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ANALYSIS OF A DG-XFEM DISCRETIZATION FOR A CLASS OF
TWO-PHASE MASS TRANSPORT PROBLEMS

CHRISTOPH LEHRENFELD AND ARNOLD REUSKEN

Abstract. We consider a standard model for mass transport across an evolving interface. The
solution has to satisfy a jump condition across an evolving interface. We present and analyze a
finite element discretization method for this mass transport problem. This method is based on a
space-time approach in which a discontinuous Galerkin (DG) technique is combined with an extended
finite element method (XFEM). The jump condition is satisfied in a weak sense by using the Nitsche
method. This Nitsche DG-XFEM method is new. An error analysis is presented which results in
optimal discretization error bounds. Results of numerical experiments are given which illustrate the
accuracy of the method.

AMS subject classification. 65N12, 65N30

1. Introduction. Let Q C R%, d = 2,3, be a convex polygonal domain that con-
tains two different immiscible incompressible phases. The (in general time dependent)
subdomains containing the two phases are denoted by Qy, Qs, with Q = Q; UQ,. For
simplicity we assume that 9Q; NOQ = (), i.e. the phase in ; is completely surrounded
by the one in . The interface I' := Q; Ny is assumed to be sufficiently smooth. A
model example is a (rising) droplet in a flow field. The fluid dynamics in such a flow
problem is usually modeled by the incompressible Navier-Stokes equations combined
with suitable conditions at the interface which describe the effect of surface tension.
For this model we refer to the literature, e.g. [2, 9, 17, 23, 10]. By w we denote the
velocity field resulting from these Navier-Stokes equations. We assume that divw = 0
holds. Furthermore, we assume that the evolution of the interface is determined by
this velocity field, in the sense that Vr = w - n holds, where V- is the normal velocity
of the interface and n denotes the unit normal at I' pointing from €2; into Q5. We
consider a standard model which describes the transport of a dissolved species in a
two-phase flow problem. In strong formulation this model is as follows:

% +w-Vu—div(aVu) = f in Q, i=1,2, te[0,T], (1.1)

[aVu - n] =0, (1.2)

[Bul =0, (1.3)

u(,0)=wuy in Q;, i=1,2, (1.4)

u(,t)=0 on 9Q, tel0,T)]. (1.5)

For a sufficiently smooth function v, [v] = [v]r denotes the jump of v across T, i.e.

[v] = (v1)jr — (v2)|r, Where v; = v|q, is the restriction of v to €;. In (1.1) we have
standard parabolic convection-diffusion equations in the two subdomains 27 and 5.
In many applications one has a homogeneous problem, i.e. f = 0. The diffusion
coefficient o = «(z, t) is assumed to be piecewise constant:

a=a; >0 in Q).
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In general we have oy # ap. The interface condition in (1.2) results from the conser-
vation of mass principle. The condition in (1.3) is the so-called Henry condition, cf.
[15, 21, 20, 3, 2]|. In this condition the coefficient 5 = B(x,t) is strictly positive and
piecewise constant:

B=8>0 in Qu(t).

In general we have 81 # (32, since species concentration usually has a jump disconti-
nuity at the interface due to different solubilities within the respective fluid phases.
Hence, the solution w is discontinuous across the interface. In this paper we analyze
a finite element discretization method for this problem.

Both for the mathematical analysis and numerical treatment of this transport
problem there is a big difference between the case with a stationary interface and the
one with a non-stationary interface.

In recent years it has been shown that for such a transport problem with an
(evolving) interface the Nitsche-XFEM method is very well suited [11, 19]. In [12, 13,
14, 1, 5] the application of the Nitsche-XFEM to other classes of problems is studied.
In [11] this method is analyzed for a stationary heat diffusion problem (no convection)
with a conductivity that is discontinuous across the interface (a3 # «s) but with a
solution that is continuous across the interface (51 = f2). In [19] the method is studied
for the parabolic problem described above, with 81 # S5 (discontinuous solution), and
with a convection term in (1.1). It is assumed, however, that the transport problem is
diffusion dominated. In the recent preprint [18] the convection-dominated case, where
the Nitsche-XFEM method is combined with a streamline diffusion stabilization, is
treated. In all these papers, and in other literature that we know of, the Nitsche-
XFEM method is analyzed for a two-phase transport as in (1.1)-(1.5) with a stationary
interface. In this paper a first analysis for the case of a non-stationary interface is
presented. We restrict to the diffusion dominated case, i.e., no stabilization w.r.t.
convection is needed.

For the weak formulation of the parabolic mass transport problem (1.1)-(1.5)
with a non-stationary interface a space-time variational formulation is most natural,
cf. chapter 10 in [10]. This suggests an XFEM approach combined with a suitable
space-time discontinuous Galerkin method. As far as we know, this combination has
been considered, without an error analysis, in the literature only in [6]. We explain
this method, for the case of linear finite elements (in space and time), in section 2. In
section 3 an error analysis for this discretization method is presented. To our knowl-
edge this analysis is new. A main result is an optimal error bound as in Theorem 3.15.
This result shows that for a transport problem as (1.1)-(1.5), with a solution that is
discontinuous across an evolving interface, we have a full (i.e. in space and time)
discretization that is second order accurate. The space-time DG-XFEM method is
an Eulerian method in the sense that the spatial triangulation is not fitted to the
interface. We are not aware of other Eulerian type discretization methods for this
class of parabolic interface problems that have a guaranteed (i.e. based on an error
analysis) second order convergence.

The discretization method, presented in section 2, that is considered in the anal-
ysis is often not feasible in practice, due to the fact that it is assumed that integrals
over the space-time interface are evaluated exactly. In practice a quadrature rule
will be necessary. This leads to a “variational crime”. A study of the effect of these
quadrature errors is the topic of ongoing research.

2



2. The Nitsche DG-XFEM discretization. In this section we derive the
discretization method. This method will have the form of a variational problem in
a certain space-time finite element space. The same space is used for both trial and
test functions. We introduce the method for the case of piecewise bilinear space-
time functions (linear in space and linear in time). In Remark 2 we comment on
generalizations. We introduce notation. The space-time domain is denoted by @ =
Q x (0,7] € R4 A partitioning of the time interval is given by 0 = t; < t; <
... <ty =T, with a uniform time step At = T/N. This assumption of a uniform
time step is made to simplify the presentation, but is not essential for the method.
Corresponding to each time interval I, := (t,_1,t,] we assume a given shape regular
simplicial triangulation 7,, of the spatial domain €. In general this triangulation is
not fitted to the interface I'(¢). The triangulation may vary with n. Let V,, be the
finite element space of continuous piecewise linear functions on 7, with zero boundary
values on 0f2. The spatial mesh size parameter corresponding to V;, is denoted by h,,.
Corresponding space-time finite element spaces on the time slab Q" := € x I,, are
given by

Wy i={v:Q" = R | v(z,t) = ¢o(z) + tp1(x), ¢o,¢1 €V}

Wi={v:Q—=R|vgn € Wy, }. (2.1)

In the time slab @™ we define the subdomains Q7 := User, Q:(t), ¢ = 1,2, and also

Qi = Ui<n<NQF = Up<i<r8(t), i = 1,2. We introduce corresponding canonical
restrictions R on L?(Q"), R; on L?(Q) given by
R,’-,L,U _ ,UIQ;L on Q;L Ri/U _ ’U‘Ql on Q’L
Tl o @@ 0 on Q\Q.

We will also use the notation v; := R;v. The space-time XFEM spaces are given by
W) = R{W, & RyW,

; ) (2.2)
Wi ={v: Q%R|U‘Qn€Wn}:R1W@R2W

The symbol I'? denotes the space-time interface in @™, i.e., I'? := Ui, I'(¢), and
I = UlSnSNFZ}.

REMARK 1. In literature on extended finite element spaces the XFEM space W
introduced above is usually characterized in a different way [8]. We briefly explain this
different characterization. Let {g;};es be the nodal basis in the finite element space
V. The vertex corresponding to ¢; is denoted by x;. To each ¢; there correspond
two space-time basis functions, namely g;o(z,t) := 2;(tn — t)g;(z) and g;1(z,t) :=
;(t = tn—1)g;(x).The index set of basis functions in the space-time finite element
space W, “close to the interface” is given by

T =1{(5,0), (j,1) | meass(I'? Nsupp(q;)) > 0}.

Let Hrrn be the characteristic function corresponding to Q%, i.e. Hrn(z,t) = 1 if
(z,t) € Q3 and zero otherwise. For each space-time node index (j,¢) € Jr» a so-
called enrichment function corresponding to the node (z;,t,_¢) is given by

‘I)j,g(x,t) = pr(x,t) —Hry(l‘j,tn_g). (23)
New basis functions are defined as follows:

Ty .
q],z = QJ’Z(I)j,é, (J7£) S ._71“5}, (2'4)
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The term Hrr (xj,t,—¢) in the definition of ®; , is constant and may be omitted (as it

doesn’t introduce new functions in the function space), but ensures that q?% (), tn—r) =
0 holds in all space-time grid points (x;,t,—¢). The space-time XFEM space on the
time slab @™ = Q2 x I, is given by

-
W, = W, & span{ 47

(j, é) S jFQ }

This characterization shows that the XFEM finite element space W' is obtained by
adding to the standard space W,, new basis functions that are discontinuous across
the space-time interface I'}?, cf. (2.4).

We will treat the Henry condition [Su]r = 0 using the Nitsche technique (in space-
time). For this we need suitable averages and jumps across I'(¢), that we now intro-
duce. Take t € I,,, T € T,, and let T; := T N Q;(t). We define the weights

(a0 = -

Note that those weights only depend on the spatial configuration at a given time ¢
and there holds x4 (t) + k2(t) = 1. We define the weighted average (note: R; needed
on Wheg)

{v}e = K1 (t)(R1v)|r@) + K2(t)(Rav)ir(s)-

This defines an averaging operator on the space-time interface denoted by

{v}r.(z,t) = {v}i(z), z€TD(t).

We use a similar notation for the jump operators:
[v]s = (R2v)ir(y — (Bav)ry,  [Vlr. (z,t) = [vli(z), = € L(1).

In the discontinuous Galerkin method we need jump terms across the end points of the
time intervals I, = (t,—1,t,]. We define uf__l(~) = lim¢ o u(+, tn—1 +€) and introduce
the notation

v (z) = (2, t,),  []"(z) =0l (z) —v"(x), 0<n<N-1, with v°(z):=0.

On the cross sections Q x {t,}, 0 <n < N, of Q we use a weighted L? scalar product

2
(%U)O,tn = /Qﬂ(-,tn)uvd:c = Zﬂz/ﬂ uv dx.

=1 i(tn)

This scalar product is uniformly (w.r.t. » and N) equivalent to the standard scalar
product in L?(Q). Note that we use a weighting with 3 in this scalar product, which
is not reflected in the notation.

In the Nitsche bilinear form introduced below we also use another weighted L2
scalar product. Related to this we note that the surface measure both on T'(t) C R¢
and on I', C R¥*! play a role. Both measures are denoted by ds. The following
transformation formula holds:

r 1
/0 ) f(s,t)dsdt = /1‘ f(8) (14 (w-np)?) 2 ds = /1‘ f(s)v(s)ds,
4



Nl

with v(s) = (1+(w-nr)?) *. We assume that the space-time interface is sufficiently
smooth such that there is a constant ¢y > 0 with

co <wv(s) <1 forall sel,.

Below in the Nitsche bilinear form we use a weighting with v.

The notation introduced above is used to define a bilinear form B(-, -), which consists
of three parts, namely a term a(-, -) that directly corresponds to the partial differential
equation, a term d(-,-) which weakly enforces continuity with respect to ¢ at the time
interval end points t5, and a term Nt (-, -) which enforces in a weak sense the Henry
condition [Bu]p, = 0. These terms are defined per time slab Q", i.e. a(:,-) is of the
form a(u,v) = 25:1 a™(u,v) and similarly for the other two terms. We now define
the bilinear forms corresponding to each time slab Q".
The bilinear form a™(-,-), 1 <n < N, is given by

2
a™(u,v) = Z / . (681? +w- Vui)ﬁivi + o; 8;Vu; - Vu; dx dt,
=1 i

The bilinear form d"(-,-), 1 <n < N, is given by

dn(uv v) = ([u]n_:L» Uiil)oytnfl'
The bilinear form N{* (-,-), 1 <n < N, is as follows:
Nr (u,v) = —/ v{aVu - n}p, [Bv]r, ds — / v{aVv-n}r [Bulr, ds
rn rn
+ At v[Bulr, [Bv]r, ds,
I

with a parameter A > 0. Finally we introduce a right hand side functional given by

fl(U> = (u077}3)0,t0 +/ fBuvdxdt
Ql

f"(w)= [ fBvdrdt, 2<n<N,
Qn

with ug the initial condition from (1.4) and f the source term in (1.1). Corresponding
global (bi)linear forms are obtained by summing over the time slabs:

N N
a(u,v) = Za"(u,v), d(u,v) = Zd"(u,v),
n=1 n=1

N N

NF*(uav) = ZNIZL*(U’?U% f(U) = an(v)

n=1 n=1

These bilinear forms and the functional f are well-defined on the space-time XFEM
space W1+, The DG-XFEM discretization is defined as follows. Determine U € W T~
such that
B(U,V) = f(V) forall VW',
B(U, V) :=a(U,V)+d(U,V)+ Nr, (U, V).
5
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Note that this formulation still allows to solve the space-time problem time slab by
time slab.

REMARK 2. We comment on a generalization to a higher order method. On @,
instead of the P;-P; space W as in (2.1), a higher order space-time finite element
space can be defined in an obvious manner, cf. [22]. A corresponding higher order
XFEM space is then defined as in (2.2) and the higher order discretization is obtained
by the variational problem (2.5) with W= replaced by this higher order XFEM space.
We conclude that the method (2.5) has a straightforward generalization to a higher
order method. From an implementation point of view there is an important difference
between the P;-P; method introduced above and a higher order method. In order
to benefit from the higher order accuracy, one needs sufficiently accurate quadrature
rules. For the case with an evolving interface such accurate approximations of the
space-time integrals are difficult to realize.

3. Error analysis. In this section we present an error analysis of the DG-XFEM
discretization (2.5). In the subsections below we treat the following four topics: 1.
consistency, i.e., a solution of the problem (1.1)-(1.5) satisfies the variational equation
in (2.5); 2. stability of the bilinear form B(-,-); 3. interpolation error bounds in the
space WT=; 4. discretization error bounds. In the next section we first collect some
results that are used in the analysis.

3.1. Preliminaries. Clearly, for the consistency analysis we have to substitute
a suitable (weak) solution of the problem (1.1)-(1.5) into the variational formulation.
In this paper we do not study a weak formulation of the problem (1.1)-(1.5), cf. [10]
for an analysis of this problem. We only assume that a (weak) solution of this problem
exists that has certain smoothness properties such that substitution into the bilinear
form B(-,-) is well-defined. For describing these smoothness properties it is natural
to use anisotropic Sobolev spaces (also called t-anisotropic Sobolev spaces), which are
known from the literature on the weak formulation of parabolic problems, cf. [16, 24].
Note that we do not use the (more standard) Bochner space L2(0,T; H}(Q2)) since
we have time-dependent subdomains €;(¢). We introduce notation for the anisotropic
Sobolev spaces. Let D%u, a = (a1, ..., aq) denote the usual Sobolev weak derivative
w.r.t. to the spatial variables in L?(Q} U Q%) and D;u the weak derivative w.r.t. t.
Let m, k be 0 or 1. The space

{u] D%u, DTu € L*(QTUQY) for all |af <m,0<r<k}

endowed with the norm

(Z/n Z (Do‘u)2+Z(D[u)2 dxdt)%
i=1

QF |aj<m r<k

is denoted by H™*(Q? U Q%). We write HY(Q} U Q%) = H»(Q} U Q3). The
subspace of H0(QT U QF) consisting of all functions that are zero on the lateral
boundary 9,Q™ := 09 x I, (in the trace sense) is denoted by HS’O(Q? UQ%). The
spaces H™F(Q1UQ2), H'(Q1UQ>) and Hé’o(Ql U Q2) are defined in a similar way.
Furthermore, the subspace of H} (Q7UQ3) = H, ’%Q?UQ%‘) consisting of all functions
u with D € L>(Q7UQ%) for all [a| < 2 is denoted by Hy'' (Q7 UQ%). The subspace
Hg’l(Ql U Q2) of H}(Q1 U Q>) is defined in a similar way. Under (mild) regularity
assumptions on the interface I', functions v € HO2 1(Q7UQ?) have well-defined traces
6



wjrn and (n-Vu)pa in L2(T7), cf. [16, 24]. Since the space HYN(QruQy) is frequently
used below we introduce the compact notation:

Wi, = Hy (QTUQY), Wieg :={v: Q>R |ygneWr}

The bilinear forms a™(-,-), d"(-,-), Ny (-,-) are well-defined on Wy,. Hence, B(:,)
is well-defined on W;ee. In the analysis below, besides the XFEM space WT we will
also often use the space W'+ + Wieg -

We introduce (semi-)norms and scalar products that are used in the analysis.

These are well-defined on the space W' + Wyeq. Recall the definition (u,v)o4, =

Jo B(stn)uvdx. The corresponding norm is denoted by |- [lo,,. On QF, Q™ and Q
we define
(u,v)1,0p = o BiVu - Vudzdt, (u,v)1,gpu0p = (u,v)1,Qp + (4, v)1,0z,
'N (3.1)
(,0)1,0:00: = Y (4, 0)1,0700z
n=1
with corresponding seminorms denoted by | - [1,or, | |[1.Q7uQy, |+ [1.Q1u@.- Note

that in these scalar products and norms there is a scaling with the piecewise constant
function B and that opposite to the standard norm |- |; on H(Q) there is no first
derivative w.r.t. time in (3.1).

In the analysis in the following sections we need space-time trace operators and
a space-time Poincare-Friedrichs inequality. Under mild smoothness conditions on T,
the existence of a bounded trace operator H9(Q;) — L*(T.) follows from [16]. In
the remainder we assume that there exists such a trace operator that is bounded:

Juillo.r. < c(lulio,uq. + lullog) forall ue Hy*(Q1UQ2), (3.2)

with u; = wg,. Furthermore, from standard results it follows that there is a trace
operator H'(Q1 U Q2) — L*(Q) that is bounded:

u(-,tj)lo,0 < cllul|1,0,uq, forall u 1 2), j=0,N. .
[u(, )]0, < cflull for all ue H'(Q1UQ2) 0,N (3.3)

With respect to the Poincare-Friedrichs inequality we first consider a fixed ¢ € [0, T].
From the Petree-Tartar theorem it follows, cf. lemma B.63 in [7], that there exists a
constant ¢(t) such that

[ullo.o < c)([IVullo,o + [Bulllorw) for all u e Hy(Qu(t) UQs(t)) (3-4)

holds. In the remainder we assume that there exists a constant ¢p such that

lullo.q < ep(IVullo.g + 1Bulllo,r,) for all ue Hy(Q1UQ2) (3.5)

holds. Note that this follows from the result in (3.4) if ¢(¢) is uniformly bounded with
respect to ¢t € [0,T]. We expect that such a uniform boundedness result holds if the
space-time interface I', is sufficiently smooth.

LEMMA 3.1. For u,v € W' + W, the following relations holds:

a"(u,v) = —a"(v,u) + (™, v")o., — (Wi 0T Do,y + 200w, v)1,0rugr  (3.6)
1 _
a"(v,0) = 5 [[v"| 8 — ok 15 4y + Vvl grogs- (3.7)

7



Proof. From the definition of the bilinear form a™(u,v) we get

a” (u,v) + a” (v, u) — 2(au, v)1,QruQs

i ; 3.8
= E {/ (auZ +W-Vui)/3’ivi dxdt—i—/ (8/()1 +W-Vvi)5iui d:rdt}. (3:8)
— ot ar ot

The normal velocity of the interface T'(¢) is given by Vir = w - n. From this it follows
that the unit normal on T, in R?*! is given by

amo ()= ()

Note that n; + w - n, = 0 holds. We apply partial integration to the first term on
the right hand side in (3.8). Take i = 1. We assumed 94 (t) N 9 = 0 and thus the

boundary of Q7 can be decomposed as Q;(t,—1) UT? UQ;(t,). Hence, from partial
integration we get

a — n—
/ (ﬂ—&—w-Vul)ﬁlm da:dt:/ Bw?v?dw—/ Br(u)’y 1(1)1)+ Ldx
Qp Ot 2 (tn) (1)
0
+/ ﬁlulvl(ﬁt—&—w-ﬁw)ds—/ (ﬂ—l—w-Vvl)ﬂlul dx dt
rr Qr Ot

n— n— 87}
= / 6171?"0? dCﬂ*\/ 61(u1)+ 1(y1)+ 1d$7/ (871 +W‘V”Ul)ﬁlul dx dt.
Q1 (tn) Qi (tn-1) Qy t

A similar result is obtained for ¢ = 2 (we use that vy and wug are zero on 02). This
yields

: ou;
;/” ( ot +w - Vu;) Biv; do dt

2
= [ statarerds = [ Beotanur oy =Y [ (G s w e Vo) s dode
Q Q =1 ;L 8t

2
(2 n— n— 81&
= (’u,n7 v L)O,tn — (’U,+ 1, U+ I)O,tn,l — Z / . ( é)t +w- Vvi)ﬁiui dx dt.
=1 i

Combining this with the result in (3.8) proves (3.6). The result in (3.7) is a direct
consequence of the one in (3.6). O

LEMMA 3.2. For v € WY + W,eg the following holds:
n Lo 12 Lon1y2 Lom1y2
d*(v,v) = SN o,y + 5105 Mo,y = 510" o,y 1= <N,
with [v]° = 0.
Proof. Using [v]"~! = vi71 — "1 we get
d"(v,v) =

—~

[U]nil’ viil)ovtn—l
(" )" Dot +

(10

1

(T e WY

[N R

1, .- 1 .-
ey +5len B, — 1" MR
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and thus the result holds. O

LEMMA 3.3. For u,v € W' 4 Wieg, with [v]"™1 = 0 for all 2 < n < N, the
following holds:

a(u,v) + d(u,v) = —a(v,u) + 2(ou,v)1,0,0Q, + (uN,vN)oﬂgN.
Proof. From (3.6) it follows that

N
a(u,v) = —a(v,u) + 2(au, v)1,0,u0Q, + Z [(u", v o, — (uff__l, Ui_l)o,tn,l]- (3.9)

n=1

We consider the last term in (3.9). Using [v]"~! = 0 and with u° := 0 we get

N N
> oW vM)os, — Y @i v o,
n=1 n=1
N N
= (uNa UN)O,tN + Z(unila U:L-_I)O,tnfl - Z(ui_17 Ui_l)oinfl
n=1 n=1

N
= (uN7UN)0,tN - Z([u]n_l’vi_l)oytnq = (UN’UN)QtN - d(uvv)'
n=1

Combining this with the result in (3.9) proves the claim. O

3.2. Consistency analysis. We prove consistency of the variational problem
in (2.5).

THEOREM 3.4. Let u be a solution of (1.1)-(1.5) and assume that u € Hy' (Q1 U
Q2). Then

B(u,V)=f(V) forall VeW'

holds.

Proof. Take V€ W+, From u € H§’1(Q1 U Q2) it follows that u € W, and
[u]"~t =0 for 2 < n < N. Hence,

N
d(u, V) => " d*(u,V) = d"(u,V) = (u(-,0), Vo, = (0, V)o.to- (3.10)
n=1

For the Nitsche bilinear form we obtain, using [Su]r, = 0,

N
Nr, (u,V) = Z N (u, V) = —/F v{aVu-n}r, [fV]r, ds. (3.11)

For the bilinear form a™(-,-) we get

n 2 8ui
(V) :Z/ ( ot
i=1 i

2
i=1 7@

+w - V) BiVi + i3V, - VV; da dt

ot

+ / [aVu - h, BV]r, ds,
Iy

9



with , = vn. Using [fgl = {f}e[g]e + [fle{g}e — (m1(t) — K2(t))[f]elg]e and the
property [@Vu - n]; = 0 for all ¢, cf. (1.2), we obtain

/ [aVu-h, BV]r, ds = / v{aVu-n}r, [BV]r, ds, (3.13)
re e

and thus, using the differential equation for « in (1.1) it follows that

N
a(u,V) = ; a™(u,V) = /QfBV dx + /F v{aVu-n}r, [V]r, ds (3.14)

holds. From this, the results in (3.10), (3.11) and the definition of the functional f(-)
we obtain

B(u,V) =a(u,V)+d(u,V)+ Nr_(u,V)
- /QfBde + (10, Vo, = F(V),

which proves the consistency result. 0

3.3. Stability analysis. In this section we study the stability of the bilinear
form B(-,-). We summarize the main assumptions that are used in the analysis in
this and the following sections. The trace inequality (3.2) and the Poincare-Friedrichs
inequality (3.4) are assumed to hold. Furthermore, the shape regular triangulations
T, are assumed to be quasi-uniform and all constants related to shape-regularity
and quasi-uniformity are assumed to be uniformly bounded both with respect to the
spatial mesh size h,, and with respect to At (i.e., with respect to N).

First we consider the part a(-,-) + d(-,-):

LEMMA 3.5. Forv € W + W,y the following holds (with [v]° = v} ):

N
1 1 _
a(v,v) +d(v,v) = Vvl g,uq, + S IV 5,y + 5 DN 1% i P
n=1

Proof. We recall the results in Lemma 3.1 and Lemma 3.2:

1 1 _
a™(v,v) = §||Un||(2),tn - §||”i 1||8,tn,1 + |\/av‘%,Q]LUQg

2 RN
0,tn—1 92

n—1

n 1 n— 1 n—
d"(v,v) = 5”[”] 1”8,@1,1 + §||U+ '

[k PR

with v© = 0. Summing these results over n = 1,..., N we obtain the result. O

For the analysis of the Nitsche bilinear form we introduce space-time variants of
the norms used for the stationary case in [11]:

tn
ol e =t [ s =t [ ol d
F:} tn—1
[0l s =t [ 0% ds = B2 [0l
re

N N
I3 ar. = S0l s 0125 g, = S 1002 4
n=1 n=1

10



Note that i, vuvds < ||v| 1 nrpllvllZ1 o holds. The analysis of the Nitsche bilin-

ear form uses essentially the same arguments as in [11] for the stationary case.
LEMMA 3.6. There is a constant ¢, independent of h, and At such that for all
V € WP the following holds:
HaVV o -njr fl_s prp <V
{aVVen}r |y pr, <V

1,QruUQs (3.15)
1,Q1UQs- (3.16)

Proof. Take 1 <n < N. For V € W'~ we have

t'n,
{aVV - n}r %1, o :/ /( ho{aVV -n)2 ds dt
2 tn_1 JT(t)

tn 2
g/ Z/ ks (£)202||V V|12 ds dt,
()

tn-1 ,—1

with V; = R;V. The finite element function V; is of the form V;(z,t) = ¢o(z) +
tor(x), © € Qi(t), t € I, with ¢g, o1 € V,, (space of piecewise linears). Recall
that w;(t)r = II?I‘ with T; = Q;(t) NT. The interface I'(t) can be decomposed as
[(t) = Uretp,, I'r(t), with I'r(t) = T'(t) N T, and Tr(; a subset of simplices of 7,
which have a nonzero intersection with I'(¢). Note that due to the dynamics of the
interface the set of “interface simplices” T (i.e., those that contain the interface)
depends on t. Consider T € Tr(). The functions ¢, ¢1 are linear on T" and thus

VV)) i = 0o + tiy for certain vectors 9y, 91 € R%. Thus we have
IT; )

T‘i 2
2hnki(t)2a?|VV;||* ds = 2hnua2Hﬁo+t@1H2 1ds
K2 |T‘2 3
1—‘T(t) FT(t)

ITiIFT(t)Iaz/ 2
—_—t | VVi||* dx
T 5 Tlﬂll I

< / BV d,
T;

= 2h,

where the constant c is independent of ¢, At and h,,. Summing over all T' € Tp(;) we
obtain

/ 2 ki (1) 27|V Vi||P dsdt <c > Bill VVi||? da < c/ Bil|VVi||? da,
T'(t) TETr i 7 T Q;(t)

and thus

tn 2
{aVV n}r |2, , gc/ Z/M) BillVVi||? de dt = |V} gpuqs-

tn—1 =1

which proves the result in (3.15). The result in (3.16) follows after summation over
n. O

LEMMA 3.7. There exists a constant co > 0, independent of h,, and At, such that
foralld >0

NeL(V,V) 2 =beolVE g,uq, + = 8 DIBVIIE o p, for all Ve W'
11



holds.
Proof. From the definition of Ny and the Cauchy-Schwarz inequality we get

Np, (V;V) = =2[{aVV - njr,

[6V]r.

Lpre t A[BV]r,

—3hDn Q%?hm. (3.17)

For the term ||[{aVV -n}r,
4> 0:

—1 prr We use Lemma 3.6, and obtain, with arbitrary

2||{CVVV . n}r*

—1arelBVIr g pry < C§|V|%,Q;LUQ3 + 5_1”[5‘/]1‘*”2%&;2
and thus with (3.17) we have
Ny (V,V) = =0clV grugy + (A= 0" DIIBVIIA 4 ro-

Summation over n = 1,..., N completes the proof. O

THEOREM 3.8. Define cp := %min{al,ag, 1}. There exists a constant ¢* > 0
independent of hy,, At and X such that for all A > c¢* the following holds:

N
Fen + D NIV

n=1

B(V.V) > cs(IV[E g,uq, +IIVY 130+ ANBVIIE 1))

for all Ve Wh-,
Proof. Take V€ W'+, From Lemma 3.5 we obtain, with aui, = min{ay, s},

N
1 1 n—
a(V,V) +d(V,V) = aminlV [ g0, + 511V 8an + 5 D IV M0, (318)
n=1

-1

In Lemma 3.7 we take § = %amincal and A > 4o ; co =: c¢*. Hence,

1 1
NF* (‘/a V) Z _§amin‘v‘iQ1UQ2 + 5)\”[,8‘/}”2%7}1,11*

Combining this with (3.18) completes the proof. O

Note that in the stability result in Theorem 3.8 there are both jumps between time
slabs (from DG) and jumps across the interface (Nitsche technique) that occur in the
lower bound.

COROLLARY 3.9. Take ¢* as in Theorem 3.8 and A > ¢*. Then the DG-XFEM
discretization (2.5) has a unique solution U € W,

3.4. Interpolation error bounds. A nice property of the DG-XFEM method
introduced above is that it allows to use non-matching simplicial triangulations 7, in
the time slabs I,,, n = 1,...,N, i.e. T, # T, for n # m. For this general setting,
consistency and stability results have been derived in the subsections above. For the
discretization error analysis we also need suitable interpolation error bounds. This
analysis is greatly simplified if we assume matching grids. Hence, since in this paper
the emphasis is on the Nitsche-XFEM space-time discretization, in the remainder
of the analysis we restrict ourselves to the matching grid case, i.e., in addition to
the assumptions described at the beginning of subsection 3.3 we assume that the
spatial simplicial triangulation does not depend on n, i.e., we have a family of spatial

12



triangulations {7y }r>0 of Q and assume T, = T € {7} for all n. Each triangulation
T has a corresponding mesh size parameter h := max{diam(T) | T € T }. Recall
that we assume the family {7, }n>0 to be quasi-uniform. Finally, since we use linears
both with respect to time and space discretization and we do not consider adaptive
techniques in this paper, it is natural to introduce the following relation between h and
At. We assume that there are generic constants ¢y > ¢; > 0 such that ¢; < & <c
holds. This assumption is not essential for the analysis, but is used to simplify the
presentation. In the remainder error bounds are formulated in terms of the mesh size
parameter h.

We now introduce an interpolation operator. For the case 7,, = T the space-time
finite element space as in (2.1) simplifies to

W= {U : Q —-R ‘ ’U(:I?,t) = d)o(l’) + t¢1(l’) on Qn7 ¢07¢1 S Vh}7

with V}, the space of continuous piecewise linears on 7 with zero boundary values on
0). Below an index 0 used in the notation of spaces (e.g. Co(Q)) always denotes that
the functions in this space have zero values on lateral boundary 02 x I of Q). For
v € Cp(Q) the piecewise linear nodal interpolation on 7 is denoted by vy (-, t) € Vj,.
The corresponding space-time linear interpolation is given by Iy : Co(Q) — W:

t—1tn_1 tn — 1t
At At
Note that Iyv € Cp(Q), and thus in particular [Iyyv]® = 0 holds for 1 < n <

N —1. Such a globally continuous interpolant would not be available if non-matching
triangulations 7, are used. From standard interpolation theory we have

(Iwv)(z,t) = vp(z, ty) + vp(x,tn—1), t€l,, n=1,...,N.

v = Iwvleg < ch®> H|v||ag, forall ve HZ(Q), £=0,1. (3.19)

We recall that the norm || - ||1,¢ in (3.19) and the (semi-)norm | - |1,Q,uq, that
corresponds to the scalar product in (3.1) are different. The former is the standard
norm on the Sobolev space H'(Q), and thus contains derivatives w.r.t. = and t,
whereas the latter contains only derivatives w.r.t. x. Furthermore, in the latter case
these weak x derivatives are w.r.t. @1 U Q2 instead of Q.

We now introduce an interpolation operator in the space-time XFEM space WT» =
R\W + Ro,W. This operator is analogous to the operator used in the analysis of
the spatial XFEM, cf. [11, 10]. We assume linear extension operator & : HZ(Q;) —
HZ(Q), i = 1,2, that are bounded: ||Ev|2,0 < c|[v]l2,q, for all v € HZ(Q;). The
space-time XFEM interpolation operator I, : H3(Q1 U Q2) — W'+ is given by

Ip* = IWF* = RiIw&1R1v + RolywEsRov.

In the remainder of this subsection we derive error bounds for this interpolation
operator. These bounds are used in the discretization error analysis in subsection 3.6.

We need some further notations. The space-time triangulation of @ = 2 x [0, T
consists of cylindrical space-time elements w and is given by

To ={TxI,|TeT,1<n<N}={w}

Let Tr, C Tg be the subset of cylindrical elements that have a nonzero intersection
with the space-time interface I',. Hence I', can be partitioned as

I'n =Uper, Tw, with T'y, =T, Nw# 0.
13



We assume that the space-time interface I', is a smooth d-manifold and the space-
time triangulation is sufficiently fine such that it can resolve I',. For the cylindrical
elements the following trace result holds ([4] Thm. 1.1.6), with a constant ¢ that
depends only on the shape regularity of 7

10113 00 < (W™ 0ll5 o, + Rllv)IE ) for all ve H(w). (3.20)

The following lemma is a space-time variant of a result derived in [11, 12]. For
completeness we include a proof.

LEMMA 3.10. There is a constant ¢, depending only on the shape reqularity of T
and the smoothness of Iy, such that

[llgr, < cth™ vllg. +hlvliL)  for all ve H (w), we Tr, (3.21)

holds.

Proof. We assumed smoothness of ', and sufficiently high resolution of the space-
time cylindrical triangulation. Hence, for each w € Tr, there is a local orthogonal
coordinate system y = (z,60), z € R, # € R such that I, is the graph of a smooth
scalar function, say g, i.e. I, = {(2,9(2)) | z € U C R¢}. If I, coincides with one
of the faces of w then (3.21) follows from (3.20). We consider the situation that the
interface I',, divides w into two nonempty subdomains w; := w N Q;. Take i such that
I, C Ow;. Let n = (ny,...,n441)" be the unit outward pointing normal on dw;. For
v € H'(w) the following holds:

/ v—dy—/‘divy (UOQ> dy:/8 vn~ (1?2) ds:/(9 vnd“Uzds
:/ nd+1v2d8+/ ngr1v° ds
Fw (90\«'1',\1—‘“,
1

The normal n has direction (—V.g(2),1)7 and thus ngy1(y) = (||[V.g(2)||*> + 1)~ 2
holds. From smoothness assumptions it follows that there is a generic constant c,
depending only on the smoothness of I'y, such that 1 < ng.1(2)~! < ¢ holds. Using
this we obtain

/ v?ds < c/ nar1v2 ds < c||v)lo.w V)10 +c/ v? ds
T T, Ow;\I'y,

< clvllowllvl1w +c/ v? ds

ow

< (bl o + hlvllE L),

where in the last inequality we used (3.20). O
In the next theorem we derive error bounds for the space-time XFEM interpolation
operator I, that will be used in the discretization error analysis in section 3.6.

THEOREM 3.11. For u € HZ(Q1 U Q2) define the interpolation error e, =
u—1Ir,u. There exists a constant c, independent of h, such that for allu € H3(Q1UQ>)

14



the following holds:

H6U||Z1Q1UQ2 < Ch27fHu”27Q1UQ23 £=0,1, (322)
||eu("tj) |0,tj < ChHu |2>Q1UQ2’ J=0,N, (3'23)
2
> NRieulls r, < chllull2,uuqs; (3.24)
=1

2
S In- VRl s pr. < chlullz.oruos- (3.25)
=1

Proof. The result in (3.22) follows from the definition of the interpolation operator
It, and the result in (3.19) for the standard nodal interpolation operator Iy :

2 2
leal? guues = Y leull g, = D llu = Iw&iRiull? o,
i=1

=1
2 2
<30 - &Rl <O ERulEe  (3.26)
=1 =1
2
< 203 | Rll g, = eh* O ull3 g0, (3.27)
=1

The result in (3.23) follows from the trace operator bound in (3.3) and the result in
(3.22) for £ = 1. For the proof of (3.24) we use the result in Lemma 3.10:

2 2
> IRieull? ) r, = SN wYpr (I - Iw)E Rl p,
=1

=1 wGTr‘*

2
<ed > (WU~ Iw)ERwl§ , + I — Iw)E Rl )

i=1 weTr,
2
<ed (WP = Iw)&Riul§ o + (T = Tw)ERaulff o)
=1

< ch?||u

|2»Q1UQ27

where in the last inequality we used (3.26)-(3.27).
The result in (3.25) can be proved with similar arguments:

2 2

1
Yoln-VRieu|_1pr. =Y > blvzn- V(I - Iw)&Rulr,
=1

i=1 weTr,

2
<> Y (Im- V(U = Iw)&Rulg, + 1|0 - V(I = Iw)& Riul7 )
=1 UJETF*
2

<Y (I = Iw)&Riul} g + 1PIERull3 o) < ch®|ull2.0,00.

=1

which completes the proof. O
15



3.5. Continuity results. We derive continuity results for the bilinear forms
a’('v ')a d(? ) and Np, ('7 )

THEOREM 3.12. There exists a constant ¢, depending only on |wW||,q and o, 5;,
i =1,2, such that for all u € HY(Q, U Q2), v e Hy’(Q1 U Qs) the following holds:

or.)- (3.28)

Let C(Q1UQ3) denote the space of continuous functions on Q1UQ2 such that v; = v|q,
has a continuous extension to Q;, i = 1,2. For all u € C(Q1 U Q2), v € Wr~ the
following holds:

la(u, v)| < cllullLeiue, (IVh.@iue. + [I[B]]

|d(u, v)| < [lu(:, 0[]0t v (-, 0)llo,to- (3:29)

For all u,v € Wieg + WY the following holds:
Nr. (u,v) < (1+ N ([{aVa -}y . + 186l r.)
“(I{aVo-n}_y nr, + 1BVl 4. )-

(3.30)

Proof. Take u € H3(Q1UQ2), v € Hy®(Q1UQ2). From the definition of a"(-,-)
it follows that there exists a constant, depending only on ||W||,o and «;, 8;, such
that

|a"™ (u,v)] < ellulligrues (IvlLeruey + Ilvllo.qn)-

1
Summation over n and with 22[:1 M (VTn + V) < ﬁ(zgzl nn) 2 (Zgzl Yn +
1
SN €))7 yields

la(u, v)| < ellulli.que. (IVh.aue, + lIvllo.q)-

From this and using the Poincare-Friedrichs inequality (3.5) we obtain the result in
(3.28).
Take u € C(Q1 U Q2) and v € WT=. From the continuity of u w.r.t. ¢ it follows
that
N

d(u,v) = Zdn(u’ U) = dl(u,v) = ([U]O’U)O,to = (u('a0)7v('70))07t0’

n=1

from which the result in (3.29) follows.
Take u,v € Wyeg + W'+, Using the definition of Ny and of the trace norms we
get

INE, (w,0)] < [{aVu-n}|_1 j r.

+AlBullly p,rn

[Bollly ey + [HaVo - o}y poll[Bulll g p,rs

1 .
3,h, I}

2

[6v]

Summation over n results in
[N, (u,0)] < [{aVu-n}[_y e |18V e, + [{aVo-nd g e [[Bullly pr.
+ AHWU]”%,h,F* [Bv]| 1.
< (14 N (HaVu -}y pr. + 18]l 5 5r.)
“(Havo-n}l_y .+ [I[8Y]
and thus the result in (3.30) holds. O

|%,h,F*)7
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3.6. Discretization error bounds. Assume that (1.1)-(1.5) has a solution u €
Hg(Ql UQ2) C Wieg. We assume a fixed A > ¢* as in Theorem 3.8. Let U € WT+ be
the unique solution of the DG-XFEM discretization (2.5), cf. Corollary 3.9. In this
section we derive bounds for the discretization error e := u— U. From the consistency
result in Theorem 3.4 we obtain the Galerkin property

B(e,V)=0 forall Ve W',
Based on the stability analysis we introduce the norm (with v = v(-,tx))

N
Ig,tN + Z ||[U}n||(2),tn,1 + /\”[BU]”Q%,},”P*’ v E Wreg + WF*~

n=1

lol® = vl? g,uq, + 0™

THEOREM 3.13. For the discretization error uw — U the following holds:

lu = Ull < chl|u

2,Q1UQ2-

Proof. We decompose the error e = u — U as
e=(u—Iru)+ (Ip,u—U) =:e, + ew. (3.31)

Note that e, is continuous with respect to ¢ and thus [e,]” =0 for n =2,..., N, and
[ew]t = eu(+,0). Hence,
2

lewl® < leulf @uug. + llewC, tn)IE 1y + llew(s t0)lI3 4 +Amax 8D I Rieulld -
’ i=1

Using the interpolation error bounds in Theorem 3.11 yields
leull < chllullz,@uq.-

For eyy € WT+ we get, using the stability result in Theorem 3.8 and the Galerkin
property,

lew|l* < eB(ew,ew) = e¢B(Ir,u — U,ew) = e¢B(Ir,u — u, ew)
= —c(a(eu, ew) + d(ew,ew) + Nr, (eu, eW)).

The errors e, and ey have smoothness properties such that Theorem 3.12 can be
applied. In combination with the interpolation error bounds in Theorem 3.11 this
results in

— aley,ew) — d(ey, ew)
< clleullr,@iuqs (lew|r.aiuq. + IBewlllo.r.) + llew (-, 0)llo.z llew (- 0) o,
< c(lleall.iugs + llea (- 0)llo.o) lewll < chllullz.qu.llewl-

For the term Np,(e,,ew) we use Theorem 3.12, Lemma 3.6 and the interpolation
error bounds in Theorem 3.11, and obtain

Nr, (eusew) < (L+A)([{aVeu 0} _1 pr, + [Beully nr.)
(I{aVew -n}|_1 r, +[l[Bewl]
< chllull2,q,uq, (lew

gr.) (3.32)

1,QUQs T ” [ﬁew] H %,h,l“*)

< chllullz,qiuq.llewl,
17



Combination of these results yields

llew I < chllu|

2,Q1UQ2- (3'33)

Application of the triangle inequality completes the proof. O

In the following lemma we derive a result that will be used in a duality argument
in Theorem 3.15.

LEMMA 3.14. Assume that the homogeneous backward problem

9
_(‘77: —w-Vi—div(aVa) =0 in Qi i=12, tel0,T], (3.34)
[aVi-n]. =0, (3.35)
[Bi]p = 0, (3.36)
a(-\T) =ar in Qi i=1,2, (3.37)
u(-,t) =0 on 09, te€0,T], (3.38)
has a solution G € Hg’l(Ql U Q2). This solution satisfies
B(w, 1) = (W, ar)or for all we W 4 Wieg. (3.39)
Proof. For the Nitsche bilinear form we obtain, using [S4]r, = 0,
N
Nr.(w,@) = > NP (w,i) = — / v{aVi -n}r, [Bwr, ds. (3.40)
n=1 *

The solution 4 satisfies [a]"~! = 0 for all 2 < n < N and thus from Lemma 3.3 we
get

a(w, @) + d(w, @) = —a(f, w) + 2(ad, w)1,0,00, + (WY, 8N )o.1y- (3.41)

Using [@V{-n]; = 0 we obtain, with a partial integration as in (3.12)-(3.14), and with
(3.34):

|
e

(ﬂv ’LU) + 2(0&@, w)17Q1UQ2

N 2 N
Ot N N X
= E E / (— T Vi,; — a; Atl;) Biw dx dt + ngﬂ /F? v{aVi - n}r, [fw]r, ds

Combining this with the results in (3.40), (3.41) we obtain

B(w, @) = a(w, @) + d(w,4) + Nr, (w,4) = (wN,uT)O,T,

which proves the result in (3.39). O

THEOREM 3.15. Assume that the homogeneous backward problem as in Lemma 3.1}
has a solution @ € HZ(Q1 U Q2) that has the regularity property ||il2,0,u0, <

clliroty with a constant ¢ independent of the initial data up € L*(Q). For the
discretization error w — U the following holds:

||(u - U)(utN)| 0,tn S Ch2||u||2aQ1UQ2'
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Proof. The error is denoted by e = v — U. In (3.37) we take 4r = e(-, tn).
The induced solution is denoted by @. In (3.39) we take w = e. This yields, with
€y = u— IF*’LAL7

||6(‘7tN)H(2),tN = B(e, @) = B(e,eq) = ale,eq) + d(e,eq) + Nr, (e, eq). (3.42)

In the term d(e, e;) the second argument ey is continuous with respect to ¢, whereas
this is not necessarily true for the first argument. Therefore the boundedness result in
(3.29) is not applicable. Instead, however, we can apply Lemma 3.3 and thus, using
the boundedness result in (3.28), the trace bound in (3.3), the interpolation error
bound in (3.22) and the discretization error bound in Theorem 3.13, we obtain

a(ev eﬁ) + d(e»eﬂ) = _a(eﬁv 6) + 2(ae7eﬁ)1,Q1UQ2 + (e(WtN)veﬂ("tN))O,tN
< clleall1,qiuq: llell < chllil2,.uq. llell
< chlltr oy llell = chlle(-, tn)llo,en llell

< ch?|ullz.q,uq. le( ta) llo.en

(3.43)

We consider the term Nt (e, e;). Decompose e = e, + e as in (3.31), hence,
Nr,(e,eq) = Nr, (eq,e) = Nr_(eq, en) + Nr, (eq, ew).
For the last term we have, cf. (3.32) and (3.33),
Nr, (ea, ew) < chllillz,Quuq.llewll < ch?[[ull2,q.u. lle(- tn)llo,ex- (3.44)

Finally, from the boundedness result in Theorem 3.12 and the interpolation error
bounds in Theorem 3.11, we get

Nr. (ea eu) < (L+ ) ([H{aVeq - n}|_y . + [l[Bealll1nr.)

(Ifaveu - n}_y nr. +lBeul s ar.) (3.45)
< ch®lill2,0,u0, llull2,0.uq, < ch?|lu

2,Q:0Qz |le( tn)[o.tx -

Inserting the bounds (3.43), (3.44), (3.45) into (3.42) completes the proof. O

REMARK 3. We comment on a few aspects related to the analysis presented in
this section. Firstly, note that the error bound derived in Theorem 3.13 for P;-P;
space-time finite elements is of optimal order. In Theorem 3.15 we derived a second
order error bound. This result might be suboptimal, since for the standard P;-P;
DG-FEM (not XFEM!) better bounds are known in the literature. In [22] (theorem
12.7) for the P;-P; DG-FEM method applied to the standard heat equation an error
bound of the form

1w =) tn)lloe < e(h? + (AL)°) (3.46)

is derived, i.e., an error bound with third order convergence w.r.t. At. For other
polynomial degrees, say k and m w.r.t. space and time, respectively, based on the
analysis in [22] one expects that the bound in (3.46) can be generalized to c(h**1 +
(At)?™+1). The analysis in [22] is very different from the one presented in this section.
A key idea in the analysis in [22] is (as usual in the derivation of error bounds of finite
element methods for parabolic problems) to use an error splitting

u—U= (U—Rh’ﬁ)-l—(RhfL—U),
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with Ry : H3(Q) — Vj the Ritz projection corresponding to the stationary (i.e.
elliptic) problem and @(x,t) s suitable space-time interpolant of w. For this idea to
work it is essential that the space V}, (and thus Rj) is independent of ¢. Although
we did not investigate this, we expect that this analysis is applicable to the Nitsche
DG-XFEM method for the case of a stationary interface, since then the XFEM space
can be taken independent of ¢. This analysis, however, is not applicable to the (more
interesting) case with a non-stationary interface, which explains why we present a
different analysis. With our analysis, however, we are not able to derive a bound as
in (3.46) with a term (At)2. The numerical experiments in section 4, which are for
a spatially one-dimensional problem only, yield results which show an error behavior
similar to the one in (3.46).

In Remark 2 we noted that the method has a straightforward extension to higher
order finite elements. Concerning the analysis for higher order polynomials we note
that all arguments used in the analysis above, except for the proof of Lemma 3.6,
can be applied (with minor modifications) to higher order space-time finite elements
as well. We claim that estimates as in Lemma 3.6 also hold for higher order finite
elements. We sketch how this might be proved. For an arbitrary tetrahedron S and
natural number k there exists a constant ¢, independent of the shape regularity of .5,
such that p(%)? < 15 Js p(x)?dx for all ¥ € S and all polynomials p of degree k.
From this one obtains (cf. proof of Lemma 3.6 for notation), for the case that 7T; is a
tetrahedron:

z€l 7 (t)

/ hnki(t)*p? ds < ¢|Ti| max p(z)> <c / p? da,
T (t) T;

i

for polynomials of degree k, which is the main estimate in the proof of Lemma 3.6.

Finally we recall that in order to derive useful interpolation error bounds we
assumed matching triangulations 7, = 7, for all m,n, cf. the introduction to sec-
tion 3.4. It is not clear whether the analysis can be extended to the non-matching
case, because we do not know how to construct an appropriate global interpolation
of u in the DG-XFEM space W.

4. Numerical experiments. In this section we present results of numerical ex-
periments. We restrict ourselves to the spatially one-dimensional case. We illustrate
the convergence behaviour, in particular the order of convergence w.r.t. h and At
for XFEM finite element spaces with different polynomial degrees. The results are
consistent with the theoretical analysis presented above. The relatively simple one-
dimensional setting allows a very accurate approximation of the integrals that occur in
the bilinear form and thus the method can be implemented in such a way that quadra-
ture errors are negligible. For an efficient implementation, however, in particular in
higher dimensions, one has to use a suitable quadrature rule for the approximation of
the integrals over the space-time interface and of integrals over cylindrical elements
cut by the space-time interface. Numerical experiments with the DG-XFEM method
in higher dimensions and a study of the effect of quadrature errors will be presented
in a forthcoming paper.

4.1. Problem description. We consider the spatial domain = [-1,1] and
instead of the Dirichlet boundary conditions in (1.5) we consider periodic ones. The
reason for this is that we want to avoid (nonphysical) effects caused by interfaces that
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intersect a Dirichlet boundary. We consider the following problem:

O+ woyu — Oy (adyu) = f in Q;, i =1,2, t €[0,T], (4.1)
[a0,ul =0, (4.2)

(Bl =0, (43)

u(+,0) =wo in 4 i=1,2 (4.4)

u(=1,t) =u(1,t) fort € [0,T). (4.5)

For the end time point we choose T' = 4. The diffusivities are (a1, as) = (1,2) and the
Henry weights (31, 82) = (1.5,1). The interface is determined by the initial interface
I'(0) consisting of two points z, = —1/3, x, = 1/3 and a given smooth velocity
function w(t), which is constant w.r.t. x (due to incompressibility). At initial time
t = 0 we define Q1(0) := [z4, 23] and Q3(0) = 2\ ©Q1(0). Define the shift function
s(t) == fg w(r) dr. We consider three cases:

1. constant interface, no convection: w(t) =0, s(t) =0
2. constant vel., T'* is planar: w(t) = %, s(t) = 3t
3. time dep. vel., I'™* is curved: w(t) =7 cos(3t), s(t) =5 sin($mt).

The moving interface is given by I'(t) = {z, + s(t), xp + s(t)}. If ¢ is such that one
of these points intersects the boundary 0f2, one has to take the periodicity condition
into account, cf. Figure 4.1 for an illustration.

t
T

,_.________"‘_‘__.1_______________

FiG. 4.1. Sketch of space-time domain and interface (left) and three different interface evolu-
tions (right) where dashed lines indicate periodic boundaries and grey domains periodically shifted
counterparts of the original domain.

We construct a reference solution by using Lagrangian coordinates. First consider
2 =R (no boundary). For & € R the characteristic through & is given by (& + s(¢), ).
Let @(,t) be a function that satisfies 0yt — 0z (a;0z0) = f on ©,;(0), ¢t € [0,T], and
the interface conditions (4.2) and (4.3) at I'(0). Note that & does not depend on the
velocity function w. The function u(z,t) := 4(x — s(t),t) then satisfies (4.1), (4.2),
(4.3). We choose the following reference solution (in (&,t) coordinates):

(ad +b2%) 2 in Q1(0)
sin(r) Z in Q5(0).
21
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We set k = 2% and the constants a and b are chosen such that the interface conditions
(4.2) and (4.3) at I'(0) are fulfilled. As a reference solution in our experiments below we
use Ures(x,t) := Uper(z — s(t), t), where we corrected for periodicity. A corresponding
right hand side f is used as data in (4.1). The reference solution for the three velocity
functions given above is displayed in Figure 4.2.

-
-

=

Fic. 4.2. Solutions of the test cases with w(t) = 0 (left), w(t) = 0.5 (middle) and w(t) =

i cos( %wt) (right).

4.2. Discretization. We use an equidistant mesh in space and time with ng
intervals in space and n; intervals in time and apply uniform refinements in space
and time. The corresponding mesh sizes are denoted by hs (space) and h; (time).
The polynomial degrees in space and time are denoted by ps and p;, respectively. We
present results for p, = 1 and p; = 0,1,2. We recall that in spatial direction we use
continuous (piecewise linear) finite elements, whereas in time direction the functions
are allowed to be discontinuous at the mesh points. For the stabilization parameter in
the Nitsche method we take the value A = 2. We use sufficiently accurate quadrature
rules such that quadrature errors are negligible. This is a delicate assumption, in
particular if we have a curved space-time interface as in the third example.

4.3. Numerical results. We present results that illustrate the convergence be-
havior of the DG-XFEM method for the three velocity functions introduced above.
Already for this one-dimensional case it is interesting to study how convergence de-
pends on the parameters p, ps, ng, ne. Here we present only results for a small subset
of such experiments. As already mentioned above, an elaborate numerical study of
properties of this method will be presented in a forthcoming paper. For the first case
(stationary interface) we (only) study the error dependence on hy, for a fixed hy suf-
ficiently small. We fix ps = 1 and vary p; € {0,1,2}. For the second case (constant
nonzero velocity) we fix ps = p; = 1 and vary hg, h. Finally, for the case with a
curved space-time interface we only consider p; = ps = 1 and for a fixed small mesh
size hs we study the error dependence on h;.

Stationary interface. This case is relatively easy and can be treated efficiently by
other methods (e.g. method of lines with an XFEM space discretization [19]) as well.
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As pointed out in Remark 3, for the case with a stationary interface, we expect that
the L2(Q)-error at time T can be bounded by

lup, — tretllor < c(h’s“Jrl + h?pt+1). (4.7)

We consider p; = 1 and a mesh with a sufficiently fine spatial resolution (ns = 1024)
and a relatively large time step such that the temporal error dominates the total
error. In Table 4.1 and Figure 4.3 the errors for p; = 0,1,2 are given. The observed
convergence behavior is consistent with the O(R;”*™") bound in (4.7).

pe =0
ns\ne 16 32 64 128 256 512 1024
1024| 3.671e-01| 1.729e-01| 8.167e-02| 3.917e-02| 1.909e-02| 9.411e-03| 4.671e-03
eoc(t) = 1.09 1.08 1.06 1.04 1.02 1.01
pe=1
ns\ e 16 32 64 128 256 512
1024| 6.541e-02| 1.129e-02| 1.789e-03| 2.425e-04| 3.074e-05| 2.477e-06
eoc(t) = 2.53 2.72 2.82 2.98 3.63
pe =2
ns\ne 4 8 16 32 64
1024| 1.726e-01| 7.737e-02| 3.888e-03| 1.420e-04| 2.312e-06
eoc(t) = 1.16 4.31 4.78 5.94
TABLE 4.1

Error ||up, — uretllo,7 for ns = 1024, pt € {0,1,2} and a stationary interface.
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-- order5

; R
102 10
number of time steps (ns)

‘
10!

F1G. 4.3. Error |up, — uretllo, for ns = 1024, p; € {0,1,2} and a stationary interface.

Constant velocity. We consider the case of a moving interface with velocity func-
tion w(t) = 1/2. We restrict ourselves to p; = p; = 1 and investigate both the tempo-
ral and the spatial error convergence. The numerical results for n, € {8,16,..,1024}
and n; € {16, 32,..,512} are displayed in Table 4.2. If we consider the finest resolution
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in space or time we can assume that the corresponding other part of the total error is
dominating. For the smallest time step (n; = 512) the estimated order of convergence
w.r.t. hs (eoc(s)) is given in the last column in Table 4.2. For the smallest spatial
mesh size (ns = 1024) the estimated order of convergence w.r.t. h; (eoc(t)) is given in
the last row. Note that the error at the (ns, = 1024, n; = 512) entry is dominated by
the temporal error and therefore the estimated order of convergence eoc(s) reduces to
1.15. The results in Table 4.2 are visualized in Figure 4.4 where for each fixed spatial
(left) or temporal (right) mesh size an error graph is plotted. The results indicate an
O(h}) + O(h?) error behavior.

pr =1
N\ 16 32 64 128 256 512| eoc(s)
8| 9.064e-02| 5.854e-02| 5.684e-02| 5.728e-02| 5.736e-02| 5.737e-02 =
16| 6.654e-02| 1.077e-02| 1.067e-02| 1.179e-02| 1.194e-02| 1.196e-02 2.26
32| 7.019e-02| 1.062e-02| 3.082e-03| 3.488e-03| 3.645e-03| 3.673e-03 1.70
64| 7.185e-02| 1.206e-02| 1.417e-03| 6.608e-04| 8.368e-04| 8.670e-04 2.08
128| 7.222e-02| 1.250e-02| 1.810e-03| 1.732e-04| 2.006e-04| 2.234e-04 1.95
256| 7.229e-02| 1.262e-02| 1.941e-03| 2.531e-04| 3.031e-05| 5.107e-05 2.13
512| 7.230e-02| 1.265e-02| 1.974e-03| 2.867e-04| 3.290e-05| 9.463e-06 2.43
1024| 7.229e-02| 1.266e-02| 2.069e-03| 2.958e-04| 4.139e-05| 4.278e-06 1.15

eoc(t) = 2.51 2.67 2.74 2.83 3.27 -
TABLE 4.2
Error ||up — uret|lo,7 for several spatial and temporal discretizations
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-~ order3 N -~ order3 N >
10? 10! 10? 10*
number of time steps (ny) number of elements (ng)

F1G. 4.4. Error ||up — Uretllo,7 for different number of elements (ns) plotted over number of
time steps(ni) (left) and the same error for different number of time steps (n¢) plotted over the
number of elements (ns) (right).

Non-constant velocity. In this last example we consider a space-time interface
1

which is curved. The velocity is given by w(t) = ;cos(5t). Different from the
previous two examples we have to allow quadrature errors. This quadrature is based
on a piecewise linear (in time) approximation of the interface. The resolution of this
approximation is sufficiently high such that quadrature errors are negligible. Similar
to the procedure before we use p; = ps = 1 and a small mesh size hs (ns = 1024) such
that the error is dominated by the temporal error. In Table 4.3 we give the resulting
error ||up — uret|lo,7 for different time steps h;. Similar to the results in the preceding

sections we observe a third order convergence w.r.t. h;.
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We conclude with the following observation. If one compares the errors in the
three examples for ny = 1024, p; = ps = 1 one sees that these are of the same
size. Hence, at least in this one-dimensional test example, the method yields for the
case with a curved space-time interface (w(t) = 1 cos(i7t)) a similar discretization
accuracy as for the case with a stationary interface (w(t) = 0). In other words, the
accuracy of this DG-XFEM method is not very sensitive w.r.t. the location of the
space-time interface.

pe=1
N\t 16 32 64 128 256 512
1024| 6.646e-02| 1.155e-02| 1.768e-03| 2.532e-04| 3.265e-05| 2.532e-06
eoc(t) = 2.52 2.71 2.80 2.96 3.69
TABLE 4.3

Error ||up, — uret|lo,7 for different number of time steps.
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