I(-) and f(-;g(-; ) are L?(£2)-continuous linear forms, u: ]0,¢;] — R is the control
function, and g(-;u) € L*(Q) is a prescribed function which is non-affine with respect to the
parameter pu.

We next introduce the X-inner product

(a(v,w; i) + a(w,v; @), Yv,we X (14)

N =

(U7w)X =

and induced norm ||v|| y = 1/(v,v)x, where i € D is a fixed reference parameter. We also introduce

the continuity and coercivity constants of the bilinear form a as

Vo) = sup sup AWy e p (15)
veEXe weXe H’UHX H’LUHX
and
. a(v, v;
at(u) = inf QUM g e, (16)

inf_ 5
veXe lvflx
respectively. Moreover, we assume that the bilinear form a is affine with respect to the parameter

W, i.e.
Qa
a(avu) Ez’ﬂg(ﬂ‘) a’q("')a (17)
q=1

with parameter-dependent functions 9¥7(u) and parameter-independent bilinear forms a?.

3.1.2. Truth Approzimation

Since we do not have access to the exact semi-discrete solution y®*(u) € X we replace it with
a so called “truth solution” 3*(u) that resides in a finite element approximation space X C X°©
of very large dimension A/. Our truth approximation to (12) and (13) is then: given p € D, we

evaluate
s(thp) =1y (), k=1,...,K, (18)

where y* (1) € X satisfies

m(yF (1) — vP (1), v) + At aly"0 (), v; ) = At f(v; (-5 p))u+? (19)
10



forallv € X and k = 0,1,..., K—1, with initial condition 4°() = 0. The continuity and coercivity

constants of the bilinear form a with respect to X are given by

a(v, w;
Ya(p) = sup sup M, V€D, (20)
veX weX ||UHX HwHX
and
a\v, v;
aq(p) = inf (Uivzu) Vi eD, (21)
veX ol
respectively.

We recall that the affine parameter dependence of the bilinear and linear forms is a crucial
ingredient for the computational efficiency, i.e., the offline-online decomposition, of the reduced
basis method [16]. We may therefore replace the non-affine function g(-; ) in (19) by its affine
coefficient-function approximation g/ (+; 1) defined in (3) to obtain the approximately affine prob-

lem: find %, () € X such that

myhi () = yhr (), ) + At aylf (), v p) = At fur(v; )t (22)

forallv € X and k=0,1,..., K — 1, with y9,(u) = 0; here,
M M M
Far(vi ) o= o3 gar(w; ) = f(03 > wa()d® (@) = D walw) f(v:9%(@)) = > we(p) f1,(v), (23)
g=1 q=1 q=1

for all v € X and p € D, where the f{,(v) := f(v;§%(z)), ¢ =1,..., M, are parameter-independent
linear forms and the wy(p), ¢ = 1,..., M, are calculated from (4). Note that this affine approxi-
mation to the truth formulation (19) has only a theoretical purpose. In fact, we stress that y%,(u)
is not computed at any stage in the offline phase and that our a posteriori error bounds derived in
Section 4 measure the error of the reduced basis approximation with respect to the truth solution
y*(u) from (19) and not with respect to the affine approximation y% (1) to the truth solution.
However, since (22) is affine in the parameter we could directly apply the results from [23] at the
cost of neglecting the error due to the empirical interpolation [17]. We return to this discussion in
Section 4.

To ensure rapid convergence of our reduced basis output approximation we introduce a dual
problem [28]. Invoking the LTI property, the truth approximation of the dual of the output at
time t', L =1,..., K, is defined by

’(Z)L(7tknu‘) = \P('vtK_L+k;H)a k= 1’ cee 7L’ (24)
11



where U*(u) = W(-,t*: 1) € X satisfies

—m(v, U () = OF (1) + At ao, PO () p) = 0 (25)
forallve X and k =1,..., K, with parameter-independent final condition
m(v, BEFL) = [(v) (26)

for all v € X. Note that the dual problem inherits the spatial and temporal discretization from
the primal problem. Also note that the dual problem is affine with respect to the parameter since

the source term f does not enter into the dual problem.

3.1.3. Model Problem

The welding process discussed in Section 1 shall serve as our model problem. We consider a
coordinate system moving with the (non-dimensional) velocity Pe of the torch in the x;-direction;
in this coordinate system, the torch is stationary at the origin and the velocity enters as a factor
of a convective term in the governing equation, see Figure 2. The temperature y° in the workpiece
is then governed by the convection-diffusion equation (1) with v = (—Pe, 0, 0) and the source term
is given by Eq. (2), c.f. [4]. Since our interest is in the non-affine term we keep all parameters fixed
except for the ones in the source term; according to the data in [6] we thus set Pe = 3.65, k = 1,

and the control input to u = 12.3. We choose the time interval I =|0, 5] with K = 100 and 6 = 1.

€3 T2
A
rpeasurement
q(z; 1)~ G —
I'p s
j B
0 I'n

Figure 2: Sketch of the computational domain of the model problem with welding torch at the origin and the

measuring point at the top side of the workpiece.

We consider the start-up of the welding process and thus set the initial condition to zero. We

assume homogeneous Neumann boundary conditions on I'y and homogeneous Dirichlet boundary

12



conditions on I'p, where I'p corresponds to the inflow and outflow part of the boundary. The
inflow and outflow boundaries are chosen far enough from the origin so as not to influence the
temperature at the measurement location.

We next derive the weak formulation of (1) and apply the finite differences §-method. The
governing equation for the temperature y* (1) € X is thus (19), where X is a linear finite element
truth approximation subspace of dimension N = 23891. The bilinear and linear forms are given
by m(w,v) = [ wv dz, a(w,v; p) = a(w,v) = [, Vw- Vv dz+Pe [, %wv dz, and f(v;q(-;p)) =
Jo v q(x; 1) de, with g(z; p) given by (2). The output of interest is the temperature measurement

in a specific volume at the surface, i.e.,
1
S(4) = 10M0) = g [ 9 e k=LK (27)
where Qy,, = [—0.25,0.25] x [1.5,2] x [-0.1,0].

3.2. Reduced Basis Approzimation

We suppose that we are given the nested Lagrangian reduced basis spaces

X%, = span{¢P""(z), 1 <n < NP}, 1< NPP< NP (28)
and
X4, =span{¢™"(z), 1 <n < N}, 1< N <N, (29)

where the (P 1 < n < NP', and the the (1", 1 < n < N9 are mutually (-, -)x-orthogonal
basis functions. In general, we have NP' # N We comment on the POD/Greedy algorithm for
constructing the basis functions in Section 5.

Our reduced basis approximation yﬁ/L o (1) to y* (1) is obtained by a standard Galerkin pro-

jection: given pu € D, y]k\%Npr(u) € XN satisfies

Myt ner (1) = Yhrnor (1), 0) + At alyhf o (1), v5 1) = At far(v; p)ut+o (30)

for all v € X}, and k =0,1,..., K — 1, with initial condition yR/LNPr (u) = 0.

Similarly, we obtain the reduced basis approximation W% ;. (1) € X9 to U*(u) € X as solution

Ndu Ndu
of
k —0
—m(v, UKL () — OR0u (1)) + At a(o, W5ETD (1) ) = 0 (31)
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for all v € Xdu

yau and k£ =1,..., K, with final condition

m(v, Uiat) = 1(v) (32)

for all v € X]‘f;ﬂlu.

Let N = (NP", N9 be a multi-index indicating the reduced basis dimension of the primal and

dual problem respectively. The reduced basis approximation of the output can then be evaluated

as
k
K K—k+k'+(1-0
Ko () = Ui () + A8 D7 (U () ), (33)
k'=1
for k =1,..., K; here, the residual of the primal problem is defined as

1
N - — _
e (U5 1) := far(v3 M)Uk 0 a(yﬂ,}vﬁ(ﬂ)a v p) — Em(yﬂmr (1) — Z/ﬁ/[]lvp (1);v), (34)
with k. =1,..., K for all v € X. We may also obtain a simple reduced basis output approximation
from

8ha, o (1) = Uy vwr (1)), (35)

k =1,...,K. Note that we do not require the dual problem to evaluate 577\/[7 Nor (). We shall

compare the performance of both output approximations in Section 6.

3.3. Computational Procedure

Now we develop the offline-online computational procedure in order to fully exploit the dimen-
sion reduction. First, we express yﬁ o (1) in the form

NPT

Yoo () = Y (vhewer () €7 (36)

i=1
and choose as test functions v = (P*!(z), 1 <i < NP' in Eq. (30). We thus obtain

pr

S (st ). = (shonor (1)) ) m(CP™, ¢
i=1

1=

NPT

FAEY (5 her ) alc™, 0 1) = A (s a0 (37)
i=1
forall j=1,...,NP"and k£ =0,1,..., K — 1, which we can rewrite in the algebraic form

(MP* 4+ OAE AP (1) Yy (1) = (MPT = (1= 6) At AP ()" gy ()
+ AL ((1 —0)u + 9uk+1) FP (1), (38)
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for k=0,1,..., K — 1, where

AP () = [ A ()] € RN, AP () = (P, (P ), 1<d SN (39)
MPT — [Mgr] c IRN}DrxNPr7 Mgr _ m(cpr,ijcpr,j% 1< Z,] < NPT (40)
FEf(0) = [FI ()] € Y, FIF (1) = Far(CP™: ), L<j<NP (4

and yM wor () = [(yﬁ]\,pr (,u))l e, (yﬁ/lepr (,u)) € RM”. The initial condition is given by

Yag e (1) =0.

o
We now invoke the affine parameter dependence (17) to obtain

AP (g Z 99 (1) AP, (42)

where the parameter independent matrices AP™7 = [Afjr’q] e RNV XN 1 < ¢ < Qu, are given by
AP = ad(¢PH, ¢P), 1 <i,j < NP, 1< q < Q. Furthermore, it follows from (23) that we can

express Fly(p) as

F>(u Z wy () FP, (43)

where the parameter independent vectors Fy;? = [F]I\}r]q} e RN, 1 < ¢ < M, are given by F]{’j”]‘? =
L (CP) = F(CP™I;g9(x)), 1 < j < NPT, 1<q< M, and the wy(p), 1 < g < M, are calculated
from (4). The computational procedure for the dual problem and the output approximation directly
follows from the primal problem and is therefore omitted [23].

The offline-online decomposition is now clear. In the offline stage — performed only once —
we compute the basis functions (P51 (z), ..., P"N™ (z) of the primal and (%! (), ..., ¢du, N (x) of
the dual problem. Then we determine the parameter-independent matrices AP%4, MP*, and F}{’;’q
for the primal problem; A4 and M for the dual problem; and APHdwd  Jrprdu F](\i/}l’q, and LP"
for the output approximation. The computational costs are thus O(K + (NP* + N9%)) solutions
of the A'-dimensional truth finite element approximation and O(Q,((NP")2 + (N)2 4 NPrNdu) 4
M (NP*NI)) A-inner products. The storage requirements are O(Qq((NP)2 4 (N9)2 4 NPrNdw) 4
M (NP* + Nduy),

In the online stage — performed many times, for each new parameter value u — we assemble
the parameter-dependent matrices APT(p), A% (), AP (y) and vectors Fhy(u), Fif(u) which
requires O(Qq((NP)? 4 (N99)2 4 NPTNIY) 4 A72 4 M(NPT 4 N9v)). We then solve the primal

15



problem (38) and the dual problem — considering the LTI property and the fact that the matrices
are generally full — at cost O((NP")34- (N3 + K ((NP')2+(N91)2)). Finally, the evaluation of the
output approximation (33) at time t* requires O(kNP*NI) — the evaluation of the output for all
K timesteps has a cost of O(K2NP*N1) due to the residual correction term. However, evaluating
the simple reduced basis output approximation (35) at all timesteps costs only O(KNP'). The

online stage is thus independent of the truth finite element dimension N.

4. A Posteriort Error Estimation

In this section we develop rigorous a posteriori error bounds for the reduced basis approx-
imation of the state and output. The new ingredients are (i) the combination of the rigorous
error bounds for the EIM of Section 2 with the “standard” affine reduced basis error bounds, and
(ii) the development of adjoint procedures for non-affine parabolic problems. We recall that non-
rigorous error bounds have been developed for elliptic and parabolic problems in [19, 18] and [20],
respectively; and that adjoint procedures for affine parabolic problems have been proposed in [23].
Furthermore, we refer the interested reader to [16] for a priori convergence results of non-affine

problems.

4.1. Preliminaries

To begin, we assume that we are given a positive lower bound for the coercivity constant a(u):

alB(u) : D — R, satisfies
tap) > alB(1) > a8 >0, VpeD. (44)

This bound can be calculated using the Successive Constraint Method (SCM) [29]; however, simpler

recipes often suffice [30, 31]. We next introduce the dual norm of the primal residual (34), given

by
&
vk TR p)
TNPI‘("N) - Sup T 1 S k S K7 (45)
X* veX HUHX

and the dual norm of the dual residual

W v (V3 1)
v G| L = sup L 1<k<K, (46)
vl . = sy
where
k+(1-6 1
P (03 ) 2= —a (o, WL (0); o)+ om(v, UREL () = WRau (), (47)



forv e X, 1 <k < K. Finally, the spatio-temporal energy norm for the primal problem is defined

as .
pr b >
‘Hvk) = (m(vk, oP) + At Z a(vk/_He, b =10, u)) , (48)
K k=1
and for the dual problem as
1
du K 2
‘Hvk) = [ m(*, o) + At Z a(uFHA=0) k+01=0). )1 (49)
o
k'=k

4.2. Primal Variable

We first revisit our discussion related to the truth formulation (19) and its affine approximation
(22). Assuming we are interested in the error between the reduced basis approximation, y]k\”/[ o (1),
and the affine approximation to the truth, y%, (1), we can directly apply the result from [23]. Indeed,

the error, y&, (1) — yﬂ]\,pr (w), satisfies
k k Pt ynmk _
yM(,u) —yM’Npr(M) p < ANW (,LL), VILLED, Vk = ].,...,_[(7 (50)

where the error bound is given by

AR () = (aLB Z\ [ ) (51)

Although this approach is appealing due to its simplicity, the error bound (51) does not account
for the error due to the empirical interpolation of the non-affine terms. Our goal is to incorporate
the interpolation error into the bound formulation and thus provide a rigorous upper bound for
the error between the reduced basis, yﬂ Nor (1), and the truth approximation, yF (). However, we
shall use the bound defined in (51) for notational convenience and to show the analogy between
the affine and non-affine error bound formulations.

We are now ready to state

Proposition 1. Let P = (p, ®) be a multi-index with a positive integer p and a finite subset ® of
D. Then the error

el e (1) = ¥F (1) = vk nor (1) (52)

of the reduced basis solution yﬁ%Npr (1) with respect to the truth solution y*(u) satisfies

k pr
631/\4 Npr (ﬂ) ‘ "

< AZ]/\j,CNPr,’P(/J)y VueD,Vk=1,...,K, (53)
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where the error bound A%ﬁNm’P(u) is defined by

Al o p (1) = ( (A% ))2+O§§fm(%my\f D)’ ij( k- 1+9)2>2 (54)

k'=1

and ARLF () is defined in (51) and || f(51)] x- = sup,ex ﬂgjljl;;l()'

We note that the error bound (54) consists of two terms: the first term contains the error
bound defined in (51) and thus represents the contribution due to the affine terms; the second
term depends on the estimator 4, @ for the interpolation error, and thus accounts for the error

due to the non-affine function interpolation.

Proof. The proof is an extension of the one presented in [23] for affine problems with the added

complexity due to error in the function interpolation. Following the same steps, we obtain

y,k v,k y,k—1  yk—1 y,k—140 y,k—1+0,
m(eM’Npr,eM’Npr) — (eMNpr,eMNpr) + 2Ata(eM NPt EAT NP P 1)

ko yk—1+46 k=146 _
< 2AE (e yor 5 1) + 28 Fel e g(1) — gar(p))ut 10 (55)

The new ingredient is the non-affine contribution on the right hand side. Using Young’s inequality,

the first term on the right hand side can be bounded by

v,k y,k—1+0 . aIJB(M) oYok— 140 56
err(eMNPr 7”) aLB TNpr Y ‘|‘ 9 MNpr X . ( )

We now use the EIM rigorous bound result (9), (10), and Young’s inequality to bound the second
term on the right hand side by

Femt g(i) — gnr ()

<3 ( D extst |+ ap (Repa 176D #0)) (o)

The desired result then directly follows from (55), (56), (57), the coercivity of a and (44) after

uk71+9

summing from k' = 1 to k.

4.8. Dual Variable
Since the dual problem is affinely parameter dependent, the results from [23] directly apply:

the error

et (1) = UH () — W (10) (58)
18



in the dual state satisfies

du

<AVR(L)  YpeD, Vk=1,... K, (59)

v,

where the dual state error bound is given by

AN () = (QLB ZH vl ) (60)

4.4. Output Bounds

Finally, the error bound for the output approximation is given in the following proposition. We

provide the proof in Appendix A.

Proposition 2. Let P = (p, ®) be a multi-index with a positive integer p and a finite subset ® of

D. The error between the truth output s*(u) and its reduced basis approzimation S’XLN(,LL) satisfies
k
s¥ () = shyn ()| < A np)  YueD, VE=1,... K, (61)

with the primal-dual output error bound

Ay p (i) = AL () AVE T ()

1
2

k
e AL ) D (aLB Z_(’“‘”")Q) (62)

K k+k'+(1-06 I_
+ ALY pq,zlf o H(); 1) w14,
k'=1

where AZJ/\%; (1) and AY; ( ) are defined in (51) and (60), respectively.

Ndu

We also introduce a simple reduced basis output approximation and corresponding error bound

which shall serve as a comparison for the primal-dual formulation.

Proposition 3. Let P = (p, ®) be a multi-index with a positive integer p and a finite subset ® of
D. The error between the truth output sk(u) and its simple reduced basis approrimation §'fuwpr (1)
satisfies

Sk(lu’) - 5?\4,]\79‘(“) S A?kaNPr’P(M) VIU, € Dv Vk = 17 sy K7 (63)

with the simple output error bound

. I(v
REE o () = sup ) ATE () (64)
veX ||UHL2 Q)
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Proof. From the definition of the simple output we obtain

[(v)

k <k
) = 8B on ()] = 18 1)) = s TIPS [t 0] - (65)
The result directly follows since
1
& N 2 pr
[t )] = (et ), e8inar () < [lefiinr 1) (66)
for all p € D. O

At this point, we make several comments from a theoretical point of view. First, similar to the
error bound for the primal variable, the output error bound (62) consists of several terms: the first
term represents the usual primal-dual contribution to the error bound. If the problem becomes
affine, i.e., we redefine the affine approximation to the truth finite element approximation given by
(22) to be our new “truth” the error bound then simplifies to the one proposed for affine problems
n [23]: the interpolation error bound 5%%@ vanishes and only the primal-dual contribution in
the first term, A%‘g; () A%d{f *1(11), remains. However, for non-affine problems we obtain two
additional terms which account for the error due to the function approximation.

Second, the goal of the adjoint formulation is to recover the square effect, i.e., a primal con-
tribution multiplied by a dual contribution, in the output bound. The second term of the output
error bound (62) also shows this square effect since the error bound of the dual state is multiplied
with the EIM error bound. The last term, on the other side, only contains the EIM error bound
5?\4%@. We thus need to choose M large enough — and thus guarantee that 5%%@ is small enough
— so0 that the last term does not limit the convergence of the overall output error bound.

Third, we observe that the simple output error bound does not show the square effect. We thus

expect a much slower convergence of the output bound for the primal-only formulation.

4.5. Computational Procedure

The offline-online computational procedures for the calculation of the error bounds AZJ/\’JTNWP (),
A‘;Wk Nor p() and Aj’f ~p (1) are a direct extension of the procedures described in [23, 20]. We there-
fore omit the details and only summarize the computational costs involved in the online stage.

We recall that the EIM a posteriori error bound 69 p® is evaluated offline and does not require
any online calculations. In the online stage the computatlonal cost to evaluate A MkNpr 7D(u) and
Af\/[kNpr (p) for all K is thus O(K(NP*MQ,+(NP")2Q?)), while the computational cost to evaluate
the primal-dual output bound AMNP( ) is O(K(NP*MQ, + (NP")2Q2 4 (NI)2Q2)).
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5. Sampling Procedure

In this section we review the combined proper orthogonal decomposition (POD) and greedy
sampling procedure [32] to construct the primal and dual reduced basis space.

We only summarize the POD/Greedy procedure for the primal problem: we first choose an
arbitrary parameter value p; € D and set Sy = {0}, Xg = {0}, NP' = 0. Then, for 1 < NP' < NPx,
we first set the parameter sample to Syer = Syer—1 U {uner} and compute the projection error
e?\}]f,r7proj(ﬂzvpr), k = 1,..., K, which is the difference of the truth solution yk(NNpr) and its X-
orthogonal projection ylgroj(MNPr) onto the reduced basis space X ypr. We then expand the reduced
basis space by the largest POD mode of the time history of {e?\’,ﬁr’pmj (uner) | 1 < k < K} which
we compute using the method of snapshots [33]. Finally, we choose the next parameter value from
KUNPryl = arg MaX,es,, ., A%}[{(Npr 1)/ 1lyag nor (I e we perform a greedy search over Zirain
for the largest relative a posteriori state error bound at the final time. Here =i, C D denotes a
finite but suitably large parameter train sample.

Note that we set M = M,.x during the greedy procedure so that the contribution of the non-
affine terms does not spoil the greedy search. If the control u(t*) is not known in advance, e.g., in

an (optimal) control setting, we may perform the sampling procedure with the impulse input gLk

without detriment to the accuracy of the resulting reduced basis approximation [23].

6. Numerical Results

We now present numerical results for our model problem introduced in Section 3.1.3. The
generation of the EIM approximation of the non-affine source term and the numerical results are
discussed in Section 2.3.

We first choose a random parameter sample Zipain C D with 1000 elements to construct the pri-
mal reduced basis space X}, according to the POD/Greedy sampling procedure in Section 5. Since
the dual problem is parameter-independent we perform only the POD part of the POD/Greedy
procedure to construct the dual reduced basis space X ]‘%}Qu. For the numerical tests we use a random
parameter test sample Ziest C D with 60 elements.

In Figure 3 we plot, as a function of NP' and M, the maximum relative state error bound
Aﬂmﬁﬁrr% = MaX,ex, ., A%Z(Nprp(u)/ H‘yK(,u)mzr of the primal problem at the final time step /.

For the interpolation error bound we used p = 5 and & = ®3. We observe that the reduced
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basis approximation converges quite rapidly. We also note that the curves for fixed M stagnate
at some point and that the curves level off at smaller values as M increases: for fixed M the EIM
error bound will ultimately dominate for large NP"; increasing M renders the coefficient function
approximation more accurate, which in turn leads to a drop in the error. The separation points of
the NP'-M-convergence curves reflect a balanced contribution of both error bound terms in (54);

neither NP* nor M limit the convergence of the reduced basis approximation.

——M=10
= 1 : : : ——M=20
5 : : :

2 0 : i - |M=30
'g 107 p o\ : ——M=36
= P G R N R .
o N N
o . .
s : :
Té 10_1.‘” [T, NPT SOPR
B ———
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%
< > : : .
10 20 30 40 50

NP*

Figure 3: Numerical results for the reduced basis method: maximum relative primal state error bound AY;"(5:'% as

a function of NP for M = 10,20, 30,36, p =5 and & = &,.

In Table 2 we present, as a function of NP* and M, the maximum relative truth error 5?\’4111]3’;;%1,

. . 1 . 1
the maximum relative error bound AY;'\5:5, and the average effectivity n} vor p; here, e/ vor*

is the maximum over S of sﬁ}[{(Npr (1)/ H}yK (u)‘”ir, and nﬁ/vaeprP is the average over Zies of
A%{(Nprp (n)/ slj}lf(Npr (). Note that the tabulated (NP*, M) values correspond roughly to the sep-
aration points of the NP'-M-convergence curves. We observe that the effectivities are larger than
but close to 1; we obtain rigorous and sharp upper bounds for the true error.

The corresponding results for the dual problem are presented in Table 3. Since the dual is
parameter-independent, we observe a much faster convergence of the error and the error bound
than for the primal problem. The effectivities are thus very good for all values of N4,

We next turn to the output error bound and present in Figure 4 the maximum relative primal-
dual output error bound Af\f]@)’gel = max,cz,.. A}S\;II’(N’P (1) at the final time step t* as a function

of NP* for N9 = 5 10,15,20. We use p =5, & = &3 and M = 36 for the empirical interpolation.

The convergence curves show the full potential and advantage of the primal-dual formulation for
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pr y,max,rel y,max,rel y,ave
N M | 3y nor AM,Npr,7> v, Ner

5 10 | 9.88E-02 5.28E-01 6.57
10 20 | 3.76E-02 1.35E-01 4.19
25 30| 7.59E-03 3.21E-02 5.56
40 36 | 1.02E-03 6.89E-03 7.88

Table 2: Reduced basis approximation of the primal state: maximum relative truth error 4¢3, maximum relative

rel .. , .
error bound AY"(5"5 and average effectivity 7%, \or » as a function of M and NP*. The values of the error bound

refer to p =5 and ® = P,.

d W rel W rel U
N " 6]\[du AA]\/'du nNdu

5 | 6.01E-02 230E-01 3.83
10 | 2.76E-03 5.70E-03 2.07
15 | 2.26E-05 4.52E-05 2.00
20 | 7.74E-08 1.76E-07 2.28

Table 3: Reduced basis approximation of the dual state: relative truth error siﬁl, relative error bound A%ﬁl and

effectivity n%du as a function of N9,

the problem considered. We can obtain a specific desired accuracy of the output bound for different
combinations of NP and N9". Due to the faster convergence of the dual problem, however, the
effect of increasing N9 is much larger than the effect of increasing NP'. To obtain a maximum
output bound of approximately 10%, we require either NP* = 30 and N9 = 5 or NP' = 4 and
N9 = 10. We can thus considerably decrease NP* — here, a factor of ~ 7 — while we only have
to double N9 to keep the same accuracy of the output bound.

We also note that the convergence curves only reach an accuracy of approximately 2E-04. At
this point the interpolation error bound, i.e., the last term in (62), dominates the primal-dual
output error bound. Thus, increasing NP* or N9 has, at this point, no effect on the convergence
of the output bound anymore. This is in contrast to the results for affine problems, where only
the first term in (62) is present and the convergence curves thus keep decreasing without reaching
a plateau. We note that this plateau effect is important in choosing an efficient combination of

NP vs. N9 ys. M. As a general guideline, M should be large enough such that the interpolation
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error is small enough and the last term in (62) has the same order of magnitude as the first term.
Subsequently, NP* and N9 can be chosen so as to minimize the computational cost involved. The
actual values of NP*, N9 and M required to satisfy these goals, however, are strongly problem

dependent.

,_.
o.—.

—_
S
=}

max. rel. primal—dual output error bound

Figure 4: Numerical results for the reduced basis method: maximum relative primal-dual output error bound

AR/Im;,X;CI as a function of N®* for N9 =5,10,15,20, M = 36, p= "5 and ® = &s.

Finally, we present in Table 4 for a specific combination of NP, N9 and M the maximum

. 1 . . 1
relative truth output errors ej’/[mﬁx’re, the maximum relative output bound A}g\’/fmﬁxge, and the

.. 1. . - K .
average effectivity ny;'y p; here, e,V is the maximum over Sies; of ey n/[8% |, AYf np  is the

maximum over Z¢egt of A?\ZI,(N,P /|s™ ()], and 737y p is the average over Ziest of A%y v p (1) /57 3 (1)-
We also present the online computational times to calculate sﬁ/[, ~ (@) and A?\}ITM,P for 1<k <K.
The values are normalized with respect to the computational time for direct calculation of the truth
approximation output s* (1), 1 <k < K. We present the corresponding results for the primal-only
approach in Table 5.

We observe that the output approximation and output bound for the primal-dual formulation
converge very fast. Furthermore, the primal-dual formulation is clearly superior to the primal-only
formulation for the problem considered here. The reason, of course, is the parameter independence
and thus fast convergence of the dual problem. To achieve a desired accuracy in the output bound
of approximately 1%, we require NP* = 20, N9 = 10, and M = 20 for the primal-dual formulation.
Using the primal-only formulation the output bound is still larger than 10% even if we set NP*

and M to their maximum values Noax = Mmax = 50. The output effectivities are O(100) and thus
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worse than the effectivities of the energy norm bounds since our bound cannot take into account
any correlation between the primal and dual error. Despite the quite large effectivities, however,
the computational savings are considerable: the computational time to evaluate the reduced basis
output approximation and output bound is a factor of O(10*) faster than direct calculation of the

truth approximation output.

NPT Ndwopf ef\fﬁx’rel Aj’/fmj\aﬁ(g ol 77?\2‘]’5773 comp. time Vk
10 5 10 | 6.59E-03 1.28E+00 599.62 6.09E-05
20 10 20 | 1.04E-04 9.50E-03  346.56 7.98E-05
30 15 30 | 3.74E-05 6.21E-04 813.41 1.05E-04

Table 4: Primal-dual reduced basis output approximation: maximum relative truth output error e}/ v ", maximum

relative output error bound AEE\Z}?‘;QI, average effectivity ny,"\ » and computation times for p = 5 and ® = @, as
a function of NP*, N9 and M. The computation time is normalized with respect to the computation time of

calculating the truth output.

NPT M é}s\fﬁﬁfel A%mﬁ);r% Mg ner p | comp. time V&
5 10 | 2.41E-01 1.14E+01 257.26 2.34E-05
10 20 | 4.16E-02 2.87TE+00 1585.89 3.01E-05
25 30 | 5.82E-03 6.84E-01 591.01 5.43E-05
40 36 | 1.11E-03 1.45E-01 562.08 8.39E-04

. . . . . . s, 1 .
Table 5: Primal-only reduced basis output approximation: maximum relative truth output error €37 nor -, maximum
,

s,max,rel

relative output error bound A A norp, average effectivity 7y, Vor p and computation time for p = 5 and ® = @, as
a function of M and NP*. The computation time is normalized with respect to the computation time of calculating

the truth output.

7. Conclusions

We have presented rigorous a posteriori error bounds for reduced basis approximations of
problems with non-affine source terms. To this end, we employed the recently proposed rigorous a
posteriori error bounds for the empirical interpolation method and we developed adjoint procedures

to ensure rapid convergence of the reduced basis output approximation and associated error bound.
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The error bounds take both error contributions — the error introduced by the reduced basis
approximation and the error induced by the function interpolation — explicitly into account.

We presented numerical results for a welding process that showed the very fast convergence of
the reduced basis approximation and associated error bounds. The computational savings in the
online stage are considerable; we observed a speed-up of (’)(104) in the calculation of the output
estimate and bound compared to direct calculation of the truth output.

The primal-dual formulation proved to be clearly superior to the primal-only formulation for our
model problem. We note that a small interpolation error and thus large enough dimension of the
EIM approximation space is essential in recovering the square effect in the output approximation
and bound. The welding problem has proven an ideal application for the use of adjoint techniques
— the parametric dependence enters only in the right hand side of the primal problem and thus
does not show up in the dual problem. However, adjoint techniques are advantageous also for
problems with a more general parameter dependence [14, 23, 34, 22] and our development is thus
not restricted to the particular problem considered here.

A topic of future research is the application of the methods developed here in the solution of

the inverse problem using real experimental data.

Appendix A. Proof of Proposition 2

For simplicity we shall omit the parameter-dependence of the state variables in our notation,
i.e. we write y* instead of y*(u) etc.

First we note that the dual of the output at time t*, L =1,..., K, satisfies
/ ' E+(1-6
—m(v, 0 T —f ) + Ata(v, 0 T ) =0 (A1)

forallve X and ¥’ = 1,..., L, with final condition

m(v, o) = i(v) (A2)
for all v € X. We now choose v = e%f;plfe in (A.1) and sum from k¥’ =1 to L to obtain
L L ,
K140 K / K140 K +(1—
= > el O = o)+ A alefyia v T =0, (A.3)
1 k=1
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which can be rewritten in the form

L

L
K k=1 K'+(1-6 '—146 k'+(1-06). ,L L
Z m(eﬁ/l Npr T e?\/[,NPra L ( )) + At Z (eM Nor YL ( )a 1) = m(e?\/j NP L+1)a (A4)
k'=1 k'=1

where we used the fact that e M yer = 0. We now note from the final condition of the dual problem
(A.2) that m(egj’\me, ) = l(eM "ver) tO obtain

L L

K =1 K +(1-0 K—-1+0  k'+(1-0),
eNPr Z eMNPr - ?\/[,NP” L ( )) +Atz (G?WNPYJF UL ( )a:u)' (A.5)
=1 k'=1

We next derive from (19) and (34) that the primal error satisfies

K’ K — 146
m(e?\/[ Npr eng\J Npr> ) + Ata(eM Npr+ ) ?M)
K —

AP (05 1) + A F(059(8) — g () (AL6)
forallve X and k' =1,..., K. Choosing v = iur(l*a) and summing from k' = 1 to L it follows
that

L L
K -1 K'4+(1-6 1+6
Z eMNPT_ earvee U ( ))—i—AtZ (eMNPr+ 77/)L i
= k=1

—Atzrw PR +Ath (wp T g(u) — gu()ut 0L (AT)
k'=1 k'=1

From (A.5) and (A.7) we have

L
’L 7k/ - / -
l(e?JJVPr) = At Z T?Vpr(‘IJK L+ 9)5 1t)
k'=1

L
+ A FUREEEO0: g(0) — gar(u))u 1, (A8)
k'=1

where we used the shifting property of the dual (24). From the definition of the truth output,

s¥(u), the reduced basis output approximation, sﬁ/[’ N (1), and (A.8) we now obtain
WK —kk (10
() = shrv () = At Y ik (eyan T () )
k
+ AL FUETRERO0 0 g() — gar () u T (AL9)

k'=1
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Using the definition of the dual norm the first term of the right hand side of (A.9) is bounded by

k
K o U K—k+k +(1-0
ALY ey T )
k'=1

A1) ST

<Atz Her, ) H

k/_

and using the Cauchy-Schwarz inequality it follows that

\IJ JK—k+k +(1-6
At Z e (e () )
k=1

1
(AtaLB ZH Kk ‘”m)Hi)Q. (A.11)

k=1
By definition, the first term of the right hand side of (A.11) is equal to the error bound A%‘g; (1)

of the affine primal problem (22), and the second term satisfies

AtalB () Y el | o (abgkr ) (A12)
k'=1

We now turn to the second term of the right hand side of (A.9), which we can bound by

k
ALY PR () () — gag ()
k'=1

<Atz H UKkt k(1 9)(“)H sup fvig(p) — gm(p)) ’u’f’—HG(

k'=1 Nd“ X’UEX HUHX

g K kR (10 _
+ At Z FOURTF D 0): g (1) — gar (p)u? ~170. (A13)
k'=1
With the help of the rigorous EIM-bound &9, .o this can be simplified to

k
ALY FRREERTD (1) g() — gar (p))ul T
k=1

UK —k+k'+(1-6 k'—1+60
<AL, 0 (D) x- Z Jene (0] Ml
k=1

K k+k'+(1-0 I_
+ At Mz\f (WSRO0 ) 1) 1+9]. (A.14)
k'=1
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Finally, using the Cauchy-Schwarz inequality, the coercivity of a and the definition of the dual

spatio-temporal energy norm and the dual error bound, we have

k k 3
U, K—k+k'+(1—0 r_ _ At r_ 2
At Z HeNdu '+ )(M)Hx ‘uk 1+9‘ < A]‘I\’,ff k1) o0 Z (uk 1+9> . (A.15)
k=1 aa (Iu’) k=1
The result directly follows from (A.9)-(A.15). O
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