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FINITE ELEMENT DISCRETIZATION ERROR ANALYSIS OF A
GENERAL INTERFACIAL STRESS FUNCTIONAL

JORG GRANDE*

Abstract. A stationary, incompressible two-phase flow problem with a variable interfacial
stress tensor ol (x) is considered. Variable interfacial tension is included as a special case. In
the weak formulation, the interfacial stress gives rise to a functional which is supported on the
interface I'. A new finite element discretization of this functional is presented and analyzed. The
discretization admits almost independent meshes for the approximation of the interface and the
approximation of the flow variables. The main result is an O(hk+1/2)-error-bound in a natural
norm, if the discrete interface is an O(h¥t1)-approximation of I". The bound is shown to be sharp
in a numerical experiment.
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1. Introduction. Two immiscible, incompressible, Newtonian fluids are con-
tained in the subdomains Q', Q2 of a bounded domain Q@ C R™, n > 2. At the
common boundary I' = Q' N Q2 the interaction of the fluids gives rise to the inter-
facial tension force, which yields a force term in the Navier-Stokes equations. If T’
meets 0f), additional force terms appear on I' N 92 which are not the subject of this
paper. Therefore, it is assumed that the closure of Q! is contained in © which implies
that I' = 99! does not intersect 9€2. A standard model is that the interfacial tension
is a contact force which is described by an interfacial stress tensor o', [SSO07, Isr92].
The force exerted on a small patch v C I' is

(L1) - /8 v

where v is the outer unit-length normal of 0+ which is tangential to I". A special
feature of this term is that it is localized at the interface I', which is an embedded
manifold of codimension 1 in §2. The interfacial stress tensor depends only on the
tangential components of the vectors on which it acts. If P(£) denotes the orthogonal
projector on the tangent space of I at £ € I, this means

(1.2) P'e'P=0¢" onT.

The formulation (1.1) comprises many classical models for interfacial tension: If T' is
modeled as a ‘clean interface’, that is an interface without a surface-active, dissolved
species (surfactant) in its vicinity, one obtains

o' =71P

with the constant interfacial tension coefficient 7 > 0 as stiffness-parameter, cf.
[SSO07]. If the phases contain a surfactant, classical models of Langmuir, von Szysz-
kowski, and Frumkin, [LH92, Lanl8, VS08, Fru25], express 7 as a function of the
surfactant concentration s close to or on I'. This turns 7 into a scalar function on I'.
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In the presence of complex surfactants, the interface may exhibit viscous behavior. A
standard model in this case is the Boussinesq-Scriven model, [DADL95, Scr60, Boul3],

ol =7P + (Ar — pr)divpuP + prDr(u), Dr(u) =P(Dru+ (DFU)T)P,

where the constants Ap > ur > 0 are the interfacial dilatational viscosity and the
interfacial shear viscosity; Dr is the tangential gradient, divr is the interfacial diver-
gence, and Dr(u) is the interfacial deformation tensor which depends on the velocity
field u on T

The weak formulation of (1.1) discussed in this paper is
flv)= —/(din o")Tv forallve HY(Q)",
r

which is obtained from (1.1) via Gau8’ theorem. Let (9})n>0 be a family of approx-
imations of Q'. The discrete interfaces I}, are defined as the boundaries I}, := 89,11.
The analysis uses two main quantitative assumptions on I},. Let d be the signed
distance to I' which is negative in Q!, and let dj, be the signed distance to I, which is
negative in ). The first assumption is that dj, approximates d with order O(hF+1)
for some integer k > 1 and that the gradient Ddj, approximates Dd with order O(h¥).
A family (o})n>0 of approximations to o' is required, in which the tensor o} is de-
fined on T},. The second assumption is that o} is an O(h**1)-approximation on T},
of a suitable extension of o'

Furthermore, improved approximations n of n := Dd are required, which are
assumed to be a family of O(h**1)-approximations. All of the previous requirements
are reasonable; some concrete settings in which they hold are given in Remark 6.1.

The analysis imposes almost no requirements on the finite element discretization
of the Navier-Stokes equations. A shape regular family (7g)gso of Q is assumed
with a mesh-width H which may be different from h. A weak requirement is that H
should not be arbitrarily smaller than A in the vicinity of I',. No further conditions
are necessary. In particular, 7y does not have to be aligned to I}, and the discrete
interfaces I, may be defined independently of 7. For the family of velocity spaces
(Vi) H>0, only a standard inverse inequality is required.

Let Q =1— énhﬁT, a= ngﬁ7 ny, = Ddp, which is an oblique projector arising
in the analysis. The discrete interfacial tension functional is defined as

fmn(v)= [ Qo) :Dv forallve Vy,

T

where A : B = tr(ATB) is the Frobenius-inner-product of matrices. The main result
of this paper, Theorem 6.10, is the bound

sup f(V) — fh(V) < chk-‘r%
vEVH ”V”Hl(Q)"

for fr, which holds under the previously stated assumptions and some minor technical
conditions. A numerical experiment for £ = 1 confirms that the bound is sharp. A
minor result is Theorem 6.9, an estimate of the form

1
| Drpvlp, ar < ¢Hyp? [|DV|| g2y forallve Vy, T € Ty, H >0,

which generalizes [GRO7, Thm. 4.6] to the interfaces considered here.
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The literature on numerical methods for surfactants and variable interfacial ten-
sion mainly contains numerical studies of discretization errors, [JL04, Poz04, XLLZ06,
MTO08, RZ13]. The only other paper known to the author which contains rigorous
error bounds for an interfacial tension functional is [GRO7], where constant interfacial
tension is assumed, and the error analysis yields an O(h)-bound for the discretization
error. This discretization is compared to fj in a numerical experiment in Section 8
showing that it is an O(h3/2)-approximation of f,, for constant interfacial tension.

The paper is organized as follows: In Section 2, basic concepts from differential
geometry are introduced which are needed to state the weak formulation of f. Section
3 contains the weak formulation of the two-phase Navier-Stokes problem and of the
interfacial tension. The discrete Navier-Stokes problem is stated in Section 3.2. The
discretization of f is performed in Section 4. Section 5 contains some prerequisites
for the analysis of the discretization error in Section 6. Some consequences of The-
orem 6.10 for the implementation of fj are discussed in Section 7. Two numerical
experiments and their results are discussed in Section 8.

2. Geometry of the interfacial region. Let I' = 92! C Q° be a compact
hypersurface which is at least of class C2. This means that its signed distance function
d is in C?(U) for some open neighborhood U of I'. Reducing U if necessary, this
implies that U C 2 is a tubular neighborhood of I' which encompasses the following
properties, cf. [Leel2]: The signed distance function d of I is in C?(U). Its gradient
Dd =:nis a map U — S™ which agrees with the normal field of I' when restricted to
the latter. Finally, there is a retraction map p: U — I' with the property

x=p(z)+d(x)n(z) forallz e,

and this decomposition is unique. Due to the compactness of I', there is a number
ro > 0 such that U,, := {z € Q| |d(z)| <ro} C U. We simply set U := U,,,. Let
B(z,r0) be an open ball with center x and radius r¢. There holds

(2.1) B(z,rg) CU forallz el

because d is Lipschitz-continuous with Lipschitz-constant 1, and for any y € B(x, rg)
there holds |d(y)| = |d(y) — d(z)| < |z —y| < 9. The notation |-| is used for the
absolute value of scalars, the Euclidean norm of vectors, and the spectral norm of
matrices.

The orthogonal projector on the tangent space of I' can be written as

P=1I-nn".

The symmetric matrix H(z) = D?d(z) is the Hessian of d. Differentiating |n| = 1,
yields Hn = 0 on U. For P, this implies HP = H = PH on U. Furthermore,
n”Dn = nTH = 0 implies that the normal field n is constant along normals. An
elementary computation yields

Dp=P—dH=(I-dHP onU.

A useful identity for H follows from differentiating n(z) = n(p(z)),

(2.2) H(z) = H(&)(I+ d(2)H(¢)) ' with § = p(z) forall z € U.
The mean curvature of I" is k = tr H; the maximal curvature on I' is denoted by

rr = max{[H(¢)| | £ € T},
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and the eigenvalues of H(x) are denoted x;(z), i € {1,...,n}, where k,(x) = 0.
Possibly reducing rg to rg < %nfl, equation (2.2) yields

|H| <2kp onU.

A fundamental connection between the tangential gradient Dr, which is intrinsic
to I', and the gradient D on R" is

(2.3) Dr = PD.

That is, the interfacial gradient is the orthogonal projection of the gradient in R™
to the tangent space. To apply (2.3), one uses an arbitrary (sufficiently smooth)
extension of a function on I' to compute the right-hand side. The restriction to I
is the intrinsic quantity on the left-hand side. The interfacial divergence is defined
as divpv = Dr - v = P : Dv for vector valued functions, where the gradient Dv is
the transpose of the Jacobian matrix. The interfacial divergence for matrix-valued
functions is divp A = (divp A!,...,divp A")T with the columns A’ of A.

The pullback of a function on I' along the fibers of p is defined and denoted as
fe(z) = f(p(x)) forall zeU.

It is constant on the fibers of p. The name pullback comes from the fact that the
domain of f is ‘pulled back’ from the image of p to its domain. The derivative of a
pullback is given by the chain rule of differentiation, here

Df¢(z) = (I —d(z)H(x))P(x)(Df)?(x) forall z e U.

The pull-back of vector-valued and matrix-valued functions is given by the same
formula.

The following elementary fact from differential geometry is required: There exists
a positive constant c¢,, such that for any n-ball B C U with radius r and for any set
S={zeU|l|dz)| <s} CU there hold

(2.4) meas(BNT) < ¢,,r™ %, meas(BNS) < cpr™ s,

3. The Navier-Stokes equations with interfacial tension. The incompress-
ible Navier-Stokes equations relate the fluid velocity u:  — R"™ and the fluid pressure
p: £ — R to the forces acting on the fluid. Let pu be the viscosity and

(3.1) o = uD(u) —pI, D(u)= %(Du + (Duw)T)

be the stress and the deformation tensor. The viscosity is a assumed to be a piecewise
constant function with a possible discontinuity at I'. Let v C T'.

THEOREM 3.1 (GauB). For any vector-valued function v € Ct(y,R"™) which is
everywhere tangential to v there holds

: T
/leFV:/ v'v,
¥ oy

where v is the unit-length normal on 0y which is also tangential to I
Applying Theorem 3.1 to (1.1) on increasingly smaller patches + yields the strong
form of the interfacial tension,

(3.2) f=—divre® onT.
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As an example, in the case of variable interfacial tension 7(x), (3.2) yields — divp o' =
7kn — Dp7. Throughout this paper, it is assumed that

2 . 2 2
(3.3) ||°'FHL2(F) + |[|divr UFHL?(F) = ||UF||div

is a finite constant. The standard way to include the interfacial tension into the

Navier-Stokes equations is to let it balance the jump of the normal stress between Q!
and Q2,

(3.4) [on]r = —divr o*.

Under the assumption that u is continuous at I', the Navier-Stokes equations consid-
ered in this paper can be written formally as

pu’ Du — div(uD(u)) — Dp = —ér divr o on @,

(3.5) .
divu=0 on .

Here, p is the piecewise constant density of the fluids and dr is the Dirac-d-distribution
of I'. We refer to [Pes77, CHMO96] and the references in the latter for details. The
time-dependence and additional force terms are omitted to simplify the presentation;
they have no effect on the subsequent error analysis. Also for simplicity, homogeneous
Dirichlet boundary conditions are assumed. A rigorous weak formulation formulation
is obtained in the spaces

(3.6) v = m©r, Q—{qGLz(Q)‘/ﬂq—O}7

cf. [GR86]. The Sobolev-norm on V is denoted as |:||v; the L%())-inner prod-
uct is denoted by (-,-). For matrix valued functions, one uses the inner product
(A(z),B(z)) = [, A(z) : B(z) dz. A standard weak formulation of (3.5) is
(pu”Du,v) + (uD(u),D(v)) + (p,divv) = f(v) forallveV,

(3.7)
(divu,q) =0 for all ¢ € Q,

with the interfacial tension functional

(3.8) fv)y=- /F(diVF o) Tvdx.

If I and 7 are sufficiently smooth, there holds a standard trace theorem for V, which
implies

(3.9 |f(v)] < ||divp O'FHF VIl g2y < o) Haerw |vly forallveV.
Hence, f is a bounded, linear functional on V, which makes (3.7) a well-posed problem,

cf. [GRS6].

3.1. Weak formulation of the interfacial tension. Let v € C*(U,R") be an
arbitrary function. By (1.2), o' v is tangential to I everywhere, and, using (2.3), one
computes divp(o'v) = (divp eT)Tv + o' : Dv.

Gaufy’ theorem 3.1, equation (3.8), and OI"' = () imply

(3.10) O:/Fdin(aFv) = /F(din(UF)Tv—i—/aF : Dv.

T
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Due to (1.2), ' : Dv = o' : PDv which shows that the expression depends only on
quantities intrinsic to I'. It follows that

(3.11) flv)= / o' :PDv forall ve CYUR"Y).
r

By a standard density argument, (3.11) holds on conforming finite element spaces with
piecewise smooth functions. This is the starting point for the discretization of (1.1),
respectively (3.8). The above use of Gauf’ theorem is known as the Laplace-Beltrami
technique in the literature, cf. [Bén01, Hys06] for the case o' = 7P.

3.2. Discretization of the Navier-Stokes equation. The weak formulation
(3.7) is discretized with finite elements. Let Tz, H > 0 be a family of triangulations
of Q. It is not assumed that the Ty are aligned to I'. Generally, the triangulations
are refined in the vicinity of I'. It is only required that the family (7g) g0 is shape-
regular, that is, there exists a positive constant cg such that

(3.12) Hr <cgpr forall T €Ty, H >0,

where Hrp is the diameter of the simplex T and pr is the diameter of the largest ball
B C T. As the diameter of the simplexes in 7y usually varies strongly across (2,
one avoids statements about the global mesh-width max {Hy | T € Ty }. Instead, the
mesh-width H is defined as a piecewise constant function on €2,

H=H(z)=max{Hr |z €T, T € Tu}.

Let Vg C 'V, H > 0, be a family of V-conforming finite element spaces for the
velocity. Any such family is admissible that satisfies the standard inverse inequality

(3.13) 1DV e py < CinoHy * DVl paipy  forall v € Vi, T € T

with a fixed positive constant c¢;,,. This estimate holds for all finite element spaces
which are defined by smooth functions on the reference element, cf. [CL91]; for
example, it holds for the velocity spaces of the Hood-Taylor-pairs. Let Qg C Q,
H > 0, be a family of finite element spaces on (7)o for the pressure. The discrete
Navier-Stokes problem is: Find (ug,pr) € Vi X Qg such that

(puf;Dup,v) + (uD(ug),D(v)) + (py,divv) = f(v) forall v € Vg,

(3.14)
(divug,q) =0 for all ¢ € Qg

There are well-known restrictions on the choice of Vg and Qg to obtain a stable
discrete problem; there are also well-known stabilization techniques for unstable pairs
Vi, Qp. For the purpose of analyzing the discretization error of f, these are not
important, respectively, can be considered separately.

The evaluation of f(v) in (3.14) is not feasible as the computationally unavailable
interface I' is needed. Thus, f is replaced by a family of approximations f, h > 0.
The quality measure required in the finite element error analysis of (3.14) is the
dual norm ||fp, — f HVA' Writing out its definition, one obtains a typical term in a
Strang-type lemma concerning a variational crime,

fv) —fh(V).

(3.15) [fn = fllv, = sup
Vi vEVY ||v||V
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4. Discretization of the interfacial tension.

4.1. The discrete interfaces. Let (Q}L)h>0 be a family of approximations of
Q! such that each Q} is a Lipschitz domain, cf. [AF03]. Let I}, = 92}. A domain of
integration in I, is a relatively open, precompact subset set A C I, such that A has
(n — 1)-dimensional measure 0 in I},. A quasi-partition of I}, is a family (v});e, of
subsets ’yi C I}, each Jj, is a finite index set, such that

YOk =0 forall j ke Jy with j £k and Fh:U{vz’jEJh}.

It is assumed that each discrete interface I, has a finite quasi-partition (’y,j7 )jes, with

the following properties: Each 'y,{, j € Jn, is a C?-embedded submanifold of R", and
it is a domain of integration. The integral on I}, is

[=% 1
Iy jE€Jn ’Yib
Let dj, be the signed distance function of I}, which is negative in Q7 , and let ny, := Ddj,.

The almost everywhere defined unit-length vector-field nj, is the normal vector-field
of I, a.e. on I},. The orthogonal projector on the tangential space of I}, is

T
Ph:I—nhnh.

It is assumed that I}, is the graph over I' of a homeomorphism F which is piecewise
smooth and which has the form £ — z), = £ + a(§)n(€) for all £ € T'. One can think
of a(§) as the altitude of xj, over I, equivalently, a(§) = d(x). This assumption is
reasonable, cf. Remark 6.1. Let

F) =&+a%(&n(&) forall (£ eT.
The function F is actually defined a.e. on U, where it has the derivative
(4.1) DF =1+ a°H+ (I - dH)P(Da)*n” a.e. on U.
The pullback of a function f on I}, along F' is the function
ff=foF onT.
Let

1
(4.2) Q=I--—n,n” witha=nln a.e onU,
a

which is an oblique projector. By a direct computation, one finds

(43) QP = P7 PQ = Qa PhQ = Pha QPh = Q

This characterizes the kernel and image of Q and Q7. There is a close connection
between P Da and ny,
LEMMA 4.1. There holds PDa = —— (I+aH)Pnj, a. e. on T with o as in (4.2).
Proof. At almost any point & € T, the differential (PDF)? maps the tangential
space of I at £ to the tangential space of I}, at x, = F(¢). Thus, ny (z)T (PDF(£))T =

0, which is inserted into (4.1) to obtain
(I+aH)Pn} + PDan"n} =0 a.e.onT.

The conclusion follows from rearranging the terms of the equation. O
Lemma 4.1 and (4.1) yield

(4.4) PDF = (I1+dH)PQ* a.e.onl.
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4.2. Transformation between I' and I},. Together with the chain rule, (4.4)
leads to the transformation law for derivatives under the pullback with F', which plays
a key role in the analysis below,

(4.5) PD(fo F)(x) =PDF(x)Df(F(z)) a.e.onT,

with DF as in (4.1). This formula looks, as if Df instead of P, Df were required
on the right-hand side, but because of (4.3) and (4.4), one has PDF = PDFPy,., so
only the tangential derivatives are involved on either side.

Another basic formula required below is the transformation law induced by F' for
integrals on I' and T},

(4.6) /rh f= /Fuf* with p = <a*n]:[1(1 +am)> .

i=1

The factor g is the (n — 1)-dimensional Jacobian determinant of (PDF)T for the
surface measures which can be read off from (4.4) as PDF is the concatenation of
linear maps. It can also be computed directly, cf. [Fed69].

The push forward of a function on I' along F is the function f o (F~!) on I},
denoted as f.. It is used below to shift F' from the right-hand side to the left-hand
side in (4.6), for example th Jolbs = [ f-

4.3. The discrete interfacial tension functional. In (3.11), the integration
over I' is replaced by integration over I},. Clearly, o' which is defined on I' must be
replaced by an approximation which is defined on I}. This is O'Z. Due to (4.5) and
(4.4), the term PDv in (3.11) transforms to (I +«H)PQ*Dv which is approximated
by QDv on I},. This yields the tentative discretization

QTo} :Dv forallve Vy
I

for f. By (4.3), there holds Q = QP},, which shows that QDv is defined using
only tangential derivatives with respect to I,. As Q involves the computationally
unavailable normal field n, an approximation of n is required. The analysis makes
clear that the O(h*)-approximation ny, is not sufficient, cf. Lemma 6.6 below. An
O(h*+1)-approximation fi of n is required, which is used to define the oblique projector

The discretization of f in (3.11) becomes

(4.7) fnv)= [ QTol :Dv forallve Vy.
Fh

5. Preliminaries for the error analysis. The spectral norm |Q] is required in
the analysis. It is computed with the help of the following elementary lemma which
is proved in [Szy06].

LEMMA 5.1. For any projector Q & {I,0} there holds |Q| = I — Q].

A useful property of rank-1 matrices is

(5.1) luv”| = Ju||v| for all u,v € R™.
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From Lemma 5.1 and (5.1), one obtains

1 1
(5.2) Q| = — |npnT| = —.
ol ™2 1= o
The bound |A|r < y/n|A] is used below. For example, in connection with the
Cauchy-Schwarz inequality for the Frobenius inner product, one has

(5.3) |A:B|<n|A||B| forall A,BeR"™".

The notation (f, g)r is used for the L?(I')-inner-product.

6. Approximation error analysis. The error analysis is based on the assump-
tions on the approximate interface I}, the improved approximation fn of n, and the
approximation 0'1,: of the the interfacial stress tensor o' which are collected here in
one place. The approximate interface I}, is assumed to satisfy the following conditions,

ld| < cgh*t1 a.e. on Ty,
(6.2) [np, —n| < cnh® ace.on Iy,
(6.3) h<ermin{Hr |T €T}

with some positive integer k. The inequalities quantify the asymptotic approximation
properties of T}, with respect to I'. Inequality (6.3) is the only combined constraint
on the mesh-width of the finite element space Vg and the mesh width of the interface
approximations I},. The improved approximation of n is assumed to satisfy

(6.4) In —n| < cih*tt ale. on I,.

The largest mesh width of I, to which the subsequent analysis can be applied is
denoted as hg. The mesh-width is required to satisfy

(6.5) 0 < h<hg, max {2/‘61“th§+1, Cnh§74Cﬁh§+1} <1
Finally, an assumption on the interfacial stress tensor is required,

(6.6) H0'£ - O-EHF;I < ¢ hF L,

The bound (6.6) relates the value of o} at xj, € I, to the value of o' at p(z),) € T.
In the remainder of this section, (6.1) — (6.6) are tacitly assumed to hold.

REMARK 6.1. All of the previous assumptions are reasonable. Let T' be the zero
level of the level set function ¢ which satisfies o € C**H(U) and | D| o 15y > ¢ > 0
on some neighborhood U of T'. Let I, be the interpolation operators of a family of
continuous, piecewise polynomial finite-element spaces of degree k on a shape-reqular
family of triangulations (Tn)n>o0. The discrete family of interfaces Iy, is given by the
zero levels of the functions Inyp. The covering (7;);es, is given by the intersections
T NT with the simplices of Tr,. In [EG13], it is shown that there is a piecewise smooth
homeomorphism T' — T}, of the form & — £+ a(§)n(§). From [Reul8], it follows that
(6.1) and (6.2) hold.

The bound (6.6) is derived in [ORGO09] for k = 1 for the case in which o' = 7P
is determined by a surface PDE on I' which is discretized with an Fulerian finite
element method. Some weak assumptions restrict the maximal admissible mesh width
depending on the curvature of T'.
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The improved normal field it can be obtained from an approzimation d of d satis-
fying (6.1) and (6.2) with k replaced by k+ 1. An ezample with a piecewise quadratic
level set function and its linear interpolant can be found in [GRO7].

An auxiliary interfacial tension functional f is introduced. The transformation
rules (4.6) and (4.5) yield

(6.7) f(v):= (6", PD(vo F)). = (u; oL, PDF.Dv), .

The difference between the continuous and discrete interfacial tension in (3.11) and
(4.7) is split into two terms,

FO) = ) = (f = H¥) = (f = fa)(v)
(6.8) = (e",PD(v—voF)).+ (u ' (PDF.) o} - Q"a}, Dv) .
= 1T+1.

The analysis rests on the estimates of these terms in Lemma 6.2 and Lemma 6.8.
LEMMA 6.2 (I). With the positive constant ¢y = 2"‘1cdcmvc%2, there holds

1) = F)| < erflaive o[l [E72Dv| 154 for attv € Vi

Proof. Applying (3.10) to I yields

< Hdin O'FHF |[VvoF —v|p.

) — Fv)| = ]— o (e r—v)

For any = € T, the interval (0, |a(z)|) is denoted as J and I(s) = = + sgn(a(z))n(z)s
parameterizes the fiber of p over z. The difference v(F(x)) — v(z) can be written as

v(F(z)) —v(z) = / Dv(i(s)) 'nds.
J
The Cauchy-Schwarz inequality gives |v(F(z))—v(z)| < |a(x)|*/?||Dvol| ;. Therefore,

IvoF —vi? < lallr | /J Dv(I(s))|? ds do(z).

To the double integral, the coarea formula is applied, cf. [Fed69], where the inner
integral ranges over the fibers of p. Let U = {I(s) | s € J,x € I'} C U be the set of
points between I' and T}, and let v(z) = H?;ll (1 —d(z)ki(z)). It follows that

[ [ 1o asiote = [ vip.

By Hélder’s inequality, this is bounded by ||, 7 [5|Dv[*. The integral is written

as sum over integrals on all T € T which intersect U. Hélder’s inequality is applied
on each T,

2 2 7 2
/\Dv| :Z/ DV < S meas(T N 0) [ DI 7o -
o — Jrno T
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Consider a single summand. Let B be the smallest ball enclosing T". From (2.4), one
concludes meas(T N U) < meas(BNU) < ¢, Hit '|allor. The inverse inequality

(3.13) yields HDV”oo rai S 2 H" ||Dv||T Collecting the previous estimates yields

2
2 2 -3
o P~ < et ol Wl |2 DY][

and by assumption (6.1), [|alcor < cqh®*1. It remains to derive a bound on v.

Let ¢ = p(z) for € U. Equation (2. 2) implies v(z) = ([T2; (1 + d(z)x (f)))fl.
Assumption (6.5) and the definition of U yield |1 + d( ) (€ )| > 1 —|a(é)|kr > 3,
i €{1,...,n —1}. Therefore, one obtains [|lv[|, 7z <2""". O

To bound term II in (6.8), the telescopic sum
u: (PDE) T~ Q7o)
= {(PDF) (0 —o},) + (u' = )(PDF.) o}, + (PDF, — Q)" o,

+(Q-Q)oy,
= A+B+C+D

(6.9)

is estimated term by term. In each of the expressions A, B, C, and D, the difference

in parentheses is of order O(h¥*1), whereas the remaining factors are bounded by

constants. That the difference oL — o is of order O(h¥*1), is a direct consequence of

assumption (6.6). The O(h**1)-bounds for the other differences are proved in Lemma

6.4, 6.5, 6.6. The bounds for the remaining factors are collected in Lemma 6.3.
LEMMA 6.3. The following inequalities hold a. e. on T}y,

laf =

l\J\»—t

T 1 3\"
|(PDF,)"| <3, and on Sl = {5 :

Proof. Take any zp, € I}, where ny, is single valued. By definition,
a(zp) =n(zy) 'ny () =1- 1 |n(:rh) - nh(xh)|2.

This is bigger than 1 — %c%hzk by (6.2), which is bigger than % by (6.5).

Let ¢ denote the point on I with 2, = F(£). From (4.4), one gets |(PDFE,)(x;,)T| <
T+a()H(9)]|Q(x1)|- By (5.2), |Q(zx)| = |a(xy)| ! which less than 2. For the matrix
I+ aH, (6.1) and (6.5) lead to |(I+ a(§)H(E))| < 1+ kpegh® ™ < 3.

Instead of |u.(zp)|, one can equivalently consider |x(€)|. The assumptions (6.1)
and (6.5) yield

L < 1—Ja(®)lnr < 11+ a(€)ri(€)] < 1+ [a(©)lkr < 3

for all i € {1,...,n—1}. Using this and 1 < |a(z},)| < 1, proves the final assertion. O
LEMMA 6.4. Using the constant c,, = 3"2(4(n — 1)cqkr + SC%hlg_l), there holds

|u:1 — 1| < cuh’€+1 a.e. on I}.

Proof. One writes [u;! — 1| as |p|7 11 — ps|. For the first factor, Lemma 6.3 gives
|pt| < 2", For the second factor, consider an arbitrary ¢ € T, and let =, = F(&).
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Let g(t) =[], 1(1 + sy;) with coefficients y; = a(§)k;(€) for i € {1,...,n —1}. Due
0 (6.1) and (6.5), there holds ||y|lec < % By definition,

pe () = 1= a(zp)g(1) = 1= g(1) =1+ g(1)(a(zn) = 1).

)
From the mean value theorem, one obtains g(1) — 1 = g(1) — g(0) = ¢'(s) for some
€ (0,1). Computing the derivative ¢'(s) = > i vi [1;.:(1 + sy;) gives |g'(s)] <

(%)”_2 Zi:l ly;|. Using again (6.1) yields

n—2
o =11 (3) 0= Dmrcat

From the deﬁnltlon of a, one obtains & — 1 = %|n, — n[?, which, by (6.2), gives
la — 1] < 2Rk, As |g(1 )\ < (2)"~1, the proof is finished. O

LEMMA 6.5. The mequalzty |PDF* — Q| < 2krcgh**1 holds a. e. on Ty,.

Proof. Let xp, = F(§) € I}, be an arbitrary point, where ny, is defined. By (4.4),

(PDF. = Q)(zn) = a(§)H(E)Q(xn).

Equation (5.2) and Lemma 6.3 yield |Q(xy)| < 2. By definition, |H(¢)| < sr. Finally,
by (6.1), |a(&)] = |d(zp)| < cah™**. 0
LEMMA 6.6. There holds |Q — Q| < 6czhF*! a.e. on Ty,.

Proof. From the definitions of Q and Q, one infers Q — Q = ny, (éﬁ —
Due to (5.1), one has

T
an) -

S | a’n
Q

Q-af = |1a-ln

Using i’n = 1 — £[d — nf?, this is (2 — 1)? + [a — n[%.

considered. From a = 1 — 1|n;, — n|? one obtains

The first summand is

11 N -
5= (=l + o — ) (18— | = [ — ).

1
o

Q] =

With the triangle inequality and letting § = %(|mj — n| + [ — n), one obtains
11 -11< &5 |fi — n|. Altogether, the bound for Q — Q is

@

(6.10) Q- Q| <i <52+1) n—n/>= A a—n.

Qo [678%

Considering (6.4), it remains to estimate A. From (6.2) and (6.4), one obtains § <
L(enhF + k1) < 2. A lower bound for @ is obtained from

1
a=1——|a— h|221—§(|ﬁ—n|+|n—nh|)2:1—262.

l\’)\»—\

This is bigger than 1 — 2+ (2)? = ;L. With the lower bound for a from Lemma 6.3,
it follows that [A| < 21/78 < 6. The conclusion follows from (6.10). O

REMARK 6.7. The projector Q is approzimated well by PPy, namely, |PP;, —
Q| € O(h**). Consider PP, — Q = P(I — Q)P;, = o 'Pny,(P,n)". By (5.1),
|PP;, — Q| = |a|7!|Pny||Pyn|. Lemma 6.3 yields the upper bound 2 for ||~}
estimate further, Pnj, =np,—on =mn,—-n—(a—1)n. Asa—1=1-1|n,—n|*-1=:
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162, there holds |Pny,| = 6 + 262, which is less than 35 by (6.5). The term |Ppn| is
bound similarly. Hence, by (6.2),

- 9
PP, — Q| = |a| ™" [Puy| [Pan| < Jenh®.

The preceding Lemmas prove a bound for term I of (6.8),
LEMMA 6.8 (II). There exist positive constants ca, cj, and cyr such that

) = )] < (ealloh = o],

<cn [PrDvlp, RETY for all v € Vy.

+ e [l [l 2 IPL DV,

Proof. By direct computation, one finds Q = QP},. Using this, (4.3), and the
Cauchy-Schwarz inequality, the term II is bound by

[F(v) = fo(v)| < [[A+ B +C + Dy, [PrDV]y, -

Holder’s inequality is applied to the first factor on the right-hand side. Term A yields
[Allr, < |u'PDE)T |1y llo), — olln, < 3-2"o), — o, by Lemma 6.3.
The contribution from any term 7' € {B, C, D} is bound as ||T'||r, < cr ||U£||F; Rh+1
where the constants c¢r follow from the Lemma 6.3, 6.4, 6.5, and 6.6: '

ca=3-2" cg=3c,, cc=2krcq, cp=F6cp.
A bound for ||o} |1, follows from (6.6), the triangle inequality, and (4.6),

1/2

Lrllo e

lohlln, < lloh = oln, + llull

The upper bound for || from Lemma 6.3 concludes the proof. O

The estimate in Lemma 6.8 is with respect to the L?-norm of P,Dv on Tj,.
To estimate the discretization error in (3.15), the H'(Q)-norm is required. A trace
theorem is needed to convert the former to the latter. Such a theorem is [GR0O7, Thm.
4.6] which is proved for n = 3 ibidem. A simpler proof for general n is given below.
The simplification comes through the use of a well-known inverse inequality which
removes the necessity to transform the interfacial quantities to the reference simplex.

THEOREM 6.9. Let (Tg)m>o be a shape-regular family of triangulations of 2, and
let the inverse inequality (3.13) hold. Let (6.1), (6.5), and (6.3) be satisfied. There is

a positive constant ¢y, such that

_1
(6.11) |PrDVrap, < cwrlyp® [[Dv]p  forallv € Vg, T € Ty, H > 0.

Proof. Take any T € Ty, v € Vy. By Holder’s inequality and |[Pj,| < 1 one has

2 2 2
IPrDV|7ar, < IDV[5 7an, meas (T NIL) < ||Dv||S, pmeas (T'N1y).

The inverse estimate (3.13) is applied to ||Dv||,r producing a factor H;" among
others. It remains to show that meas (T NT}) < cH%f1 for some constant c¢. The
transformation rule (4.6) gives

meas(TﬂFh):/ 1:/ L
TNIy, F-1(TNI})
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From Lemma 6.3, the upper bound ||u[| oo (r) = ||l oo (ry,) < (3)"7 ! is taken. The
patch T NI}, is contained in a ball of radius 3 Hy. Due to (6.1), the distance between
any F(£) and ¢ is bounded by cgh**! on T'. Hence, the patch F~Y(T'NT,) C I is
contained in a ball B of radius less than %HT + 2c4h*+1. By (6.3), this is less than
(3 + 2cqerhF)Hy. From (2.4), one obtains

n—1
meas (T'NT},) < (;) meas(BNT) < cHE?

with ¢ = (2)" e, (3 + 2cqerhf)" 1. O
The main result on the discretization error of the variable interfacial tension
functional is
THEOREM 6.10. Let (Tg)uso be a shape-regular family of triangulations of €2,

and let (3.13) and (6.1) — (6.6) hold. There are positive constants cg, c1, ¢ such that

)= 501 < (e, 1 e =T, ) [

< chFts |vly  for all v € V.

A%

Proof. The result is an immediate consequence of the splitting (6.8) of f — fj.
The constituents are bound in Lemma 6.2 and Lemma 6.8; for term II, Theorem 6.9
is used as well. O

COROLLARY 6.11. Under the premises of Theorem 6.10, there is a positive con-
stant ¢ such that
FO) = i) e

sup ER

veVy ||V||VH

An important property of the bound in Corollary 6.11 is that it only depends on the
mesh width of T},.

7. Consequences of Strang’s lemma. A bound for the discretization error
|lu — ug|v which uses Strang’s lemma contains the terms

inf — d — ' -
Jint vy and f  fuly,
Let the first term be of order O(H'*!), | > 1. For example, this can be achieved
with the Hood-Taylor P,11-P;-pair, if u is smooth enough. To balance the order of
magnitude of the terms in Strang’s lemma, the relation

B+l < CHI+%

is required by Theorem 6.10. Some ways to achieve this in a numerical method are
discussed. For simplicity, it is assumed that I}, is the zero level of I}*d where I}" is
the nodal interpolation operator of the continuous finite elements of degree m.

The obvious choice h = H requires k = [+ 1. Hence, I}, is the zero level of I}jld.
To satisfy (6.4), the interpolant IﬁQd is required to compute the improved normal n
as the gradient D(IE“Qd) which is rescaled to unit length. An advantage of this choice
is that only a single mesh is required; a disadvantage is that I}, is composed of curved
pieces which are the zero levels of polynomials of degree [ 4+ 1. This complicates the
numerical integration over T7},.
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r 0 1 2 3 4

5 6
s 1 2 2 2 2 3 3

TABLE 7.1
The mesh-width h = H/s of a piecewise linear Iy, for H=2"T".

Another choice is k = 1 which requires two meshes satisfying h < cH'/?13/4, The
resulting piecewise linear discrete interface admits standard numerical integration
schemes. To satisfy (6.4), the interpolant I?d is required on the fine mesh to compute
the improved normal as the gradient D(IZd) which is rescaled to unit length. Assume
H =277 for Ty and a mesh width h = H/s, s € N, for I};, which could be obtained by
subdividing the elements of Tz. For ¢ = 1, the requirement h < ¢HY2%3/4 becomes
s > 2r(t/2=1/49)  For the low order case [ = 1, which corresponds to the P,-P;-Hood-
Taylor pair, the dependence of s on the refinement level r of Ty is shown in Table 7.1.
For typical mesh-widths in 3-dimensional flow simulations, s increases slowly with r.

8. Numerical experiments. Let Q be the cube (—1,1)3. The initial mesh is
the uniform subdivision of €2 into 10 x 10 x 10 cubes, each of which is subdivided
into 6 tetrahedra. This results in a Kuhn-triangulation 7 with initial mesh width
Hy = % To obtain finer meshes 7z, adaptive refinement is applied in the vicinity of
T, such that it is embedded in a mesh with local mesh width H = H (i) = 27*H, for
i €40,1,2,...}. The discrete interface T}, is constructed as the zero level of I},d. The
operator I} is the standard nodal interpolation operator for the continuous, piecewise
linear finite elements on Ty which corresponds to the choices k =1 and h = H. Let
d = I%4d be the nodal interpolant of d with continuous, piecewise quadratic finite
clements. The improved approximation fi is constructed as Dd/|Dd|.

Let Vg be the finite element space of continuous, vector-valued, piecewise quadratic
functions on the mesh Tg. Let B be the standard nodal basis, let G be the Grammian
matrix of the V-inner-product on Vg, and let the tuple v denote the representation
of v € Vi in B. The dual norm of the Viz-norm is required, cf. (3.15),

[fllvy = sup{f(v) | v € Vu,[lvl]ly =1}

By elementary linear algebra,

HfHVI_’I = \/ iG_1i7

where f; = f(v7) with the nodal basis function v/ € B. Hence, the V/-norm can be
evaluated by solving a linear system with the Grammian. This is done up to floating
point precision. In the implementation of (4.7), a 5th-order accurate quadrature rule
is used on the triangles which constitute I},.

For the first experiment, let Q' be the ball {z € Q| |z| < R} with R = 1,
I' = 09Q'. Constant interfacial tension 7 = 1 is prescribed, and f;, is compared
to the ‘improved’ discretization of [GRO7] which is denoted as gn. The results are
shown in Table 8.1. They show that g; is an O(h®/?)-approximation of fj,. This
can be explained by a variation of our analysis and Remark 6.7 because, for constant
interfacial tension and k = 1, the improved approximation from [GR07] is equivalent
to (4.7) after substituting PP}, for Q.
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) 0 1 2 3 4 )

[fn = gnllvy,  0.03227  0.008206 0.002241 6.24le-4 1.816e-4 5.743e-5

Order 1.98 1.87 1.84 1.78 1.66
TABLE 8.1

Comparison of fy, and gp, for constant interfacial tension.

) 0 1 2 3 4 5

lfrn — f||vé 0.1150 0.03532 0.009634 0.002510 6.485e-4  1.696e-4

Order 1.70 1.87 1.94 1.95 1.93

I fn— fellv, 02471 01195  0.04720  0.01710 0.006068 0.002048

Order 1.05 1.34 1.46 1.49 1.57
TABLE 8.2

Variable interfacial tension.

For the second experiment, the variable interfacial tension
7(z) = 1 + cos(2mz?)

is taken. Despite the simple geometry, it is difficult to evaluate f exactly. Instead,
the auxiliary functional f in (6.7) is considered which has an exact representation as
integral over Ij,. By Lemma 6.2 and (6.3), it is an (’)(h%)—approximation of f. In
the present example, the integrand of the right-hand side of (6.7) can be evaluated

exactly using the expressions

n(z) = —, F_l(xh) = Rn(xy),

paan) = alan) (1+ d(“))z, PoF() = (1+ %52 Qo)

This yields a piecewise analytic integrand. Therefore, approximating the integral over
T}, in (6.7) with a fifth order accurate quadrature rule on the triangles of T}, yields an
(’)(h%) approximation to which f; is compared. Additionally, f; is compared to f7
which is the evaluation of f; on level 7.

The results are shown in Table 8.2. One can conclude from the data for f — f
that f, is an O(h?)-approximation of f as predicted by Lemma 6.8. One cannot
conclude the same approximation property with respect to f as f is only an O(h%)—
approximation of f. On the other hand, the results for f;, — f7 in Table 8.2 reflect
the O(h2)-error-bound in Corollary 6.11.
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