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Abstract

We consider feedback boundary control of hyperbolic systems with stiff source terms. By
combining weighted Lyapunov functions, the structure is used to derive novel stabilization
results. The result is illustrated with the numerical analysis on the decay rate of the Lya-
punov function in terms of the stiff parameter and an application to boundary stabilization
of gas dynamics in pipes.
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1 Introduction

We are interested in boundary stabilization problems for linear hyperbolic partial differential
equations (PDEs) with source terms. Our focus is on stiff source terms and the influence of the
stiffness on the design of dissipative feedback laws.

Due to the possible applications in engineering, the control of hyperbolic PDEs has gained
interest in the mathematical community. The design of suitable boundary feedback controls has
been investigated in great detail in the case of St. Venant equations [10} 211 9] 2, 11 [3], 23, 19} [6],
gas dynamics [I5], traffic flows [I] and supply chains [7]. We are interested in problems with
linear dynamics and involving source terms similar to e.g. [17,[I8]. A general stabilization result
is given in [B, Theorem 13.12] or [22] using a smallness assumption on the source terms.

We are concerned with a class of linear hyperbolic PDEs appearing as mathematical models
between Boltzmann equation and hyperbolic conservation laws and having a particular relax-
ation structure [28] 25 26, 27]. The present structure has been used to prove exponential stability
in [I7] using Lyapunov functions similar to [5,[4]. As extension to the previous analysis on those
models presented in [I7] we consider now the case of stiff source terms and their asymptotic
expansion. Further, numerical results are presented here. This problem has recently gained
interest due to design question of numerical schemes resolving the stiff limit accurately. Among
the many publications on this topic we refer to [20, 12} 13| [§] for details and examples. To the
best of our knowledge the question of feedback boundary for stiff source terms has not yet been
studied.



We consider the spatially one—dimensional linear system with a stiff source term motivated
by [17, 27, [10]

ur + aug + bg, = 0, (1.1a)
e
Gt + cug + dg, = —24 (1.1b)

for z € [0,1], and ¢ > 0. Here u € R and ¢ € R are functions of (t,z), and ¢ is a small
positive parameter. In the following we denote by sgn(a) the sign function of a. Introducing the

coefficient matrix A = ( CCL Z >, U= ( Z ) and Q(U) = < —?3q >, the system in the matrix

form is U
U+ AU, = M (1.2)
€
Note that contrary to [10] the system is not in characteristic form. As investigated in [27] the
following assumptions are fulfilled by many models from mathematical physics; see also [25] for
a detailed discussion on the stability under such conditions. As in [I7] we assume that

(A1) There exists a symmetric positive definite matrix Ag € R?*? such that AgA is symmetric

and Ag = ( )81 )? > , where X1, X9 > 0;
2

(A2) e> 0.

Assumption (A1) implies the hyperbolicity of the system. It follows that there exists a
transformation matrix T = (¢;;) € R?*? such that

-1 oA A+ 0
T AT_A_( 0o A )

where A4 are diagonal matrices and contain the m positive and 2 — m negative eigenvalues of A

respectively. Note that we assume there is no vanishing eigenvalues. One can show that 77 AyT

is diagonal and positive definite. We consider the boundary stabilization of the system using the
M1l H12

Lyapunov function, starting with the definition of a symmetric matrix u(x) = L €
12 M22
R2X2:

p(z) =T Texp(—Az)T!
for x € [0, 1]. Then, following [17], the function L(¢) is a Lyapunov function of system ([1.1]) for
a>0: )
£ = [ U (0o + p() Uiz =l (. ) [, + ) (1.3

Boundary conditions have been proposed in [I7, Theorem 3.1] to ensure the exponential decay
of L#(t) in time. Here, we are interested in the asymptotic behavior of the Lyapunov function
as € tends to zero. We decompose the solutions (u, q) as

u=u’~+eul, q=q"+ ¢, (1.4)

where (u!,¢') are the first order perturbation with respect to . Plugging the expansion in the

original system and using ¢ = 0 and ¢! = —e~1cul we formally obtain up to the zeroth and

first order, respectively:

{ uf +aud =0, (1.5a)
¢" =0, (1.5b)
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and

{ up + aul — bee tul, =0, (1.6a)
q +cul +dgt = 0. (1.6b)

The problem (1.6]) is well-posed if bce ™! > 0.
For u(¢, z) solving equation (1.5) we have Lemma (T.1]) following directly by [5, Theorem
13.12]. This ensures the exponential stabilization of the limiting equation.

Lemma 1.1. There exist positive constants (B, 1) such that the Lyapunov functions L(t)
defined as

1
i) = b / ¢=30m(@)802 (1,012 gy (1.7)
0
decays with exponential rate |a|By provided that
BCs = faﬁle_sg"(a)ﬂox(uo)ﬂé <0. (1.8)

We denote by 5‘(1) =£(t, 1) — £(¢,0) for brevity.

As to the Lyapunov function (|1.3]), we decompose the Lyapunov function in terms of e:
e ! 0)2 ! 0,1 c ! 0,0
Lé(t) = (X1 + ull)(u ) dx + 2¢ (aX1 4+ pi1)u u do — - 12U Uy, da
0 0 0
c=LO(t) + L ().

Theorem 1.2. The time derivative of L*(t) satisfies the inequality:

%(Lo(t) +e(LYt) + L(t)) < =M (L° + (L' (t) + L(t))) + BCy 4 (BCs + BC3 + BCy + BCs),
(1.9)
where
aBupir g (1.10)

)\ = —max —
! zef0,1] X1 + p11

The terms BC; for i =1,...,5 are boundary terms defined by equations (1.11f), (1.12f), (1.13])
and (|1.8)).

Proof. Compute the time derivative of the Lyapunov function:

d d d
—Lf(t) = —L° —LY®).
7 (t) 7 (t) + e (t)

The zeroth order Lyapunov function L°(t) gives

d 1
%Lo(t) = B(; +/ a@x,un(uo)Q dux,
0

where -
BCy = —a(aXy + pn) (u®) 7|, (1.11)



By definition we have that u(x) is componentwise differentiable and denote the derivative
by uz(z). Since A is hyperbolic, we have

po(x)A=T"TDT1

where D is a diagonal matrix with entries D;; = —A% exp(—A;x) < 0. Therefore, . (z)A is

negative definite. Hence, (1,0)u,(2)A(1,0)T = ad,u11 < 0.
The first order Lyapunov function L'(t) yields

L) =BCy+ BCy — = [ (aXi + 1) (ug)” dz
0

1 1
2
+ 2a/ Oppniulut de — C/ (aOypp12 + b@z,un)uoug dz,
0 e Jo
where

2c
BCy; = —2a(aX; + uu)uoul (1), BC5 = ~ [a,ulg + b(aX1 + uu)]uoug‘é. (1.12)

Note that X7+ 11 > 0. Therefore, a‘;?fj:;u is well-defined as well as A\ in equation (|1.10]).
It follows that
d

%La(t) < - )\1L€(t) + BCq + E(BCQ + BCg)

26 1 0.0 2bc 1 0 2
—e|— (a@mulg + b0 11 + /\1u12)u u, dr + ? (OéXl + /An)(ux) dr| .
0 0

Since

1
2/ (aBpp12 + bOppir1 + A p12)ulul da
0
1
= / (@ pi12 + bOppar + Apaz) [(u¥)?] | da
0
1
= (adpp12 + b0y p11 + )\1/112)(“0)2‘(1) - / (ad?p19 + b0yt + )\13xu12)(uo)2 dx,
0

and %(aXl + p11) > 0, we obtain

d
%Lf(t) < — MLE(t) + BCy + &(BCy + BC3 + BCy) + ea||d°|13,

where c -
BCy = —g(aax,uu + by p11 + A1pir2) (u°) ‘0» (1.13)

and Ay = max,¢[o,1 |g(a8£,u12 + b0 11 + Alf)x,ulgﬂ . In order to achieve the exponential decay
of L&(t), the right-hand side of the inequality (1.9) must be bounded by —A;L*(¢). Next, we
will discuss sufficient conditions. The L? norm of u° can be bounded by introducing

A3 = 51 xgl[(i)nu e~ s9n(@)foz (1.14)

Using Lemma, we have

L(t) = Asflu’ 7.



Consider the time derivative of L¢ + ¢L. Combining the result of (1.9) with the assertion of

Lemma [T-1]

&) + <L)

< —MLE(t) + BCy + &(BCy + BC3 + BCy + BC3) + eda[u’||72 — elal BoAs||u’[| 72
< — M (LF(t) + eL(t)) + BCy + e(BCq + BC3 + BCy + BCs) — ¢ (y]alBors — Aa) [|u’]22.

Here, 8y and (7 are chosen large enough so that

(1 —=7)]alBo > A1 and ~yla|forAz — A2 >0 Vye(0,1).

2 The boundary conditions

In order to obtain exponential decay of the Lyapunov function L with rate \;, we need to
ensure that the following condition holds:

{ BC; +€(BCQ—|—BC;3—|—BC4—|—BC5) <0, (2.1&)
B(C5 <0. (2.1b)

Sufficient condition for equation (2.1) are formulated below. As in [I7] boundary conditions
(2.2) are prescribed. Let

(steo ) =e(aen) ) Cotemy ) =e () e

(G 0 - (G 0O
G_<0 G22>7G_(0 622>'

In the limit € — 0, consistent boundary conditions are obtained provided that

where

G2 = G
The boundary conditions for the asymptotic expansion then read

uo(t) O) = Glluo(t7 1)’ ul(tv 0) = Gllul(tv 1)) ql(tv 0) = G22q1(t7 1))
ug (ta O) = G22u2‘(t7 1)) u, (tv 0) = G22ui(t> 1)1 q:}: (ta 0) = é22Qalc(t7 1)

€T x
For the matrix A the eigenvalues are ordered such that Ay > As. Then, a and d always fulfill
A1 > a,d > As.

Depending on the sign of a we obtain different sufficient conditions such that (2.1]) holds true
provided that non—negative initial data is prescribed.



2.1 Sufficient boundary conditions for a > 0

Let a > 0. Then, there exists at least one positive eigenvalue Aj.

Proposition 2.1. Assume a > 0. Then, the boundary terms BC;,i = 1,...,5 fulfill the in-
equalities (2.1)) provided that

t2, is sufficiently small enough,

2 _ aXit+p11(1) _api2(1)+baX1+buii(1)
Glg o aXé"‘Mll(o)’ Gz = ap12(0)+baX1+bu11(0)’ (2.3)
e "0 > Gy,

where t11 is the component of the transformation matriz T'.
Proof. Note that
BCy +eBCy = —a(aX + 1) [(uo) + 2eu’ut } o
a(aXy + p1) [(u° + eu ) — (eut) ]](1),
= —a(aX1 + (1) - (X1 + pn(0)G3) (1) + 260t (1,1),

and

2c
BCg = ;((1/112 + bOzXl + bull)uouglé

2c

= ?[a,ulg(l) + ba X1 + bu1(1) — (p12(0) + baXy + bui1(0))G11Gag)u® (t, D)ul (¢, 1).
One can verify that the choices of G%l and Goy lead to
BCy =0, BCy;=0, BC3=0.
Recall the term BCs = —af; exp(—sgn(a)Box)(u’)?|§. BCs < 0 yields as sufficient condition
— G2, >0.
The last boundary condition is BCjy:
BCy = — g(a&puu + 0011 + /\1#12)(160)2‘1

=— g[aaxuu(l) + b0z 11 (1) + App12(1)

— G%l (a@zulz(O) + b0, 1111 (0) + /\1u12(0))] (uo(t, 1))2.

The sufficient conditions for BCy < 0 are

Oop11(1) — G119:p11(0) > 0,
C[aax,u,u(l) + )\1;“2(1) — G%l (aax,u,lz(()) + )\1#12(0))] >0

Since Oz p11(z) < 0 for a > 0, the first inequality above is equivalent to

S epn(1)

G2 .
= o011 (0)



Because

c[a@x,um(l) + Ape(l) — G%l (a@x,uw(o) + )\1#12(0))]
Al —a 2 —A 2 C 2 _A 9
= t3o( A1 — alp)(e”™ = GT;) — —t1 (M — al2)(e™ ™2 — GTy)|
(ti1toe — tiotor)? [22( 1 1)( 1) b 11(A1 2)( 1)

and A\; —al; < 0, then G3; > ¢~ and #?, being small enough will ensure the positivity of this
term. Because

pu(l) oy (- a)’tf (e~ — M) oM
111(0) D3, + (A —a)ty, ’
and
pii(1)  Oopar(1) (A1 —a)?6°t3,13, (A1 — Ag)(e™™2 —e™h)

_ — >0
p11(0)  Opp11(0)  (b2t3, + (A1 — a)?t3)) (D*t3,A1 + (A1 — a)?t Ag) —

with ¢, being small enough, we only need to show that G2, > Zigé; Thanks to p11(0) >

p11(1) > 0, the calculation below

p11(1)  aXi(p11(0) — p11(1))
p11(0)  p11(0) (X1 + p11(0))

completes the proof. |

G2, — >0

2.2 Sufficient boundary conditions for a < 0

Let a < 0. Then, there exists at least one negative eigenvalue As. We omit the proof and state
the conclusion only due to the close similarity.

Proposition 2.2. Assume a < 0. Then, the boundary terms BC;,i = 1,...,5 fulfill the in-
equalities (2.1) provided that

13, and X1 are sufficiently small,

G2, — aX1+p11(1) _ apra(1)+baX14buai (1) (2 4)
ﬂll a§(1+l$11(0)’ 22 ap12(0)+baX1+bui1(0)? :
e’ < G1y.

Some remarks are in order.

Remark 2.1. The conditions proposed are independent of the value € and solutions, and there-
fore we expect uniform exponential decay in the numerical results.

Moreover, the proof of Proposition[2.1] shows the sufficiency of the boundary conditions. The
decay property of the Lyapunov function are observed numerically even in the case when
or are not fulfilled exactly. This shows that the estimates in the proof for the decay of the
Lyapunov function are rather pessimistic.

3 Numerical results

For the numerical simulations, we examine the behavior of the system as the positive pertur-
bation parameter € approaches to zero and the mesh for the spatial discretization is refined
respectively. We employ the IMEX-SSP2(3,2,2) stiffly accurate scheme proposed in [24] for the
system and an Upwind scheme for zeroth-order system . An IMEX method is used in
order to avoid stiff integrations due to the smallness of €.



3.1 Exponential stability and asymptotic expansion

. 1 -1
Let the matrix A = ( _1 075

—0.133. Let X1 = ‘C’ = 1,X2 = |b‘ = 1, t11 = 1,t22 = —1, o = 1, ﬂo = 0.1 and ﬂl = 1. The
.. 0.5 0 = 0 0
boundary conditions are G = ( 0 0 >, G = < 0 0 )

We compute the numerical solutions (u,q) and the Lyapunov functions at different time
steps. By varying the values of ¢, we expect that the Lyapunov functions will approach to the
one of the zeroth-order system . The initial condition is taken as the Gaussian type function
with a trigonometric perturbation:

(x —0.5)2
0.002

) and e = 1. It follows that the eigenvalues are A1 = 1.88, Ay =

uo(z) = 100 exp [— } [1 + esin(8rz + )], qo(x) = esin(8rx + 7). (3.1)
Let N denote the number of meshes for the spatial discretization and At the time step. Figure
shows the Lyapunov function L°(¢) in the log scale using the blue solid line with a truncation
at the machine precision 107!%. The red line with circles is the fitting to a straight line using
linear regression. The numerical decay rate given by this example is around 1.4, significantly
larger than the analytical prediction A\; = 0.04. The inserts at the bottom left corner are the
results generated with a cubic polynomial initial data. One observes that different initial data
show the similar decay rate.

5 ] 5
— In(L(t) — In(L(t)
0 ] 0r
5 4 -5 ]
—— slope = -1.374 —— slope = -1.4096
-10 ] -10 ]

In(L(t))
In(L(t))

A5 ¢

— In(L(1)) — In(L()
—5— slope = -1.369 —s— slope = -1.395

20 | .,
.25% .,

230 |

88883340

35 RN ‘ ‘ 35 N ‘ ‘
0 5 10 15 20 25 30 0 5 10 15 20 25 30

t t

(a) e = 0.01. (b) £ = 0.0001.

Figure 1: The Lyapunov function L°(¢) in the log scale. The final time is ¢ = 30. N = 1000
and At = 10~*. The blue solid line shows the function In(L?(t)) The red line with circles is the
fitting to a straight line using linear regression. (a) and (b): The initial data is given by .
The inserts at the bottom left corner are the results generated with a cubic polynomial initial
data.

In Figure [2] we analyse the dependence of the decay rate on €. Due to the asymptotic expan-
sion of L? in terms of LY, we expect that the decay rate tends towards the decay rate of L for
¢ — 0. The rate of this convergence will be analysed in the next section. Here, we only show
the different decay rates for different values of €. As expected for small values for € there is no
difference in the rates between L and L°.

In Figure [3] we show the mesh independence of the derived results. We compute the discrete
Lyapunov function in logarithmic scale for different spatial meshes and two choices for €. Since



O e=1
<> £=0.1
= X €=0.01
z
-
N
2
(=2} €=0.001
°
+ €=0.0001
D e=0

Figure 2: The Lyapunov function L®(¢) in the log scale with various perturbation parameter e.
The final time is t = 30. The time step At = 10~% and N = 1000.

the analytical result is independent of numerical mesh we do not expect different decay properties
for different meshes, as confirmed in Figure

log4(L(t)) with different spacial discretization and € = 0.01 logo(L(t)) with different spacial discretization and ¢ = 0.001
5 5 .
o) N =100 o] N =100
0r ] 0r 1
& N = 200 & N = 200
S S
< -5 X N =400 < -5 X N =400 |
) )
o o
+ N = 800 + N = 800
-10 ] -10 ]
-15 L L L L L -15 L L L L L
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t t
(a) e =0.01. (b) e = 0.001.

Figure 3: The Lyapunov function Lf(t) in the log scale with different spatial discretization.
The final time is t = 30. The time step At = 1073 for N < 400 and At = 10~4 for N = 800.
The overlapping of the profiles shows that the Lyapunov function is independent of the mesh
discretization.



3.2 Numerical analysis of the convergence rate of the Lyapunov functions as
e — 0.

We study the convergence rate of the Lyapunov functions L°(¢) as ¢ — 0. We measure the

distance between L¢(t) and LY(t) using the L' norm over the time interval [0,¢]. More precisely,
we compute

Dist(t; £) = /0 ILE(s) — LO(s)] ds.

A linear decay of Dist(¢; ¢) with respect to ¢ is predicted by the decomposition of the Lyapunov
functions. Therefore, we plot this distance in the log scale.

-0.6 T T 2.8
071 o log,Dist(t;e) D 27 || —o— log,oDist(t;e)
-0.8 | 26 |
—~ -09f =
“ e slope = 0.72512 & 25| — slope = 0.67279
I} 3
=) a
o o
> )
° o
-3 2.8 2.6 2.4 2.2 -2 -3 2.8 2.6 2.4 2.2 2
logge logoe
(a) The polynomial-type initial data. (b) The Gaussian initial data.

Figure 4: The final time is t = 5. The time step At = 1074 and N = 1000. The blue curve with
circles is the profile of log;, Dist(¢;¢) as a function of log;qe. The circles correspond to the ten
numerical tests with e = 0.001, 0.002, 0.003, ..., 0.008,0.009, 0.01 respectively. The red solid line
is the parameter fitting result using linear regression. Note that the slope is around 0.7, smaller
than 1, the theoretical prediction. This results from the errors of the numerical schemes since

the spatial discretization with meshsize Ax = 0.001 is relatively coarse compared to the values
of e.

3.3 The application to gas flow governed by the isentropic Euler equations

We consider the gas flow in pipes described by the isentropic Euler equations (written in (p, u)
variables):

Op + 0z (pu) =0, (3.2a)
/
du+ L (pp) Bup + udyu = —%fu{ (3.2b)

where p(t,z) and u(t,z) are the density and the velocity of the gas flow respectively. p(p) is

the pressure function and we consider the case where p(p) = p?. Note that @ = 2. ¢y is the
friction coefficient.

The steady states of the problem (3.2]) are denoted by (ps(x), us(z)) and satisfy the following

10



system:

d
%(pSUS) =0, (3.3a)
Pps) d d cf 2
5 Ps s Us = ——  Ug. .3b
o s +u Tl U (3.3b)

Note that psus = ¢ for some positive constant c. The equation (3.3b)) gives

d Cfczps
—ps = . (3.4)
dz'” e — p2p/(ps))
Given some boundary condition ps(0), the ordinary differential equation (3.4)) is solved using
a second order Runge-Kutta scheme. We refer to e.g. [14] for more details on the stationary
states.
Next, we decompose solutions (p, u) as

p:ps+0ﬁ7 U:US—FO"EL,
and linearize (3.2) around the steady states:

a () (o) (3 Yo )= (hy ) B

Remark 3.1. The ratio of the friction coefficient cy and the relazation parameter € is small
enough so that the steady states (ps,us) remain almost constant in a finite domain, i.e. Oyps =
Oyus = 0. Therefore, ps and us are taken as constants and we drop the third term on the

left-hand side of equation ({3.5)).
With ps and us being constant, we apply the boundary stabilization to the system below,

(D)5 2)a(D)- (o) o

Similarly, we decompose the solutions (p, @) as

2 ™

2 ™

p=p"+eph i =u’ + eu’.
The choices of parameters are given by
¢y =0.0001, €=0.01, ¢=0.6, (ps,us)=(0.5,1.2), (3.7)

which is supersonic. The prediction of the decay rate is A; = 0.0947. The initial data is given by
a cubic polynomial perturbed by a trigonometric function. Figure [5| shows that the Lyapunov
function of the system with € = 0.01 is decreasing in an exponential rate 0.44358 that is
larger than the theoretical prediction.

Note that ag,un > 0 holds true unconditionally. Hence J,u11 becomes positive for x suffi-
ciently large. This has also been observed in a theoretical study for stabilization in [16] and is
related to the shape of the stationary states in the case of isentropic Euler equations.

Numerically, we may consider a case where the prerequisite a0, 11 < 0 is violated. Consider
a subsonic case with (ps,us) = (1.2,0.5) that violates this assumption on the domain {x : z €
[0,1]}. Then, the Lyapunov function of the system with nonnegative ¢ is increasing with
time, as shown in Figure [6]

11



— In(L(t))
—— slope =-0.44358

In(L(v)

Figure 5: The supersonic case. The blue solid line shows the function In(L?(¢)) with ¢ = 0.01.
The red line with circles is the fitting to a straight line using linear regression. The parameters
are given in equation ([3.7). The final time is ¢t = 30. The time step At = 10~* and N = 1000.
The decay rate is given by the absolute value of the slope 0.44358.

In(L(t))

-
o
T

-15

-20

Figure 6: The subsonic case. The blue solid line is the function In(L°(¢)) and the red line with
diamonds is the function In(L?(¢)) with ¢ = 0.01. The parameters are given in equation
with (ps,us) = (1.2,0.5). The final time is t = 30. The time step At = 10~% and N = 1000.
The Lyapunov functions with € = 0 and 0.01 do not decay in time.

4 Conclusion

We presented an expansion of a Lyapunov function in terms of the stiff parameter in the source
term. The additional conditions on the boundary terms for exponential stability are stated and
numerical results are presented. The obtained conditions are independent of £, but dependent
on the solution. In forthcoming discussions we plan to extend this result to linear systems of
higher dimension as well as to other boundary conditions.
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