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Abstract

The approximation of tensors is important for the efficient numerical treatment of high dimensional
problems, but it remains an extremely challenging task. One of the most popular approach to tensor approx-
imation is the alternating least squares method. In our study, the convergence of the alternating least squares
algorithm is considered. The analysis is done for arbitrary tensor format representations and based on the
multiliearity of the tensor format. In tensor format representation techniques, tensors are approximated by
multilinear combinations of objects lower dimensionality. The resulting reduction of dimensionality not
only reduces the amount of required storage but also the computational effort.

Keywords: tensor format, tensor representation, tensor network, alternating least squares optimisation, or-
thogonal projection method.

MSC: 15A69, 49M20, 65K05, 68W25, 90C26.

1 Introduction

During the last years, tensor format representation techniques were successfully applied to the solution of
high-dimensional problems like stochastic and parametric partial differential equations [6, 11, 14, 20, 24, 26,
27]. With standard techniques it is impossible to store all entries of the discretised high-dimensional objects
explicitly. The reason is that the computational complexity and the storage cost are growing exponentially
with the number of dimensions. Besides of the storage one should also solve this high-dimensional problems
in a reasonable (e.g. linear) time and obtain a solution in some compressed (low-rank/sparse) tensor formats.
Among other prominent problems, the efficient solving of linear systems is one of the most important tasks in
scientific computing.
We consider a minimisation problem on the tensor space V = ®l‘f:1 R™ equipped with the Euclidean inner
product (-, -). The objective function f : V — R of the optimisation task is quadratic
1 |1
fv) = W 9 (Av,v) — (b, v) |, (1)

where A € R™1maXm1Md i a positive definite matrix (4 > 0, AT = A)and b € V. A tensor u € V is
represented in a tensor format. A tensor format U : P, x - - - X P;, — V is a multilinear map from the cartesian
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product of parameter spaces P, ..., Py, into the tensor space V. A L-tuple of vectors (p1,...,pr) € P :=

Py x -+ x Py is called a representation system of u if u = U(p1, ..., pr). The precise definition of tensor for-
mat representations is given in Section 2. The solution A~1b = argmin, ¢y, f(v) is approximated by elements
from the range set of the tensor format U, i.e. we are looking for a representation system (p},...,p}) € P
such that for

F = foU:P—->V—>R )

1 |1
F(p17~--7pL) - W 5<AU(p17"'7pL)7U(p17"'7pL>>_<b7U(p17"‘7pL)>
we have
Fp1,....pp) = inf  F(pi,...,pr).
(p1,--,pL)EP

The alternating least squares (ALS) algorithm [2, 3, 10, 18, 21, 29, 31] is iteratively defined. Suppose that the

k-th iterate p* = (p¥,...,p}) and the first ;1 — 1 components P pﬁﬂ of the (k + 1)-th iterate p**1

have been determined. The basic step of the ALS algorithm is to compute the minimum norm solution

k+1 . . k+1 k+1 k k
Py = argmquePHF(p1 s D Qs Py - - ,PL)-
k+1

Thus, in order to obtain p™™ from Qk, we have to solve successively L ordinary least squares problems.

The ALS algorithm is a nonlinear Gauss—Seidel method. The local convergence of the nonlinear Gauss—Seidel
method to a stationary point p* € P follows from the convergence of the linear Gauss—Seidel method applied
to the Hessian F”/(p*) at the limit point p*. If the linear Gauss—Seidel method converges R-linear then there
exists a neighbourhood B(p*) of p* such that for every initial guess p° € B(p*) the nonlinear Gauss—Seidel
method converges R-linear with the same rate as the linear Gauss—Seidel method. We refer the reader to
Ortega and Rheinboldt for a description of nonlinear Gauss—Seidel method [28, Section 7.4] and convergence
analysis [28, Thm. 10.3.5, Thm. 10.3.4, and Thm. 10.1.3]. A representation system of a represented tensor is
not unique, since the tensor representation U is multilinear. Consequently, the matrix F"(p*) is not positive
definite. Therefore, convergence of the linear Gauss—Seidel method is in general not ensured. However, if the
Hessian matrix at p* is positive semidefinite then the linear Gauss—Seidel method still converges for sequences
orthogonal to the kernel of F”/(p*), see e.g. [19, 23]. Under useful assumptions on the null space of F”'(p*),
Uschmajew et al. [33, 36] showed local convergence of the ALS method. These assumptions are related to the
nonuniqueness of a representation system and meaningful in the context of a nonlinear Gauss Seidel method.
However, for tensor format representations the assumptions are not true in general, see the counterexample of
Mohlenkamp [25, Section 2.5] and discussion in [36, Section 3.4].

The current analysis is not based on the mathematical techniques developed for the nonlinear Gauss—Seidel
method, but on the multilinearity of the tensor representation U. This fact is in contrast to previous works. The
present article is partially related to the study by Mohlenkamp [25]. For example, the statement of Lemma
4.14 is already described for the canonical tensor format.

Section 2 contains a unified mathematical description of tensor formats. The relation between an orthogonal
projection method and the ALS algorithm is explained in Section 3. The convergence of the ALS method is
analysed in Section 4, where we consider global convergence. Further, the rate of convergence is described
in detail and explicit examples for all kind of convergent rates are given. The ALS method can converge for
all tensor formats of practical interest sublinearly, Q-linearly, and even Q-superlinearly'. We illustrate our
theoretical results on numerical examples in Section 5.

"'We refer the reader to [28] for details concerning convergence speed.



2 Unified Description of Tensor Format Representations

A tensor format representation for tensors in V is described by a parameter space P = Xﬁzl P, and a
multilinear map U : P — V from the parameter space into the tensor space. For the numerical treatment of
high dimensional problems by means of tensor formats it is essential to distinguish between a tensor v € V
and a representation system p € P of u, where u = U(p). The data size of a representation system is
often proportional to d. Thanks to the multilinearity of U, the numerical cost of standard operations like
matrix vector multiplication, addition, and computation of scalar products is also proportional to d, see e.g.
(10, 15, 17, 30, 32].

Notation 2.1 (IN,,). The set IN,, of natural numbers smaller than n € N is denoted by

N,:={jeN:1<j<n}

Definition 2.2 (Parameter Space, Tensor Format Representation, Representation System). Let L > d, u € INy,
and P, a finite dimensional vector spaces equipped with an inner product (:, -) P The parameter space P is
the following cartesian product

L
P:= X P,. 3)
p=1
A multilinear map U from the parameter space P into the tensor space V is called a tensor format representa-
tion

L d
U: X P, = QR™. (4)
p=1 v=1
We say u € V is represented in the tensor format representation U if u € rangeU. A tuple (p1,...,pr) € Pis
called a representation system of v if u = U(p1, ..., pL)-

Remark 2.3. Due to the multilinearity of U, a representation system of a given tensor u € range(U) is not
uniquely determined.

Example 2.4. For the canonical tensor format representation with r-terms we have L = d and P,, = R™#*".
The canonical tensor format representation with r-terms is the following multilinear map

d
Ucp: X R™>" — VY
pn=1
r d
(pla'”vpd) HUCF(pl)"')pd) = Z@pu,ja

j=1 p=1

where p,, j denotes the j-th column of the matrix p,, € R"**". For recent algorithms in the canonical tensor
format we referto [7, 8, 9, 11, 12].

The tensor train (TT) format representation discussed in [30] is for d = 3 and representation ranks 1,73 € N
defined by the multilinear map

UTT . ]le XTr1 X ]ng X711 XTre % Rm3 XT9 N ]le ® ng ® Rme,
LT )
(p1,p2,p3) = Urr(p1,p2,p3) :== ZZPU @ P2,ij D P3,5-
=1 j=1



3 Orthogonal Projection Method and Alternating Least Squares Algo-
rithm

It is shown in the following that the ALS algorithm is an orthogonal projection method on subspaces of V =
®§:1 RR™~. For a better understanding, we briefly repeat the description of projection methods, see e.g. [4, 34]
for a detailed description.

An orthogonal projection method for solving the linear system Av = b is defined by means of a sequence
(Kk)ren of subspaces of V and the construction of a sequence (vy)rew C V such that

Vi+1 € K, and T+l = b— Avk_H 1 K.

A prototype of projection method is explained in Algorithm 1.

Algorithm 1 Prototype Projection Method
1: while Stop Condition do

2 Compute an orthonormal basis Vj, = [u’f, .. ,ufnk} of Ky,

3 ri = b — Avy

4: Vg1 = Uk + Vk(VkTAVk)_IVkTTk

5

6:

k—k+1
end while

Notation 3.1 (L(A, B)). Let A, B be two arbitrary vector spaces. The vector space of linear maps from A to
B is denoted by
L(A,B):={¢p:A— B:pislinear} .

In the following, let U : P — V be a tensor format representation, see Definition 2.2. We need to
define subspaces of V in order to show that the ALS algorithm is an orthogonal projection method.
The multilinearity of U and the special form of the ALS micro-step are important for the definition of
these subspaces. Let p € IN;, and v € V be a tensor represented in the tensor format U, i.e. there is
(P1s- s Pu—1:Pps Pt ---,pr) € Psuchthatv = U(p1,...,Pu—1,Pu, Puti, - - -, PrL). Since the tensor for-
mat representation U is multilinear we can define a linear map W, (p1,...,Pu—1,Pu+1,---,P1) € L(Py, V)
such that v = W, (p1,...,Pu—1,Pu+1s---,PL)Pu- The map W, depends multilinearly on the parameter
Dy« Pu—1,Pu+1,---,pr. The linear subspace range (W, (p1,...,Pu—1,Pu+1,---,01)) S V is of great
importance for ALS method. For the rest of the article, we identify linear maps with its canonical matrix
representation.

Definition 3.2. Let ;i € INy. We write for a given representation systemp = (p1,...,pr) € P

]2[“] = (pla <oy Pu—1,Pu+1, - - 'pL)

and define
Woptn : P =V 5)
ﬁu = WM,B[N]@L = U(pla cee >pu71715,u7pu+17 .- -pL)'

We simply write W, for Wu plils L€ W, = 1 if it is clear from the context which representation system

, pl#
is considered.
Proposition 3.3. Let 1 € N, and p = (p1,...,pr) € P. The following holds:

(i) Wu,p[“] is a linear map and range (W”’p[”]> is a linear subspace of V.

4



(ii) We have rank <W%p[u]> < dim(P,).

(iii) range (WMBM) C range(U), i.e. for all v € range (ng[u]) there exist p,, € P, such that

v = U(pl» s 7p,LL715p~,uap,u+1> v 7pL)-

(iv) Set H, := WZ:P[“] W p € Rdim Buxdim By gng et H,, = U'MDMUE be the diagonalisation of the
square matrix Hy,, where D, = diag(0;,)i=1,...dimp, With 61,4 > 02, > -+ > Odim P, u- Define

further DNH = diag(Si,u)i:L...,rank(Wu ) Then the columns of

o~ 1
Vi =W, Up Dy (6)

build an orthonormal basis of range (W M) and

1

1 . .1
2pu> = U(ph <oy Pu—1, UMDN 2p/mpu+17 s 7pL)' (7)

Vﬂpu = WM’B[M] <0MDN

(v) The map

WH : P1 X oo X P#,1 X P,u+1--'aPL — L(PH,V)
ﬁu = Wu}g[#]

is multilinear.

Proof. Note that W, . is linear, since the tensor format U is multilinear. The rest of the assertions follows
after short calculations, where the last assertion (v) is a direct consequence of the multilinearity of U. |

Remark 3.4. In chemistry the definition of V), in Proposition 3.3 (iv) is often called Loéwdin transformation,
see [35, Section 3.4.5]. Nevertheless, the construction can be found in several proofs for the existence of the
singular value decomposition, see e.g. [16, Lemma 2.19].

Definition 3.5. Let n € Ny, p = (p1,...,p1) € P, and F' : P — R as defined in Eq. (2). We define

FH,B[“] : P# — R 3)
ﬁMHFMQ[M](ﬁM) = F(pla‘"7pu—17]3}upu+1>"'7pL)'

We write for convenience F), := F,, . if it is clear from the context which representation system is considered.
Lemma 3.6. Let p € N and p = (p1,...,pL) € P. We have

(i) Fi(gu) = =W, (b— AWpqp),
(ii) (VMTAV#)*lVMTb = argmionGPHFu(q#),
where V,, is defined in Eq. (6).
Proof. (i): Let g, € P,. We have f(W,q,) = F,.(q,) for all € INf, and
11 11, . .
Fu(qu) = W B (AWnau, Wugu) — (b, Wuau) | = W 9 <Wy AWy, qu> - <Wu b, qu>



Since W' AW, is symmetric, we have F},(g,) = W1 AW,q, — WIb=-WTI(b— AW,q,).
(ii): For V,,q,, € range(WV,,) we can write

1 1
Sf(Vaau) = W B <VEAquuvqu> - <VMTb’ qu> :

Since V), is a basis of range(1V,,), we have that V#T AV, is positive definite and therefore

P, = argminquequM(qu) & V#TAVMpZ — Vfb =0&p, = (VMTAVM)_IV#Tb.

|
Theorem 3.7. Let i € Nz and p = (p1,...,pr) € P. We have
p, =argming p F.(qu) < b—AV,p, L rangeW,,
where V,, is from Eq. (6).
Proof. Follows from Lemma 3.6 and orthogonal projection theorem. |

Algorithm 2 Alternating Least Squares (ALS) Algorithm

1: Set k := 1 and choose an initial guess p, = (pi,...,pt) € P, p, o =p;-and vy :=U(p,).
2: while Stop Condition do ’
3 Vk,0 1= Vg
4 forl1 <u<Ldo
5 Compute an orthonormal basis V}, , of the range space of Wy, , := W#’PL“];L’ see e.g. Eq. (5) and (6).
6

P = Oy Dy 2 (Vi AVi,) Dy 20T, WGk ke )
G pi=
Py = @it p, )
Thy = b—Avg,
= Vkptl = UIW+Vk#(VkZ,FMAVk,M)_lVkﬁﬂ"k#ZVk,p(VkTNAVk,u)_lvaub:U(Bkwrl)

. .1
where Uy, , D, Z is from Eq. (6)
7:  end for
8 Py TPy
9: k—k+1
10: end while

and vg41 :=Ulp, )

Remark 3.8. From the definition of pﬁ“, it follows directly that pﬁ*l 1 kernel(W), 1) and pﬁ“ is the vector
with smallest norm that fulfils the normal equation Gy, , pﬁ“ = W,? ub‘ This is very important for the con-
vergence analysis of the ALS method and we like to point out that our results are based on this condition. We

must give special attention in a correct implementation of an ALS micro-step in order to fulfil this essential
property.



)/ Range (Wy,) CV

Figure 1: Graphical illustration of an ALS micro- step for the case when A = id. At the current iteration step,
we define the linear map W, , € L(P,,V) by means of v, and the multilinearity of U, cf. Definition 3.2.
The successor vy, 11 is then the best approximation of b on the subspace range (W, ,) C V.

4 Convergence Analysis

We consider global convergence of the ALS method. The convergence analysis for an arbitrary tensor format
representation U : Xﬁzl P, — V is a quite challenging task. The objective function F' from Eq. (2) is
highly nonlinear. Even the existence of a minimum is in general not ensured, see [5] and [22]. We need
further assumptions on the sequence from the ALS method. In order to justify our assumptions, let us study an
example from Lim and de Silva [5] where it is shown that the tensor

b=rRrRQu+ryYRr+yRrx

with tensor rank 3 has no best tensor rank 2 approximation. Lim and de Silva explained this by constructing a
sequence (v )gen of rank 2 tensors with

1 1
=(z+-y|Q(z+-y|R(kr+y) —r®2®kr ——b.
k k k—o0

The linear map W ;. from Definition 3.2 and the first component vector pq j of the parameter system have the
following form:



1 1
Wir = <x+ky>®<x+ky>,m®x ® Idg~,

column vectors of the matrix
1 0
Py = ( 0 ) @ (kx +y) + ( . ) ® k.

It is easy to verify that the equation W7, kp’f = v, holds. Furthermore, we have

lim Hp’f” = oo,
k—o0

Wi= lim Wy, = ($®x TR T )®Ian.
k—oo

Obviously, the rank of W is equal to n but rank(W; ;) = 2n for all K € IN. This example shows already
that we need assumptions on the boundedness of the parameter system and on the dimension of the subspace
span(W, 1).

Definition 4.1 (Critical Points). The set 91 of critical points is defined by

M:={veV:IpeP:v=U(p) AF(p)=0}. (10)

In our context, critical points are tensors that can be represented in our tensor format U and there exists a
parameter system p such that (foU)/(p) = 0,1i.e. p is a stationary point of F' = foU. A representation system
of atensor v = U (p) is never uniquely defined since the tensor format is a multilinear map. The following
remark shows that the non uniqueness of a parameter system has even more subtle effects, in particular when
the parameter system of v = U|(p) is also a stationary point of F'.

Remark 4.2. In general, v € M does not imply F’ (p) = 0 for any parameter system p of v, i.e. there exist a
tensor format U and two different p, p € P such that U(p) = U(p) and 0 = F'(p) # F'(p).

Proof. Let

U:R2xR?> — R’®R?®~R*
T1Yy1 + T2y1

5 T1Y1 + T2y1
(z,y) — Ulz,y):= yx Y
1Y2

T2Y2

Obviously, U is a bilinear map. Further, let b = , A = Id in the definition of F' from Eq. (2), and e

—_ O = =

and es the canonical vectors in R?, i.e

(1) ()

Then the following holds



a) Uley,er) = Ules,ey),

b) F'(e1,e1) =0,

c) F'(ez,e1) #0.
Elementary calculations result in

U(€1,€1) = 0(62,61) =

SO = =

The definition of F' from Eq. (2) gives

1.1
F(z,y) = §(§(2(y1(901 +29))% + (2192)” + (222)%) — 2(21 + 22)Y1 — Tay2).
Then
1 2 1 2 1 2
F(z,e1) = g((fEl +22)" — 2(z1 + 22)), Fle1,y) = g(?h 5% - 2y1)
1 1
Flez,y) = 31+ 595 =201 — o).
and
) 2(z1+w2—1) ) 2(y1—1) , 2(y1—1)
Fx(xael) - 2(:B1+3372—1) ’ Fy(el’y> - ( i ) ’ Fy(627y) - 73/23_1 '
-3 3 3
0 0
, ) 0 ) 0
One verifies that F'(e1,e1) = 0 and F'(eq,€1) = 0 u
0 -

For a convenient understanding, let us briefly repeat the notations from the ALS method, see Algorithm 2. Let
we N U{0}, k€ N, and

k k k k
Py = (p1+1,...,pufi,pu,...pL) e P, (1)
k k
Vg = U(Bk,#) = U(plﬂ, ... ,p#ﬂ,pﬁ, .. plz) ey

be the elements of the sequences (Qk u> ken and (vg,)ken from the ALS algorithm. Note that P, =Py =
(pk,...,p%) and vy = U(p,)-
Definition 4.3 (A(vg)). The set of accumulation points of (vi)kew is denoted by A(vy,), i.e.

A(vg) :=={v € V : v is an accumulation point of (Vi )xenN} - (12)

We demonstrate in Theorem 4.13 that every accumulation point of (v )xe is a critical point, i.e. A(vg) C IN.
This is an existence statement on the parameter space P. Lemma 4.5 shows us a candidate for such a parameter
system.



Remark 4.4. Obviously, if the sequence of parameter (Qk) kel Is bounded, then the set of accumulation points
of (gk) kel is not empty. Consequently, the set A(vy) is not empty, since the tensor format U is a continuous
map.

Lemma 4.5. Let the sequence (Bk)kelN from the ALS method be bounded and define for J C N the following
set of accumulation points:

L—1
Ay = U {Q € P : p is an accumulation point of (p, H)ke]} .
u=0 ’

There exists p* = (p3, . ..,p;) € Ay such that

* _ .
72l = oo pl]-

Proof. Since the sequence (ij)kelN is bounded, it follows from the definition in Eq. (11) that (gk u)kG]N is
also bounded. Therefore the set { p € P : pis an accumulation point of (Qk u>k€ J} is not empty and compact.

Hence A is a compact and non-empty set. |

We are now ready to establish our main assumptions on the sequence from the ALS method.
Assumption 4.6. During the article, we say that (Bk> keI satisfies assumption Al or assumption A2 if the
following holds true:

(A1:) The sequence (Bk)kem is bounded.
(A2:) The sequence (p, ke is bounded and for J C IN we have

VpeNp:3kge J:VeeJ: k>ky = rank(Wy,)= rank(W;), (13)
where p* = (p7,...,p}) € Ay is a accumulation point form Lemma 4.5 and
k k
Wiy = Wu(p1+1a . .puﬂ,pﬁﬂ, .. ,pf),
W: = WH(I)){?'“p:fl?p:,«}lv'-'7p2)'

Remark 4.7. In the proof of Theorem 4.13, assumption A2 ensures that the ALS method depends continuously

on the parameter system Prw ie. GlJcr,qu:ub m Gqubeor a convergent subsequence (Qk#)kg.

Using the notations and definitions from Section 3, we define further
Ay = Vi AVip, (14)

for k€ INand 4 € INy,.

For the ALS method there is an explicit formula for the decay of the values between f (v, ,+1) and f(vg, ).
The relation between the function values from Eq. (15) is crucial for the convergence analysis of the ALS
method.

Lemma4.8. Let k € IN, u € IN;. We have

Vi JATIVT pp
1 k. ko ke ks Tk,
F Wk, p1) = fvrg) = —2< Tk > (15)

10



Proof. From Algorithm 2, we have that vy, ;11 = Vi, + Ag 4, Wwhere Ay, = Vk,#A,;LVkTMrk#. Elementary
calculations give

1
f(Ukpt1) = e Ak + D), Ok + Ak ) — 0,k + Ag )]
- AR )+ S (AN LA
— f(vk“u) + <7"k,u k,u> ||b||22< k, k,u>
s (VA Vi b o) + 3 (AVig ALV i Vi A LV i)
= ,Uk’,
' [o1P
f( ) + - <Vk’/’LAk:LVkTMTk’“’ Tk7“> + % <Vk’l‘Ak_z7Lij:uTk,ﬂ7 Tk,/»l>
prm /l)k,'7
' oI
1 —1y,T
= ) = e (ViAo p Vi i)
|
Corollary 4.9. (f(vr))kew C R is a descending sequence and there exists o € R such that f(vy) PR

Proof. Letk € IN and p € IN;,. From Lemma 4.8 it follows that

L

foria) = flok) = floer) = Floko) =Y F k) = F(Vrp1)

p=1

L—-1
1 11T T
= —aE (AL VT, s Vil i) <0,
©n=0

since the matrices A, ! are positive definite. This shows that (f(vy))ken C R is a descending sequence. The

sequence of function values (f(vg))ken is bounded from below, since the matrix A in the definition of f is

positive definite. Therefore, there exists an « € R such that f(vy) k—) o. |
— 00

Lemma 4.10. Let (vi, ) ken,ue, C V be the sequence from Algorithm 2. We have

_ 1 _ 1 9
f(vk,[t) - 2Hb||2 <vk,/ub> - 2||b||2 HU'I%N”A (16)

forallk € N, u € N, where (v,w) 4 :== (Av,w) and ||[v|| 4 := \/{v,v) 4.
Proof. Letk € IN and u € IN;,. We have
<Uk,ka,u>,4 = <AVk7u—1 (Vk:,ru—lAVk,u—l)_l Vk:T,u—lb’ Viu—1 (VkT,u—lAVkvu—l)_l Vkﬁ_1b>
= <Vk1,1u71b7 (Vk:,rpflAVk,ufl)il Vkipuf1b> = <Uk,uv b) .

The rest follows from the definition of f, see Eq. (1). |

Corollary 4.11. Let (vi, ,)ken,uen, C V be the sequence of represented tensors from the ALS algorithm. The
following holds:

11



(a) f(vkput1) < (Ulw)

(b) vk urall% >

(c) <vk,,u,+l’ >Z <Uk,u,a >

Proof. Follows from Lemma 4.9 and Lemma 4.10. |
Lemma 4.12. Let the sequence (Bk)ke]N C P fulfil the assumption Al. Then we have

ax ||F.(p" ) — 0
ogr,flgf—lH “(p“) k—o0

Proof. According to Lemma 3.6 and Lemma 4.8, we have

_ T T
f(vk) - f(vk’"rl) - Z f(vk,,u—l) - f(vk' 12 2”[)”2 Z < Vk}ﬂ’rk,ua kaurk:,u>
_\T 1 T
- E X Z < AL R ) W”>
_1 T 1 T
3 ke (77 A3 k
- 2||b\|2 Z < <U’“’“ ) F) (U’“’“D’“f) F’/”(p“)>

L-1
1 —1 7 n—177T k 2
SO 2 i (A A (0D TL) | Fate)|

v

AV

**ﬁwzhﬂw sot) e

maX

|
where Vi, = Wy Uk, D, /f is from Eq. (6). In the last estimate, we have used that the Ritz values are

bounded by the smallest and largest eigenvalue of A, i.e Apin(A) < Amin(Akp) < Amax(Akp) < Amax(A).
Since the tensor format U is continues and the sequence (Bk)kelN is bounded, it follows from the theorem of

Gershgorin and Cauchy-Schwarz inequality that there is v > 0 such that Apax (W,;f NW/a u) < 7, recall that

W,ZMW;W = UkMDkMﬁkT#, see Proposition 3.3. Therefore, we have

1 1

> o 2 1D > g3y o [ =0
p ey D) Lt Bty e vcve I et A By

f(ok) — f(vk41)

Further, it follows from Corollary 4.9 that

L — T /(. k
0= Jim /(o) = Flown) = Jim e [|[Foo)]

Theorem 4.13. Let (vi) e be the sequence of represented tensors and suppose that the sequence of parame-
ter (Qk)ke]N C P from the ALS method fulfils assumption A2. Every accumulation point of (k) ke is a critical
point, i.e. A(vy) C 9. Further, we have

dist (g, M) — 0.

k—o0

12



Proof. Letv € A(vy) be an accumulation point and (vg)rescv C U(P) a subsequence in the range set of the
tensor format U with vy, ﬁ 0. Then there exists (pg)rescn C P with v, = U(py) for all k£ € J. Further,
- C

o0
let 1 € INy, and define for all &k € J

k+1 k+1 k
gk/‘« (ler 7"'7pp,+ app—i-l? "apL) GP'

Let u* € Nz, and (gg, i+ )kesrcg With g - k—> p* = argmax,c 4, |[p|| € P, see Lemma 4.5. Without loss
C —o P p p

of generality, let us assume that ©* = 1. This assumption makes the the notations not more complicated then

necessary. Since (g, )res is bounded, there exists Q[“] € P and a corresponding subsequence (gk,;) kEJ,CJ

such that

P =9y = (pl,pz,...,pL)?)B = (p1,p2,---,PL);
gy = ML k) mgm = (P1,p2;---,PL);
9y = (ph ,...,pﬁ"‘l,pﬁﬂ,...,p%)mlj[u]:(ﬁla---yﬁwp#-i-l?""pL)’
9 = (1 RN mﬂm = (P1,---,Pr)-

From Lemma 4.15 and U(p, ) —— v it follows that
= k—o0

v = limU(g, )= UpH) fa. peNg, (17)

k—o0

where k£ € J. Furthermore, we have

To show this, assume that
M = {MEINL:B[“]#Q*}#@

and define v := min M € IN;,. From assumption A2 it follows
it =G Wb —— GIWIb =,
’ k—o0

Thus we have in particular that p, | kernelWW,,, see the Definition of G} and Proposition 3.3. Since U (p*) =
U(g[”]) & W,p, = W, p,, it follows further that &, := p, — p,, € kernelW,, and ||p,||* = ||5,/|* + ||6. %
Lemma 3.6 and Lemma 4.12 show that

Wi V(AWk o —b) —— 0.

k—o0

From the definition of v, we have then
WL (AW, p, —b) =0,

note that for v = min M

Q (plerl? s 7p§+lap,;+1> s 7pL) m IZ[ vl = (p17 s 7puflaﬁl/7pl/+1> s 7pL)
holds. Since p, = Gy W,'b and p* = argmin,,c 4 ||p||, it follows [|p, || = [[p.||. Hence, we have p, = p,,

because ||p, |2 = ||, |2 + ||6,]|? implies then &, = 0. But §, = p, contradicts the definition of v = min M.
Consequently, we have



From Eq. (17) and the definition of pﬁ“ it follows then
v = U(Q*)

and

I / _ /[ %
0= kli)ngo F#(gk’u) = F,(p*) forall p e Ny,

ie. A(vg) € 9. Now, let 6, = inf,con ||vr, — v|| and suppose that there exists a subsequence (J)rescv With
limg 00 0 = 0 € Ry. Then (vg)res has a convergent subsequence. Since this subsequence must have its
limit point in 9, it follows that § = 0. Which proves dist (vg, 27) k—> 0 by contradiction.

— 00

|
Lemma 4.14. Let (vg)rew C V be the sequence of represented tensors from the ALS method. It holds
||Uk+1 — UkHA — 0.
k—o00
Proof. Let k € IN. We have
L 2 L 2 L—1
e = vl = |[D_ vk = vkp1|| < | D vk = vkpilla | S LY lokgurn — vnlls (18)
pu=1 A p=1 u=0
Since vg 41 — Vg = Vk,uAI;LVk:,Fka it follows further
2
2 —1y,T —1y,T —1y,T
”Uk,wrl - Uk,uHA = HVk,uAk,,ljvk,urk,uHA = <AVk7uAk,LVk,uTk,u’ Vk,uAk,LVk,urk,u>
—11,T T —1y,T -1y,T T
= (AL Vi s VI AV AL VE ) = (AL LV s Vi)
—1y,T
= <Vk,uAk,qu,u7"k,m Tk,u> .
Combining this with Eq. (15) and (18) gives
L—1
losr —veld < 2LIBI2 S (F(ohp) = Fpen)) = 2LIBIE (F(or) — F(vps1) -
n=0
From Corollary 4.9 it follows (f(vk) — f(vk)) = 0. Therefore, we have
—00
[vk+1 — vklla —— 0.
k—o00
|

Lemma 4.15. Let (vg)rew C V be the sequence of tensors from the ALS method and v € V with limy_, o, v, =
0. Further, let i € Ny, and (vi, ,)kew C V as defined in Algorithm 2. We have

lim vy, =v forall p € Np.
k—o00

Proof. Define vy o := vy, (like in Algorithmus 2) and assume that

M = {uEINL: lim U;W;éﬂ};é@.
k—o0

14



Furthermore, set ;4* := min M € INp,.
From Lemma 4.14 it follows
vk, — lla < vk — vpe—16lla + |0k, pr—1 — 04 —— 0.
k—o0

But this contradicts the definition of p*. |

In the following, the dimension of the tensor space V = ®Z=1 R™# is denoted by N € IN, ie. N =
szl m,,. The statement of Lemma 4.20 delivers an explicit recursion formula for the tangent of the angle
between iteration points and an arbitrary tensor. This result is important for the rate of convergence of the ALS

algorithm.
Lemma 4.16. Let pn,v € Ny, v # p, andp = (p1,...,Pv,---,Pu,---,pr) € P. There exists a multilinear
map My, : Py X -+ x Py_1 X Pyyq X - X Pﬂ,l X Pyy1 X - X Pp xV — L(P,, P,) such that

Wg(pla -8y Pu—15Pu+1s- - - 7pL)b - (pl» « s Pv—1,Pv+1y- s Pu—1,Pu+1y--- apL»b)gV (19)

forall g, € P,. Moreover, we have

M,u,l/(pb -e s Pv—1,Pv+1y- - - Pu—1,Pu+1- - - ’p[nb) = le/l:“(pl’ -e s Pv—1,Pv+1y- - -y Pu—1,Pu+1,- - - ’p[nb)'

Proof. Follows form Proposition 3.3 (v) and definition of WMT(pl, s 8use s Du—1,Put1s - - - PL)b. [ |

Corollary 4.17. Let 1 € Nz, k > 2, and p, = (it ... ,pﬁﬂ,pl’j,pl’jﬂ, ..., p%) form Algorithm 2. There
exists a multilinear map M, : P; X --- X P,_9 x P11 x --- x P, xV — L(P,_1, P,) such that

P = G (p’f“,---,pﬁ+§7pu+1a~-vP’va)pﬁﬂ’ 20

k41 k+1 kot 1

Pu+1 = Gk p— 1M ( * 7--'7pu+27pu+1w--apLab)pl“ @b

E+1 k 1 k+1 k k+1 kot i ;
i.e. p;ﬁ = GJr u(]?1+ ,...,pu+27pu+17~--,PL7b) G;:ru 1 (p1+ 7""pu+2’pﬂ+1""’pL’b)p’”

where G:’ 1 and G:’ , are defined in Algorithm 2.
Proof. Follows form Eq. (9) and Lemma 4.16. |

The following example shows a concrete realisation of the matrix M), for the tensor rank-one approximation
problem.
Example 4.18. The approximation of b € V by a rank one tensor is considered. Let vy, = plf ® pé R...® plfl

and . J
d
b—Z > Bliria) @) by
pn=1

i1=1 ig=1

i.e. the tensor b is given in the Tucker decomposition. From Eq. (9) it follows

plf+1 = 2 Z Z ﬁ(zl, i H < H:iu7p[]i> bl,il

HU 2“ i1=1 ig=1 n=2
t t
B t1 d d—1 u,zwpu> .
- 9 Z Z Li Z Z 511, id) H p kH d,i,i Py
H H ||pd|| i1=144=1 ig=1 ig_1=1
1

- BF,kBT pk,
k[ Iph ) —

Mi(p3,.-spg_1)=

15



where B, = (b.“:iu 1<, < tu) e Rt BEBH = Idy,., and the entries of the matrix T'y j, € R >ta
are defined by

tg—1 d—1 k
b[ D . .
le,zd—E Y Bliria) HM (1<i <ty 1<ig<ty).
= 1 g
2= ig—1= K=

Note that I'y i, is a diagonal matrix if the coefficient tensor 3 € ®Z:1 R+ is super- diagonal, see the example
in [13]. For pf} it follows further

d—1
1
i = =T Z Zﬂzl, o LT (b P ) b = g i Bal 11 BT
H Ry p=i IPF]™ TL=s [l
and finally
1
pitt = I . 231F1,kF1T,kBlTplf'
uzlupuH

Lemma 4.19. Let 1 € INp, (]jk #)ke]N C P, and (vy)cy CV be the sequences from Algorithm 2. Further-
more, define

._ k+1 k+1 k
Mkz,u T M (pl 7"'app, 27pu+15"'7pLab)7
Hk,ufl = Wk”u71Wk,,u717
+ + T
Ny WG My Hyg Wi s

where we have used the notations from Algorithm 2. A micro-step of the ALS method is described by the
following recursion formula:
Vkut1 = Ng ok  forallk > 2, (22)

1 1 k+1 1
U(plf+ 7'"7pﬁ+17pﬁ+1apﬁ+17"'aplz) :Nk,uU(p1+ 7'-'apﬁ+1apuvpu+17"'7plz)'

Proof. According to Corollary 4.17, Remark 3.8, and definition of vy, ;. 1, we have that
Ny = Wi MG+ My H, k u 1Wk =1 W p— lpu 1 =Wy qu uMk MHlj,u 1 Hig - 1pu 1
= Wi MG ,upu 1 = Wk,qu,uWk#b = Wk,upu = Vk,u+1-

Lemma 4.20. Let (Ny )
RNxN-1

keN, peNy, be the sequence of matrices from Lemma 4.19, v € V \ {0}, and R €
an orthogonal matrix with span(v)* = range(R), i.e. the column vectors of R form an orthonormal
basis of the linear space span(v)*. Assume further that cy,, = %U;W € R\ {0} and sy, :== RTvy,, €
RN=1\ {0} holds true. Then we have the following recursion formula for the tangent of the angles:

(s)

[tan Z [0, vg g1 = lz; [tan Z [0, vk, ]| ,
k,p
where
o) e IE N o+ O Ne R ]|
’ [l
q](;i _ ‘U Ni v cpp+v TN, uR sk#’

’Ck,u‘

16



Proof. The block matrix
V= [ v R ] e RNV, (v:="2v/]v|).

is orthogonal, i.e. the columns of the matrix V' build an orthonormal basis of the tensor space V. The tensor
vk, and the matrix Ny, are represented with respect to the basis V, i.e

. VVT . R QTU/C,;L o R Ck,u
Uk = Uk = [ v ] Rlvg, )~ [v ] Sk
and

T T
Nk,,u — V(VTNk,luV) VT: [ v R ] |: v Nk,p,y v Nk,uR :| [Q R ]T.

RTNk“uQ RTN]C,#R

The recursion formula (22) leads to the recursion of the coefficient vector

Ck41,1 _ QTNk,uQ QTNk,;LR Ck,u _ QTNk,/LQ Cp t+ QTNk,uR Sk,
Sk+1,u RTNkMQ RTNk“uR Sk, RTN]{#Q Clp T+ RTNk”uR Sk, )

Since ||sy, || # 0 and |cy, | # O we have

(s>>2
tan® Z[0, v 1] = (RRTwp 1, vp 1) IR kg ® skl (q’w [kl
s - - - -
’ ! <MTUk7M+1aUk,u+l> (QTUk7M+1)2 (Ck,u+1)2 (q]E;C)>2 (Ck,u)Q
e
(s)\ 2 (s)\ 2
Gegs | IR 0kll® _ [ G

2 i
© tan® Z[0, vy ).

2
Tk pa (v 0k ) )

Tk
|

Theorem 4.21. Suppose that the sequence (Bk) reny C P from Algorithm 2 fulfils assumption Al. If one
accumulation point v € A(vy) # 0 is isolated, then we have

S p—
k—o0

Furthermore, we have that either the ALS method converges after finitely many iteration steps or
[tan Z[0, vp, u1a]| < g [tan Z[o, v, ]|,

where
(s)
kyu
ONE
qkfu

qyu = limsup
k—o00

Proof. Let e > 0 such that © is the only accumulation pointin U := {v € V : || — v||4 < €}. Assuming that
the sequence (v )xew C V from the ALS algorithm does not converge to v and let Z C IN be a subset with

[0 —vplla <e

for all k € Z. Since v is the only accumulation in U and (v;)ren does not converge to o the following set Zy,
is for all £ € Z well-defined and finite:

Ty = {k’e]N: H@—%HAgeforauk;gl%gk’}.

17



The definition of the map &' : Z — IN, k — k/(k) := max Z}, implies that
10 = g iylla < € and ([0 = vy 4alla > e

for all k € Z. Since v is the only accumulation point of (vi)ren in U it follows that the subsequence
(Vi (k) ) kez converges to v. Therefore, we have

[0 — vprrylla <

Do ™

and .
vk iy = vwaylla 2 110 = ver@myalla = o = vpglla 2 5
for sufficient large k£ € Z. But this contradicts the statement ||vg4+1 — vg|la P 0 from Lemma 4.14. The
—00

inequality for the rate of convergence of an ALS micro-step |[tan Z[0, vy 1] < qu[tan Z[v, v, ]| follows
direct from Lemma 4.20 and the definition of ¢,,. Note that in Lemma 4.20, c;, , # 0 since limy_,o vy, = 0.
If sg,,, = O for some kg € N, then the ALS method converges after finitely many iteration steps. |

Corollary 4.22. Suppose that the sequence (Bk) ke C P fulfils A2 and assume that the set of critical points

O is discrete,” then the sequence of represented tensors (vi,)rew from the ALS method is convergent.

Proof. Follows directly from Theorem 4.21 and Theorem 4.13. |
Remark 4.23.

o The convergence rate for an entire ALS iteration step is given by q := Hﬁ:l Qu—1, since

L

[tan Z[0, vg41]| = |tan Z[0, vg 1]| < qr—1 [tan Z[0, v, ]| < H Qu—1 [tan Z[v, v 0]| = q|tan Z[D, vg]| .

p=1

o Without further assumptions on the tensor b from Eq. (1), one cannot say more about the rate of con-
vergence. But the ALS method can converge sublinearly, Q-linearly, and even Q-superlinearly. We refer
the reader to [28] for a detailed description of convergence speed.

- If ¢ = 0, then the sequence (|tan Z[v, vy]|),cpy converges Q-superlinearly.
- If ¢ < 1, then the sequence (|tan Z[v, v]|) ey converges at least Q-linearly.
- If ¢ = 1, then the sequence (|tan Z[v, vi]|),c converges sublinearly.

A specific tensor format U has practically no impact on the different convergence rates. Since we can
find explicit examples for all cases already for rank-one tensors. Please note that the representation
of rank-one tensors is included in all tensor formats of practical interest. In the following, we give a
brief overview of our results about the convergence rates for the tensor rank-one approximation, please
see [13] for proofs and detailed description. The multilinear map that describes the representation of
rank-one tensors is given by

d d
U: XR" - QR"
p=1 pn=1
d
(p1-->pa) = Ui, pa) = Q) pu-
p=1

*In topology, a set which is made up only of isolated points is called discrete.

18



A tensor b is called totally orthogonal decomposable if there exist r € IN with

r d
b=> X Qbu; (bu; €R")
j=1 pn=1
such that for all n € Ny and j1, jo € N, the following holds:
<b:u7j1 ? b#7j1> - 6]1 J2-
The set of all totally orthogonal decomposable tensors is denoted by

TO = {beV:bis totally orthogonal decomposable} C V.

It is shown in [13] that the tensor rank-one approximation of every b € T O by means of the ALS method
converges Q-superlinearly, i.e. ¢ = 0.

For examples of Q-linear and sublinear convergence, we will consider the tensor by € V given by

3
bh=QQr+ PRI+ qRpR¢+qRqp)
pn=1
for some X\ € Rxo and p,q € R" with ||p|| = |lg|| = 1, (p,q) = 0. If X < 3, it is shown in [13] that
v = ®i:1 p is the unique best approximation of by. Furthermore, for the rate of convergence we have
the following two cases:
a) For A =1L it holds g = 1, i.e. the sequence (|tan Z[v, vy]|) e converges sublinearly.

b) For A < % the ALS method converges Q-linearly with the convergence rate

o = B (3/\ + A2+ /(3N + A2)2 +4/\)]3

This example is not restricted to d = 3. The extension to higher dimensions is straightforward, see [13]
for details.

S5 Numerical Experiments

In this subsection, we observe the convergence behavior of the ALS method by using data from interesting
examples and more importantly from real applications. In all cases, we focus particularly on the convergence

5.1 Example 1

We consider an example introduced by Mohlenkamp in [25, Section 4.3.5]. Here we have A = id and

(1) ()+(2)+(D)=(0)=(2)

ep:= €eg:=

19



see Eq. (1). The tensor b is orthogonally decomposable. Although the example is rather simple, it is of great
theoretical interest. It follows from Theorem 4.21 and [13] that the rate of convergence for an ALS micro- step
is

q(S)
g, = limsup ](C; =0.
k—o0 q L

Here the ALS method converges Q-superlinearly. Let 7 > 0, our initial guess is defined by

wm=(T)e(7)e(7]):
{(0)-(0)) = ma ((3)-(1)) -

we have for 7 < % that the initial guess vo(7) dominates at bo. Therefore, the ALS iteration converge to ba,
see [13] for details. In the our numerical test, the tangents of the angle between the current iteration point and
the corresponding parameter of the dominate term b; (1 <[ < 2) is plotted in Figure 5.1, i.e.

[1— cos? g
tanpr; = Wv (23)

Since

k
P71,€1
where cos i = <II;)’fII>'

1.0e+000 — e tau=0.4999 —+—
T, tau=0.495 ——
tau=0.4 —+—

1.0e-001

< 1.0e-003

. W
Vo
Vo
Y

1.0e-008
1

tan(phi_k

o,

Figure 2: The tangents tan ¢y, o from Eq. (23) is plotted for 7 € {0.4, 0.495, 0.4999}.

5.2 Example 2

Most algorithms in ab initio electronic structure theory compute quantities in terms of one- and two-electron
integrals. In [1] we considered the low-rank approximation of the two-electron integrals. In order to illustrate

20



the convergence of the ALS method on an example of practical interest, we use the two-electron integrals of the
so called AO basis for the CH4 molecule. We refer the reader to [1] for a detailed description of our example.
The ALS method converges here Q-linearly, see Figure 3.

1.0e+000

\\ 'AO_CH4.datt —+—
1.0e-001

1.0e:002 \ \\\
1.0e-003

1.0e-004 \\

1.0e-005

1

tan phi_k

1.0e-006 \\
1.0e-007 \
1.0e-008
0 5 10 15 20 25 30 35 40
k

Figure 3: The approximation of two-electron integrals for methane is considered. The tangents of the angle
between the current iteration point and the limit point with respect to the iteration number is shown.

5.3 Example 3

We consider the tensor
3

bh=QRr+ PR IVI+q2pRq+qRqp)
pn=1
from Remark 4.23. The vectors p and q are arbitrarily generated orthogonal vectors with norm 1. The values
of tan(¢p; ) are plotted, where ¢ i, is the angle between p’f and the limit point p. For the case A = 0.5 the

convergence is sublinearly, whereas for A < 0.5 it is Q-linearly. According to Theorem 4.21 and [13], the rate
of convergence for an ALS micro-step is given by

(s,4)
k,1

(e,A)
g1

q) = limsup
k—o00

- % (3)\+)\2+\/(3/\+/\2)2+4/\).

For A = 0.46, we have for the convergence rate gy 46 = 0.847. In Figure 5.3 the ratio % is plotted.

The ratio % perfectly matches to gp.4¢ = 0.847. This plot shows on an example the precise analytical
description of the convergence rate.
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1.0e+000
1.0e-001
1.0e-002

1.0e-003

1

_k

1.0e-004

tan ph

1.0e-005

1.0e-006

1.0e-007

1.0e-008

lambda=0.3 —+—

lambda=0.2 —+—
lambda=0.1 —+—

1 2 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18
k

(a) The tangents tan ¢y 1 for A € {0.1, 0.2, 0.3}.

1

tan phi_k

1.0e+000

1.0e-001

1.0e-002

1.0e-003

1.0e-004

1.0e-005

1.0e-006

1.0e-007

1.0e-008

lambda=0.44 —+—
lambda=0.46 —+—

lambda=0.48

—

N\

Z

(b) The tangents tan ¢,1 for A € {0.44, 0.46, 0.48}.

Figure 4: The approximation of b, from Remark 4.23 is considered. The tangents of the angle between the
current iteration point and the limit point with respect to the iteration number is plotted. For A < 0.5 the

sequence converges Q-linearly with a convergence rate g, = % (3)\ + A2+ \/ (BN + A2)2 + 4)\) <1
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