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Abstract. A class of non-equilibrium models for compressible multi-component fluids in multi-dimensions
is investigated taking into account viscosity and heat conduction. These models are subject to the choice

of interfacial pressures and interfacial velocity as well as relaxation terms for velocity, pressure, tem-
perature and chemical potentials. Sufficient conditions are derived for these quantities that ensure
meaningful physical properties such as a non-negative entropy production, thermodynamical stability,
Galilean invariance as well as mathematical properties such as hyperbolicity, subcharacteristic property
and existence of an entropy-entropy flux pair. For the relaxation of chemical potentials a two-component
and a three-component model for vapor-water and gas-water-vapor, respectively, is considered.

Keywords. multi-component flows, entropy, relaxation, phase transition, closure conditions, hyper-
bolicity, subcharacteristic property, Galilean invariance.

Math. classification. 76T30, 76T10, 74A15, 35L60, 82C26.

1. Introduction

Flows of compressible multi-component fluids, where the single components may be in the liquid or the
gas phase, respectively, have a wide range of applications. Difficulties in the modeling result from the
interaction of the fluids, especially from the exchange of mass and energy across the phase interfaces.
So the treatment of the phase interfaces is in the focus of the modeling.

Our particular interest is on a two-phase flow where we consider one liquid phase and one gaseous
phase. The liquid phase is assumed to consist of one species. The gaseous phase may consist of K — 1
species where one of these species is the same as in the liquid phase but in a different aggregate state.
To model this flow we use a K component model where in each point all K — 1 species are present
with one species in both aggregate states. Only a species that is present in both aggregate states can
undergo a phase change. Typical applications are evaporation and drying processes as can be observed
in daily live, e.g. cooking pot or puddle, or formation of clouds. A technical application is the spherical
collapse of a laser-induced bubble at elevated temperatures to investigate the influence of the amount
of non-condensable gas inside the bubble, see [35, [39] [17].

In the literature several models are available that are distinguished in sharp interface and diffuse
interface models. A detailed survey of these models can be found in Zein [37]. Here our interest is on
multi-component fluids derived from an ensemble averaging procedure of Drew [7]. A comprehensive
introduction to these models can be found in the classical book of Drew and Passman [§].
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Baer and Nunziato [4] proposed a two-phase model for detonation waves in granular explosives. This
model is a full non-equilibrium model, which means, each component has its own pressure, velocity
and temperature and is governed by its own set of fluid equations. It was modified and generalized by
several authors. For instance, Saurel and Abgrall [33] also included relaxation terms for the pressure
and the velocities of the components. By instantaneous relaxation procedures equilibrium values for the
pressure and the velocity can be found. Using further relaxation procedures to drive the temperatures
and the chemical potentials into equilibrium mass transfer between the phases can be modeled, see
Abgrall et al. [34] BI] or Zein et al. [38].

There are simplified models available in the literature that can be derived from the above general
model by assuming zero relaxation times, see [20]. Typically these are classified by the number of
equations in case of two phases in one space dimension. For instance, a siz-equation model with a
single velocity is derived by assuming a zero velocity relaxation time. Assuming zero relaxation time
for both the velocity and the pressure a five-equation model with mechanical equilibrium, i.e., single
velocity and single pressure, is deduced in the asymptotic limit. The four-equation model has a single
velocity, single pressure and also single temperature coinciding with the single-fluid reactive Euler
equations. While the three-equation model is the system of Euler equations. It has single velocity,
pressure, temperature, and also single chemical potential, i.e., it is in full equilibrium. A detailed
discussion of these models is beyond the scope of this work. For this purpose the interested reader is
referred to [37] and the references cited therein.

Typically reduced models suffer from some short-comings. For instance, conservation of energy
might be violated or the system looses its hyperbolicity. Therefore we prefer a full non-equilibrium
model taking into account viscosity and heat conduction. For this purpose we consider a general class
of non-equilibrium models that is a generalization of the three-phase model investigated by Hérard,
see Remark 7 in [18]. For instance, the Saurel-Abgrall approach [33] fits into this class.

Characteristic for models based on ensemble averaging is the problem to close the set of equations,
i.e., find appropriate interfacial pressures and interfacial velocity as well as relaxation terms for velocity,
pressure, temperature and chemical potentials. Since the closing procedure is not unique, there is
some freedom left for modeling. However, a reasonable model that is acceptable from a physical
point of view has to be consistent with the fundamental principles of thermodynamics, e.g., the
second law of thermodynamics. Besides this there are also constraints from a mathematical point
of view that are related to existence and uniqueness of solutions to the model, e.g., the existence of
entropy-entropy flux pairs. When it comes to the numerical solution additional properties are helpful
for the design of appropriate schemes, e.g., the hyperbolicity of the transport operator or the sub-
characteristic condition. The objective of this paper is to derive constraints for the closing terms such
that the aforementioned physical, analytical and numerical properties hold for the non-equilibrium
multi-component model. Similar investigations have been performed in case of two-phase models [3, [12]
37, 132] and three-phase models [I8], 5]. Here we do not confine ourselves to two and three components
but on an arbitrary number of components. Drew and Passmann [§] consider multi-component fluids
from a physical point of view but do not investigate analytical and numerical properties of the models.

The paper is organized as follows. In Section [2] we introduce the non-equilibrium multi-component
model and derive the model for the mixture as well the model at equilibrium. Then we rewrite these
models in terms of primitive quantities in Section [3] Neglecting viscosity and heat conduction some
mathematical properties of the models are investigated. In particular, we verify hyperbolicity and
the sub-characteristic condition, see Section [4 Furthermore, a physical meaningful model should be
Galilean invariant. This is investigated in Section [5} In Section [ we are concerned with the entropies
corresponding to the non-equilibrium model and the mixture model. From the 2nd law of thermody-
namics we derive constraints for the definition of the interfacial velocity and pressures. In Section [7| we
introduce the relaxation terms for mechanical and thermal relaxation as well as relaxation of chemical
potentials. In particular, we verify that they are in agreement with the 2nd law of thermodynamics.
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2. Mathematical model

First of all, we describe the full non-equilibrium model and then derive from this the mixture model
and the equilibrium model.

2.1. Non-equilibrium model

The multi-component flow is described by a non-equilibrium model where all components are present
in each point of the space-time continuum. Each component £ = 1,..., K has density pg, velocity vy
and pressure pg, The amount of each component is determined by its volume fraction ay. The volume
fractions are related by the saturation constraint

K
dap=1, aye(0,1). (2.1)
k=1

In analogy to the three-phase model of Hérard [18] the fluid equations for each component can be
written as

O (g pr) + V- (o pr Vi) = Sap s (2.2)

O (o pr k) + V - (o pr v vi + i I) = (2.3)

K
— Zpk’l Vo +V- (Oék Tk) + Sapy’k,
=1

Ot (o pr Ex) + V- (o pr v (Eg + pr/pr)) = (2.4)
K

- Z PoiVi-Va+ V- (ag (Vi Tk — qg)) + SapE k>
I=1
taking into account viscosity and heat conduction via the stress tensor T'j, and the heat flux g, but
neglecting effects due to surface tension and gravity. In our notation £y = e —H;z /2 is the total specific
energy with e; the specific internal energy of component k. There may be other contributions to be
accounted for, see [§], p. 68 ff and 144 ff. In particular, the term Py ; accounts for different pressures
at the phase interface. Without loss of generality we may assume

Peg = 0. (2.5)

Otherwise we replace Py ; by Py — Py 1, due to the saturation condition ({2.1]). The interfacial velocity
is denoted by V';. Obviously, the equations cannot be written in conservative form. Finally, the fluid
equations are supplemented by an equation of state

Pk = pr(prksex) Tesp.  ex = ex(pk, k) (2.6)

for each of the components.
The evolution of the volume fractions is characterized by the non-conservative equation

6,504;6+V1-Vak:5’a7k,k:zl,...,K. (2.7)

Due to the saturation condition (2.1)) we only need K — 1 equations. Without loss of generality we
express ax by the other volume fractions, i.e.,

K—1 K—1 K—1
ag =1- Z ag, Vag = — Z Vag, Sax =— Z So k- (2.8)
=1 k=1 k=1
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The source terms Sy, Spk, Spvk and S,pp on the right-hand sides of ( , , and
(2.7) describe the relaxation process due to mass, momentum, energy transfer and volume fraction

between the different components corresponding to the relaxation of velocity, pressure, temperature
and chemical potentials, £ € {v,p, T, u}, i.e.,

Sa,k = Z Sgl,k” Sap,k = Z Sfyp,k’ Sozp'v,k Z Sap'v k> al’E k- Z SapE k- (29)
3 13

These depend on the specific components at hand discussed in Section [7]

So far, the model is not yet closed. For this purpose, we have to find closing conditions for the
pressures Py, the interfacial velocity V' and the relaxation terms Sq k, Sapk, Sapv,k and Sapp k. In
the following sections we will derive appropriate constraints. However, these will not specify a unique
model but some options are still remaining for the choice of the interfacial velocity, the relaxation
terms, the stress tensor and the heat conduction.

2.2. Mixture model

From the non-equilibrium model we can derive the equations for the mixture. For this purpose we
introduce the mixture quantities

K K LXK
p= Z%pk, pi= Zak Pky V= — Zak Pk Uk, (2.10)
k=1 k=1 Pi=

for pressure, density and velocity. Accordingly, we define the specific internal energy, the specific total
energy and the specific total enthalpy of the mixture as

K
1 1
:fZakpkek, EZ:;ZakpkEk, : pzakpka—E-f—* (2.11)
= = k=1

with Hy := Ejy + pr/pr the total enthalpy of component k. The stress tensor and the heat flux of the
mixture are determined by

K K
T:=) oTr, q:= Y oxg. (2.12)
k=1 k=1

In order to ensure conservation of mass, momentum and energy of the mixture the relaxation terms
(2.9) have to satisfy the conservation constraints

K
Z Z apk = Zsam} k ZsapEk (2'13)
k=1

for each relaxation type £ € {v,p, T, u}. In addition, we need that the interfacial pressures satisfy

P, :ZPkylEP:const vi=1,...,K. (2.14)
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Then by summation of the single-component fluid equations (2.2)), (2.3)), (2.4) and employing the
@.14)

saturation constraint (2.1)) as well as the conservation constraints (2.13)) and we obtain
Op+V-(pv)=0, (2.15)
O (pv)+ V- (pvvl +pI)=V T — (2.16)
K
V- (Z o p (v —vg) (v — 'Uk)T>a
k=1
d(pE)+V-(pv(E+p/p))=V-(v-T—-q)— (2.17)

K K
V- (Zaka(vk—v)> -V <Zakpk(Hk_H) (vk—v)>.
k=1 k=1

We note that there are contributions corresponding to the slip between the mixture velocity v and
the velocities of the components vy. In the multi-component model of Drew and Passman these terms
are added to the mixture stress tensor and the mixture heat flux, see [8], p. 82-83. In contrast to the
non-equilibrium model, the mixture model is in conservative form if and only if the conditions

and (2.14)) hold.

2.3. Equilibrium model

If the relaxation processes are much faster than the transport and dissipation effects, then the fluid
can be considered to be at equilibrium. This state is characterized by vanishing relaxation terms, i.e.,

Sa,k = 0, Sap,k = 07 Sapv,k = 07 SapE,k =0. (218>
At equilibrium the velocities, pressures and temperatures coincide, i.e.,
vViI=...=Vg =0V, p1=...=pg=p, I1=...=Tx =T, (2.19)

and the chemical potentials of reacting components are equal. In particular, for the interfacial pressures
and interfacial velocity it holds

PkJ =D, k;ﬁl, V[:’U. (2.20)

Then the mixture model (2.15)), (2.16]) and (2.17)) reduces to the the equilibrium model
Op+V-(pv)=0, (2.21)
o (pv)+V-(pvovl +pI)=V. T, (2.22)
H(pE)+V-(pv(E+p/p) =V (v -T—q). (2.23)

Note that by definition (2.10) and (2.12) the mixture pressure p, the mixture stress tensor T' and
the mixture heat flux q depend on the volume fractions «aj. These are determined by the algebraic
conditions (2.18)) and (2.19), e.g., [26] [38].

3. Primitive variables

For the verification of some physical and mathematical properties it will be helpful to rewrite the
systems of equations for the non-equilibrium, mixture and the equilibrium model in terms of primitive
quantities
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3.1. Non-equilibrium model

By means of the system ([2.2)), (2.3), (2.4) and (2.7)) we derive evolution equations for the density py,
the velocity vy and the pressure pi for each component k. Inserting the evolution equation for the
volume fraction (2.7)) into the continuity equation ([2.2)) we obtain
Pk 1
O pr + o (vk = V1) Vo +vi- Vo +pV-vp = o (Sapk — PeSak) - (3.1)
From the momentum equation (2.3) we deduce with (2.2) Cauchy’s equation of motion

1
Ovp + (Vug) vy + —Vpr + &vak = (3.2)
Pk QP

K
1 1
— Z ijlv a+ V- ((Xk Tk) + (Sap'u,k — Sap,kvk) .
Ok Pk =1 Qg Pk

Here the gradient of the velocity is defined as Vv, = (Vug,.. .,Vv;ad)T. Then we immediately
obtain the evolution equation for the kinetic energy wuy := v% /2

Pk
Ok Pk

1
8tuk+vk-(Vvkvk)+p—vk-Vpk—|— v -Vai= (3.3)
k

v - (S — Sap VL) -
Pk k ( apv,k ap,k k)

K
1
v <— ZP]CJV a4+ V- (Ozk Tk)> +

QL Pk =1

Since the total energy is composed of the internal energy and the kinetic energy, we derive the evolution
equation for the internal energy e; = Ej — uy from the energy equation ([2.4)), where we employ (2.2)
and (3.3). Finally we obtain

K
1

O e, + vy, - (V ek) = o E Pk,l (’Uk — V]) Vo — i—:V - Vg + (3.4)

=1

1
V- —85
(arqy) + g ek

d
1 0 vy

— E = (T )i —
Pr 52 0x; Qg Pk

with the relaxation term

Se,k = Sosz,k — Vg - Sap'v,k; + Soep,k(uk - ek)~ (35)

Next we derive the evolution equation for the pressure p;. For this purpose we first note that for any
equation of state (2.6)) the following relation holds

dpy, = (Opk/Opx) dpr. + (Opk/ey;) dek. (3.6)
By means of the continuity equation (3.1)) and the energy equation (3.4) we then derive from (3.6)

K
dpr + Y. %C,il('vk—VI)'Vozl—l—vk-Vpk—l—pkciV-'vk: (3.7)
I=1,l#k
1 & Sy 1 1
Opr/der) | — LT — ——V-(a +—8
(Op./Dey,) A g:‘l awi( kL, " (arqy) g P

with the relaxation term

Spk = Pr(Opk/0pk) (Sapk — PrSak) + (Opr/Oer) Se k- (3.8)
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Here the interfacial sound speed and the phase sound speed are defined as

Chy1 = — ((Opx/Oex) Pry/ ok + (Opi/Opr)) » i := Opk/Opk + pr/ pi(Opi/ Dey). (3.9)

3.2. Mixture model

Similar to the non-equilibrium model we derive evolution equations for the mixture quantities p, v,

e and p defined by (2.10) and (2.11]) from the evolution equations (2.15), (2.16)) and (2.17). First of
all, we determine Cauchy’s equation of motion from the momentum equation (2.16)) where we use the

continuity equation (2.15)) and the constraint (2.14)):
1
v+ (Vv)v+-Vp= (3.10)
p

1 1 & 1_ &
-V-T -~ ZPlV o — -V - Zakpk(vk —v) (v, —v)T.
P P P=

Since definition 1’ of the mixture energy e implies that pe = Zszl agprer, we obtain by 1) and
(2.2) the evolution equation for the internal energy

K K
1 1
8te+v-Ve+fE apprV - v = — g Pei(vi — Vi) Vo
P Lk=1
K

1 1o K Doy 1
—— agprerp(vgy —v) + — oy, (T li— -V -q 3.11
LS e o)+ £ 355 O 1y - 1

1 K
_; Z('Uk : Sapv,k - Sap,kuk)-

Finally we determine the evolution equation for the mixture pressure p. Applying the time derivative

to the definition (2.10]) of p and using (2.7)) and (3.7) we obtain
8tp+v-Vp+p02V-v =

—Zpk Z Ckl’vk—V] Voq Zak (O Vpk— )) (3.12)

k=1  I=1l#k

+(vk —v)- ka_ZakPkckv (v, —v) +Z<pk5ak+ 57>
s k=1

K

1 81}

+ g . (Opr/Oer) | ou § ! Tk) -V - (ourqy)
k=1 i,l=1

Here the sound speed of the mixture is defined as
1 K
= fZak Pk Ca. (3.13)
Pi=

3.3. Equilibrium model

In case of the equilibrium model the evolution equations for the primitive variables can be directly
determined from those of the mixture model where we make use of the equilibrium assumptions ([2.18]),
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(2.19) and (2.20) and the saturation condition (2.1)). Then Cauchy’s equation of motion reads

1 1

The energy equation reduces to

p 81); 1
0 -V -V.-v = —-V-gq. 3.15
betv Vet Vv = E a% Va (3.15)
Finally the pressure equation becomes
odhp + v-Vp+pV . v = (3.16)

K d

1 61}1

— (Opi/Oeg) | « Ti),1— V- («a
k§:1 o (Opx/Oer) | o D 5., (LTk)id (oraqy)

4. Mathematical properties: hyperbolicity and sub-characteristic condition

Neglecting viscosity and heat conduction as well as relaxation processes in the fluid equations intro-
duced in Section [2| the models reduce to first order systems describing transport effects only. Therefore
these systems should be hyperbolic. This ensures that all wave speeds are finite and the system may
be locally decoupled. From a mathematical point of view, this property is helpful in the construction
of Riemann solvers. Therefore we determine the eigenvalues and eigenvectors corresponding to the
non-equilibrium model. From a numerical point of view the relation between the eigenvalues of the
non-equilibrium and the equilibrium model are of special interest. We conclude this section with a
note on the symmetrization of the hyperbolic system.

4.1. Non-equilibrium model

Starting point are the evolution equations for the primitive variables (2.7)), (3.1) , (3.2) and (3.7)). The
corresponding first order system then reads

804k

8tak+ZV“ =0 (4.1)
=1 L
(oo 0 0 Vg
3tpks+z< (Vki — ‘/I,i)ai;‘f’vk,iaif‘i‘pk 635?2) =0, (4.2)
7 7 7
B) 3 Oaw | 1, 9Pe) g 43
tvk+z Ukzi‘i‘ Z an kl—pk)ei,d%+pfk€i,dﬁ =Y, (4.3)
i 1,14k ’ '
i PE toxeY o O Uk
5tpk+z Ukz 4+ Z k (ki — Vl,z)ax tonc 5~ | =0, (4.4)
i=1 i 2 1,14 !

where e; 4 € R? denotes the unit vector in the ith coordinate direction. In order to characterize
hyperbolicity of this system we consider its projection onto normal direction £ := x - n for arbitrary
unit direction n € R?. Introducing the vector of primitive variables

w = (Oﬂ? . . .,CKK_l,’LU,{, ces 7w1[;)T7 Wg = (pka’v:]f:vpk)T (45>
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the projected system can be written in quasi-conservative form as

ow

Oy w+ B, (w) e =0. (4.6)
The matrix B, is determined by the block matrix
. VI,114I K—1 5
B,:=Y Bin = T , (4.7)
= All(,n Bk,
with the blocks defined as
B Ok — Vi) (ef g1 (1= 0 i) = 1y Ok,xc)
Ay, = nl , (1.9
25 (v — Vi) Th
Vkn Pk n’ 0
By, = 04 vrnla Pik nl|. (4.9)

2. T
0 prgn’ vk,

Here ey k1 is the kth unit vector in RE-1. In particular, we make the convention ek k-1 = 0.
Furthermore, I; and Ix_; are the unit matrices in R*?¢ and RUK—D*(E-1) " regpectively, and 04 and
151 are vectors in R and RE—Y with value 0 or 1, respectively. The vectors By, and -y, are defined

by their components [ =1,..., K —1 as

1
Brg = —— ((Prg—pr)(L = 6p1) — (Prx — pr)(1 = Or.i)) (4.10)
Qagpk
Yy = Cpy(1=0ky) — Cf (1= i) (4.11)

with d;; the Kronecker symbol. The normal components of the velocities and the interfacial velocity
are defined as

Vgn = V- 1T, Vl,n = V[ ‘n. (4.12)

Obviously, the eigenvalues of the matrix (4.7) can now be easily computed where we employ the block
structure:

K
det(Bn - )\I) = det(VnJ T 11— )\IK_1) H det(Bkm — )\Id+2) =0 (4.13)
k=1

Since the matrices By, coincide with those in case of a single-phase fluid, we then compute
det(Bipn — AMay2) = (vgn — N (vgn — N)? — ¢3) (4.14)

Hence we obtain the following eigenvalues:

Mp = Vip, k=1,...,K—1 (4.15)
Mei = Uy k=1,...,K, i=1,....d (4.16)
Ak,i = T}km:l:ck, kZl,...,K. (4.17)
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Motivated by the block structure of the matrix B, we make the following ansatz for computing the
corresponding left and right eigenvectors

R}, LY,
R! R, L' I

R, | e L Ly=| " T (4.18)
Rf{n Ry, L{{n Lk,

with blocks
R?,n = kol g_1, ko € R, L?,n c ]R(K—l)X(K—l)7

RE LY e REDXE=D Ry Ly, e REFDXEEHD =1 K.

In>
Here the matrices R,, and L, are composed of the right and left eigenvectors in their columns and
rows, respectively. To determine the blocks Ry, ,, we note that Ay ; and A, 4+ are also eigenvalues of the
matrix By, and the eigenvalue problem for B, decouples into eigenvalue problems for the matrices
By, ,, corresponding to a single component. In a first step, we therefore compute the eigenvectors to

these sub-problems where we first determine an orthonormal basis {n,¢1,...,t;_1} of R? such that

t;-t; = 0; j and t;-m = 0. Then the right and left eigenvectors to the eigenvalues (4.16) and (4.17)) are

Thd= (1,05,0)T, Thi = (O,tiT,O)T, Tht = (l,ick/pknT,ci)T, (4.19)

lk,d = (17 057 _CgZ)T) lk,i = (Oatfv 0)T7 lk,:l: = 0‘50122(17 ickpknTa ]-)T (420)
fori=1,...,d — 1. Thus there exists an eigenvalue decomposition of the matrix By, ., i.e.,

Lk,an,an,n = Ak,na (421)

where Ly, ;,, and Ry, are defined by the left and right eigenvectors and Ay, is a diagonal matrix with
eigenvalues on the diagonal

1 0o ... 0 1 1
Rkﬂ = —ck/pkn tl PN td—l Od ck/pkn 5 (4.22)
cx 0O ... 0 0 c
. 0 0 ... 0 22 o0 \"
Lk,n = 272 —CkpPEmT 20%121 e QCztd,1 Od CkpPET y (4.23)
€k 1 0 ... 0 -2 1
Uk — Ck 05 0
Apy = 04 Vgnd g 04 . (4.24)
0 0 v +oak

To calculate the eigenvectors to the multiple eigenvalue A;; we employ the knowledge of the matrices
Ry, ,,. According to the block structure of the matrix R,, the matrix of corresponding right eigenvectors
needs to satisfy

(Bn = AiD)Ry, =0 (B, — Ailgi)Ri, = —ApnRY, = —KoApn

for kK = 1,..., K. Assuming that the eigenvalue A;; does not coincide with one of the eigenvalues
Aii and A 4, then By, — Ar;I442 is regular and there exists a unique solution for le,n' For its
representation we introduce

K K
RQ :ZHCQUZ, R = H oy, kZl,...,K
=1 I=1,l#k

10
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with 0} := v — Vi, and oy 1= (5?)2 — cz. Then we obtain

R%n = Ko IK—ly (4.25)
akciﬂg—(éﬁ)%{
R’;’n = Kk Pk —n(arBi, =i )01/ Pk (4.26)
_Uk(ez:K—l(l = Oic) = Ve 0k, 1) + B =k

Since ay; € (0,1) according to (2.1, these matrices are regular, i.e., the columns are linearly indepen-
dent, if and only if

or,#0 Vk=1,....K, (4.27)

holds. This condition is referred to as the non-resonance condition, see [6] in case of a two-velocity-

two-pressure model in two-phase flows. Thus the corresponding left eigenvectors are determined by
the rows of the inverse of R,,. Since L, R, = I, the blocks turn out to be

Ly, = R k=1,...,K, (4.28)
Ly, = (R}, ' =ry Ix-1, (4.29)
Li, = —Lp R, (R},) "' =—ry' LinR,, k=1,...,K, (4.30)
and we obtain for the right eigenvectors
_ _ _ T
rrg=ro (P2, @1 )", ... FF)") L 1=1,... K- 1. (4.31)
where F(}’l =€) x—1 and ?’}371 = (fkyl,ﬁf’l,zkvl)T is determined by the components
Try = pr (okcqBri—(61)%m,) /(o) (4.32)
Yro = —n(Bri—k) 0% /(kok), (4.33)
Zrg = (—ok(Ori(1 = Opx) — Ok,x) + arBri—Vr1) pr/(QrOR). (4.34)
Similar to (4.31) the columns of L,, are then given by
T
L= (@3 )", A", ... a5, i=1,... K - 1. (4.35)
with
& p
_ 3
I = kl_[l(@kffk) Yero1, U= 2Zaror (@,0,...,0,b%, )T
and
af = —cr(onBri— )08 + k(i (1 — Ok i) — O, ic) — e Bra+H it
b = 2eh((61) 2 Yk —kCBry) — 20k (k1 (1 — Op.1c) — Ok i)
+2(k Bt =Yk )
i = en(arBri — T1)0p + ok (ki (1 — Op,r) — Ok i) — hBit+Vh-

After having determined the eigenvalues and the corresponding linearly independent right and left
eigenvectors we finally end up with the eigenvalue decomposition of the matrix B,

L.,B.R, = A, (4.36)

with the block-diagonal matrix A,, = diag(Aon,Ain,...,Axn) and Ay, = VipIg_1. To verify
this decomposition we make use of the identity Bk,nR?n = R'fvnAo,n — Aka?’n. To conclude the
investigation on the hyperbolicity we summarize the findings in the following theorem.

11
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Theorem 4.1. (Hyperbolicity) Let the interfacial pressures satisfy the conditions and . Let
the interfacial velocity V 1 be chosen such that for arbitrary normal direction n the normal interfacial
velocity V1, does not coincide with one of the eigenvalues A\ ; and N\, + of By, i.e., the non-resonance
condition 1s satisfied. Then the first order system , , and 1s hyperbolic,
i.e., (i) the eigenvalues of the matrix are all real but not necessam'ly distinct and (ii) there exists
a system of linearly independent left and right eigenvectors with .

This theorem holds true also for the non-equilibrium model ( ., ., and (2.7) neglecting
viscosity and heat conduction as well as relaxation processes, because elgenvalues are 1nvar1ant under a
regular, bijective change of variables and the corresponding eigenvectors can be determined by scaling
of the original eigenvectors by the Jacobian of the transformation and its inverse, respectively.

Finally we want to remark that the eigenvectors coincide with the one given in [37, [3] in case of a
7-equation model in one space dimension (K =2, d = 1).

4.2. Equilibrium model

Similar to the non-equilibrium case we can determine the eigenvalues of the equilibrium model. A
starting point is the evolution equations (2.21)), (2.22)) and ([2.23)). The corresponding first order system
then reads

dvi\
A p+ Z (v, a@) =0, (4.37)

1 0Jp

Orv+ E (vl 9z, pei 81:) =0, (4.38)
op 9 0v;

O p+ E <vi +pc ) =0, (4.39)
i—1 83:1 89@

Again we consider its projection onto normal direction ¢ := x - n for arbitrary unit direction n € R?
that can be written in quasi-conservative form

0
O w + Bn(w) 22 =0 (4.40)
9¢
with the vector of primitive variables w = (p,v”,p)” and matrix
v, pnt 0

B,:=|(0; v,I,4 (4.41)

\
S

0 pcnl o,
The normal component of the velocity is defined as
Up =V M. (4.42)
The eigenvalues of B,, are then characterized by the roots of the characteristic polynomial
det(B,, — A 412) = (vp — N ((vp — N)? = ).
Hence we obtain the following eigenvalues:
A =vpxe, MN=wv, i=1,...,d. (4.43)

With regard to a stable numerical discretization of the non-equilibrium model in the limit of vanishing
relaxation terms, the so-called sub-characteristic condition, see Whitham [36] and Liu [24], has to

12
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hold true. For this purpose we evaluate the eigenvalues (4.15)), (4.16) and (4.17) with respect to an
equilibrium state, i.e.,(2.18)), (2.19) and (2.20]) hold,

Ak = Vipn=09n=9-n=70, k=1,...,K—1 (4.44)
Mei = Uppn=0p - m=v-n=0, k=1,...,K, i=1,...,d (4.45)
et = UpmEtor=TUptep, k=1,.... K. (4.46)

Here the bar indicates evaluation with respect to an equilibrium state. Then by definition (3.13]) and
(2.10) of the mixture sound speed and the mixture density we conclude from the positivity of the
densities pi and the volume fractions ay

ce k:I{l,ln,K Cs k:nll,a)fK k| =: [cminy cmaa:] .

A straight forward estimate gives

min A <A < max \
k=1,.. K kot = = k=1,...K kot
min A\, <A_ < max M,_.
k=1,..K k=1,..K
In the second estimate we use that
—C€E€ |— max ¢Ck,— min ¢Cg,| = | min —¢;, max —cg| .
e B O ] [ =LK k=l

This immediately implies that the following theorem holds true.

Theorem 4.2. (Sub-characteristic condition) Let oy, px, and ¢, k =1,..., K, be non-negative. Then
the eigenvalues (4.15), (4.16), (4.17) and (4.44), (4-49), (4.40) of the non-equilibrium model and the
equilibrium model, respectively, evaluated with respect to an equilibrium state, i.e., , and
hold, satisfy the sub-characteristic condition

g )

A€ [min <mkin>\17/r€7 n}gin)\hi) , max <m]?X>\17k, %@X)\k,i>} = {vn},
At € [mkin)\k,i,m’?x)\ki] .

Note that similar results have been proven recently by Flatten and Lund [I1] for a hierarchy of
two-phase relaxation models.

4.3. Symmetrization

From Kato’s theorem [21] it follows that there exists a local-in-time smooth solution to the Cauchy
problem of the projected system , if the problem is symmetrizable, i.e., there exists a symmetric
positive definite matrix P,, = P,(w) such that the matrix P, B,, is symmetric. To construct such a
symmetrizer we first observe that the matrix

1 o} —1/ct
Pk‘ = Od TnDk,nT; Od
—-1/c 0} 1.5/c;
with T, := (n,t1,...,tq—1) an orthonormal matrix and Dy, := diag(Ay x, A1,...,Ag—1) a diagonal
matrix with entries A\, := p7/(2¢7) and \; := 1,7 = 1,...,d — 1 is a symmetrizer of the phasic

13



S. MULLER, M. HANTKE, & P. RICHTER

problem
0 wi.
0 B — =0.
i wi, + B (wi) ¢
We then make the following ansatz for a symmetrizer of (4.6)):
KPQ,”IK—l Pr{,a,n U P%,a,n
Pn _ Pl‘,oz,n Pl 7
PK,a,n PK
where

Pion=LE, (Ajn —Viplaso) ' R, PLAL,
with Ay, Rip, Ly, and Ay, defined by (4.8), (4.22), (4.23) and (4.24). Note that Py, is well-

defined if the non-resonance condition (4.27) holds true. Obviously, P,, is symmetric. It turns out
that P, B, is symmetric whenever P£a7nAk’n is symmetric. The latter holds true provided that

P{n Ry, = LATn It remains to verify that P, is positive definite. For this purpose we have to verify
for any a = (al,al,... ak)T # 0 with a, € RE-1 a; e R¥*2 k =1,..., K that a’ P,a is positive.
A straightforward calculus yields

K-1K-1 K
2 _
a’'P,a = Pyn Z Z (aw- + (P£a7nak)i/Pa7n) + Z Pa,}lanak
k=1 i=1 k=1

with Q := P, , Py, —Pk,amP;‘g an: Since P}, is symmetric positive definite, the Cholesky decomposition
P, = Ckc;{ exists. Furthermore, the matrix Ej, := C;lPaaynPk@mC%ﬂ is symmetric and, thus, there
exists an orthogonal matrix T, such that TkEkT;‘g = D where Dy is a diagonal matrix with the

eigenvalues uf of E} as entries. Then we obtain

d+2
aj Qay = b} (PanIays — Dip)br = > b7, (Pa,n - Mf)
=1

with by = Tngak. Choosing P, , > max; {]uﬂ} > 0 the term a;‘gQak is non-negative and is
positive for a; # 0. Thus, we have finally verified that the matrix P, is a symmetrizer of
provided the non-resonance condition holds true. This generalizes the result in [6] for a one-
dimensional two-phase model.

5. Frame invariance, objectivity and Galilean transformation

Since the results of an experiment should be independent of the observer’s position in the Euclidean
space, a physical meaningful model should reflect this behavior. This property is referred to as frame
indifference and objectivity in the literature, cf. [8], p. 31 ff, and [23]: performing the general Euclidean
change of frame

t*=t+a, z"=zi(t)+Q()(x— x), (5.1)
with constant values a and xy and @ an orthogonal matrix, i.e.,
QQ"=QQ" =1, (5.2)
then a scalar f, a vector u and a tensor T are called objective, if
Fra") = f(t2), u'(t,2) = Q(u(t,z), T*(t",a") = QT (t,2)Q" (). (5.3)

14
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To rewrite the fluid equations in terms of the general Euclidean change of frame we introduce the
change of variables

flt,x) = f(t"—a,zo+ QT (1)(x" — xj(t)), (5-4)
u(t,z) = u(t* —a,zo+ Q7 (1) (=" —zj(1)), (5.5)
T(t,x) = Tt —a,xo+ QT (t)(x* — xi(t)). (5.6)

It is well-known that the fluid equations for a single phase are not invariant under a general Fuclidean
frame of change. For instance, Coriolis forces enter in case of a time-dependent rotation. However, the
fluid equations are invariant under a Galilean transformation where we choose

£o=0, Q=0 equiv. Q = const, xy(t) = ¢o + cit, ¢p, ¢ = const (5.7)

in . For this transformation the velocity vector is still not objective but the acceleration and the
rotation tensor are objective.

In the following we will confine ourselves to a Galilean transformation and derive constraints for
the source terms Sq k, Sapks Sapv,k and Sa,k k. For this purpose we apply a Galilean frame of change

to the fluid equations (2.2)), (2.3), (2.4) and (2.7)). A detailed derivation can be found in [29]. Here we
will confine ourselves to the main results. First of all, we derive from the evolution equation (2.7) of
the volume fractions assuming that the volume fractions are objective, i.e., af = oy,

8,5* (IZ—FV?V:B* aZ: Z*,k? kzl,...,K, (58)
where the interfacial velocity and the source term are given as

Vi = 25+ QV i+ Q(x—z0) =a)+QV=c1 +QV, (5.9)
ok = Sak (5.10)
Next we consider the evolution of mass. Assuming that the mass is objective, i.e., p; = pj, we derive
from ([2.3)

O (ag, pr) + V= - (o) i V%) = Saepe i (5.11)

with source term
Seve pr k= Sap k- (5.12)
Note that and hold true for a general Euclidean change of frame . The transforma-
tion of the momentum equatio is cumbersome. It significantly simplifies in case of a Galilean

transformation. Starting from (2.3)) one has to incorporate ([5.11)). Assuming that the pressures p; and
P and the stress tensors T’ are objective, i.e., pj = pg, P}, = Py and T, = QT.Q", we obtain

O (0 PE Vi) + Ve - (o pron* vk +ajppI) = (5.13)
K
= P Ve af + Ve - (03 Th) + St pro s
=1
with source term
Z*p*v*,k = Sozp,k xEk) +Q Sapv,k~ (514)

Finally we apply the Galilean transformation to the energy equation ([2.4]). Since the velocity is not
an objective vector, the kinetic energy in the Galilean frame becomes
1

1
. C %\ 2 L 2
e",;mk = €kink + T -V} — 5(933)  Chink = ika. (5.15)
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Thus the total energy and the total enthalpy are

E. = ep+ ivi =E; — @) v+ 5(3:0)2, Ep :=e; + §(vk)2, (5.16)
L P oy« Sk ok Lo 2 % . T PZ
Pk 2 Pk

where we also assume objectivity of the internal energy, i.e., e; = e;. Again, after some tedious work

of calculus using (5.2)) and incorporating (5.11), (5.13)), the energy equation (2.4)) in the Galilean frame

becomes

Op (ay, pi Ey.) + V- - (o, pi vk (B + pi/pk)) = (5.18)
K
—Y P Vi-Va-af + Ve - (af, (v - Th = a3) + St p e o
=1
with source term
Sarpr e = Sap s+ QSapu - 25 + 5 (@5)%Sap.k- (5.19)
Here we again assume objectivity of the pressure Pj; and the heat flux gq,, i.e., P,;l = P, and

q;, = Qg
Finally, we conclude with summarizing our findings in the following

Theorem 5.1. (Galilean Invariance) Let the following assumptions hold true
(1) ok, pk, Pk, ex and Py are objective scalars,
(2) gy, T are objective vectors and tensors, respectively,

(3) all material parameters, e.g., the viscosity coefficient Jiy,, the heat conduction coefficient X
introduced in Section |6.3.1], are objective,

(4) the source terms (5.10), (5.19), (5.14), (5.19) are invariant under a Galilean transformation,
i.€.,

;*,k = 501*7’?7 Szkap)*,k = S(Ozp)*,lm ‘Sﬁ(kapv)*,k = S(apv)*,kv S?apE)*,k = S(osz)*,k' (520)
Then the non-equilibrium model , , ' and with velocity vy, = &y + Quy, interfacial
velocity velocity &p + QV 1 and total energy s Galilean invariant. This also holds true for the
system without the source term terms as well as for the mixture model and the equilibrium model
because the latter are derived from the non-equilibrium model by summation.

6. Thermodynamical properties: 2nd law of thermodynamics

From a physical point of view, a model is admissible if it is in agreement with the principles of
thermodynamics. For this purpose we first derive the entropy law for the non-equilibrium model.
Then we determine the entropy production terms of the mixture. To be consistent with the 2nd law
of thermodynamics we have to check the sign of the entropy production terms. This will provide us
with admissibility criteria for the interfacial pressures and velocity as well as the relaxation terms.
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6.1. Entropy

In order to investigate thermodynamical properties of the non-equilibrium model (2.2), (2.3)), (2.4)
and (2.7), we assume that the entropy of each component satisfies

dey, = Tydsy — prdry, (6.1)

where 7, := 1/py, is the specific volume of component k. Thus the pressure and the temperature are
the partial derivatives of ey (7, si) that are assumed to be positive, i.e.,
Oey, Oey,
Pk 8k) = =5 (Tky 8K) 2 0, Tie(7, 8) = 75— (T, 8%) = 0.
ot sy,

Furthermore, to ensure thermodynamical stability we assume that the Hessian of ep is a convex
function with respect to 73 and s, i.e.,
0%ey, d%e
aTTk(T % Sk) = 0,
826k 826k a%k 2
——(Tk, k) =5— (Tk, SE) = Tk, S .
627k( b k)a28k( ko k) - aTkask( b k)

Finally, the third law of thermodynamics implies

T >0, s =>0.

k
aTsk(TkaSk) > 0,

Assuming that py and T} are strictly positive, then e becomes a monotone function in 75 and s and
we may change variables, i.e., s = sp(7, ex) satisfying

Tidsy = deg + prpdTy (6.2)
with partial derivatives
Osg Dk Osy, 1
— =—=>0, — =—>0. 6.3
o, (Tk, €x) 7. % 5 (Tk, €x) T (6.3)
It is well-known that s; = si(7%, ex) is a concave function, i.e., the Hessian is negative-definite
5?%sy, 9?%sy,
6277%(77{:’ Ck) S 0, aTek(Tk, €k) S 0, (64)
82Sk 828k 825k 2
Z ok Z ok >
o, (Tkaek)agek (T, ex) > <8Tk6€k (Tk,ek)> ,

if and only if ex (7, si) is a convex function, i.e., thermodynamic stability holds.

6.2. Entropy equation
In order to derive the entropy equation we rewrite (6.2)) as

Tidsi = dey — Lxdpy. (6.5)
Pk

By means of the evolution equations (3.1) and (3.4) for the density and the internal energy we then

deduce the entropy law

K
1
8t Sk + v - \% S = akkak (Z Plc,l (’Uk — VI) . val+pk(vk _ VI) . VOék
=1
4 oy
+ ok Z 333? (Tk)ii — V- (owqy) + Ss i (6.6)
il=1 v
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with the relaxation term

Ss,k = Se,k: - %:Sap,k +pk:Sa,k‘ (67)

For the volume specific entropy we then obtain together with (2.2))

K
1 1
Oy (cwprsk) + V- (wprspvr) + V- (7-arqy) = (E Pri(ve— Vi)V
=1

Ty Ty
LI 1
k,l
+pk(vk — V[) . Vozk + ag lzjl al“i (Tk:)l,i — akﬁQk . VTk + Sap&k (6.8)
i,l=
with the relaxation term
1
Sozps,k = ?Ss,k + SkSap,k- (69>
k

Introducing the entropy of the components of the mixture

K
ps = Zakpksk (6.10)
k=1

we finally obtain with (2.12]) the entropy law of the mixture

K K
O (ps) + V- (Z akpkskvk) +V- (Z Taqu> = (6.11)

k=1 =1k

K
> (e Sk + kg + T + Saps i),
k=1

where the production terms are defined as

K
1
I, = T (Z Pri(vk = Vi) Vo +pr(vp— Vi) Vak) , (6.12)
=1
1 d 0V
Y = — “(T1)14, 6.13
k T zlzzl E (T, (6.13)
1
K

Note that the total entropy of a homogeneous mixture is determined by the sum of ps and the non-
negative mixture entropy, [27], p. 320. We discuss the mixture entropy in the context of the relaxation
terms for chemical potentials for a three-component mixture, see Section [7.3.2]

6.3. Entropy production

According to the 2nd law of thermodynamics the production terms (6.12)), (6.13]) and (6.14)) have to
be non-negative. In the subsequent sections we will derive sufficient conditions that ensure thermody-
namical compatibility.
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6.3.1. Entropy production due to viscosity and heat conduction

In order to verify the physically admissible sign of the entropy production term ¥; we have to specify
the viscous stress tensor Ty for each component. For an isotropic Newtonian fluid the stress tensor
reads

2

where 71, denotes the viscosity coefficient of component k. Thus the components of this symmetric
tensor are

_ [ Oy 3Uk;z 3%3
(Tk)1i = i 89% 90 3 Z : 5l,i = (Tk)iy

Then we compute for the entropy production term

with

i=1 j=1,j#1i
0 v, 1 _
2 (5 d=1
2 2
0 Vg1 O vy, 2 O v, 1 0 vg,2 _
<6I1) +(8x2) +<811 - ax2> ’d_2
8vk,1 _ avk,g 2 + 8fuk,2 _ 8’Uk73 2 + 8’Uk71 _ 8’1}]@’3 2 d o 3
PR 0o 0 xo 0x3 o0z Oxs3 » T

Obviously, the following theorem holds true.

Theorem 6.1. (Entropy production due to viscosity) The viscous stress tensors are determined by
. Let the temperatures Ty, and the viscosity coefficients [y, k=1, ..., K, be non-negative. Then
the production terms are non-negative. In addition, assuming the saturation condition ,

then the entropy production due to viscosity Zszl aEXk 18 non-negative.

The heat fluxes are modeled by Fourier’s law of heat conduction for a fluid with isotropic material
property
qr = AV Tk, (6.16)
where )\, denotes the heat conduction coefficient of component k.
Then the entropy production term (6.14]) reads

Ay = )\kV Ty - VT.

T2
From this we directly conclude

Theorem 6.2. (Entropy production due to heat conduction) The heat fluzes are determined by .
Let the temperatures Ty, and the heat conduction coefficients A\x, k =1,..., K, be non-negative. Then
the production terms are non-neqgative. In addition, assuming the saturation condition ,

the entropy production due to heat conduction Zszl ap Ay is non-negative.

Note that Theorems and are counterparts of the results of Guillemaud [16] in case of a
two-component model.
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6.3.2. Interfacial velocity and pressure

To investigate the admissibility of the production terms Il we first make use of the assumptions (2.5))
and ([2.14) for the interfacial pressures. Then these terms become

K
1
I, = T > (Pra—pi) (k= V1) -Va.
I=1,1£k

Obviously, we cannot control the sign of II;. According to the conservation constraints (2.14) all Py,
k # 1, are coupled. Therefore we determine the interfacial pressures P} ; and the interfacial velocity

V' such that the sum II := ZkK:1 II;, vanishes. For this purpose we substitute V axg by the other
gradients using . According to the saturation condition the gradients Vayg, k=1,..., K—1,
are linearly independent. Thus rearranging the terms in II with respect to the K — 1 gradients of ay,
the coefficients in front of these gradients must be zero when II vanishes. This yields the following
K — 1 conditions

K—1
1 1
> T ((Prg = pi) (1 = 01) = (P, — i) (0 = Vi) + E(PK’Z —pi)(vk =Vi)=0  (6.17)
k=1
forl=1,..., K —1. Next we assume that the interfacial velocity is a convex combination of the single
component velocities vy, i.e.,
Vi= Z/Bkvk, B € [0,1], Zﬁk =1 (6.18)

This is motivated by Gallouét et al. [I2] and Hérard [18] for a two-phase and a three-phase model,
respectively. Then we may rewrite the velocity differences in (6.17)) as

k-1 i
vy —Vi= ZZ(—/BJ‘) —Viq1) + Z Z Bj (vi — vit1).

i=1 j=1 i=k j=i+1
Rearranging (6.17)) in terms of the independent differences v; — v; 1,7 =1,..., K — 1, we obtain the
following conditions
L1
> 7 (Brg = p) (1= 0p) = (Phic — pr)) Z Bj + (6.19)

k=1 k j=i+1

K-1
( Z ;k ((Pry — pr) (1 = 61%) — (Prx — pr)) + —K(PKZ pK)> (—B;) =0

k=i+1

or, equivalently,

i 1 K i 1 K
o > B | Pri— = > B | Pk — (6.20)

k=124 \ " F j=it1 k=1 \ " F j=it1

K-1 L K1 i L

T > B | Prat T Bi | Prx — T > BiPky
k=i+1,#l j=1 k=i+1 j=1 j=1
) 1 K K-1 1 i

-3 7 PrOL Z Bj + ( 7 PrOLk TPK) Zﬂg

k=1 Jj=i+1 k=i+1 J=1
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for I,i =1,..., K — 1. This gives (K — 1)? equations for (K — 1)K unknowns Py, k,l =1,..., K,

k # . Thus we need additional K — 1 equations to ensure uniqueness for fixed parameters £, ..., Sk
These equations are determined by the conservation constraints that read
K
> Py=Pr=const, 1=1,... K (6.21)
k=1,k#l

These equations are equivalent to

Piy—> Pug=0 I=1..K-1, (6.22)
Z Z

k=1,k+#l
Then (6.20) and (6.22]) form a linear system for the interfacial pressures. To solve the system it is

convenient to rewrite it in blockwise form
ANP,+ BAgkPrg=4d;, 1=1,...,K—1 (6.23)
for the unknowns
Py :=(Pyy,...,PL 1, Py, Pe))t, 1=1,.. K
with matrix
Ay =diag(T ', T2 T TR

assuming positive temperatures T}, and A; = (a',...,a"" 1, a'*!, ..., a®) and B = (b',. .. ,bK_l) in
REX(E-1) defined by the columns

a® = (—cl,...,—ck_l,ck,...,cK_l,Tk)T eRX, k=1,... K,

b* = (c1,...,cp_1, =" . =BT eRE, k=1,... . K—-1
and right-hand side d;; = ¢;(pi1/T] — PK/TK) 1 <i<l-1anddy,; = c¢i(p/Ti — Px/Tk) — pi/T1,
[ <i< K —1. Here we define ¢, := Zj B, = ZJK w41 Bj- Note that by the convex1ty assumption

it holds c; + ¥ =1, k = 1,..., K. Manipulating the rows and columns of (6.23)) we obtain the
equlvalent system A P = d with

Zl B S_lﬁl Ld;
_ ZQ B - _— Silﬁg Ld,
A = . . S, P - S . R r= .
ZK—l B S_lﬁK Ldi
with A; = LA;A;S, B = LBAkS and Frobenius matrices
K-2 K-1
SZIKA*ZGJ'H@%, L=1Ig+ Z(TjH*Tj)e]’@)eK
j=1 j=1

and the transpose of a Frobenius matrix

k—2
S=Tx x+ Y, D et ® et
= j=1
K-2
€ (k,j) © €jr(K,j+1) T €jr(k,ik~1) & €j(K K1)
=k

with indices j'(k, j) = j+(k—1)(K —1). Here we make the convention that in case of K’ = 2 empty sums
in S and S correspond to zero matrices. Since the determinant of Frobenius matrices is one, it follows
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. K-1 .
that det(A) = <T/ 1, Tk> with 7 = 15| BxTk. Thus, the system has a unique solution.
This can be determined by successively solving the subsystems AP, =7, 1=1,...,L — 1 with
A =(al,...,a% ,b)T withal =eg, k=1,...,1-2,al =€, _1+e,al =exy1, k=1,..., K2,
at; | = (—ci,y..., —cK_l,T)T and 52 =—e, k=1—1,1 and Eﬁg = 0 otherwise. The right-hand side

is determined by 7; = 7; + 8171F1—1+( K-2)k- A tedious calculation finally gives the unique solution to
the system (6.20) and (6.22) and we conclude with the following

Theorem 6.3. (Entropy production due to interfacial states) Let the assumptions d
6. 15

hold true. If the temperatures Ty are all positive, then for any convexr combination (6.18) for the
interfacial velocity V1 there uniquely exist interfacial pressures

K K

1 A

Po==8mTh+pe > BT, T=> BTk (6.24)
T j=1,#k k=1

solving the linear system (f62d) and (fé’?d) and, thus, the production term I1 = Zéil I vanishes. In
particular, the interfacial pressures are all positive and it holds

K K .
Pr=Y pe Y, BiTi/T. (6.25)

k=1 j=1#k

Since by means of the linear system and the interfacial pressures Pj; depend on
the convex combination for the interfacial velocity Vj, the 2nd law of thermodynamics does
not uniquely characterize interfacial velocity. There are several options discussed in the literature for
two-component and three-component models, cf. [12] [18] 32]. We comment on this in Section

6.3.3. Entropy production due to relaxation
According to the entropy law of a single component the entropy production due to the relaxation
processes is determined by

1
Sapsk = T (PrSak + (ur — gr)Sapk — Vk - Sapv ik + SapE k) ; (6.26)

where we plug (6.7) and (3.5]) into . Here the Gibbs free energy of component k is defined as
9k = ek + pr/pr — Tisk (6.27)
In addition to the conservation constraints (2.13)) the relaxation terms (2.9)) have to satisfy

K
Spsk >0, k=1,..., K or ¥ Saps >0. (6.28)
k=1

to ensure that the mixture is consistent with the 2nd law of thermodynamics.
6.4. Thermodynamic stability

According to Menikoff and Plohr [25] thermodynamic stability of a single component k requires that
er is a convex function of the specific volume 73, and the specific entropy sg, see also Section In
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[15], p. 99 ff, it is proven that this holds true, if the entropy Uy := —pgsk is a convex function of
uy = (pg, pk'v;‘g, prEr)T. In the following we will verify that
K K
U(u) == — Zakl)ksk = —ps= Zak:Uk(Uk) (6.29)
k=1 k=1
is a convex function of the quantities u := (a’ aluf, ey aKuﬂ)T with a := (a1,...,ax_1)". For

this purpose we extend the proof in [32], Appendix A, for a two-phase model to our K-component
model.
To verify the convexity of U we need to prove that the Hessian is positive semi-definite. First of all,

we note that by (2.1
Doy, Ouy, 1 ouy, 1
IO =i D L (G — k), 2 LT
Doy kl — Ok,K» Doy an Uk (Ot — Ok, K ) dogus  an kL d+2
holds for k=1,...,K, l=1,..., K — 1. Then it follows for the gradient of U:
oU ou; Uk ou oU;
oy - —U _ = : 8 . —_ = . 6.30
9 (u) = Ui(w) — Uk (uk) 9 (w) - wy + Dux (urk) - vk, dora ™M = B, (u) (6.30)
The Hessian of U is determined by the second order derivatives
0*U 1 70%U 1 9%k
= Sp—ul —— —uk == kil=1,...,K
80%606[ u k,l o u, aQul (Ul)Ul + K Uk 82’U/K (UK)UK, > ) s LAy
o*U 1 U,
S = —— 0k —0K1)=5— I=1,....K, k=1,..., K -1
80&],:605[11;[ o ( k,l K,l) 82’(111 (Ul)’lLl, ) s L3 ) ) )
o*U 1 9%U
O s— = —O0pi=— kl=1,...,K.
Oapudou, v o k’l82ul (), k, Y
For a compact representation of the Hessian we introduce the notation
U (K—1)x(K—1)
Uaa = (u) eR ,
daday Lk=1,. . K—1
02U
U - = R(d+2)><(d+2)
etk Akt Oapupda,ug u) € ’
0*U 0*U
U = (), .., R+ (E-L),
ot & <8akuk8a1 w), " dapurOak 1 (u)> <
According to the above second order derivatives these are determined by
1 1
Usnoa = —ubUfugli |+ diag ((u;‘CU’k’uk) ) , (6.31)
K ) k=1,.,K—1
1
Uapug,apu, = —Uy, (6.32)
ag
1
Uakuk,a = <_(6k,l - 5K,k‘)U/k,uk’> = Ua,akuka (6'33)
Ak I=1,.,K—1

where U’k’ denotes the Hessian of the entropy Uy = Uy (uy) of component k. Then the Hessian can be
represented as block-matrix

Ua,a UOt,Oq’ul e UOC,OéluK
U, U
1 1U1,™ a1Uul,o1ul
U (u) = o ’ , . (6.34)
UaKuK,a UaluK704KuK
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To verify positive semi-definiteness of the Hessian we introduce the vector = (a”, bTi oo, bE) T with

a € RE-1 and b, € R¥™2 k=1,..., K. Then we obtain by the block-structure (6.34) of the Hessian

K K
e'U"s = a"Usaa+ Y a"Uaopube + Y b) (Uojura@+ Uojugopu, i) - (6.35)
k=1 k=1

By means of (6.31]), (6.32) and (6.33)) we determine

K—1 K—1
T 1 Ty 1
a'Uyoa=—(aug) Uy (aug) + Z — (apug) U,C apug), a: aj,

K =1 Ok =1
K—1
Tu ! (6r1 — Opi)bEUY
a' Uqapu,b 07 kl — Ok, k)b Ul (auy),
k

=1

1 1
i Ua,apun@ = — 0k kb Ul (aur) — — (1 = 0, 1) b U} (apug),
ak ay,
1
bz:UOékukvakukbk = OkaZUZ by.

Incorporating this into (6.35)) we finally conclude after some calculus with
K—1

1
:cTU”:zz = E 7(bk — akuk)TU’k’ (bk — akuk)
=1 O
1
+7a (bx — aug)TUY (bg — aug) > 0,
K

because the Hessians U, are assumed to be positive semi-definite. Note that for  # 0 we cannot ensure
xTU"x to be positive even if U}, is strictly convex because all the terms by — apug, k= 1,..., K — 1,
and bx — aux may vanish at the same time. Thus we have proven the following

Theorem 6.4. (Convexity of entropy function) Let e, be a convex function of (1, k), k=1,..., K.
Then the entropy U is a convex function of u, i.e, the Hessian of U is positive semi-definite.

6.5. Remarks on entropy-entropy flux pairs

From a mathematical point of view, the concept of entropy-entropy flux pairs, cf. [14], has been intro-
duced to characterize a unique weak solution of an initial (boundary) value problem of (inhomogeneous)
conservation laws that in quasi—conservative form reads

8tu+ZA )0, u = S(u), Ai(u):= %{Z(u) (6.36)

where u : Ry x Q - D C R™ with Q C R? f, : D - R™, i=1,...,d and S : D — R™, denote
the vector of m conserved quantities, the fluxes in the ith coordinate direction, i = 1,...,d, and the
source function, respectively. Motivated by thermodynamics, the entropy inequality

d
u)+ > 0y, Fi(u) <0 (6.37)
has to hold in a weak sense for any convex function U : D — R and functions F; : D - R, i =1,...,d,
referred to as entropy and entropy flux, that satisfy the compatibility conditions
VU () Aj(u) = Vo Fy(u)', i =1,...,d. (6.38)
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Due to these conditions we infer for smooth solutions of (6.36) the entropy equation
d
O U(u) + Y O, Fi(u) = VuU(u)" S(u), (6.39)
i=1

Obviously, the entropy inequality (6.37)) holds if and only if the entropy production is negative, i.e.,
VuU(u)" S(u) <0. (6.40)

Motivated by the entropy equation (6.11]) a candidate for an entropy-entropy flux pair for our non-
equilibrium model (2.2)), (2.3, (2.4)) and (2.7) neglecting viscosity and heat conduction is

K K
U(u) = — Z agprsSky = —ps, Fi(u) :=— Zakpkskvk’i, 1=1,...,d. (6.41)
k=1 k=1

In [29] it has been proven that the entropy-entropy flux pairs (U, F;) satisfies the compatibility
conditions ((6.38)), if the conditions (6.17) hold. Furthermore, it was shown that inequality (6.40) is
equivalent to S,; > 0 provided that the entropies s = s (74, €x), K =1,..., K, are concave functions,

i.e., (6.4)) holds.

7. Relaxation model

The non-equilibrium model presented in Section allows for different values for velocities, pressures,
temperatures as well as chemical potentials at the same point. Therefore one has to introduce a
relaxation mechanism, that drives all these quantities into equilibrium. Typically it is distinguished
between mechanical and thermal relaxation processes that relax either pressures and velocities or
temperatures and chemical potentials to equilibrium.

The relaxation terms are of major importance when dealing with interface problems, see for instance
Saurel and Abgrall [33] or Lallemand et al. [22] for mechanical relaxation terms and Métayer et
al. [26] for pressure, temperature and Gibbs free energy relaxation terms. Typically, it is assumed
that pressure and velocity relax instantaneously, see [33], whereas the thermal relaxation and the
relaxation of chemical potentials are much slower, see Zein [37]. For particular applications the orders
of the relaxation times can be precised, for instance in the barotropic case, cf. [2].

Note that in the equilibrium model the equilibrium state is characterized by vanishing relaxation
terms rather than the transient relaxation process itself. Since the equilibrium state does not depend
on the order of relaxation, the relaxation times have not to be known explicitly.

In the subsequent sections we present the relaxation terms for mechanical, thermal and chemical
potential relaxation. For each relaxation process we verify the constraints due to conservation ([2.13))
and entropy production (6.28)). Note that for all relaxation processes the corresponding source terms
satisfy the constraint ue to Galilean invariance.

7.1. Mechanical relaxation

The pressure relazation implies volume variations, that induce energy variations due to the interfacial
pressure work. Here we extend the pressure relaxation vector given in [33] for a two-phase model
according to [37] by introducing a pressure average that we choose as the mixture pressure. The
pressure relaxation terms then read

Sgk = 0, ay, (pr, — p), ngk =0, S’;pv’k =0, Sng,k =0y a p(p — pr).- (7.1)

Here 0, denotes the pressure relaxation parameter. Similarly the velocity relazation terms read

})’[Ji, = Sgcp,k =0, ngp'v,k’ =0, ag pr (v — vg), Sng,k: =0, prpv - (v —vg) (7.2)
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with the velocity relaxation parameter 6,. For more details on mechanical relaxation see Baer and
Nunziato [4] or Baer [10] for two-phase models.

Obviously, the mechanical relaxation terms and satisfy the conservation constraints ([2.13))
as can be validated by the definition of the mixture pressure and the mixture velocity and the
saturation condition . Furthermore we determine by and , the entropy production

terms
Ok Pk g

This immediately implies

Theorem 7.1. (Entropy production due to mechanical relazation) Let py, > 0, T, > 0 and the relax-
ation parameters 0,, 0, > 0. Then the entropy production due to mechanical relazation is non-negative,
1.e.,
K
x>0, k=1, K and Y Stv >0 (7.4)
k=1

7.2. Thermal relaxation

For the modeling of temperature relazation we follow in principal Zein [37]. First of all, we introduce
a general class of temperature relaxation models

Qk
Sep = GT/Tk’ Sapk =0, Sty =0, St gy =01 Qp, (7.5)
with the relaxation parameter 6 and
Qi = (T — T). (7.6)
According to the conservation constraint (2.13)) the terms @y have to satisfy
K K )
_ <k _
> Q=0 and ) =0 (7.7)
k=1 k=1
In order to guarantee the first constraint, we choose for T the following expression
K
T = Z BET, (7.8)
k=1
with coefficients
K
BE=/v, =) e (7.9)
k=1

Obviously, T is a convex combination of the temperatures Tj because
K
> =1 (7.10)
k=1

For instance, we may choose (a) v, = ayj. Then Bg = oy, and T coincides with the mixture temperature
. In case of (b) 7, = 1 or (c) v = K we compute 8] = 1/K and T is given as the averaged
mixture 7' = Zszl Ti./ K. For these three cases we obtain (a) Qx = ax(T — Ty), (b) Qx = (T' — Tg)
and (c) Qr = 1 (T) — Ty), respectively.

26



CLOSURE CONDITIONS FOR NON-EQUILIBRIUM MULTI-COMPONENT MODELS

Next we determine by (6.26)) and (7.5)) the entropy production term
1 Pk
ST = p— —4+1]. 7.11
Thus the entropy production due to thermal relaxation becomes
Pk
= Zsapsk’ OTZ Qk< +1) —QTZ QkﬁLeTZiQk- (7.12)

We note that by the definitions ((7.6) and (7.9)) of Qr and S, respectively, the relation

K
> = ’VZ 7 OEA (T - T)

=1k k= =

holds. Here we employ |D and l’ to compute the difference 7' — T}, = Z{i BE(T, — Ty). Fur-

thermore we observe that for any by, and ap; = —a;, [,k =1,...,k we have
K—
Z bkam—Zkaakz+ Zbk Z arg = Z (b~ o
k,l=1 k=1 I=k+1 k=1 1=k

Choosing by, = 1/T}, and ay; = B,{BIT(TI — Tk) we thus conclude with

K 1 K— . )2

k: I=k+1

Obviously, the sum is non-negative whenever the temperatures are positive. Thus the first term on
the right-hand side of ((7.12)) is non-negative. To ensure that the second term is also non-negative, we
rewrite the sum by means of the conservation constraints (7.7]) as

K ) K-1 o p 1
k _ PE_PK\ -
Z Tkﬁka B Z <Tk TK> /”kak'

and choose kj, such that

Pr  PK
— ) — = k=1 K—-1
<Tk TK> Ko akav ) )
holds for some positive parameters ag, i.e.,
Trpr — TkpKr
gp = —BSER T OROK K — 1. 7.13
ap Tk T Qk (7.13)

The missing parameter kg is determined by the conservation constrains as

K—1 0 -1
Kk =—Qk (Z /f) : (7.14)
k=1 'k

Finally we summarize our results in the following

Theorem 7.2. (Entropy production due to thermal relazation) Let the temperatures and the relaxation
parameter be strictly positive, i.e., T > 0 and Op > 0. Let Q. satisfy (@ where T is defined as
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convex combination (@ of the temperatures Ty, with coefficients By, satisfying and . Then
the mixture entropy production due to thermal relaxation is non-negative, i.e.,

K
1 Pk
Spe =07 ) —Qx ( + 1) >0, (7.15)
o Lk Kk
provided that the condition
K
Tpk Qr >0
Pl
holds. In particular, this condition holds for the parameters ki determined by and with
non-negative coefficients ay. It also holds in case of pressure equilibrium, i.e., p1 = ... = pg = p, and
constant parameters K1 = ... = KK = K.
When the temperature relaxation approaches thermal equilibrium, the parameters ki, k= 1,..., K—

1, tend to ki = p/(aryeT?) provided that the pressure relaxes faster to its equilibrium state. If the
pressure is not at equilibrium when thermal equilibrium is reached, then k; = oo, i.e., Sg; i = 0. How-
ever, it is widely accepted that the mechanical relaxation proceeds faster than the thermal relaxation.

Finally we conclude with some remarks on existing relaxation models. In [37] a constant parameter
Ki = Kk is chosen such that pressure stays at equilibrium during the temperature relaxation. More
details on its definition in case of a two-phase and a three-phase model can be found in Zein [37]
and Zein et al. [38], respectively. Note that the coefficient x in [37] results in a non-negative entropy
production if the pressures are at equilibrium. In the non-equilibrium case cannot be proven to
hold.

In the thermal relaxation model considered by Saleh [32] there is no relaxation term accounted
for in the evolution equations for the volume fractions, i.e., Sg;k = 0. This fits into our model when
choosing ap = 0, i.e., Kk = oo, for kK = 1,..., K. Then the investigation of the entropy production
simplifies because the second term on the right-hand side in does not exist.

7.3. Chemical potential relaxation

Mass transfer between different phases of the same substance occurs, whenever these phases are not
in chemical equilibrium. This physical matter of fact is the decisive factor for the idea to model the
mass transfer by relaxation of the chemical potentials. The mass transfer is driven by the difference
of the chemical potentials. It is obvious, that from now on it is necessary to identify the phases.

7.3.1. Chemical potential relaxation for two-component mixtures

For a two-component mixture (K = 2) the relaxation of chemical potentials is modeled according to
[37] by

. ~2
m v
[ I — s o — S o — 3
Se1 =0 E, SaP’l =0, m, Salm)’1 =0,mo, SapE,l =0,m (e—l— 2) ,
K. gk b gk © — QK I e _Qk
Sa,2 T Soe,l’ Sap,Z T Sap,l? Sap'v,Q T Socp'v,l7 SapE,2 T Sosz',l’ (716>

with the relaxation parameter 6,,. Similar to the interfacial velocity (6.18]) we choose for the velocity
¥ a convex combination

K K
b=> Bivk, BLel0,1], D Bi=1 (7.17)
= k=1

k=1
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Since for a two-component mixture the Gibbs free energy coincides with the chemical potential,
chemical equilibrium is achieved, if the Gibbs free energies of the two components coincide, i.e.,
g1 = g2-

Obviously, the conservation constraints are satisfied. Note that due to these constraints we
are not allowed to introduce ¢, and gj differently for each component k = 1,2. Furthermore, the
entropy production terms are determined by (6.26) and (7.16) as

1 1, .
SZps,k - (_1)k+19Mm ﬁ <€ + 5(’0 - 'Uk)2 — gk + p;) s k= 1, 2. (718)

These terms may become negative also when 6,,, 7 and T}, are positive. However, for an appropriate

choice of €, o and v the entropy production due to the sum of the phasic entropies

2
. 1 1 . Dk
n 1)k Lia N2
Shs =0 gl( 1) 2 <e + 2(1} vE)° — gk + . > (7.19)

can be verified to be non-negative. For this purpose, we first note that in case of mechanical and
thermal equilibrium, i.e.,
vi=...=vg=v, p1=...=px=p, T1=...=Tg=T, (7.20)
the entropy production term becomes
St = b (02— 1)
as was already proven in [37]. Obviously this term is non-negative if

i = alge — g1) (7.21)

with a > 0. This is an agreement with the kinetic relation in [9].
At mechanical and thermal non-equilibrium we may enforce a non-negative entropy production by
choosing the parameters € and g such that

2
1 1, .
S0 (e v o+ ) — (- ) (7.22)
k=1

for some non-negative b. Note that for the parameters ¢ and ¢ in [37] this condition does not hold
true. To verify (7.22)) we proceed in three steps to determine 9, € and o:

(1) The velocity v is chosen in such a way, that the velocity terms in ((7.19) vanish:

1, 1
ﬁ('v —wv)? - E('v —v9)% =0. (7.23)

This is reasonable because the entropy production (7.19)) should be a product of the relaxed
mass flux 6, m and an interfacial entropy s; that should not depend on any velocity. Because
the velocity © is assumed to be a convex combination of the single component velocities, i.e.

v = [{v + BIvg with g5 =1 — 5} according to (7.17)), we derive from ((7.23)
=2 pr VYD (7.24)
VUVIHVE T VIV
(2) In the next step we determine e such that
1 1 2c

ﬁ(e—cgl)—i(e—cgg):be(gg—gl), with b, =
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resulting in
_ 692T1 + 911>
T+ 1T,

(3) Finally we determine g such that

1 »1 1 D2 . 2d
— | = = - | = - = — with =
) ( ’ dgl> o < 0 dg2> bo(92 — 91), ith b, T, + T,

resulting in

1 T +T15 plly —pi1s

e= Egng + ngQ T1 — T2
Choosing
L. p2T1 — p1Ts
d=— —_ =1-4d 7.25

then with the above choice of ¥, € and g we obtain with b = b + b, = ((T1 + T»)/2)~! the

reciprocal of the mean temperature of the components. Note that in the equilibrium case € and o tend

to g/2 and 2p/g, respectively, assuming that the pressure relaxes faster than the Gibbs free energy.
Again we conclude with the following

Theorem 7.3. (Entropy production due to relaxation of Gibbs free energies) At mechanical and ther-
mal equilibrium, i.e., holds, the mizture entropy production due to relaxation of Gibbs free
energies is non-negative, i.e.,

Sk >0, (7.26)
if the mass flur is chosen as the kinetic relation and the relaxation parameter 8, as well as
the equilibrium temperature T are positive. In the non-equilibrium case, the entropy production is
non-negative, if the parameters € and o are chosen such that holds.

7.3.2. Chemical potential relaxation for three-component mixtures

Exemplarily, we consider three components, i.e., K = 3, with water vapor (k = 1), liquid water (k = 2)
and inert gas (k = 3). Then the vector for relaxation of chemical potentials is given by

. 2
m 'v

b B I ) g QM 0

Sa1 =10, o Sop1 =0um, Sqpp =0, m0, S, p:=0,m <61 + 5 ) ,

. .2
m . A . v
St o =10, o’ Shpo = —0um, St 5= —0,m0, Sng,Q = —0,m <62 + 2> ,
. 1 1 .
Sf;,g = —0,m (Q1 + Q2> ) S(l)sz,3 =0, Sgp'u,?) =0, Sng,B, =0,m (2 —€1), (7.27)

with the relaxation parameter 6, and ¥ given by (7.17)). For details on the physics see the book of Miiller
and Miiller [28]. Again we note that the conservation constraints (2.13]) are satisfied. Furthermore the

entropy production terms can be determined by (6.26]) and (|7.16])

o1 1, . P1
Sgps,l - e,umﬁ (61 + 5(’0 _'UI)Q — g1+ Ql) )
S — e+1(ﬁ—v)2— 2 (7.28)
aps,2 K T 2 9 2 g2 02 y .
.1 1 1
Shpss = 9umf3 <€2 —€ —PS(E + 02)> :

30



CLOSURE CONDITIONS FOR NON-EQUILIBRIUM MULTI-COMPONENT MODELS

These terms may become negative also when ¢,,, 7 and T}, are non-negative. For the sum of the phasic

entropy production Shs = 55371 + S;Ls’z + 55873 we obtain

2 (_1)k+1

. 1 Pk
Sg's = m@u <Z T <€k; + 5('0 — 'Uk)2 — gk — (—1)k>

1 Ok

Ane) o

In the following we distinguish between a non-homogeneous and a homogeneous mixture, respectively.

Non-homogeneous mixture. In a non-homogeneous mixture velocity, pressure and temperature
are not necessarily in equilibrium. Therefore we need not to account for the mixture entropy. Thus,
the chemical potentials and the Gibbs free energies of water vapor and liquid water, respectively,
coincide, i.e., gr = g, k = 1,2, and the mass flux is proportional to the difference in the Gibbs free
energies, i.e., holds. Similar to the two-component case, see Section , we may enforce a
non-negative entropy production by choosing the parameters €; and g such that the condition

2 \k+1
> (112]; <€k + %(’f? —vp)? — gy — (—1)kzi> (7.30)
k=1

i la—a-ps(~+2)) = ble-a)
T €2 — €1 —P3 o1 02 = 92 — g1

holds for some non-negative b analogously to . Note that the parameters e, and gy in [37, 39]
do not satisfy this condition.

As already assumed in the two-component mixture, we expect that the entropy production of
the three-component mixture should not depend on any velocity. This assumption gives us a
condition for the velocity © and delivers us the same result as above :

5o VT vTi

VS R vn T Ry Bl (7:31)

The remaining parameters €, ox, k = 1,2, can be determined similar to the two-component case. We
omit details here.

Homogeneous mixture. In a homogeneous mixture velocity, pressure and temperature are in
equilibrium. Therefore, as already mentioned in Section [6.2], in the total entropy we also have to
account for the mixture entropy given by

Rp L
Sy=—S5" a2 ) 7.32
M kzlzfﬂ T — <a1+a3> (7.32)

with k3 the Boltzmann constant and my, the mass of a single molecule of component k, see [27], p. 54,
298, 320. Moreover, the chemical potential of the vapor phase is now given by

Kyl «
= gi+ -2 1n< ! ) (7.33)
1

m a1 + as

i.e., it does not coincide with its Gibbs free energy. Note that for vanishing third component, i.e.,
a3 = 0, the chemical potential of the vapor phase reduces to the vapor Gibbs free energy. Again, the
chemical potential of the liquid phase equals its Gibbs free energy, i.e., pa = g2. In chemical equilibrium

31



S. MULLER, M. HANTKE, & P. RICHTER

the chemical potentials of the vapor and the liquid phase equal each other. Accordingly, the mass flux
is now a function of ps — p1, i.e.,
= a(p2 — ) (7.34)
with @ > 0 that again is an agreement with the kinetic relation in [9].
For a homogeneous mixture the entropy production reduces to

1 L ol o
s Tm u(gz g1) Tm Iz <'“2 fa mi n<o¢1+043>>

Analogously to Section [6.2, we determine the entropy production of the mixture entropy Sy,

1 . HbT a1
Sk =——mb 1 . 7.35
=gt () (7.35)
Then the total entropy production is given by
1.
Sh+ S5, = T mO, (pe — p1)-. (7.36)

Thus we conclude with the following theorem.

Theorem 7.4. (Entropy production due to relazation of chemical potentials) For a homogeneous
mizture the total entropy production is non-negative, i.e.,

m
Sﬁs + SSM >0, (7.37)
if the relaxation parameter 0, as well as the equilibrium temperature T are positive.

Finally we would like to remark that the above procedure for a particular three-component mixture
can be extended to a multi-component mixture.

7.4. Remarks on the closure of the interfacial velocity

According to the ansatz (6.18]) for the interfacial velocity we have some freedom in the choice of the
parameters [. One option might be the velocity © determined in Section However, these are
state-dependent, i.e., 8] = B (w), see (7.24) and (7.31]). As a consequence the linear field associated

with the eigenvalue Ar;, ¢ =1,..., K — 1, will not be linearly degenerated, i.e.,
K
oVvy _ 0V _ _ oV
T VwALi = Ko ( P Z + kzl (xkl ap: + Yk Vo, Vin + Zki 8p;;n #0

Since the non-equilibrium model contains non-conservative products in the phasic momentum and
energy equations, see eqns. (12.3)) and , there is no way to cope with these terms in case of
genuinely nonlinear fields. If fields associated to the non-conservative products only occur in linearly
degenerated fields, then Riemann invariants of the associated field can be enforced and, thus, the exact
solution of the Riemann problem exists as has been verified for Baer-Nunziato type models in [I3].
Therefore, it is suggested in [12] and [18] to determine the interfacial velocity such that the associated
field is linearly degenerated. Obviously, at mechanical and thermal equilibrium this field is linearly
degenerate for arbitrary convex combinations provided that 8 # Br(a) because y; = 0,
Tii = Zki = OPr/0cy = 0. At non-equilibrium this no longer holds true. To derive appropriate
closing conditions in this case we extend the ansatz of Saleh [32], eqn. (4.3.40), in case of a two-phase
mixture. For this purpose we introduce another arbitrary but fixed convex combination Zszl c, =1
with constant coefficients ¢, € [0, 1]. Then we define the coefficients fy in as

K
CEOE Pk «
Bri=——, p:i= ZCkOékPk-
k=1

p
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By a straightforward calculation using (4.32)), (4.33)) and (4.34)) we can verify that r ;- Vs, vanishes.
Then the interfacial pressure and velocity are given by

K K K
P] = Zpk(l — Ckakkak/(ﬁT)), V[ = Zciaipivi/z:ckakpk. (7.38)
k=1 i=1 k=1
For special choices of ¢ € [0,1]% these interfacial values coincide with those in the literature in case
of two and three components. For instance, choosing ¢ = e; for some ¢ € {1,..., K} we obtain
K
Pr= > pn Vi=wv. (7.39)
k=1,
For i = 1 these coincide with those given in [I2] and [I8] for K = 2 and K = 3, respectively. In case
of uniform coefficients ¢, = 1/K, k =1,..., K, the interfacial pressure and velocity are given by
K K K
Pr=>"pr(1 = arprTi/(pT)), V1= Zaipivi/zakpk =v. (7.40)
k=1 i=1 k=1

where p and v are the density and the velocity of the mixture, see , respectively.

Obviously, the interfacial states do not satisfy for an arbitrary non-equilibrium state
meaning that and might not hold in general, i.e., the 2nd law of thermodynamics might
be violated. To overcome this contradiction, it is recommended in [19] to use different interfacial veloc-
ities for the convective system and the relaxation terms. This is admissible because the conservation
constraint ([2.13)) is satisfied for any convex combination . Moreover, the source term cannot be
derived from the ensemble averaging procedure, see [§], Chapter 11, but the averaged model has to
be closed by modeling these terms appropriately. Therefore, we are free to choose another velocity in
the chemical relaxation model. Note that in the Drew-Passman model different interfacial velocities

have been introduced in the evolution equations for volume fraction, momentum and energy, see [§],
formulae (11.8), (11.39) and (11.41).

8. Conclusion

In the present work we discussed some properties of a non-equilibrium multi-component model of Baer-
Nunziato type taking into account viscosity and heat conduction. This model is non-conservative due
to exchange terms between different components. However, these terms vanish in the mixture model
derived from the non-equilibrium model by averaging over all components and the resulting equilibrium
model, i.e., the mixture model as well as the equilibrium model are conservative. Furthermore, the
first order model, i.e., neglecting viscosity and heat conduction, could be verified to be hyperbolic, i.e.,
all eigenvalues are real and there exists a family of linearly independent eigenvectors provided that
the non-resonance condition is satisfied and none of the components of the mixture vanishes. This
holds true for both the non-equilibrium and the equilibrium model. In particular, the corresponding
eigenvalues satisfy the sub-characteristic condition.

The main interest was on the derivation of closure conditions for the relaxation model as well as
the interfacial pressures and the interfacial velocity. These were set up by verifying the second law of
thermodynamics. It turned out that the pressures and the interfacial velocity can be chosen such that
their contribution in the entropy law of the mixture vanishes. However, this does not characterize a
unique choice for the interfacial pressures and the interfacial velocity because a physically reasonable
choice of the interfacial velocities could not be derived so far in the general case of K > 2 components.
The entropy production due to mechanical relaxation could be proven to be non-negative. The entropy
production due to thermal and chemical relaxation is non-negative when assuming mechanical and
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thermal equilibrium, respectively. In the non-equilibrium case, sufficient conditions are given that
pose constraints on the relaxation parameters to ensure a non-negative entropy production. Finally,
we obtained constraints for the relaxation terms to ensure Galilean invariance.

We conclude with some remarks on the numerical discretization of the multi-component model.
The main difficulty arises from the non-conservative products in the momentum equation and
the energy equation as well as the evolution equation for the volume fractions . A popular
approach to deal with those products is based upon so-called path-conservative schemes, see [30].
However, it was verified by Abgrall and Karni [I] that path-conservative schemes may not be able,
in general, to compute correctly the solution of non-conservative hyperbolic problems. In case of a
stiffened gas equation of state for the single components one may employ the Saurel-Abgrall trick [33]
that couples the discretization of the evolution equations of the volume fractions with the discretization
of the fluid equations of the components resulting in a non-conservative finite volume discretization.
Numerical results for inviscid computations have been reported in [38] and [39, [17] for two-phase fluids
and three-phase fluids. There are many other publications available in the literature using different
discretizations, see the aforementioned publications and citations therein.

Bibliography

[1] R. Abgrall and S. Karni. A comment on the computation of non-conservative products. J. Com-
put. Phys., 229:2759-2763, 2010.

[2] A. Ambroso, C. Chalons, F. Coquel, T. Galié, E. Godlewski, P.A. Raviart, and N. Seguin. The
drift-flux asymptotic limit of barotropic two-phase two-pressure models. Commun. Math. Sci.,
6(2):521-529, 2008.

[3] N. Andrianov. Analytical and numerical investigation of two-phase flows. PhD thesis, Otto-von-
Guericke University, Magdeburg, 2003.

[4] M.R. Baer and J.W. Nunziato. A two-phase mixture theory of the deflagration-to-detonation
transition (DDT) in reactive granular materials. Int. J. Multiphase Flows, 12:861-889, 1986.

[5] F. Coquel, T. Gallouét, P. Helluy, J.-M. Hérard, O. Hurisse, and N. Seguin. Modelling compressible
multiphase flows. ESAIM: PROCEEDINGS, 40:34-50, 2013.

[6] F. Coquel, J.-M. Hérard, K. Saleh, and N. Seguin. Two properties of two-velocity two-pressure
models for two-phase flows. Communications in Mathematical Sciences, 12(3):593-600, 2014.

[7] D. Drew. Mathematical modeling of two-phase flow. Ann. Rev. Fluid Mech., 15:261-291, 1983.

[8] D.A. Drew and S.L. Passman. Theory of Multicomponent Fluids, volume 135 of Applied Mathe-
matical Sciences. Springer, 1999.

[9] W. Dreyer, F. Duderstadt, M. Hantke, and G. Warnecke. Bubbles in liquids with phase transition.
part 1: On phase change of a single vapor bubble in liquid water. Contin. Mech. Thermodyn.,
24:461-483, 2012.

[10] P. Embid and M. Baer. Mathematical analysis of a two-phase continuum mixture theory. Con-
tin. Mech. Thermodyn., 4:279-312, 1992.

[11] T. Flatten and H. Lund. Relaxation two-phase flow models and the subcharacteristic condition.
Mathematical Models and Methods in Applied Sciences, 21(12):2379-2407, 2011.

34



CLOSURE CONDITIONS FOR NON-EQUILIBRIUM MULTI-COMPONENT MODELS

[12]

[13]

T. Gallouét, J.-M. Hérard, and N. Seguin. Numerical modelling of two-phase flows using the two-
fluid two-pressure approach. Mathematical Models and Methods in Applied Sciences, 14(5):663—
700, 2004.

P. Goatin and P. LeFloch. The Riemann problem for a class of resonant hyperbolic systems of
balance laws. Annales Inst. Henri Poincare, 21(6):881-902, 2004.

E. Godlewski and P.-A. Raviart. Hyperbolic systems of conservation laws, volume 3-4 of
Mathématiques € Applications (Paris). Springer, 1991.

E. Godlewski and P.-A. Raviart. Numerical approximation of hyperbolic systems of conservation
laws. New York, NY: Springer, 1996.

V. Guillemaud. Modélisation et Simulation Numérique des E’qoulements Diphasiques par une Ap-
proche Bifluide a deux Pressions. PhD thesis, Aix Marseille Université, 2007. https://tel.archives-
ouvertes.fr/tel-0169178.

E. Han, M. Hantke, and S. Miiller. Modeling of multi-component flows with phase transition and
application to collapsing bubbles. IGPM Preprint 409, RWTH Aachen University, 2014.

J.-M. Hérard. A three-phase flow model. Mathematical and Computer Modelling, 45:732—755,
2007.

J.-M. Hérard and O. Hurisse. A fractional step method to compute gas-liquid flows. Computers
and Fluids, 55:57-69, 2012.

A. Kapila, R. Menikoff, J. Bdzil, S. Son, and D. Stewart. T'wo-phase modelling of DDT in granular
materials: Reduced equations. Phys. Fluid, 13:3002-3024, 2001.

T. Kato. The cauchy problem for quasi-linear symmetric hyperbolic systems. Arch. Rational Mech.
Anal., 58(3):181-205, 1975.

M.H. Lallemand, A. Chinnayya, and O. Le Metayer. Pressure relaxation procedures for multi-
phase compressible flows. International Journal for Numerical Methods in Fluids, 49(1):1-56,
2005.

I. Liu and R. Sampaio. On objectivity and the principle of material frame-indifference. In A. Car-
dona, P.H. Kohan, R.D. Quinteros, and M.A. Storti, editors, Mecanica Computacional Vol XXXI,
pages 1553-1569, 2012. Salta, Argentina, 13-16 November 2012.

T.-P. Liu. Hyperbolic conservation laws with relaxation. Commun. Math. Phys, 108:153-175,
1987.

Ralph Menikoff and Bradley Plohr. The riemann problem for fluid flow of real materials. Rev.
Mod. Phys., 61:75-130, 1989.

O. Le Métayer, J. Massoni, and R. Saurel. Dynamic relaxation processes in compressible multi-
phase flows. application to evaporation phenomena. ESAIM: PROCEEDINGS, 40:103-123, 2013.

I. Miiller. Thermodynamics. Pitman, London, 1985.

I. Miiller and W. Miiller. Fundamentals of Thermodynamics and Applications. Springer-Verlag,
Berlin, 2009.

35



[29]

[30]

31]

S. MULLER, M. HANTKE, & P. RICHTER

S. Miiller, M. Hantke, and P. Richter. Closure conditions for non-equilibrium multi-component
models. IGPM Preprint 414, RWTH Aachen University, 2014.

C. Parés. Numerical methods for nonconservative hyperbolic systems: A theoretical framework.
SIAM Journal on Numerical Analysis, 44(1):300-321, 2006.

M.G. Rodio and R. Abgrall. An innovative phase transition modeling for reproducing cavita-
tion. part 1: Formulation of a 5-equations model and theoretical generalization to six and seven-
equations models. submitted to International Journal of Heat and Mass Transfer, September 6,
2014, 2014.

K. Saleh. Analyse et Simulation Numérique par Relaxation d’Ecoulements Diphasiques Com-
pressibles. PhD thesis, Université Pierre et Marie Curie, Paris, 2012. https://tel.archives-
ouvertes.fr/tel-00761099.

R. Saurel and R. Abgrall. A multiphase Godunov method for compressible multifluid and multi-
phase flows. J. Comput. Phys., 150(2):425-467, 1999.

R. Saurel, F. Petitpas, and R. Abgrall. Modelling phase transition in metastable liquids: Appli-
cation to cavitation and flashing flows. J. Fluid Mech., 607:313-350, 2008.

H. Séhnholz and Th. Kurz. Thermal effects upon collapse of laser-induced cavitation bubbles.
Proceedings of 8th International Symposium on Cavitation, Singapore, 13-16 August 2012, 2012.
DOI:10.3850/978-981-07-2826-7-137.

G.B. Whitham. Linear and Nonlinear Waves. John Wiley & Sons Inc., 1974.

A. Zein. Numerical methods for multiphase mixture conservation laws with phase transition. PhD
thesis, Otto-von-Guericke University, Magdeburg, 2010.

A. Zein, M. Hantke, and G. Warnecke. Modeling phase transition for compressible two-phase
flows applied to metastable liquids. J. Comput. Phys., 229(8):2964-2998, 2008.

A. Zein, M. Hantke, and G. Warnecke. On the modelling and simulation of a laser-induced cavi-
tation bubble. Int. J. Num. Meth. Fluids., 73(2):172-203, 2013.

36



	IGPM414-Deckblatt
	IGPM414R-27042022
	1. Introduction
	2. Mathematical model
	2.1. Non-equilibrium model
	2.2. Mixture model
	2.3. Equilibrium model

	3. Primitive variables
	3.1. Non-equilibrium model
	3.2. Mixture model
	3.3. Equilibrium model

	4. Mathematical properties: hyperbolicity and sub-characteristic condition
	4.1. Non-equilibrium model
	4.2. Equilibrium model
	4.3. Symmetrization

	5. Frame invariance, objectivity and Galilean transformation
	6. Thermodynamical properties: 2nd law of thermodynamics
	6.1. Entropy
	6.2. Entropy equation
	6.3. Entropy production
	6.3.1. Entropy production due to viscosity and heat conduction
	6.3.2. Interfacial velocity and pressure
	6.3.3. Entropy production due to relaxation

	6.4. Thermodynamic stability
	6.5. Remarks on entropy-entropy flux pairs

	7. Relaxation model
	7.1. Mechanical relaxation
	7.2. Thermal relaxation
	7.3. Chemical potential relaxation
	7.3.1. Chemical potential relaxation for two-component mixtures 
	7.3.2. Chemical potential relaxation for three-component mixtures 

	7.4. Remarks on the closure of the interfacial velocity

	8. Conclusion
	Bibliography


