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NITSCHE-XFEM WITH STREAMLINE DIFFUSION
STABILIZATION FOR A TWO-PHASE MASS TRANSPORT
PROBLEM

CHRISTOPH LEHRENFELD AND ARNOLD REUSKEN*

Abstract. We consider an unsteady convection diffusion equation which models the transport
of a dissolved species in two-phase incompressible flow problems. The so-called Henry interface
condition leads to a jump condition for the concentration at the interface between the two phases. In
[A. Hansbo, P. Hansbo, Comput. Methods Appl. Mech. Engrg. 191 (20002)], for the purely elliptic
stationary case, extended finite elements (XFEM) are combined with a Nitsche-type of method,
and optimal error bounds are derived. These results were extended to the unsteady case in [A.
Reusken, T. Nguyen, J. Fourier Anal. Appl. 15 (2009)]. In the latter paper convection terms are
also considered, but assumed to be small. In many two-phase flow applications, however, convection
is the dominant transport mechanism. Hence there is a need for a stable numerical method for the
case of a convection dominated transport equation. In this paper we address this topic and study
the streamline diffusion stabilization for the Nitsche-XFEM method. The method is presented and
results of numerical experiments are given that indicate that this kind of stabilization is satisfactory
for this problem class. Furthermore, a theoretical error analysis of the stabilized Nitsche-XFEM
method is presented that results in optimal a-priori discretization error bounds.

AMS subject classification. 656N12, 65N30

1. Introduction. Let Q C R%, d = 2,3, be a convex polygonal domain that con-
tains two different immiscible incompressible phases. The (in general time dependent)
subdomains containing the two phases are denoted by €, Q, with Q = Q; UQ,. The
interface T' := Q; Ny is assumed to be sufficiently smooth. A model example is a
(rising) droplet in a flow field. The fluid dynamics in such a flow problem is usually
modeled by the incompressible Navier-Stokes equations combined with suitable con-
ditions at the interface which describe the effect of surface tension. For this model we
refer to the literature, e.g. [3, 8, 15, 21, 9]. By w we denote the velocity field resulting
from these Navier-Stokes equations. We assume that divw = 0 holds. Furthermore,
we assume that the transport of the interface is determined by this velocity field, in
the sense that Vr = w - n holds, where Vi is the normal velocity of the interface and
n denotes the unit normal at I' pointing from {2; into 25. In this paper we restrict
ourselves to the case of a stationary interface, i.e., we assume w - n = 0. This case
is (much) easier to handle than the case of an non-stationary interface I' = I'(t). We
restrict to this simpler case because even for that the issue of stabilization of the
Nitsche-XFEM method for convection-dominated transport problems has not been
investigated, yet. The case of a non-stationary interface will be studied in a forth-
coming paper. We comment on this further in Remark 6 at the end of the paper. We
consider a model which describes the transport of a dissolved species in a two-phase
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flow problem. In strong formulation this model is as follows:

0
a—;‘ tw-Vu—div(eVa) = f in Q, i=1,2, t €[0,T], (1.1)
[eVu - n]. =0, (1.2)
u(-,0) =wup in Q;, i=1,2, (1.4)
u(,t) =0 on 99, te[0,T]. (1.5)
For a sufficiently smooth function v, [v] = [v]r denotes the jump of v across T, i.e.

[v] = (v1)r — (v2)0, Where v; = v|q, is the restriction of v to ©;. In (1.1) we have
standard parabolic convection-diffusion equations in the two subdomains 2; and 5.
In most applications one has a homogeneous problem, i.e. f = 0. The diffusion
coeflicient & = ¢(z) is assumed to be piecewise constant:

e=¢; >0 in Q.

In general we have g1 # €5. The interface condition in (1.2) results from the conser-
vation of mass principle. The condition in (1.3) is the so-called Henry condition, cf.
[14, 20, 19, 4, 3]. In this condition the coefficient 8 = S(z) is strictly positive and
piecewise constant:

B=p;>0 in .

In general we have 81 # (2, since species concentration usually has a jump disconti-
nuity at the interface due to different solubilities within the respective fluid phases.
Hence, the solution u is discontinuous across the interface.

In recent years it has been shown that for such a transport problem with an
(evolving) interface the Nitsche-XFEM method is very well suited [10, 17]. In [11, 12,
13, 1, 5] the application of the Nitsche-XFEM to other classes of problems is studied.
In [10] this method is analyzed for a stationary heat diffusion problem (no convection)
with a conductivity that is discontinuous across the interface (e # e2) but with a
solution that is continuous across the interface (51 = f2). In [17] the method is studied
for the parabolic problem described above, with 81 # B2 (discontinuous solution), and
with a convection term in (1.1). It is assumed, however, that the transport problem
is diffusion dominated. In none of these papers, or in other literature that we know
of, the Nitsche-XFEM method is considered for a two-phase transport problem as in
(1.1)-(1.5) that is convection-dominated. In this paper we treat this topic. We combine
the Nitsche-XFEM method with one of the most popular FE stabilization techniques
for convection-dominated problems, namely the streamline diffusion finite element
method (SDFEM), cf. [18]. The resulting method is presented in section 2. In section 3
the method is applied to a convection-dominated test problem and its performance is
investigated. An error analysis of the Nitsche-XFEM with SD stabilization is given
in section 4.

2. The Nitsche-XFEM method with SD stabilization. Since we restrict to
the case of a stationary interface, the discontinuity in the solution is located at a fixed
position, independent of ¢, which then allows a rather standard weak formulation and
a corresponding discretization based on the method of lines approach. In this section
we present this weak formulation and the stabilized Nitsche-XFEM discretization. In
case of an evolving interface a space-time weak formulation and corresponding space-
time XFEM discretization is more natural, cf. Remark 6.
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We describe the Nitsche-XFEM method as treated in detail in [17]. We first introduce
a suitable weak formulation of the transport problem. For this we need the space

H&(Ql U QQ) = {’U S L2(Q) | V|, S HI(QZ), 1= 1,2, Voo = 0}

For v € H (1 U Q) we write v; := vjQ,, 1 = 1,2. Furthermore

H:=1%Q), V:i={ve H{(QHUQ)|[Bv)r=0}. (2.1)
Note:
veEV & Bve HYHND). (2.2)

On H we use the scalar product
(u,v)g := (Bu,v)pz = / Buv dz,
Q

which clearly is equivalent to the standard scalar product on L?(£2). The corre-
sponding norm is denoted by || - [lo. For w,v € H'(;) we define (u,v)1q, =
Bi fQ, Vu; - Vv; dx and furthermore

(uav)l,QlLJQz = (U7U)1,Ql + (U,U)17Q2, U,V € V.

The corresponding norm is denoted by | - |1,0,uq,. This norm is equivalent to

2 2 3
(- 115+ 1 |1,Qlu3’22) =: || [1.0.00.-
We emphasize that the norms || - ||o and || - [|1,0,uq, depend on 8. We define the
bilinear form
a(u,v) := (eu,v)1,0,u0, + (W-Vu,v)g, u,veV. (2.3)

Consider the following weak formulation of the mass transport problem (1.1)-(1.5):
Determine v € W(0,T;V) := {v € L*(0,T;V) | v' € L*(0,T; V') } such that u(0) =
ug and for almost all ¢ € (0,7T):

(%,v)o +a(u,v) = (f,v)o forall veV. (2.4)
In [17] it is proved that if the velocity field w satisfies divw = 0 in €;, i = 1,2,
w-n=0at T, and [|[wW| =) < c < oo, then for f € H, and ug sufficiently smooth
the weak formulation (2.4) has a unique solution. For precise definitions of the gen-
eralized time derivatives used in the definition of W1(0,7;V) and in (2.4) we refer to
[17].

We describe the Nitsche-XFEM method for spatial discretization of the weak formu-
lation in (2.4). Let {7 }n>0 be a family of shape regular triangulations of Q. A trian-
gulation 7T}, consists of simplices T, with A7 := diam(T") and h := max{ hr | T € Tp,}.
For any simplex T' € T, let T; := T'N Q; be the part of T in ;. We now introduce
the finite element space

Vi ={veH}(QUQ) | vy, islinear forall T€7T,, i=1,2.}. (2.5)
3



Note that VI' € H}(Q1 U Qg), but V;I' ¢ V, since the Henry interface condition
[Bun] = 0 does not necessarily hold for v, € V;I.

REMARK 1. In the literature a finite element discretization based on the space
VY is often called an extended finite element method (XFEM), cf. [2, 6]. Furthermore,
in the (engineering) literature this space is usually characterized in a different way,
which we briefly explain. Let Vj, C Hg(£2) be the standard finite element space of
continuous piecewise linears, corresponding to the triangulation 7. Define the index
set J = {1,...,n}, where n = dimV},, and let (¢;);cs be the nodal basis in V},.
Let Jr :=={j € J | [I'nsupp(¢;)| > 0} be the index set of those basis functions
the support of which is intersected by I". The Heaviside function Hr has the values
Hr(z) =0 for € Qy, Hr(z) = 1 for € Qs. Using this, for j € Jr we introduce a
so-called enrichment function ®;(x) := Hr(z) — Hr(x;), where z; is the vertex with
index j. We introduce new basis functions gzﬁg = ¢;®;, j € Jr, and define the space

Vi @ span{ (;5; |jedr}. (2.6)

This space is the same as V;[' in (2.5) and the characterization in (2.6) accounts for

the name “extended finite element method”. The new basis functions ‘ng have the

property (b?(xi) =0 for all i € J. An L2-stability property of the basis (¢;)jc7 U

(¢} )jes of Vj is given in [16].

Define

_ 17
T’

(k)| TeTh i=1,2,

hence, #1+#k2 = 1. For v sufficiently smooth such that (v;)|r, i = 1,2, are well-defined,
we define the weighted average

{v} = w1(v1) 0 + K2(v2)r-

For the average and jump operators the following identity holds for all f, g such that
these operators are well-defined:

[f9] = {f}gl + [Fi{g} = (k1 — k) [f1lg)- (2.7)

Define the scalar products

(Foir = [ fads. (fa)ynr= 3 b [ fads

TeTr Lr

where T;' is the collection of T € T, with I'p = TNT # (. With £ := %(51 +e9) we
introduce the bilinear form

ah(u7 ’U) = a(“? ’U) - ([ﬁuL {EVU 'n})F - ({5vu'n}7 [BUDF +)‘5([ﬂu]7 [ﬁv])%,h,l“ﬂ (2'8)

with A > 0 a parameter that will be specified below. Note that the scaling of the
stabilization term ([Bul, [Bv])1  p in (2.8) differs from the standard one used in the
literature for a diffusion dominated problem, which is of the form A([8u], [Bv])1  r
with A a constant that is “sufficiently large”. The theoretical analysis in section 4

motivates the following choice of A in (2.8):

. -
/\{ clwlleoh/E if  ||Wleoh > 22 (2.9)

c if ||w]eoh < 22,
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with a constant ¢ that is sufficiently large, and ||W||o := ||W|/[(q). Note that in
the convection-dominated case, i.e. ||W|lcch > 2&, this results in a scaling of the
stabilization term ([Bu], [Bv])1 ;¢ that differs from the scaling with c used in the
diffusion dominated case.

REMARK 2. In practice the following localized variant of the parameter choice
rule in (2.9) is used. For T € T, we define the element Peclet number Pl :=
L|W|loo,rhr/E. A generalization of the analysis in section 4 leads to the following
choice of A = Ap:

— . T >
)\T{ c|wloo,rhr/E if Py >1 (2.10)

c it Pr<1,

The stabilization term A&([Bul, [Bv])1 , p in (2.8) is generalized to

In practice this variant typically performs better than the one with a global stabiliza-
tion parameter A.

Using the bilinear form ap(-,-) we define a method of lines discretization of (2.4).
Let 4y € V;I' be an approximation of ug. For t € [0,T] let uy(t) € V' be such that
up(0) = 4o and

duh

(5
Opposite to the weak formulation in (2.4), in this discretization method the Henry
interface condition [Sup] = 0 is not treated as an “essential” interface condition in
the finite element space VhF. This interface condition is satisfied only approximately
by using a modified bilinear form a(+,-), which is a technique due to Nitsche. For
this semi-discretization optimal order error bounds are derived in [17]. In the analysis
in that paper it is assumed that the transport problem is diffusion-dominated. In
the evaluation of the bilinear form ay(-,-) one has to determine integrals over I'. In
practice the weak formulation will be used with I' replaced by an approximation I',.

vn)o + an(up,vn) = (f,on)o  for all v, € Vi (2.11)

We now add the streamline diffusion stabilization to this semi-discretization. Recall
that in a one-phase problem (set 8 = 1) in the SD approach one adds a residual term
of the form

Z 'YT/ (—i—w Vuy, — div(eVuy,) — f) (w-Vup) dz (2.12)

TeTh

to the variational formulation. The choice of the stabilization parameter value yr is
discussed below. If, as in our case, one considers linear finite elements then the term
div(eVup,) vanishes.

For the stabilization of the Nitsche-XFEM method we make obvious modifications
related to the fact that in the XFEM space, close to the interface we have contributions
on elements T'N(); # T. For the stabilization we introduce a locally weighted discrete
variant of (-, )o:

(UUOh—ZZﬂmT/ 2uvda:—z:’yTuv)T (2.13)

i=1 TETs NG, TET
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For the choice of yr we use a strategy as in the standard finite element method, cf.
[18, 7]. We take v as follows:
{ w2hr i pr>1
=

Wloo,T

”hg/é if Pr'<1. (2.14)
Very similar results (both in the theoretical analysis and in the experiments) are
obtained if for the case PhT < 1 one sets y7 = 0. Note that the stabilization parameter
~r does not depend on the position of the interface within the element. We introduce
the following Nitsche-XFEM semi-discretization method with SD stabilization: For
t € [0,T) let up(t) € V' be such that up(0) = i and

duh

(vah)o + (H’W Vun)o,n + an(un, vn) + (W - Vup, w - Vop)on

= (f,vn)o+ (f,w-Vuy)o, forall v, e Vhr.

duh

(2.15)

Clearly, this semi-discretization can be combined with standard methods for time
discretization to obtain a fully discrete problem. For example, the 6-scheme takes the
following form, where for notational simplicity we assume that f does not depend on
t. Forn=0,1,...,N — 1, with NAt = T, set u)) := 4 and determine uzﬂ e vl
such that for all v, € V{:

n+1 n n+1 n
Up — —Up ) (uh — Uy )
S ] + | 2—", WV
( At o At 0.h
+ ah(GuZH + (1 —0)up,vp) + (w- (GVuZJrl + (1 —-60)Vuy),w - Vur)on

= (f,vn)o + (f,w - Vup)on-

In the numerical experiments in section 3 we used this method with 6 = 1.

REMARK 3. Above we considered the case of a stationary interface and an XFEM
space based on piecewise linears. Both the Nitsche-XFEM method and the SD sta-
bilization method presented above have a straightforward extension to higher order
piecewise polynomials. Note that for higher order finite elements in the SD stabiliza-
tion the term (div(eVuy), w - Voy ), ,, has to be taken into account, cf. (2.12).

(2.16)

3. Numerical experiment. In this section we present results of a numerical
experiment to illustrate properties of the stabilized Nitsche-XFEM method introduced
above. The main goal is to compare the Nitsche-XFEM method with the stabilized
Nitsche-XFEM method. Furthermore the effect of the choice of the stabilization
parameter A in the Nitsche term is investigated.

3.1. Problem description. We consider a quasi two-dimensional time depen-
dent problem with a stationary interface. The domain € := [0,2]x[0,2]x[0,1] C R? is
separated into a cylindrical domain € := {(z,y,2) € R®: (z — 1)? + (y — 1) < R?},
with R = 0.25, and Qy := Q\ Q) by the stationary interface T' := 99y \ 9Q. The
piecewise constant coefficients e, B are chosen as ¢ = (e1,e2) = (107%,2 - 107%),
B = (B1,P2) = (3,1) and a stationary velocity field is given by

2042 _ g2
{ (1 Bl rd) 2R (fedy) 0) if (z,y,2) € Qs

r4

(07()’0) if (.I‘,y,Z) € Qh

(3.1)

where d, ==z —1,d, ==y — 1 and r := (d2 + di)%. A sketch of the domains and of
w in term of field-lines is given in Fig. 3.1.
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F1G. 3.1. Mesh and sketch of interface position and flow field

The assumptions on the velocity field made in section 1 are satisfied: divw =0
in both domains and w-n = 0 on I'. We impose a Dirichlet boundary conditions
on Ip = {(z,y,2) € Q: xz =0}, s.t. ulog, = 0.05 and a homogeneous Neuman
boundary condition eVu-n = 0 on 92\ 0Qp. As initial conditions we take u|;=g 0, =
0, ¢|t=0,0, = 0.05. Note that these do not fulfill the interface condition (1.3).

This problem is strongly convection dominated since the ratio between the mag-
nitude of the velocity field in €5 and the diffusion is of the order 10*. The physical
Peclet number Pp := w, which describes the relation between convective and
diffuse mass transport, is around 3000. Furthermore due to the inconsistent (w.r.t.
condition (1.3)) initial conditions a boundary layer at the interface will form directly
after t = 0. With the help of standard perturbation theory (see e.g. [22]) one can
show that this parabolic boundary layer has a thickness of size O(v/zt), independent
of the velocity field. For ¢ — oo the solution converges to the stationary piecewise
constant function u = 0.0537!. In Fig. 3.2 the solution along two lines is displayed,
where one observes the predicted boundary layer behavior. In the experiment below
we take t = 1.

Summarizing, we consider a convection dominated, non-stationary transport prob-
lem with a stationary interface and with inconsistent initial values, resulting in parabolic
boundary layers for small ¢.

3.2. Discretization. We use a shape regular quasi-uniform triangulation of €2
consisting of approx. 30000 tetrahedral elements such that the mesh is not aligned
to the interface (cf. Fig. 3.1). With an average characteristic mesh size h = 0.1 the
mesh related Peclet number P} reaches values up to 1000. The mesh resolution is
much too low to resolve the boundary layer (for ¢t = 1).

The exact interface T is given by the zero level of the level set function ¢(x,y,z) =
(r—1)%+(y—1)2—0.25. In the discretization we use a (sufficiently accurate) polygonal
approximation I', of this interface. This introduces an additional error which is not
analyzed here but is considered to be sufficiently small and to have negligible effect
on the accuracy and stability properties of the (stabilized) Nitsche-XFEM method.
We are primarily interested in the accuracy of the spatial discretization. Hence, in
the implicit Euler method (2.16) we choose a small time step size At = 10~%, such
that the total discretization error is dominated by the spatial discretization error.

We consider the following two variants of the Nitsche-XFEM method. Firstly, we use

7
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Fic. 3.2. Concentration profile through line vz = {(z,y,2) € Q : y = 1,z = 0.5} for several
values of t. One can observe the predicted O(v/et) sized boundary layer.

the (standard) scaling A& of the Nitsche stabilization term, where we choose A = 2,
which is sufficiently large in the sense of the analysis carried out in section 4, i.e. it
ensures coercivity of the bilinear form ay, in (2.8). This scaling variant is denoted as
the “diffusive” scaling as it is independent of the convection. In the second variant
we take A = Ar = ¢|W| s rhr/E, according to (2.10) for PT > 1, with ¢ := 2.
Note that in this case the factor Aé used as scaling for the Nitsche stabilization
term does not depend on the diffusion coefficients ;. Hence we call this variant the
“convective” scaling. In the experiments considered below the different scalings vary
by approximately a factor 1000.

For the streamline diffusion stabilized method, denoted by SD-Nitsche-XFEM, we
consider the same two variants. We use a slightly different choice for the stabilization
parameter yr as in (2.14):

1 h . T
= Uiy P> (3.2)
0 if PT<1.

This choice can also be found in [7].

We computed a reference solution on a very fine 2D mesh which is aligned to the
interface and resolves the boundary layer for ¢ > 10~2. This reference solution is used
to provide the profiles in Fig. 3.2 and the reference profiles in Fig. 3.4 below.

3.3. Numerical results. In Fig. 3.3 the numerical solution in the plane z = 0.5
at t = 1 (where the boundary layer has a width of approximately 0.01) is shown
for four different methods. As a measure for the quality of the discretization of the
interface condition [Bu] = 0 by the Nitsche method we use the L? norm of the jump
[Bur] on the approximate interface I'y,. In Fig. 3.3 we also give this error in the jump
condition.

We observe several effects. Comparing the different scalings in the Nitsche method,
i.e. the left and the right columns in Fig. 3.3, it is clear that the convective scaling
performs much better. This scaling results in a stabilization parameter A& that is
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Fic. 3.3. Numerical solution in the plane z = 0.5 at t = 1 for Nitsche-XFEM (top) and SD-
Nitsche-XFEM (bottom), with diffusion scaling (left) and convection scaling (right) of the Nitsche
stabilization.

about a factor 1000 larger than with the diffusive scaling. Furthermore, from the
results in the first row we conclude that the more weight is put on the interface
condition, the larger the non-physical high oscillatory parts in the discrete solution
are. This effect is as we expected, since for a more relaxed interface condition, the
boundary layer and the corresponding instabilities in a standard Galerkin finite ele-
ment method are triggered less. Finally, comparing the first and the second row, we
see that the streamline diffusion stabilization suppresses the oscillations whereas the
quality of the approximation of the interface condition is not negatively affected by
this stabilization. We conclude that the SD-Nitsche-XFEM method with a convective
scaling outperforms the three other methods and yields satisfactory results.

In Fig. 3.4 the numerical solutions of the same four methods as in Fig. 3.3 together
with the reference solution, on the line z = 0.5, y = 1.0 in Qs at time ¢ = 1 are
shown. One can observe that the boundary layer which is represented well by the
reference solution is not resolved accurately by any of the four methods. Especially
for z > 1.25, i.e. downwind of ; none of the methods come close to the reference
solution. The solution u;, of the SD-Nitsche-XFEM methods is much smoother than
the other three and upwind of 21, where the solution is almost constant outside the
boundary layer, it is very accurate. In Fig. 3.5 the results of the SD-Nitsche-XFEM
method with convective scaling on three successive (uniformly) refined meshes are
shown. The resolution of the boundary layer at t = 1 improves if the grid is refined,
but on level 3 the discrete solution is still not in good agreement with the reference
solution. This is caused by the fact that large errors from smaller times, where the
boundary layer is stronger and not well-resolved by the level 3 grid, are propagated
in time.
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FiG. 3.4. Numerical solutions on the line z = 0.5,y = 1.0 at time t = 1 obtained with Nitsche-
XFEM, SD-Nitsche-XFEM, and the reference solution.
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I I
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Fic. 3.5. Numerical solutions on the line z = 0.5,y = 1.0 at time t = 1 obtained with SD-
Nitsche-XFEM on three consecutively refined meshes and the reference solution.

REMARK 4. In the example considered above the instabilities were caused by
non-matching (w.r.t. the Henry condition) initial condition and not by boundary
conditions. It is well-known that the instabilities of the standard Galerkin method are
very strong in cases with exponential boundary layers caused by Dirichlet boundary
conditions. If we change the Neumann boundary condition at the outflow face x = 2
to a homogeneous Dirichlet boundary condition an exponential boundary layer occurs
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at that face. This exponential layer of width O(e) is essentially independent of time.
Therefore we consider the stationary case, i.e. %—“g = 0. We take diffusion coefficients
e = (e1,e2) = (1073,2-1073) and apply the Nitsche-XFEM method with the diffusive
scaling and the SD-Nitsche-XFEM method with the convective scaling. The numerical
solutions obtained with these two methods are illustrated in the plane z = 0.5 in
Fig. 3.6. As expected, although the mesh Peclet number is only of order 100, for
the method without stabilization the oscillations are much larger than in the case
considered above, where the mesh Peclet number is of order 1000. With the SD-
Nitsche-XFEM method the oscillations are almost completely eliminated and the error
in the Henry condition is significantly smaller. Note that the approximation of the
interface condition in this example is much better for the SD-Nitsche-XFEM method
than in the previous example as the solution is almost piecewise constant at the
interface.

I[Bunlllz2r,) = 6.0-1072 I1Bun]llzz(r,) = 3.1-107°

F1G. 3.6. Numerical solutions of the modified ezample (Remark 4) with Dirichlet boundary
conditions at the outflow boundary obtained with NitscheXFEM (left) and SDNitsche XFEM (right)

4. Error analysis. In this section we present an error analysis of the Nitsche-
XFEM with SD stabilization. We investigate the bilinear form

ap(u,v) == (eu,v)1,0,00, + (W - Vu,v)o + &(u, v)o
— ([Bu], {eVv - n})r — ({eVu - n}, [Bo])r + Ae([Bul, [Bv]) 1 1
+ (Eu+w - Vu,w - Vu)gp

on Wyee + Vi1, with VI' the XFEM space, cf. (2.5), and Wyeg == {u € H} (2 U
Q) | ujn, € H*(%), i =1,2}. Compared to the transport problem considered above
we introduced an additional zero order term &(u,v)o, with a given constant £ > 0.
This is standard in the analysis of convection-dominated problems (cf. [18]), since
only if this zero order term is present (£ > 0) one can derive uniform error bounds in
the L?-norm. We derive an error bound for the Galerkin projection of u € Wyes on
the XFEM space Vhr, cf. Theorem 4.7 below. We start with the main assumptions
used and introduce additional notation. To obtain estimates that are uniform with
respect to the parameter £, we have to generalize the choice of of the stabilization
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parameter yp. If £ = 0 we take yp as in (2.14). For the case £ > 0 we take

.yl _2h : T

- min {Z’ HWH;,T} it Pyo>1 (4.1)
min {}, 2 if PI<L

This parameter choice is essentially the same as in [18]. The following estimates can

be derived:

_ 1 _
11& <1, 1| Wlleor < 2hr, 7 hy < ERT + SIWlloo,rhr +2. (4.2)

The family of triangulations {7 }r>0 is assumed to be shape regular, but not neces-
sarily quasi-uniform. The triangulation 7} is not assumed to be fitted to the interface
I', but the resolution close to the interface should be sufficiently high such that the
interface can be resolved by the triangulation, in the sense that if TNT =: I'y # ()
then I'r can be represented as the graph of a function on a planar cross-section of
T (cf. [10] for precise conditions). In the analysis of the Nitsche-XFEM method an
interpolation operator I}; t Wieg — VhF plays an important role. We recall the def-
inition of this operator. For i = 1,2, let R; be the restriction operator to €, i.e.,
(Ryv)(z) = v(z) for x € Q; and (R;v)(x) = 0 otherwise. Let & : H?(Q;) — H?(Q) be
a bounded extension operator with &v = 0 on 9Q, and I, : H?(Q)NH}(Q) — V}, the
standard nodal interpolation operator corresponding to the space V}, of continuous
linear finite elements. The XFEM interpolation operator is given by

I} = RiILE Ry + Ryl &Ry,

Define T; := T'N ;. Note that T; can be very shape irregular. The constants that
occur in the estimates in this section are independent of the shape regularity of T;.

For the interpolation operator I ,1: optimal (local) interpolation error bounds can easily
be derived (cf. [10, 16]). The following holds:

|lw — I,l:u||Hm(Ti) < ||&Riu — IhgiRiuHH'nL(T)

o (4.3)
< chy " &Rl grry, m=0,1,2, for u€ Wie.

In the analysis below we use the assumptions divw = 0 on Q, [|[w||~q) < oo and
w-n=0onT.

We are particularly interested in the convection-dominated case, and therefore
allow € = %(61 + e9) J 0, but we assume the ratio between €; and 5 to be bounded,
i.e. for i = 1,2, we have £/¢; < ¢ with a uniform (for € | 0) constant c.

We assume that the constants 5; used in the Henry condition are of order one.
We will need several norms related to the Nitsche stabilization and the streamline
diffusion stabilization. The inner products (-, -)o and (-, -)1,0,un, (With corresponding
norms || -||o and |-|1,0,un,) have been defined above in section 2. These inner products
depend on a weighting with 3, but this causes no problem since § is assumed to be of
order one. For the streamline diffusion stabilization we introduced the inner product
(u,v)o,n = X rer, V7(u,v)o,r With corresponding norm denoted by | - [lo,,. In the
analysis of the Nitsche method the following norms are used:

ol jop = (0,0)3 hr = > bt olla ey, [l = > hrlollizg-
TeTr TeTYr

Recall that 7;5 is the collection of T' € T;, with I'r = T NT # . We first derive
interpolation error bounds in different norms, which turn out to be useful.
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The constants used in the results derived below are all independent of A, £, &, h, ||w||,
and of how the interface T' intersects the triangulation Ty, (i.e. of the shape regularity
of Ty).

LEMMA 4.1. For u € Wyeg the following interpolation error bounds hold:

[u — Tyullo < eh?||ull2,0,00, (4.4)
|U' - I£u|1,91U92 < Ch||u||2,Q1U92 (45)
VeEllu = Iullon < eh®[[ull2,0,00, (4.6)
g1
[w - V(u—Iyu)|on < cllwl|&h' 2 ||ull2,0,u0, (4.7)
2

D NRi(w = Tw)|s s < chllullz0,00, (4.8)

i=1

2

Y In-VRi(w— )l -1 pr < chlluf20,00,- (4.9)

i=1

Proof. The results in (4.4), (4.5) are known in the literature, e.g. [10, 16]. For
completeness we show how the result in (4.5) can be derived from (4.3):

2 2
lu— Ihuli o 00, = Z Z u— Iyuli g, < CZ Z hp||&; Riul|3 1

i=1TeTy i=1T€eT,

2 2
< ch®Y|ERwul3q < ch® Y |IRiully o, = ch?|lull3 0,00,
i=1 1=1

The result in (4.4) can be proved using similar arguments. Using the choice of the
stabilization parameter v we obtain

Ellu = Iiullgn = D &rrllu— Iulg < llu — Iiullg < ch*llull3 o,00,,

TETh

and thus the result in (4.6) holds. The result in (4.7) follows from

2
lw - V(u—Iynlgn =Y rllw- V- Lulsr <Y > rliwli rle — Luli s,

TETh i=1TET;,

< cf|w| gy hlu — Ifl:uﬁ,ﬂluﬂg < cl|wll oo )PP U3 0, 00,

The results in (4.8), (4.9), are derived in [10]. The essential ingredient is the following
result:

[wlF2rpy < c(hzt wllF2(ry + br|w]? ) forall we HY(T),

which holds for all T € 7, and with a constant ¢ that is independent of the shape
13



regularity of T;, cf. [10, 9]. For completeness we give a proof of (4.8):

2 2
Z ||R1L(’UJ — Ill;u)||2%7h,1‘ = Z Z h;1||EZRzu - Ih&-RiuHZLQ(FT)
i=1 i=1 TGThF

2
S CZ Z (h;2||€ZRzu — IhglRZ’LLH%z(T) + |(€1RZU — IhgiRiU‘iT)

= reTy
2 2
<ch®Y N &Rl < ch?> &Rl g
i=1 TeTr i=1
2
<ch® Y ||Ruull3 0, = ch®|[ull3 0,00,
=1

The result in (4.9) can be proved with similar arguments. O

As we will see below, we can derive an ellipticity and continuity result for the bi-
linear form ay(+,-) with respect to a suitable norm. As expected this norm involves
terms that come from the Nitsche stabilization and from the streamline diffusion
stabilization. To simplify the presentation we split the bilinear form in two parts
(corresponding to Nitsche and streamline diffusion stabilization) and first consider
these two parts separately. Afterwards the results for these two parts can easily be
glued together. We use the splitting

an(u,v) = al (u,v) + a7 P (u,v)

ap (u,v) = %(ﬁuvv)l,ﬂluﬂg — ([Bu], {eVv - n})r — ({eVu - n}, [Bv])r
+ A&([Bul, [5”])%,17,,1“
ap? (u,v) = %(€u,v)1,91u92 + (W Vu,v)o + &(u, )0 + (Eu+w - Vu, w - V) p.

Corresponding norms are defined as

1 _
lollx = §€|v 1 own, + /\EH[ﬁ”H@,h,F

1
lvl$p = el tiu0, HENVIE + Iw - Vllg .

LEMMA 4.2. There exists a constant ¢ > 0 such that

afD(vh,vh) > c||vh||%D for all vy € Vhr.

Proof. We apply partial integration to the term (w - Vup,vp)o. Since v;, may be
discontinuous across I' we have to split the integral. Using w-n =0, divw = 0 and
vp(z) = 0 for z € 9 we obtain

2 2
(w - Vg, vp)o :Z/ ﬁiw-Vvhvhdx:Z/ Biviw - ngds
i=17 i=170

Q;NON
2 (4.10)
+ /[ﬂvi]w -nds — Z/ Biw - Vg, vp + Bi(divw)vi da
r =18

= —(w - Vg, vp)o.
14



Hence, (w - Vg, vp,)o = 0 holds. Furthermore, using y7£ < 1 we get

E(vn, w - Vup)on =& Z yr(vp, w - Vop)or
TEThH

1
5 > Earllonll r +yolw - Foall 7
TEThH

IN

A

1 1
< S6lenl3 + 5w - Tenll

Hence,

1 .
ay® (v, vn) > 5 min{er, ez}{|vl 1o, +Elvnlly + W - Voull§ s + &(vn, w - Vor)o,n
_ 1 1
> cellvnll} a,ua, + §€Ilvh||§ +5llw- Vol n»

with a constant ¢ > 0 which depends only on the ratio between ¢, and €9, which is
assumed to be bounded. O

LEMMA 4.3. There exists a constant ¢ such that

ay” (u—TIhu,vn) < e(Ve+/[[Wlaoh+V/ER)Bllull2.0,00, [onllsp Yt € Wieg, va € Vi .

Proof. We use the notation ey, := u — I+ u and recall the definition of a3 P (-, -):

1
ay P (en,vn) = 5(5611, UR)1,0,00, +(W-Vep, vp)o+E(en, vn)o+(Een+w-Vey, w-Vup)o .

Using the interpolation error bounds of lemma 4.1 we obtain

1
§(€€h, VR)1.0,00, < VE|ull2.0,00, |vnllsD

E(en, vn)o < eV/ER|lull2.0,00, lvllsp
E(en, W - Vun)on < e/ER?||ull2,.0,u0, vnllsp

1
(W - Ven, w-Vup)on < c|w||2h"2 ||u|

2791UQQ ||vh||SD'

To the term (w - Vep, vp,)o we apply partial integration as in (4.10), resulting in

1
(W Ven,vn)o = —(en, w-Vor)o < (> v7'lenlld ) * lonllso
T€7_}L

1
< ¢(éh® + || wllosh + €)2 hllull2,0,00. lvalsp,

where in the last inequality we used the bound for ;. 1h% given in (4.2). Combining
these estimates completes the proof. O

We now turn to the analysis of the Nitsche bilinear form a? (-, -). We need the following
inverse inequality given in [10]. For completeness we include its elementary proof.
LEMMA 4.4. There exists a constant ¢y independent of € such that

II{eVuy, - n}||7%’h’F < crélvnlioua,  for all v, € Vi,
15



Proof. Let Py be the space of polynomials of degree at most k. Using a scaling
argument it follows that there exists a constant ¢, depending only on &k and the shape
regularity of the triangulation 7}, such that

hokillplZz,y < clpllizrny foral pe P, TeT,, i=1,2. (4.11)

Using this we get

{eVon n}|2y 5, <22/€2||€z (on)i - ml|2

2

2
=2> " 3" hrwtlleV (o) nl ey <8 D> |ualig < cglunlf g, 00,

i=1 TeTy i=1TeTy

and thus the result holds. O

We now derive an ellipticity result for al (-,):
LEMMA 4.5. There exist constants ¢y > 0, cs > 0 such that for A > c;

al (vp,vp) > crllvnl|3 for all vy, € VIE.
Proof. Define ¢ = &= mln{el, e} < 5 and take A > 4c%é~! with ¢f from lemma 4.4.
The following holds:

ay (vn, o) > Elonl} o,u0, = 21 [Bvnllly pr{eVon -0}y, + Ael[Bualld ¢

> eglonlt 0,00, — 218] [Bunllls prlvnlieioe, + Al [Bualll

Y
[\.'JH

SeElunl? 0,00, + (A = 2¢ie el [Bunllli ),

Y

1. 1. _ R
Séetonl g,00, + 3AENBIR 2 el

LEMMA 4.6. There exists a constant ¢ such that for A > 0
1
3 (w—Iu,op) < eVE(VA+ ﬁ)hHuHZQlUQQ [onlln

holds for all w € Wyeg, v € VhF.
Proof. We use the notation ej, := u — I} u and recall the definition of aj, (-, ):

%(Eeh’vh)l,ﬂlUﬂz — ([Ben); {eVur, - n})r — ({eVey - n}, [Bup])r

+ A&([Ben], [Bun]) 1 nr

ar (en,vn) =

Using the interpolation error bounds of lemma 4.1 and the inverse inequality in
16



lemma 4.4 we obtain

1
§(€€h, VR)1.0,00, < VER|ull2.0,00, |vnlly

—([Ben], {eVon - n})r < |[[Benllly prl{eVon -0}y r

2
< e ||Rienll s prlvnliou0, < eVEh|lullzo,u0,vnl~
=1

—({eVen - n}, [Bon])r < [{eVen -n}| 1, pll[Bonllly e

2
< Céz [n- VRz‘eth%,h,rH[th]né,h,r
i=1

g
< eyf = bl calonlls

Ae([Benl, [Bon]) g . < All[Ben]lly nrl[Bonllly nr < eVEXR|ullz,0,00, llonllx-

PRAS]

Combination of these estimates and using % + VA > 1 proves the result. O

We now combine the estimates derived above for al (-,-) and ajP(-,-). For this we
introduce the norm

ol = lloliR + vlEp = vl q,ua, + &llvl§ + 1w - VolIZ , + A8l ), -

Note that the two terms ||W~V'UH(2J’h and A&||[Bv] Hih’F originate from the stabilization
terms in the streamline diffusion and the Nitschezmethod, respectively.

We discuss the choice of the stabilization parameter A in the Nitsche method.
For the error analysis in the norm || - || it is natural to balance the upper bounds
in lemma 4.3 and in lemma 4.6. For simplicity we make the (weak) assumption that
€h? < c(2+||w||soh) holds, i.e. in the bound in lemma 4.3 the factor v/ +/||w||soh+

VEh can be replaced by v + /|[W[[sh. The factor v/Z(v/A + 1/+/A) in the upper

bound in lemma 4.6 should balance the latter factor, i.e.,

VE+ [wlleoh = VE(VA+1/VN).

This leads to the choice as in (2.9), namely A = ¢||w||coh/€ if |W|och > € and A = ¢
otherwise. We take ¢ = ¢, cf. lemma 4.5, to guarantee ellipticity. A slightly refined
error analysis leads to a localized variant of this parameter choice given in remark 2.
In the remainder we take A as in (2.9), with ¢ = ¢4, cf. lemma 4.5. To simplify the
presentation, in the estimates below the terms ||w||« are absorbed in the constant c.

From the interpolation error bounds in lemma 4.1, and using Az < ¢(E+||w]|soh) <
¢(€ + h), we obtain

lu — IEul| < c(VE+ Vh+ VER)h|ulla,0,00, for all u € Wi (4.12)

THEOREM 4.7. For u € Wyeg let Rgu € VhF be the Galerkin projection for the
bilinear form ap(-,-), i.e. ap(Rgu,vn) = an(u,vy) for all v, € VE. The following
holds:

lu = Reull < (v + Vi + /Eh)h|lu

17
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The constant c is independent of &, h, £ and of how the interface ' intersects the
triangulation Tp,.

Proof. The proof uses standard arguments. Define x, = Rgu — I} u € V;I'. Using
the results in the lemmas above we obtain, with a suitable ¢ > 0,

Ixall? = lxalld + IxellEn < e(an (xns xn) + ai” (xn, xn))
=can(Xn, xn) = cap(u — I,l;u,xh) = caﬁy(u - I£u7xh) + cagD

< c(VE+ Vh+/Eh)h|ull2.0,00, Ixall-

The result follows from a triangle inequality and the interpolation error bound in
(4.12). 0

We comment on the bound derived in (4.13). For the diffusion dominated case, i.e.
€ ~ 1, this result reduces to results known in the literature. We discuss the convection
dominated case € < h with £ € [0,1] and write ej, := u — Rgu. Furthermore we
assume h < chr (quasi-uniformity of the family of triangulations). Using h < cyr for
all T € T}, we obtain from (4.13)

(u - Iil:uv Xh)

[w-VenllL2(o) < chllull2.0,u0,-

Hence, as for the streamline diffusion finite element method with the standard linear
finite element space, we have an optimal error bound (uniformly in &) for the derivative
of the error in streamline direction. Furthermore, from

MelBenllly o p < o lull3 0,00,
and A& = ch, we obtain
1
IBenlll2ry < ch'2 |lull2.0,ua,

uniformly in €. This bound of order h'z for the error in the jump approximation is
the same as for the diffusion dominated case. Finally, if we take £ > 0 we obtain an
L?-norm error bound that is the same as for the streamline diffusion finite element
method with the standard linear finite element space, namely

C 1
lenllzz @) < e A2 [|ull2,0,u0,-

REMARK 5. As noted in Remark 3, the SD-Nitsche-XFEM method has a straight-
forward extension to finite elements of higher order. We comment on the generaliza-
tion of the error analysis presented above to the higher order case. The interpolation
error bounds in Lemma 4.1 can easily be generalized to higher order extended finite
elements. The result in Lemma 4.4, cf. (4.11), also holds for higher order elements,
and using this the results for the Nitsche bilinear form in the Lemmas 4.5 and 4.6
can be generalized. In the analysis of the streamline diffusion bilinear form, how-
ever, a difficulty arises related to an inverse inequality needed in the analysis. For
higher order finite elements the term (div(eVuy), w - Vup)o,, arises in the stream-
line diffusion stabilization. In the analysis of the streamline diffusion method for
a standard higher order finite element space V} one uses an inverse inequality of
the form [[Avpllor < uinvh;lwh\lj for all v, € Vj,, cf. [18]. Such a result does
not hold in a higher order XFEM space, since the supports T; = T N €; of the ad-
ditional (discontinuous) basis functions can be very shape irregular. We only have
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1Avg o7, < u(Ti)hil |vp|1,7, with a factor u(T;) that depends on the shape regularity
of T;. To control this, instead of (4.1), one can choose a stabilization parameter ~r,
that is sufficiently small. This would yield a stability result as in Lemma 4.2. If, how-
ever, this parameter is “too small” it is not likely that a result as in Lemma 4.3, which
uses the third inequality in (4.2), still holds. We did not investigate this further.

5. Note on mass conservation. We derive a mass conservation property of
the stabilized semi-discretization in (2.15) for the case of a stationary interface, i.e.
w-n = 0. For this we replace the homogeneous Dirichlet boundary condition in (1.5)
by a, in view of mass conservation, more natural one. Define the inflow boundary by
N :={x € 9N | w-ng <0}, where ng is the outward pointing unit normal on
00, and 90 = 00\ IQ_. Instead of (1.5) we consider

(uw —eVu) -ng =uyw-ng on 9N_, t€[0,7T)

5.1
eVu-ng=0 on 904, te€[0,7T], (5.1)

with u; a given mass inflow function. In the weak formulation we have to change
accordingly the function space V to V := {v € H'(Q; U Q) | [Bv]r = 0}, and
the weak formulation is as follows, cf. (2.4): Determine u € W'(0,7;V) such that
u(0) = ug and for almost all ¢ € (0,7):

d -
(—u,v)o + a(u,v)— | puvw -ngds = (f,v)o— [ Burvw - ng ds for all v € V(5.2)
dt o9 o9
Using w-n =0 on I and divw = 0 in ©; we get

(vv~Vu,B_1)0:/QW~Vudm:i(/{m uw-ngids—/

i=1 i i

:/ uw~ngds+/ UW - ng ds.
o0 _ o0,

1

udivw dx)
(5.3)

Using this and taking the test function v = + € V in (5.2) we obtain the global mass

conservation property

d
— udx—|—/ u1W~nst—|—/ uw~nQd5=/fdx. (5.4)
dt Jo a0_ o0, Q

This relation can also be derived directly from the strong formulation in (1.1), by
integrating the equations in (1.1) over 2, and using the relations in (1.2), (5.1),
(5.3). We show that an analogon of the conservation law (5.4) holds for the Nitsche-
XFEM stabilized discretization. Due to the modification of the boundary condition
the XFEM space we use is given by V' := {v € H'(Q,UQy) | vy, is linear for all T' €
Tr, @ = 1,2.} and the discretization in (2.15) is modified as follows: determine up(t) €
VI such that uy,(0) = @y and

=

du du
(J,Uh)o + (7h7W -Vop)on + an(un,vy) + (W - Vup, w - Vop)on
dt dt (5.5)
— Bupvpw -ng ds = (f,vp)o + (f,w- Vop)on — Burvp,w - ng ds
a0 _ a0_

for all vy, € f/hr. For the discrete conservation property it is essential that the XFEM
space contains piecewise smooth functions that are allowed to be discontinuous across

19



I'. In particular the piecewise constant function S~! is contained in f/}f . Taking this
test function vy, in (5.5) all terms with Vuj, vanish and for the Nitsche bilinear form,
cf. (2.8), we have ap(up, 371) = (W - Vuy, 371)o. Thus we obtain

d
—/uhdw+/w~Vuhdx—/ uhw~nnds:/fdx—/ UIW - Ng ds.
dt Jo Q o0_ Q on_

Using partial integration for the term [, w - Vuy, dz, as in (5.3), results in

d
— uhder/ uIW~nQdS+/ UhW'nQdS:/fdxa
dt Jo a0_ o0, Q

which is the discrete global mass conservation analogon of the one in (5.4). Finally
we briefly consider a mass conservation property in each subdomain ;. We assume
001 NOQ =0, hence, 90y =T. From (1.1) we get

i udacf/szwnds:/ fdzx,
dt Jo, r o

and using (1.2) this conservation property can be rewritten as

d

7 Qludz/F{San}ds—/Qlfdx (5.6)

For the discretization we obtain (using a suitable test function vy,):

4 up dx — /F{EVuh -n}ds— % /F[ﬁuh] ds = fdx.

dt o Q1

Hence there is a discrepancy between le udz and le up, dz that is controlled by

[{eVen -n}||rz2(ry and 32(|[Ben]||z2(r), €n = u— uy. From the error analysis it folows
that both terms tend to zero for h | 0, i.e., we have a consistency property.

REMARK 6. In view of applications the case of a non-stationary interface I'(¢) is
much more interesting than that of a stationary one. We comment on a generalization
of the method in (2.16) to the former case. For an evolving interface I'(¢), instead of
the weak formulation in (2.4), one has to consider a space-time variational formulation
to obtain a well-posed problem, cf. [9]. A discretization of the time derivative by means
of finite difference approximations (as done here for a stationary interface) does no
longer lead to a consistent discretization if the interface I'(¢) is moving in time. A
discretization based on a space-time formulation using a suitable space-time extended
finite element space should be used. For a convection dominated problem this can
be combined with a space-time streamline diffusion stabilization. The development
and analysis of such a space-time SD-Nitsche-XFEM method is a topic of current
research.
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