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Abstract. In this paper we investigate an error analysis of the DG method in space and the
Crank-Nicolson scheme in time applied to the level set equation.The exact solution is assumed to
be sufficiently smooth. Under certain assumption on the underlying velocity field we proof an error

1
bound of order h*t2 4+ A2 for the error between the exact solution and the fully discrete solution
in the La-norm , where h is the spatial gird size, At the time step size and k the polynomial degree.
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1. Introduction. Level set methods [Set96, Set99, OF03] are very popular for
numerically capturing moving surfaces or interfaces and used in many applications,
e.g. in two-phase flow simulations [GR11, SABT99, SS094, SSH*07]. The surface or
interface is implicitly given by the zero level of the continuous level set function ¢.
Let Q C R?, d € N, be a domain. We introduce the level set equation

%¢+u.v¢:0fort20, z € Q, (1.1)

with a given velocity field u and with suitable initial conditions and boundary condi-
tions on the inflow boundary. Due to the representation of the interface as the zero
level of the level set function the level set method can handle topological changes
of the interface easily. There are many different possibilities to solve the level set
method numerically, e.g. finite differencing schemes or finite element methods. Often
the method of lines is used. That means the level set equation is discretized in space
first and then with respect to time. A popular finite element method that is used for
the spatial discretization of the level set equation is the SUPG method. This method,
that is based on continuous finite elements, is stable. In [Burl0] an analysis of the
SUPG method combined with different time stepping schemes applied to the level
set equation is presented. In case of the Crank-Nicolson scheme the discretization
error is shown to be of order hF*z + At2, when polynomials of order k are used, h
denotes the spatial grid size and At the time step size and the stabilization param-
eter ¢ is chosen to be of order h. In this analysis the error is measured in the norm
5 =102, + 0%l V- |12,

Another popular finite element method that may be used for the spatial dis-
cretization of the level set equation is the Discontinuous Galerkin (DG) method with
upwind flux [MRCO06, PFP06, FKO08]. In this paper we present an analysis of this DG
method combined with the Crank-Nicolson scheme in time applied to the level set
equation. The discretization error is estimated in the Lo-norm. The derivation of an
error estimate in an H!(€2)-norm is still an open problem. There are many papers on
the analysis of DG methods. For instance, an analysis of the DG method for station-
ary convection diffusion reaction problems can be found in [AMO09]. For a sufficiently
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smooth exact solution u and the DG-solution u;, the authors show the error bounds

h*+2  convection dominated
[ — un||| = Clulgrs1q) § * diffusion dominated

h¥+1  reaction dominated,

where |||-||| includes among other terms a grid dependent H!(€2)-norm and an Ly-norm.
The analysis in [AMO09], however, does not apply to a pure advection problem as the
presence of a strictly positive reaction coefficient is crucial. Furthermore, the classical
DG method (with upwind numerical flux) for stationary first order advection-reaction
problems is analyzed in [JP86]. The authors prove convergence of order h**+2 in the
norm || - [[Z:= |- |}, + hllu- V- [|}, + > x| [][2. The last summand denotes the
integrals of the jump over all faces. Later in [BMS04] the same order of convergence is
shown for a whole class of DG methods for the same stationary first order hyperbolic
problem. The DG methods differ in the choice of the numerical flux function. The
estimates, however, hold in a norm, that includes the Ly-norm and a semi-norm on
the faces, but not an La-norm of the streamline gradient.

A special DG method for the stationary advection-reaction equation was analyzed in
[BS07]. Here the estimates hold in a norm, that is similar to the norm in [JP86]. In
particular the control over the streamline gradient is included. We are not aware of
a complete analysis, i.e. treating discretization errors in space and time, of the DG
method applied to a transient advection-reaction problem. There is some literature
on analysis of transient problems. For instance, in [CHS90] the truncation error of
the DG method for hyperbolic conservation laws of the form

Oyu + divi(u) = 0in Q x (0,7

is shown to be of order k + 1.

A convergence result for the linear transport equation in 1D is presented in
[CSJT98]. The spatial discretization error at the end time 7' can be shown to be
of order k + 1, where k is the polynomial degree. The transport equation with con-
stant velocity is solved on the interval [0, 1] with periodic boundary conditions.
Although the level set equation is a linear transport equation, this result does not in-
clude the initial-boundary problem, that we consider in this paper, as the arguments
used can not be generalized to higher dimensions and other boundary conditions than
periodic boundary conditions. In [ZS04] and [ZS10] error estimates for Runge-Kutta
DG methods applied to scalar conservation laws are presented. In [ZS04] the time
discretization is a second order TVD Runge-Kutta method and in [ZS10] a third order
explicit TVD Runge-Kutta method. An estimate of order O(h**2 + At™), m = 1,2
is derived for a general monotone numerical flux function. If the upwind flux is used
the order improves to O(h*+1 + At™), m = 1,2. The estimate relies on smooth exact
solutions. The proofs are only given for scalar conservation laws in 1D while boundary
conditions are not considered. Instead, it is assumed that the solution is periodic or
compactly supported. The authors claim that the analysis can be extended to mul-
tidimensional conservation laws in case of the linear flux f(¢) = ug. This, however
would still exclude the level set equation due to the assumption on the behavior of
the solution at the boundary.

In this paper we present a complete analysis of the DG method in space and a
time differencing scheme in time applied to the level set equation in arbitrary space
dimensions and with boundary conditions.
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In section 2 the level set equation, its spatial discretization by the classical DG
method with upwind flux and its time discretization due to the Crank-Nicolson scheme
are introduced. In section 3 the main result, the discretization error estimate, and its
proof are presented. In section 4 numerical results are presented.

2. Problem setting. Consider the domain Q C R?, d € N, and a given velocity
field u that is defined in . Let n denote the outer unit normal on 02. The inflow
boundary is defined as

00y, = {z € 0Qu(z) - n(z) < 0}.

Boundary conditions for the level set equation need to be prescribed on 9€2;,. In this
paper we consider Dirichlet boundary conditions ¢p. Furthermore, initial conditions
are needed. Let ¢ : 2 — R be (close to) a signed distance function. Then, the level
set problem in strong formulation is

find ¢ € C1([0,T);C*(©2))  such that

2o+u-Vo=0 @prﬂ 2.1)
é(x,0) = ¢o(x) in
d(x,t) = dp(z,t) on 09, x [0,T]

Let ¢p be a smooth extension of ¢p into the whole domain Q. By subtracting ¢p
problem (2.1) can be transformed into a problem of the form (2.2).

find ¥ € C1([0,T];C*(Q)) such that

9 . = i

5Y+u- VU = f %n Q% [0,T] (2.2)
U(z,0) = Uy(z) in Q

U(z,t) =0 on 9, x 0,7,

where f := —%(;Tp —u-Ve¢p and ¥y = ¢g — ¢p. We will analyze the DG method
for problem (2.2) in section 3. The corresponding DG method for problem (2.1) is
derived in Appendix A. Furthermore, we prove that the two methods are equivalent
in Appendix A. Thus, the error bound we derive for the DG method for problem
(2.2) also holds for the DG method for problem (2.1). Throughout the analysis we
need the following assumptions on the velocity field u.

AsSUMPTION 1. Let uw : RY — R? be a divergence-free, globally Lipschitz-
continuous function that does not depend on time. Furthermore, u € [W1H°°(Q)]?
has no closed curves and no stationary points, i.e. |u(x)| # 0 for all x € Q.

ASSUMPTION 2. Let {Tp}r>o be a family of shape-reqular tetrahedral (triangular)
triangulations of @ We restrict to triangulations Ty that are quasi-uniform.  We
introduce the notation uy, := u-n. We derive the DG method for problem (2.2). As
the velocity field is divergence free, we can transform the level set equation into the
conservation law

d
5 YTV () = (2.3)

with initial and boundary conditions as above. To derive the classical DG discretiza-
tion we multiply (2.3) by a differentiable test function v and integrate over K € Ty,.

/glllvdx—i—/ V-(u\If)de:/ fvdz.
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Integration by parts yields

/Q\vadxf/\l’u~Vvdx+/ \Ilvunds:/fvdx.
K Ot K oK K

Define the finite dimensional trial and test space

VP = {up  onli € Pe(K), VK € T} (24)

Substituting ¢ and v by their approximations in Vﬁ’DG and summing over all K € Tj,

leads to

Z / g‘llhvhda?—/ \Ifhu-Vvhdx—i—/ Vyopuy ds = Z / fop, dz(2.5)
K Ot K oK K

KeTy, KeTy,

The finite element functions W; and vy, are not uniquely defined on the faces e €
FO, where F° denotes the set of interior faces of 7,. To gain a uniquely defined
discretization a numerical flux function has to be chosen. This numerical flux then
substitutes the fluxes f(¥;) - n = Y,u,. In this paper we consider the upwind
flux. Furthermore, we consider the DG method in the primal formulation. Let F?
denote the set of all faces located at the boundary 0f2. Then the set of all faces is
F = FOU F2 F9 can be further divided into F%n, FOut and F% according to
the inflow boundary 0€2;,, the outflow boundary 9,,; and the part of the boundary
99 where u, = 0. That means uy, is zero on all e € F% and thus, F% will not be
needed in the remainder.

For the interior faces e € F© there are two simplices K and K~ sharing this face.
Then the jump [-] across e and the average {-} on e for a scalar function g and a
vector valued function 1 are defined by

[9] :=g"n* + g n"{g} := %(zﬁ +97)
[W]:= 0 n* 4o ne ) = L ()

Furthermore, we need the scalar product (-,-)7 := > _c#(-,-)e. The scalar products
(*y ) Foour s (+,)70 and (-, +) ro;, denote the summation over the corresponding subsets
of F. As a function in VZ’DG may be discontinuous across the interior faces, its
gradient does not exist on e € FV. However, it exists on every K € T;,. Thus, we use
the Lg-scalar product (-,-)7, := > e ( )k, the Lo-norm || - [l 75, == /(:, )7, and

the Sobolev-norm || - |

H™(Th) = \/ZKG'Th || ’ HIQ—I}H’l(K)’ m € N, for gradients of the

discontinuous finite element functions.
We substitute the term ZKeTh faK Upvpun ds in (2.5) by the sum over all faces.
As Uy, is not single-valued on the faces we substitute the fluxes ¥,u, by the upwind

flux u/\IThuw. Due to the inflow boundary conditions ¥ = 0 on 9€;, we obtain

a — uw
(&\Phavh)LQ(Q) — (Wp,u- Vo)1, + (Ui, vpUn) 7oou: + (¥ 0p) o (2.6)

=(/f;vn)L2(0)
with
@ o= 3 [l 0} + gl o] - [o] ds. (27)

e€F0 €
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As Uploq,, =0 for all t € [0,T], we introduce the following space:
V,kL:ODG = {Uh S VZ’DG : Uh|an = 0}.

In the remainder we change the notation and use ¢ and ¢, also for the transformed
variables ¥ and W¥;. We define the bilinear form a;, as follows

ay : HY(T,) x HY(Th) — R, (2.8)
ah(@vv) = _(4,07 u- VU)T;L + (90’ vun)}'aout + (@UW’U)]__O '

where H!(T,) := {¢ € Lo(Q);¢|7 € HY(T), VT € T} and
@ i= Y [l o)+ glual B o] ds. (29)

e€Fo

The semi-discrete level set DG method resulting form (2.2), then, reads:
find ¢, € C1([0,T7; VE:ODG) such that

0
(ad}h,vh)Lz(Q) + ah(¢h, Uh) = (f, Uh)LQ(Q)fOI' all vy, € VZ’DG. (210)

Now, we apply the Crank-Nicolson scheme to discretize (2.10) in time. We introduce
the time step size At :=T/N, N € N, and t" := nAt, n =0, ..., N. The fully discrete
problem is given by the following scheme:

o) = do.n

for n=1,.,N find ¢} e Vygd® suchthat forall v, € Vi'?¢ (2.11)
(bn_ pt 1 n — 1 n n—
(hTthaUh)Lz(Q) + ah(§(¢h + ¢y ), v) = (§(f(t )+ L) R )-

Here, ¢, is an approximation in VZ:ODG to ¢g. We will specify this approximation
later. In the next section we derive error bounds for the scheme (2.11).

3. Error analysis. The analysis is based on ideas, that are used in [Burl0] for
the analysis of the SUPG method applied to the level set equation and in [Tho97] for
the analysis of FE methods for parabolic equations. We outline the main ingredients
in the analysis below.

An inf-sup-condition with respect to a suitable norm is proven for the bilinear form
ay,. For the derivation of the inf-sup-condition the assumptions, that the velocity field
is Lipschitz-continuous and has no closed curves and no stationary points, are crucial.
This analysis is given in section 3.2. Using this result we show that in a suitable norm
the projection error of the Ritz-projection related to ay is of order hk"’%, cf. section
3.3. Then, in section 3.4, we consider the fully discrete system. As in the analysis for
parabolic problems in [Tho97] the error between the fully discrete solution and the
exact solution in the La-norm is decomposed into the projection error of the Ritz-
projection and the difference between the Ritz-projection of the exact solution and
the fully discrete solution. The latter is shown to be of order h*+3 4+ At2. Here the
assumption that the velocity field is time-independent is needed.

The proof of the inf-sup-condition (Theorem 3.11) is based on the construction
of a suitable test function . Similar arguments can be found in [BS07], where a
stabilized DG method for the stationary advection-reaction equation is analyzed, in
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[AMO09], where DG methods for advection-diffusion-reaction problems are studied and
in [BS11], where an analysis of the SUPG method applied to a transient convection-
diffusion equation is presented. In our analysis the test function v} € VZ’DG is the
sum of two functions, that are similar to those used in the papers mentioned above, i.e.
Y = 61hu- Ve, +027, (x¢n), with a suitable choice for ¢; and ;. Here, @), € V,’i ODG,
u denotes the mean value of the velocity field u, x is a suitable smooth function, which
will be introduced later, and 7}, denotes the La-projection onto VZ’DG. We show that
for all ¢y € V]’C DG and Yi = 1} (pn) as above there are positive constants ¢; and
co > 0 such that

an(en: Up) = erlllenl|” and [[l3]] < calllenll (3.1)

hold for a suitable norm ||| - |||. Thus, an inf-sup condition follows directly. The first
summand, hll - Vg, is used in [BS07] together with the additional term k), where
k is a suitable constant. hu - Vi, yields control over the Lo-norm of the streamline
gradient. However, the test function as in [BS07] does not yield control over the Lo-
norm of ¢y, in the case of the level set equation due to the lack of the reaction term.
Instead of adding kep, we add 7, (xpp) which yields the control over the Lo-norm of
©n. The idea to construct such a test function was introduced in [JP86] and reused
in [AMO9].

The treatment of the time-dependent case is analog to the analysis of the SUPG
method in [Burl0] and the approach in [Tho97].

3.1. Preliminaries. We introduce norms and semi-norms, that are related to
the triangulation 7, and the bilinear form ay,.
NOTATION 1. Let p € HY(T3).

1
el = *ZHI%I? H2+* Do Mlualz el

e€Fo eefaout
lelle, = llIZ, @) + el
lleelll? = hlu-Vel7, + el
Note that due to the definition of the jump
el [end lle =l [on] e < cll[unl? [en] lle, (3.2)
holds with ¢ = |||up|2]|e for every internal face e € F°. Furthermore we will need

inverse inequalities, trace inequalities and Lo-projection error estimates. For the finite
element functions the standard inverse inequality and trace inequality hold due to
Assumption 2. Consider an arbitrary element K € 7;,. Then, the inverse inequalities

7 < Ch7enllLy o) (3.3)

IVenlliare) < Cxhigtllenlliaxy and Vel

hold for all ¢ € VZ’DG with constants Cj and C independent of h, e.g. [EGO4].

Furthermore, the trace inequality

_1
lenllLyor) < Crhg® l@nllL, ) (3.4)

holds for all ¢y, € VZ’DG with a constant C independent of h [CL91]. Now consider

an arbitrary face e € F and KT € T}, such that e is a face of K*. Hence, there exists
a constant Ci+ independent of hy+ such that

llof e <CK+hK+||<Ph||L2(K+)
6



due to the trace inequality. Based on this observation we can derive trace inequalities
for the jumps and averages on e € F° and for the face norm || - || =.

LEMMA 3.1. Let o, ton € VP, Let K+, K~ be such that 0K+ N 9K~ =
FO. Then,

I{en}lle SCh™% |l gnll +um- (3.5)
and | [en]lle <Ch™ % |lonll koK - (3.6)
Furthermore,
Seero {en}? g 2
¢ < < Cn Yl (3.7)
{zego I Twn] 112 b2
and

_1
lonllz < Ch™2 ||¢n|lLy)- (3.8)

A similar result can be found in [BS07], Lemma 2.2. We will need this version of
the trace inequality rather than (3.4). Furthermore, it is helpful to use an alternative
representation of aj. Let ¢, € H'(T;) with ¢ = 0 on 9Q,,. By partially integrating
the volume integral in (2.8) and applying the identity

> [ evmds= 3 [wplebru i+ 3 [evnds 69)
KeTy ecFO e€Foout V€
(e.g. see [AMO09]) we obtain the representation
o) = X [ Veudes 3 [—u- [0} + Glual o] - [] ds. (310
KeTh ecFo

In a similar way one can show that

an(p,¢) = llollx (3.11)

holds for every ¢ € H(7},). To construct the first summand of the test function v}
the mean value @ of the velocity field and the following estimates are needed. Let

uc Vg’DG be the mean value of u on every K € Tp, i.e.

_ 1/
Uxg=— [ ude VK €T,
LT

Let L denote the Lipschitz-constant of u. Then, for K € T and an arbitrary = € K
the estimate

Jue) — = |||K| ] o) =ty dol

1
< [ Llo—ylady < —LhK/ ldy=  Lhg
K| /K | K| K

follows due to the Lipschitz-continuity of u. Thus,

—u = — 1|l < Lhk.
lu—1lr (k) gg%”‘l(x) ullp < Lhg

7



Summing over all K € 7T, yields

LEMMA 3.2. For the velocity field u and its element-wise mean value u

[w- Vnllz, < llu-Venlz, + clenll. @ (3.13)

holds.
Proof. We add and subtract u- Vi, and apply the triangle-inequality.

[a- Venllz < llu-Venlr, + [[(@=u) - Vi,
Applying (3.12) and an inverse inequality yields
[@-Venlz, < llu-Veulln + ChlVenllr < llu-Veulz +clenli.e)-

0

As the second summand is defined as the La-projection of x¢y, we need the fol-
lowing approximation results. Let 7, denote the standard Ls-projection into VZ’DG.
Let ¢ € H**1(Q). Denote by py, := ¥ — 7,1 the projection error. The standard error
estimates

() < CREE Ml iy, Vo € HFPH(K), 0<m <k (3.14)

ph
hold for any K € T, with a constant C independent of h. Also a trace inequality can
be shown for ¢ € H**1(K), K € Tj, arbitrary, i.e.

k41
Ipnltaor) < Chy 2 1l ) (3.15)

holds with a constant C' independent of hx and 1. Due to the trace inequality (3.15)
and the estimates (3.14) we obtain the following estimates:

COROLLARY 3.3. Let e € F. There exist constants C. and C' independent of h
such that

pn] le < Ceh* 2 [lrrrry, [H{pn}lle < Ceh™ 2 [9lmrss o (3.16)
and ||py |7 < CH** 2 |Ylyrsriqy  for all € H¥Y(Q), (3.17)

where U = K~ (e) UK*(e) (KT and K~ are the two elements sharing e) if e is
an interior face and U = K for the element K that has e as a face if e € FO.
Furthermore, there is a constant C independent of h such that

H™(Th) < Chk+1_m|’¢|Hk+1(Q), Vi € Hk—H(Q), 0<m<k. (318)

[1n

3.2. Proof of an inf-sup-property. First, we consider the first summand of
Uy, e, hia- Vi, € Vg4
LEMMA 3.4. Let ¢, € VZ’(?G. Consider the function hu -V, € V,kl’DG. Then,

1 _
Shllu- VonlF, < anlen, ha- Vor) + Clhllenl, ) + lenlF) (3.19)
8



holds with a constant C' that is independent of h and op,.
Proof. We use the representation (3.10) of aj, which yields

an(on, - V) = hllu- V|7, + Z / u-Voph(a —u) - Ve, dr
K

KeTy
_ 1 _
+ 30 [~uloid (h- Vi) + 3l lonl - [0 ion] ds.
e€F0 ¢
Hence,
hllu-Ven |5 = an(en, hu- Vo) + Z / u-Voph(u—1) - Vo, dz
KeT;, 'K
_ 1 _
+ ) [ufen] {ha- Ve, } - 5 unllon] - [ha- Vion] ds.
e€F0 ¢
Thus,
hllu- Ven |5 <an(en, h- Vo) + | Z / u-Veph(u—1) - Vo, dz|
KeT, VK
| = (3.20)
HY [ulod (Vo = gl [l - Vi ds].
e€Fo0 ¢

I

We estimate I, j = 1,2.
Due to the Cauchy-Schwarz inequality, estimate (3.12), Young’s inequality with an

arbitrary €; > 0 we get

V|

Th Th

(312)
Th < Ch ||11 ' VQD}L‘

(u—1) - Voy|

Th

Il Sh”u . V@h
1
Sc(thS"hHiQ(Q) +erhfu- Vor|7,).

The Cauchy-Schwarz inequality, equation (3.2), Young’s inequality with an arbitrary
g9 > 0, equation (3.7) with ¢, = u- V¢, and Lemma 3.2 are used to derive

B< Y (I oIl Vonle + 3l Tond ol [ Fon] e

e€FO

< D0 u-Tenl 12, ] D7 R2IHE- Ver}2

e€Fo e€Fo

1 _

+ 1D llunl [pa] 112 1 > 2w Vel |2

e€FO va
< B2 a.v 2 1 v 2 Q 1 2
<e Y & Vente + 41T Venl 2 ) + 5 > llunl? [en] II2

e€Fo

e€Fo
— 2 C 2 2 2 C 2
< <sChl- Tl + S llonlis < <oCh (- onlly +ellenli o) +  llonli

9



Substituting these estimates in (3.20) and choosing €1 = m and g5 = m yields

1 _
Sl V|7, < an(en, ha- Vion) + Clhllenllt, @) + lonl%) (3.21)
0
Furthermore, we will need the following result:
LEMMA 3.5. There exists a constant ¢ independent of h such that
i1 Vel < cllienlll, Ven € Vig®. (322)
Proof. Using the inverse inequality, (3.8) and Lemma 3.2 we get
[|h@ - Veu||[* =h?|[@- Ven |7, +h[u- V(@- Veu)l7, + [T V|5
<h® (EQH%IIfz(Q) + [lu- V| 27,) +C?hl- Vo7,
<h? (SllenliE o) + Ilu - Vel )
+Ch (Slenl o + Iu- Venl, ) < llealll®
0

Similar estimates can be shown for the second summand 7, (x¢r). Before we
prove these estimates we need the following results.

LEMMA 3.6. There exists a function n € W*+L0(Q) such that uw-Vn > C, > 0
in Q. The existence of such a function n was shown under assumptions that u has
neither closed curves nor stationary points and u € [W°°()]* in [AMO09], Appendix
A. Due to Assumption 1 these conditions hold.

Consider the function y = e~ € WFk+1>°(Q). Due to the properties of 7 there
exist positive constants x1, x2, X3 such that

xi<x<xz |[Vxl<xs (3.23)

Note that for any ¢, € VZ’DG, Xxen € HY(Tr,). Based on the estimate (3.18), (3.23)
and the fact that y € WkT12°(Q) the following estimates can be shown: There exist
positive constants C, Cy and Cs independent of h such that

Ixen — mn(xen) Loy <Cihllnlli@ Yon € ViPe (3.24)

Ixen — mn(xen)lu ) <Collenllio) Yon € VEPE (3.25)

{Zeefo I [[XSOh - ﬂh(XSOh)]] lle SCSh%HSOhHLg(Q) Vo, € VE,DG- (3.26)

Yeero {xen — mrlxen)}le
1 k,DG .
Hence, also |[xon — mn(xen)llx < Cshz||onlli.) Yen € V), follows directly. A
proof can be found in [AMO09].

LEMMA 3.7. There exists a positive constant C independent of h such that

an(on, xon) > Cllonl?,  Ven € VPO (3.27)

10



Proof. Integration by parts, the identity 2V(¢?) = (Vip)pn and the fact that
p, vanishes on the inflow boundary yield:

> */I(U-V(xwh)whdx: > /K*(wvx)wi*x(u-vsﬂh)%dx

KeTy, KeTn
1
=y —/(u~VX)<pidx—§/ X(u-V3) dz
KeTn K K
1
=y —/(u~Vx)widm+§/(u-Vx)<pidw
KeTy, K K
1 1
5 [ ldlas-g Y [xdhulas
ecF0 7€ ecFoout V€
1 1 1
— Y [wvoda LY [udla- L Y et
KeT, VK ecFo Ve e€FOout ¥ €

Thus, using the identity Fu- [¢7] = u- [pn] {n} and the continuity of x we obtain

an(n, Xn)

=3 Y [ 3 [uldlnas-3 3 [xeiulds

KeTh ecFo ecFoout ¥ €

+ 3 [ulonllonbe+ plunllonl Donlixds+ > [ xotualds

ecFo’e e€FPout 7€
1 1
=3 Z / (u~Vx)<p,21dx+§ Z xX[un| [en] - [¢n] ds
KeT K ecFOYE
1
+5 2 /wilunld&
e€FOout V€

Furthermore, —u-Vy = —u-Ve 7 = (u-Vn)y > Cyx1 > 0. Hence,

1
an(en, Xen) > §CuX1||<PhH%2(Q) +xillenlF

The result holds with C' := max{3C\, 1}x1. O
LEMMA 3.8. There exists a constant C independent of h such that

an(en, xen — mh(xen)) < éh%llwllih Vn € V}]?DG'

Proof. Let U be the mean value of u. As W is piecewise constant, u-Vy, € VZ’DG.

Due to the definition of 7,

Kz; /K - Vn (xon — m(xon)) = 0 (3.28)
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holds. We use the alternative representation of a; (3.10) and add a zero to obtain

ap(¢n, Xen — ©h(Xxen))

= Z /K(u—ﬁ)-vwh(xwh—ﬂ'h(xwh))

KeTy,

=1

£ 3 [ —u-Tond fvon = malxgn)} + 5 hunl Tonl - Txon — mu(xon)] ds
ecFo0 ¢

=II

Now we estimate I and IT applying the estimates (3.24) and (3.26), an inverse in-
equality, (3.12) and (3.2).

I <|[(a=1) Ven|7lxen — mrxen) L)
<Cinph ™l =1l l@nllL @) Crhllenlla@) < ChlenlE, 0

1<y - Lenl llel{xen = mnlxen) e + %Illunl [enl llell Dxen = wn(xen)l lle

ecFO
< >0 I Tenl 12D IHxen — mrlxen) 2
ec FO e€Fo
<cllenllF

1
<C3hZ||onllLy (o)

+ [ D Ml Lo 12 i > Ixen = mnlxen)] 112

e€FO e€FO

1
<cllenllF <iCsh2lenllLy @)

1 1 1
<ch? |[onllLy @ lenllz < ch2 (lenllfy ) + llonl%) = chz]len]

2
ap”

Summing the estimates for I and IT and defining C = C + ¢ concludes the proof. [

LEMMA 3.9. There exists a hg > 0 and a constant « = a(hg) > 0 independent of
h such that for all h < hg

an(en mn(xen) = allenll?, Yen € Vi (3.29)
and |||mn(xen)lll < clllenlll ¥on € VEPC. (3.30)

Proof. Due to Lemma 3.7 and Lemma 3.8

ap (¢n, mh(xen)) =an(en, 7a(xen) — xen) + an(n, xen)
=, 1 P
> — Ch2|lgnll2, + Cllenllz, = (C —Ch2)|lenll2,

Now choose hg = i(%)2 Then, a(hg) = 3C > 0 and the first estimate holds for all

h < hg. To show (3.30) we apply the estimates (3.24) - (3.26) and note that

a-VOxen)llz < [1(a-Vx)enlln + Ix(u- Ven)l7, < xsllenlli@) + xallu- Vel
12



due to (3.23). Then,

I7en (xen)lll <Illn(xen) — xenlll + lxenl |l

1
2
- <||7Th(XSOh) — xenllt ) + hllu- V(ma(xen) — xen)ll7 + l7a(xen) — xcphllfr)

1
2
+ (Ixenl e + Al Y0con) B, + lxenly)

[N

= <||7Th(X90h) — x@nllE @) + Pllu- V(mn(xen) — xen)lF, + lwn(xen) — X<Ph||2f>

-

2
+ (IpllZ, @) + Bll (- Fx)@n + (- Von)xlF, + IxenlF)

3
< (G202 + ulE G5 + C3h) lonlvagoy

N|=

+ (BllenllE i + 203 lenlE e + 20310 - Vonl, + Blienl3)

<d|l[enlll

Now consider the function ¢} = §1hU - Vy, + damp(xen)-

LEMMA 3.10. Let ¢} = ¥} (¢n) = 1h0-Vor+dampxen, ¢n € V,’CLZODG. 01, 02 can
be chosen independent of h such that for h small enough there are positive constants
c1 and co independent of h such that

an(on, Uii(on) = alllonlll? Vo € VED© (3.31)
and|[¥; (en)|ll < ezlllenlll Vo € VEDC. (3.32)

Proof. To prove (3.31) we need (3.19) and (3.29).
an(on, Vi) =01an(pn, M- Vo) + daan (on, ©n(xen))

1
2515}7«”“ - Vnll?, @) + (620 = :0) [l

2
ap

Any choice for d; and d5 such that daa — §;C > 0 concludes the proof of (3.31). It is
convenient to choose §; = 2 and 9 = % Then, ¢; = 1. With these choices for §;
and dz2 (3.32) follows directly form (3.22) and (3.30). O

Now, we can proof the following theorem.

THEOREM 3.11. For h small enough there exists a constant C' > 0 independent
of h such that the following inf-sup-condition holds:

an(on,n) k,DG

Clllenlll < sup Von € Vi

_— (3.33)
smovboe Tl

Proof. Let ¢; = 2hu-Vo, + %ﬂhxwh be the test function defined in the proof
of Lemma 3.10. Then, Lemma 3.10 holds with ¢; = 1. Define ¢ := ¢5, where c; is the
constant in (3.32). We obtain

lonll < 2o 0h) _ 2ilon b)) _ o anlon tn)
Ilnll NG = ovboe Tllnll

We conclude by setting C = ¢~ !. 0
13



3.3. Error bound for the Ritz-projection. In this section we analyze the
fully discrete problem. The error between the exact solution and the fully discrete
solution is decomposed into a projection error and the error between the projection
of the exact solution and the fully discrete solution. This difference is a function in
VE’DG. Therefore we refer to this error as the discrete error. The projection we need
is the Ritz-projection defined in Definition 3.12 below. We derive an error bound for
the projection error of the Ritz-projection and the discrete error in suitable norms.
Applying these results to the fully discrete scheme we obtain an error bound of order
h*+2 +At2. The idea of this approach is common in analyses of finite element methods
for parabolic problems. A similar derivation for the standard Galerkin method with
backward Euler or Crank-Nicolson in time can be found in [Tho97], Chap. 1.

DEFINITION 3.12. Let ¢ € HY(Q2). The Ritz-projection wP% Vi’DG is defined

by
an(7PCY — ) =0 Vo, € VPO, (3.34)

THEOREM 3.13. Let ¢ € H*1(Q) with 1) = 0 on 0Qy,. Then, the following holds
with a constant C independent of ¢ and h:

|72 — ||| < CREFE|[)|grs1q (3.35)

Proof. Denote with 7, the Ly-projection to VZ’DG. Then,

N7 — || < |[wPp — mpad||| + ||| — 7a3b|| (3.36)

=lllenlll =lpnlll

First, we consider the Ls-projection error. Due to Corollary 3.3 we obtain

pnll* =llpnll?, ) + Rlla- VoulF, + llonll5
SCP* sy (b + e+ &) < CR YR o

Thus,
1 1
lpnlll < CRFF 2 (0] grer ) < CRYZ [|9)]lgre q)-

Now consider e;. According to Theorem 3.11 the inf-sup-condition (3.33) holds for
every Yy, € VE:ODG. Note that e}, = 71'561/) —TRY € V::(?G as ep, = 0 on 09);,,, because
1) = 0 on 9€;,. Thus, we can apply Theorem 3.11 to ej and get

aplep, U
lleall <c sup 2nlemon)

mevboe Nl
Furthermore,
def
ap(en,vn) = ap(mp) S — mp,vp) = ap(V — wRY, v) = ay(Pr, vr).
We will show that

an (P, vn) < CH*42 [l s o ll[vnl |- (3.37)
14



This implies
1
lenlll < CREF2 (|9l r+1 0.

which concludes the proof.
Now we prove (3.37). As pp, = 0 on the inflow boundary we obtain

1
an(pn, vn) = —(pn, 0~ Vou)7, + Y / w- fon] {pn} + 3l [on] - [pn] ds.
ecF0 e
Due to the Cauchy-Schwarz inequality and Corollary 3.3
|(pry - Vo) 73| < CHE [l @y 1w - Vou |7

Furthermore, with the Cauchy-Schwarz inequality, equality (3.2) and the estimates in
(3.16) we obtain

30 [ lenbon + Bl - I s

ecF0VE
1
<l o] lel{pnHle + 5l anl [on] el [pa] lle
ecFO
<e [ Mwal2 oal 12|, /D HeadZ+ [ D 11 Ipal 112
e€Fo e€Fo e€Fo

1
SO 2 [ grer (o) llonl| 7
Combining these estimates, we obtain

an(ph, vn) < CRFFE [ igns ol on -
Hence, (3.37) holds. O

3.4. Error analysis for the fully discrete problem. Now, let ¢ denote the
exact solution of problem (2.2) and let ¢; denote the exact solution in time of the
system of ODEs that results from the spatial discretization by means of the DG
method. Let ¢ = ¢ = mP%p, be the approximation of ¢q in VZ:OD ¢, Consider
the time steps t" = nAt, where At is the step size. t¥ = T is the final time. Hence,
@(t") denotes the exact solution at t™ and ¢, (t") denotes the semi-discrete solution
at time ¢". Accordingly, ¢} denotes the fully discrete solution at the n-th time step.
The fully discrete scheme for solving the level set equation with DG in space and
Crank-Nicolson in time is given by (2.11). The next estimate will be applied to the
discrete error " := ¢ — wPYp(¢t"). Similar derivations are presented in [Tho97],
Theorem 1.6, p.15 and [Burl0].

LEMMA 3.14. For a given initial function 1° € VZ’DG and given source terms

{g" ¥y, g™ € La(Q), let {y"},, v™ € VZ’DG, be the sequence that satisfies

n=0’
P — ! P4t N
(Tavh)Lz(Q) + ah(f;“h) = (9", vn)La(0) (3.38)
for all vy, € VIZ’DG, n=1,...N. Then,
9™ o) < 180 NLai) + A Y g™ Loy for alln=1,..,N (3.39)
m=1

15



Proof. Note that

n n— At n n—
1™ M1F, () — Il 1||iz(9)+7||¢ + "%

wn_wn—l " o ¢n+¢n—1
Y YT )+ Atap (g

=At(g", " + " @)

:At( ,wn + wn—l)

As Bty + "~ 1|% is positive, the estimate

1912 0y = 19" o) < Atlg™ o) (18" lra@) + 19" la@)

holds due to the Cauchy-Schwarz inequality. Dividing through the common factor
(¥ Iz + 19" L, (0)) and adding [ |1, (o) vields

19" o) < 10" Mo ) + Atllg" a0

Estimate (3.39) follows via mathematical induction. O
THEOREM 3.15. For N € N let {¢P})_, be the solution of (2.11) and ¢ the

n=0>

exact solution of (2.2). Assume that ¢ is sufficiently smooth. Then,

lop — Bt lLaiy < C(RFHE + AE?). (3.40)

Proof. From

w—o(t") = op —mP(t") + mCo(t") — B(t")

=0m ="
we obtain
16 — o) lLa@) < 10" [[La@) + 17" Lo
The estimate for || ||r,(q) is given by Theorem 3.13 as || - [[r,) < ||| - [|. Hence,

7" [y () < ChFF2.

To estimate [|6"(|1,,(q) we first derive a sequence {w™}2_; such that

on — gnfl on + gnfl
(Tavh)Lg(Q)'i‘ah(#avh) = (anvh)Lg(Q) Yoy € Vi’DG, n=1..,N

holds. Furthermore, we use the decomposition w™ = wi' +wj +wg and derive estimates
for each summand w}, j = 1,2, 3 in terms of time-derivatives of the exact solution ¢.
Analog approaches can be found in [Tho97], Chap. 1 and [Burl0].

on — en—l n en—l
(Tyvh)LQ(sz) +ah(#avh)
7TDG¢ ) — 7I'DG¢ tn—1 (bn _ ¢n—1
(_ h ( ) Ath ( ) + h Ath ;Uh)LQ(Q)
Pht+on "t o(t") + ot )
2 2
16
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By adding and subtracting %, we obtain

(gn _ onfl ) N (gn + gnfl ; )
T A » Uh)La(Q) T @h 9 h
_ (77r5%(t”) — ) G o) )
= Al Al » Uh )Ly ()
oh—op ) — gt ) )

At At 7 Uh)La(Q)

Shtoh st +e(t"h)
2 2 Un)-

+

+ah(

Now we use the consistency of the method, i.e. for the exact solution ¢

(bn _ gn—1 (bn + ¢n71 1 . .
(hTthaUh)LQ(Q) + ah(%’vh) = (g(f(t )+ FETN)) vn) a0
0 1 n_1
Ecﬁ(t 2),Vn)Lo(Q) + an(@(t"2), vn)
holds for all vy, € V,’j’DG. Note that ¢ is continuous. Thus, the jumps are zero and the
inner boundary integrals vanish. We use the alternative representation of ay (3.10)
to verify that ay(¢,vn) = (u- Ve, vp)r, ). Applying this result yields

on — en—l n n—1

= (f(t"" %), 08) 100 = (

(Tavh)Lg(Q) + an( 5 , Uh)
DG n\ _ DG n—1 ny _ n—1
(—Th P(t") A;Th o) | o) A(f(t )7'Uh>L2(Q)
8 1 tn _ tn—l
+ (2ot - ) e
n n—1
an(purt) - A )
Thus,
w{l - _ (ﬂ_hDG _ ld) ¢(tn) _Af(tnil)
ny __ n—1 o N
wp = (P AT) 0 o)

W = V(") — Su - Vo) — Su- Vo).

Now, we can apply Lemma 3.14, i.e.

10" Lo () <NONai) + A D llw™[lLye)
m=1

. (3.41)
ALY ([wilLa@) + 105 o) + 198 o)

m=1

as 0° = 0 due to the definition of ¢). We derive estimates for At " 1 [lwi™ ||, 0,
i=1,2,3.

Aty ) = (77 = id)($(E™) = 6™ ) a0
<CHF T3 o(t™) = S(E™ ) [l )

17



due to Theorem 3.13. Furthermore,

$m

m m— a
ot~ ot = [ So)ds
t7n—1
Thus,
- ;. ,
At Z W |La) < chFt2 / Hagﬁ(s)nmﬂ(m ds < chF*tz
m=1 t
Define
1 _
ga(t) == 5((t -t 1)2><[tm,1’tmf%] + (- tm)Qx[tn,% tm])
Then,

+m

w1 3
e / 92(5) 5 50(s) ds

As [g2(t)] < LAL2, we get

n . 1 tm 83
Atﬂ; w5 Lo @) < 1”2/ |5 2(5) 1oy ds < CAL2

tm—1
To estimate wf® define g3(t) := 2 (—(t — tm’l)x[tm_1 oty ¥ (t— tm)x[tm_% tm]).

As the velocity field does not depend on time, we can switch the time-derivative and
the operator u- V. Thus,

m 2

m 0
g L) =l g3(s)u-Vo56(s) dsllr. o)

tm—1
t™m 82
<[ loatshu V606 oo ds
tm—1

As |g3(t)] < At, we get

tm 2
0
A aioy <A [ V565 ds
tm—1
And thus,
- 2 " 82 2
A e e < AF [ -V 55 0(6) oy ds < O

m=1

Combining these results yields

ALY " lyo) < k2 + CAP

m=1

and, thus, (3.40). O
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Fig. 4.1: initial (light gray) and final (dark gray) position of interface

4. Numerical Results. The DG method (A.1) in space and the Crank-Nicolson
scheme in time is applied to the original level set equation (2.1) to solve a test problem.

The computational domain is the unit cube [0,1]. The initial interface T'(0) is
the sphere 0B, (m(0)) with the radius r = 0.2 and center m(0) = (0.5,0.25,0.5). The
initial level set function ¢q is the signed distance function to I'(0) and the boundary
conditions are ¢(z,t) = ¢o(x) on IQ;y,. The velocity field is the constant translation
in xo-direction u = (0,0.2,0). We compute the movement of the level set function
until T"= 2.5. Thus, the exact solution at T is given by the signed distance function
to T'(T) = 9B, (m(T)) with m(T) = (0.5,0.75,0.5) in U(T) = Q\ Qin(T) and ¢p in
Qin(T). Qn(T) denotes the subset of @ where the boundary conditions influence the
solution, i.e. [0,1] x [0,0.5] x [0.1].

For the spatial discretization the cube Q is divided into 83 sub-cubes and each
sub-cube in 6 tetrahedra. This gird is regularly refined and [ = 0,1, 2, 3 gives the level
of refinement. The initial numerical level set function ¢ j is the La-projection of the
signed distance function.

The theoretical estimate for the discretization error holds only for a sufficiently
smooth exact solution. As in this example the exact solution is not globally smooth,
we compute the discretization error in a subset U(T) of €, where it is smooth.

The discretization error is computed in the La-norm || - ||7;,. The discretization
error at t = 0 is the Lao-projection error, and thus, of order three for quadratic finite
elements. We compute the discretization error at ¢ = 0 in a subset U(0) C © which
has the same structure and size as U(T') and covers a part of ¢g ;, that is comparable to
the part of ¢, (T) that is covered by U(T). Hence we can compare the discretization
error at t =T to the discretization error at ¢ = 0. Table 4.1 shows the discretization
error at t = 0 and ¢t = T for different levels of refinement. The time step size is
chosen small enough such that only the spatial error is observed. The initial error is
almost of order 3 which reflects the La-projection error as the polynomial degree is
2. At t = T the discretization error is approximately 5 times bigger.The order is 3
again. Although only an order of 2.5 is obtained theoretically, in practice the optimal
order is observed often. In this case this might be due to the simple, constant velocity
field and the convex shape of the initial interface. To examine the order of the time
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Fig. 4.2: 2D sketch of U(0) and U(T) for the grid of level 1

t=20 t=1T
level error order error order
0 3.9114 e-5 - 2.0653 e-4 -

1 5.5861 e-6  2.81 | 2.1782e-5 3.25
2 7.0731 e-7 298 | 2.6894 e-6 3.02
3 8.8908 e-8  2.99 e-

Table 4.1: Discretization error ||¢n — é||L,w @)

integration we fix the spatial resolution to h(2) = 3—12 We halve the time step size At
several times until At is smaller than A'%. Table 4.2 shows the discretization error at
t = T. We observe the order At? as long as At is bigger than 1,19 - h'i. For smaller

At the discretization error converges to the corresponding value in Table 4.1, where
a very small time step size was used.

At error order
1 7.6183 e-4 -

% 1.8917 e-4 2.01
1—16 4.5304 e-5  2.06
# 1.1548 -5 1.97
5 3.8799 e-6  1.57
o5 | 27737 e-6  0.48

Table 4.2: Discretization error ||¢n — ¢||L,w (1)), h = 35

Appendix A. Appendix. Analog to the derivation of the DG method for (2.2),
one can derive a DG method for problem (2.1). This DG discretization of the level
set equation is already known in the literature, e.g. it was used in [MRCO06, PFP06,
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FKO08]. With the notation introduced above this DG-level set method is:
find ¢y, € C1([0,T); Vk DGy such that for all v, € Vk DG

— uw

(gtd)h,vh)LQ (@) = (&n, w- V)7, +(dn, Vnn) Fooue + (U, v8) 70 = —(OD,1, Vi) Foin

(A1)
where ¢y, is not zero on the inflow boundary, but fulfills ¢p|aq,, = ¢p,n. We proof
that the two DG methods based on (2.1) and (2.2), respectively, are equivalent. Let
QSTJL € VZ’DG be a continuous approximation of the extension ¢p. For instance, take
the nodal interpolation, where the values are ¢p 5 in the nodes, that lie on the inflow
boundary, and zero in the remaining nodes. Consider the DG method derived of the
transformed problem:

uw

) _
(a‘lfh,vh)m(g) — (Y, uw- Vo) 75, + (Yh, vpin) Foou: + (0¥, vp) Fo

0
=— (&(ﬁD,h +u-Vop n, Un)L,(Q)
on =V + oD

Now, we substitute ¥}, by ¢, —¢p 1, use the definition of the upwind flux and integrate
the divergence term in the right hand side by parts:

0
(a% ODhs Vh)1La(@) — (Oh — p.p,u - Vup) 7,

+ (& = 60, Unttn) Fooue + (W(Gh = @pn) 0n) 7o
0
:(aﬁbhvvh)m(ﬂ) — (bn,u- Vo) 7 + (dn, Unln) Foou
- o
- (&fﬁD hs Uh)Ly () + (@D, 0 Vop) 7,

— (#D,h, VhUn) Fouur + Z / vl {én — D} + \un\ [ve] - [[6n — dp.4] ds

ecFO

0
=~ (5,00 + 1 VoD, vn)Ly(@)

= (at¢Dhavh)L2(Q)+(¢Dhau Vop)T; Z/ [ép.nvn] ds

e€Fo

— (@D.h, UhUn) Foouwr — (OD by VnUn) £0in
The volume integrals and the integrals over the outflow boundary for ¢p ; cancel,
thus we obtain:

0
(ad% VR )Ly(@) — (Pns 0 Vop) 7, + (0n, Vnln) Foou:

+Z/u [on] {60 — G0} + g unl Tond - [0 — G0 ds

e€eFO

== 3 [ u [Bowen] ds - Gom v

ecFo

As ¢p,p is continuous and the jump and the average are linear, the method can be
21



reduced to

0
(a@uvh)n - (Qbh,ll . vvh)Th + (¢h7vhun)faout

+ % [uctonl (o} + gl fon] o) ds— Y [ fonlonnds

e€F0 ¢ ecF0 ¢

Z u- [vy] ép,nds — (ép,h, VhUR) 74

ecF0 Ve

which is equivalent to

0 ——uw
(&(bhyvh)Lz(Q) — (¢n, 0 Vop) 7, + (dn, VnUn) Foou: + (Udp ,vp)Fo

= (¢D,h7 Uhun>]-‘8m .

Due to the definition of the upwind flux this is exactly the DG discretization based
on the original formulation of the level set equation.
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