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Abstract

We derive Nash equilibria for a class of quadratic multi-leader-follower games using the
nonsmooth best response function. To overcome the challenge of nonsmoothness, we pursue a
smoothing approach resulting in a reformulation as a smooth Nash equilibrium problem. The
existence and uniqueness of solutions are proven for all smoothing parameters. Accumulation
points of Nash equilibria exist for a decreasing sequence of these smoothing parameters and we
show that these candidates fulfill the conditions of s-stationarity and are Nash equilibria to the
multi-leader-follower game. Finally, we propose an update on the leader variables for efficient

computation and numerically compare nonsmooth Newton and subgradient methods.
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1 Introduction and Background

The multi-leader-follower game (MLFG) is a particular class of problems in classical game theory
that represents a generalization of the Stackelberg game which includes a single leader. These
models serve as an analytical tool for studying the strategic behavior of noncooperative individuals.
In particular, the individuals (so-called players) are divided into two groups, namely leaders and
followers, according to their position in the game. Mathematically, this yields a hierarchical Nash
game, where further minimization problems appear in the participants’ optimization problems as
constraints. An equilibrium is then given by a multistrategy vector of all players, where no player
has the incentive to change his chosen strategy unilaterally.

Most recently, such models have increasingly become the focus of interest among mathematicians
as well as scientists in other fields such as operations research, robotics, and computer science
[3, 30, 16]. However, compared to the knowledge of other classical game models, little is known so
far concerning existence and uniqueness theory as well as suitable numerical solution methods.

The structure of MLFGs is related to equilibrium problem with equilibrium constraints (EPEC)
provided that the optimization problems of the followers can be replaced by the corresponding opti-

mality conditions. The admissibility of this approach is discussed in [2]. Recently, the competition



on the electric power market is described by EPEC [1, 4, 5, 11, 13]. Here, the power generators and
consumers are the leaders who bid their cost and utility functions. The single follower plays the
role of an independent system operator coordinating dispatch and minimizing social costs subject
to network constraints.

So far, there exist only a few recent theoretical results for general MLFGs or EPECs, analyzing
the existence, the uniqueness and characterizations of equilibria: Early work by Sherali [25] gen-
eralizes Stackelberg games in the setting of Cournot competition. Existence theory of equilibria
for identical leaders and sufficiency conditions for convex follower reaction functions is provided
here. Su [29] extended this work to a two-period forward market model and proposes an SNCP
algorithm in [28]. Later, further generalizations in the Cournot setting include the incorporation
of stochasticity by DeMiguel and Xu and the application to telecommunication industry [7].

In [17, 18], Kulkarni and Shanbhag introduce a more general setting for MLFGs and its refor-
mulation with shared constraints. The relation of Nash equilibria of the MLFG and weaker solution
concepts of the reformulation are extensively discussed here, many results rely on potentiality of
the players’ objectives.

Fukushima and Pang [22] present a reformulation as generalized Nash equilibrium problem
(GNEP). Under suitable condtions, the equilibria of their GNEP reformulation can be characterized
by a quasi-variational inequality. In another work, Hu and Ralph [13] apply a standard result for
the existence of pure strategy Nash equilibria in a particular case of an MLFG related to an
electricity market model. Leyffer and Munson [19] describe various reformulations in terms of
mathematical programs with equilibrium constraints (MPEC), nonlinear programs, and nonlinear
complementarity problems. In a very recent paper [15], Kim and Ferris propose a reformulation of
MLFG using extended mathematical programming which allows the usage of the complementarity
problem solver PATH [8, 10].

More recent work has been done by Hu and Fukushima in [12]. Therein, they discuss the exis-
tence of robust Nash equilibria of a class of quadratic MLFGs. Further, they propose a uniqueness
result for an MLFG with two leaders.

In this paper, we study a quadratic MLFG with similarities to the model studied in [12] and
generalize the follower’s strategy set by allowing inequality constraints. This modification trans-
lates into equilibrium conditions or to a nonsmooth Nash game formulation. The existence of
Nash equilibria can be proven with suitable convexity assumptions. Furthermore, we propose a
smoothed Nash game formulation and prove uniqueness of Nash equilibria for an arbitrary number
of players. The main result of this article is that it can be shown that these smooth problems are
indeed approximating Nash equilibria of the MLFG. Besides the theoretical results, we propose
an algorithm to numerically compute Nash equilibria. Therein, we combine an update based on a
Taylor expansion of the parameter-dependent solution and the computation of Nash equilibria of
approximating problems.

This article is structured as follows. In Section 2, we introduce the quadratic MLFG and develop
an equivalent nonsmooth Nash equilibrium problem (NEP) for which we can prove existence of

equilibria. In Section 3, smoothing of the best response of the follower leads to a differentiable



NEP formulation, which allows to characterize solutions by KKT conditions. In Section 4, it is
demonstrated that the sequence of Nash equilibria of the smooth problems converges also in the
multipliers for decreasing smoothing parameters and that S-stationarity conditions are satisfied
in the limit. Eventually, this S-stationary point are proven to be Nash equilibria to the MLFG.
In Section 5, we introduce our general approach to computing Nash equilibria. In Section 6, we

present the numerical results of the proposed methods.

2 Existence of Nash Equilibria for MLFGs

We consider an MLFG, where the follower’s game is modeled by the optimization problem

1

min —y' Quy —b(x)'y st. y>l(x), (1)
yeR™ 2
where b;,l; : R™ — R are differentiable functions for ¢« = 1,...,m. The matrix Q, € R™*"™ is
positive definite and diagonal, which guarantees the existence of an explicit characterization of the
minimizer, c¢.f. Lemma 2.2. The leader problems are given for v =1,..., N by
. 1
min 0,(x,,x_,) = 53}3@,,3:,, +c¢)z,+ay(x) st z, e X, (2)
Ty nv

with nonempty, convex, and closed strategy sets X, which we assume to be described by smooth
functions g, : R™ — R™ such that X, = {z, € R™|g,(z,) < 0}. The quadratic objective 6,
is strictly convex with @, € R"*™ symmetric positive definite, ¢, € R™, and a € R}'. The
multistrategy vector of all players is denoted by z = (z,,)2_; € R"™ and the rival’s strategies to
player v by x_, = (wi)fil,#y € R"™™ . The follower’s strategy y = y(z) in (2) is a best response
to the leader strategies and couples implicitly to the leaders’ problems.

For simple notation, the model is introduced as a Multi-Leader-(Single-)Follower game. How-

ever, this can be extended to multiple followers:

Remark 2.1. (Multiple Followers) For j =1,..., Np let the j—th follower’s optimization problem
be

1 ;
min fy]TQ;yj — bj(x)Tyj(a:) sty > (),
y;€ER™F 2

with a positive definite diagonal matrix Q{, € R™*™i and bj,l; : R™ = R™ are convex in every
component and differentiable. This structure is called potential game and it can be equivalently
reformulated as a single optimization problem by summing the objectives and concatenating the
constraints, c.f. [20].

No matter how many followers are modeled, our approach relies on the property that the follower
level can be replaced by its optimal conditions. In addition, we need an explicit response function
of the followers, which is given here in particular by the convexity properties of the follower problem
and the diagonality of @),. Since the follower’s problem has a strictly convex objective and a convex

strategy set, we state its unique solution in the following lemma:



Lemma 2.2 (Follower’s Best Response). The follower’s optimization problem (1) has a unique

solution y* for any given leader strategy vector x € R™. In particular, this best response function is

y*(2) = max {Q, 'b(z),(z)} . 3)

Proof. The objective and the feasible set are convex for any x € R™, in particular, the constraints
are linear. Therefore, the KKT conditions are necessary and sufficient for a global minimizer. Since
the objective is strictly convex, the minimizer is unique for all leader strategies x.

To derive the structure, we apply the KKT conditions: There exist Lagrange multipliers A € R™
such that

OZny—b($)—)\,
0<AXLy—Iz)>0.

Combining these expressions yields the complementarity expression 0 < A = Quy—b(x) L y—I(z) >
0. We assumed @, to be positive definite and diagonal; therefore, we can write equivalently as
0<y—Q,'b(z) Ly—I(x)>0and 0=min{y—Q,'b(z),y —I(z)}. We obtain (3) by extracting

y and changing min to max. d

We remark that the min and max operator are applied componentwise to a vector. If the data b,
are chosen to be componentwise convex, then also the components of best response function y*(z)

are also convex in z as a maximum of convex functions.

The MLFG is formulated as a Nash game by plugging the best response (3) in the leader game
(2) for v =1,..., N, yielding

Ty

min %:CIQVJJ,, +c¢)x, + ; a; max { (Q;lb(g;))l , lz(x)} st. x, € X,. (NEP)

Each optimization problem has a nonsmooth but convex objective (if b;, l; are convex) and a convex
strategy set. For compact strategy sets, we can prove the existence of Nash equilibria in the following

theorem.

Theorem 2.3 (Existence of Nash Equilibria for Compact Strategy Sets). Assume that the non-
smooth Nash equilibrium problem in (NEP) has a convexr and compact joint strategy set X =
X1 X --- x Xy, where all X, are nonempty. Further, assume that b,l are componentwise convex
functions on X. Then there exists at least one Nash equilibrium.

Therefore, the quadratic multi-leader-follower game given by (1) and (2) has at least one Nash

equilibrium.

Proof. We formulated the MLFG as a convex Nash equilibrium problem (NEP), especially the
objectives are continuous in (z,,z_,) and convex in z, because they are a sum of a strictly convex
quadratic term and the maximum of two convex functions. Furthermore, we assumed the admissible

strategy sets X, to be nonempty, convex, and compact. Therefore, the conditions of [21, Theorem
3.1] are fulfilled. O



Alternatively, Theorem 4.5 includes a constructive proof of existence. In addition to convexity,
both existence results rely on compactness of the strategy sets to ensure existence of global mini-
mizer to the players’ optimization problems. However, this is clearly not a necessary condition for
the existence or uniqueness of Nash equilibria to (1,2).

In the remainder of the section, we exchange the compactness assumption with a coercivity
assumption on the best response of the followers exploiting the potentiality of the leaders’ objectives.

Therefore, let the generalized potential function be

N

@(.%') = Z |:;$,—/|—ny1/ + Cz—/rxl/:| + 90('%')7

v=1
p(a) = 3 asmax { (@) (@), () }
=1

With this, we can formulate the major assumption:

Assumption 2.4. Assume, there exists p > 0 and wi,w2 € R such that for all v € X with ||z|| > p
it holds
min {0, ¢(z)} > wi||z| + wa.

This assumption guarantees that the coercivity of generalized potential © is preserved. It
includes linear functions ¢(x) therefore especially settings where b and [ are linear. It excludes

polynomials of higher degree which are not bounded from below.

Lemma 2.5 (Coercivity of the Generalized Potential ©). Let Assumption 2.4 hold, then the gen-

eralized potential function © is coercive.

Proof. We introduce a short hand for the block diagonal matrix @ = diag(Q1,...,Qn) and the

concatenation of ¢q,...,cy as ¢. Then we have
O(z) = 2" Qu +c'w + p(x) > pll|* - |le|| |z + min {0, p(z)},

where p is the smallest eigenvalue of @, recall that p > 0 since all @), are positive definite. We

rewrite the the right hand side with Assumption 2.4 and get
O(x) > pll)|? = llell 1] + w2 + w2,

As ||z|| — oo, the right hand side is dominated by a quadratic term with pl/z||> — oo and we

conclude
lim O(z) = oo,
llz[|—o0
i.e. the generalized potential function is coercive. O

The Assumption 2.4 and the concluded coercivity property allows us to formulate an existence
result without requiring compactness, similarly to the standard result of Monderer and Shapley in
[20].



Theorem 2.6 (Existence of Nash Equilibria for Coercive Generalized Potential). Let Assump-
tion 2.4 hold and x* be a global minimizer of the generalized potential ©, then x* is also a Nash
equilibrium of the MLFG (1-2).

Proof. Since Assumption 2.4 holds, the generalized potential © admits a global minimizer on any
closed joint strategy set X. We demonstrate that z* is a Nash equilibrium by contradiction.
Therefore, assume the converse is true, i.e. there exists a leader © and a strategy z, € X, such
that:

O (25, 22y) < Op(af, ay),

or more detailed,

1 ~ ~ ~ A * 1 * * * * *
5.%';@1;.%'13 + c;xl; + o(Zp,27 ;) < 5:):,;62,;90,; + c;:r,g + o(zh, 2 ,).

With this, we can overestimate the following expression
Yo 1
O(Zp,27;) = Z [2$3TQVIE§ + CI@] + 555;@95619 + ) o + (s, 2% )
v=1,v#£D

N
1
<X |5 Quat + | + ottt ) = O,
v=1
which is a contradiction to the optimality of z*. O

In the remainder of this article, we assume b and [ to be linear:
Assumption 2.7. The data is assumed to be linear:
b(z)=B'z and I(z)=L"z,
where B,L € R"*™, B.;, L.; € R" denotes the i-th column, and B, ., L, . denote their submatrices
of the rows referring to x,,.
This linearity combined with Assumption 2.4 directly yields existence of Nash equilibria.

Lemma 2.8 (Existence of Nash Equilibria for Linear Data b,1). If Assumptions 2.4 and 2.7 hold,
then there exists a Nash equilibrium to the MLFG.

Proof. With linear data b,l, ¢ gets:

p(x) = i amax { (Q,'BTr) | (L7x) }.
i=1

which is a linear combination of the maxima of two linear functions. Thus, it can be underestimated

by an other linear function. Therefore, Assumption 2.4 holds and Theorem 2.6 applies. O

In [26] there is a counterexample for the structure of MLFG in (1,2) with linear data b,1. The
data and X are such that the non-differentiable parts of the objectives of the NEP reformulation lie
either on the boundary of X or outside the feasible domain. Or with other words, the max operator
can be uniquely evaluated on the interior of the feasible set. In particular, existence and uniqueness
of Nash equilibria is derived by a formulation as variational inequality. In case of diagonal @Q,, the

Nash equilibrium can be explicitly computed in the presented setting.



3 Existence and Uniqueness of Nash Equilibria of Smoothed MLFG

We formulated the MLFG as a convex but nonsmooth Nash game and proved existence of equilibria
in case of compact strategy sets. In this section, we relax the nonsmoothness of the follower’s best
response. For the resulting smooth convex Nash equilibrium problem, we show existence and
uniqueness for more general strategy sets.

Similarly to Lemma 2.2, we formulate the follower’s KKT conditions with the linear data:
Ogy—leBTazJ_y—LT:cz(), (4)

where we replace the complementarity expression by a formulation with a nonlinear complemen-
tarity (NCP) function. We consider smooth NCP functions of the following type with smoothing

parameter € > 0:
be(a, B) = a+ B — ¢e(a — ). (5)
An example for a smooth NCP function with convex ¢, is ¢£(, 8) = a+ 8 — {/(a — B)P + (2¢)P for

an even number p € N, this coincides for p = 2 with the smooth minimum function. This structure

captures also NCP functions related to the relaxation scheme for mathematical programs with
equilibrium constraints (MPEC) introduced by Steffensen and Ulbrich [27]. Besides differentiability
in a and B, we require the smooth NCP function ¢. to be continuous in the smoothing parameter
€.

If we apply (5) on the KKT system (4), we obtain (component wise) for € > 0 the expression
O:y—leBT:Uij—LTx—ggg(y—Q;lBT:U—y—I—LTx). (6)
Therefore, we write the best response function as:

ye(z) = % (L7 +Q "B ) 2+ (L7 - @,'BT) )] (7)

The smoothed best response function y. plugged into the leader’s objectives yields a smooth

Nash equilibrium problem with positive smoothing parameter ¢; for v = 1,..., N, we have

1

- T T
min 6 (z,,z_)) =-x,Q,x, + ¢, x,
x, ER™ 2

+ % éa [(LT + Q;lBT) T+ e ((LT . Q;lBT> m)} - (NEP(e))

7

s.t.x, € X,.
For this game, we can state an existence and uniqueness theorem.

Theorem 3.1 (Existence and Uniqueness). Assume that the Nash equilibrium problem NEP(e) has
a conver and closed strateqy set X = X1 x --- x Xy, where all X,, are nonempty, and d;E 18 convex
and smooth. Then the Nash equilibrium problem has a unique equilibrium for every smoothing

parameter € > 0.



Proof. Due to [9, Proposition 1.4.2] and the convexity assumptions, a strategy x € X is a Nash

equilibrium if and only if x solves the variational inequality VI(X,6), where

vxlei(xlv I—l)
0 (x) = :
Vaonby(@n, 7-N)

Since we assumed a convex and closed strategy set X, the variational inequality has a unique
solution if §’° is uniformly monotone [9, Theorem 2.3.3]. The remainder of the proof demonstrates
this.

We introduce a short hand for the linear term A = LT — Qy IBT, the block diagonal matrix
Q = diag(Q1,...,Qn), and the concatenation of ¢1,...,cn as ¢. Let x,Z € X be distinct, then we

have
(x—2)7 (0°(z) — 0°(2)),

1 1 o -
=(z =)' |Qr + et (LT +Q, BN a+ 5 Y aiAldl((Ax),)
=1

_ (st; +c+ %(LT +Q,'B") a+ % > aiAZxZ;’E((AaE)Z-)> ] ,

=1

Qr— ) + 5 > wAT, (BL((Ax)) — FL(A2)))
=1

We apply the mean value theorem for (Z;/E, thus there exists a ¢t € [0, 1] such that we derive from the
last equation with ¢; = t(Ax); + (1 — t)(Az); a lower bound:

(@ —2)" (0"(x) - 0°(2)) ,

=(2— )" Qz — &) + 3 2 a; §(G) (x — 2) T AL Ai(z — 2),
= >0 >0

>(z— 1) Q(x — 2) > pllz — 2|,

where p is the smallest eigenvalue of Q). It is positive because @) is symmetric positive definite.
Thus 6’° is uniformly monotone. Therefore, the variational inequality VI(X,#’®) has exactly one

solution which is the unique Nash equilibrium of the smoothed game NEP(¢). O

The remainder of this section is dedicated to the characterization of the unique Nash equilibrium.
Therefore, we recall the assumptions made for the smooth Nash equilibrium problem NEP(¢) for

positive smoothing parameter e:

Assumption 3.2. We assume that the data of the MLEG and its smooth Nash game reformulation
satisfy forv=1,..., N the following properties.

e (), € R™*™ symmetric positive definite,



e ¢, € R™,

e a € R,

o X, ={z, € R™|g,(z,) <0} CR™ nonempty, convex, and closed;
e g, :R™ — R™ qt least twice differentiable, and convex;

o (), € R"™ ™ positive definite and diagonal,

e b(z) =B'x, I(x) = Lz, with B,L € R™™,

e smooth NCP function of the form ¢.(co, ) = o+ 8 — ¢(a — B) where ¢, is at least twice

differentiable and convex for every e > 0.

Based on these assumptions, we characterize the Nash equilibrium of NEP(e) by its KKT

conditions in the following lemma:

Lemma 3.3 (KKT of NEP(¢)). Given Assumption 3.2 and some constraint qualification for X,
the KK'T conditions of the leader-level problems are mecessary and sufficient for the global mini-
mizer of each leader problem in NEP(g). In particular, we have the KKT conditions of player v’s

optimization problem forv=1,...N:

1
0=Q,z, + ¢, + 5(LT +Q,'B")).a

1 ~ (8a)
P T = BN 6 (L - @y BT )al) + Ve,
=1
0 =min{\,, —g,(2,)}, (8b)

with the Lagrange multiplier A, € R" and the Jacobian of the constraints
Vi, 90(0) = (Va, g, (20), - - - s Va,Gu, (w,)) € RMwxmv,

Proof. KKT is necessary and sufficient for every leader problem in presence of a constraint qualifica-
tion, since the objectives are strictly convex and the strategy set are convex and closed. Therefore,
the joint KKT system is necessary and sufficient for the unique Nash equilibrium. The follower’s

solution can be explicitly computed by the leader’s solutions, c.f. (7). O

The imposed constraint qualification is specified in the following section.

4 Relation between MLFG/NEP and NEP (¢)

In this section, we study the relationship between the original MLFG (or its equivalent NEP) and
the smoothed problem NEP (). Our aim is to demonstrate that Nash equilibria of NEP(¢) converge
to a Nash equilibrium of the original problem as the smoothing parameter £ — 0.

Instead of looking at optimality conditions for the nonsmooth formulation, we are considering

stationarity concepts for mathematical programs with complementarity constraints (MPCC) next.



Definition 4.1 (Mathematical Programs with Complementarity Constraints). Let f : R"™ — R,
g: R* > R™, and G1,Go : R™ = R! be smooth functions. Then we call:

mzin f(2)
s.t. g(z) <0 (MPCC)
0 =min{G1(z), Ga(z)}

a mathematical program with complementarity constraints.

In fact, each leader problem (2) can be formulated as an MPCC:

1
min 0, (z,,z_,) = ixIan;,, +¢)z, +ay(x)

Zv,Y

s.t. gu(z,) <0 (MPCC,)

0 = min{G1(zy, 20, y(x)), G271, 20, y(x)) },

with the complementarity constraints G (x,, x_,, y(z)) = y(a:)—(Q;lBT)Tx and Ga(zy,z_,,y(x)) =
y(xr) — LTz. For v = 1,...,N, the (MPCC,) form together the generalized Nash equilibrium
problem (GNEP) formulation of the MLFG, where the complementarity constraints are shared
constraints.

Similar to KKT points, there is a variety of stationary concepts for MPCC, we introduce the

strongest one here: strongly stationary points. We adapt [24, Theorem 2].

Definition 4.2 (S-Stationarity). We call Z a strongly (S-)stationary point of (MPCC) if there
exist multipliers (\,T'1,Ta) € RMHFL aith:

0=V.f(z +szgz ZFUVGU ZFQNGM)

i=1
9(2) <0,
A>0,
gi(Z2)Ai =0, i=1,...,m, (9)
min {G1,(2),G2:(2)} =0, i=1,...,1,
G1i(Z)l1,;=0, i=1,...,1,
G2,i(Z2)T2; =0, i=1,...,1,
I';,Ta; >0, i:G1,(2) =Ga,(2) =0.
Besides suitable stationarity concepts, MPCCs also require proper constraint qualifications.

Here, the Constant Rank Constraint Qualification (CRCQ) for MPCC is defined similarly to its
version for MPEC in [27, Def. 2.2]. Originally, the CRCQ was introduced for NLP by [14].

Definition 4.3. (MPCC-CRCQ) The constraint qualification MPCC-CRCQ holds in the feasible

10



point Z of (MPCC), if for every KCgy, K1, and KCo with

IC!J < Ig(Z) = {Z € {17 te ’m}|gz(z) = O},
Ky C 11(5) = {Z € {1,. . .,l}’Gl,i(Z) = 0},
Ko C IQ(E) = {Z € {1,. . .,l}’GQyi(é) = O},

there exists a neighborhood U(Z) such that for every z € U(Z) the family of gradient vectors
{Vgi(z)]i € Kg} U{VG1,i(2)]i € K1} U{VG2;(2)|i € K2},

has the same rank as the family
{Vgi(Z)]i € Ky} U{VG1i(2)|i € K1} U{VG2;(2)]i € Ka}.

In the following theorem we show that a limit of the Nash equilibria of the smoothed problems

is indeed strongly stationary with respect to the leader problems.

Theorem 4.4 (S-stationarity and Convergence of Multipliers). Let (¢x)r be a positive sequence
with e, — 0 and let (x*(eg))r be the associated sequence of the unique Nash equilibria to NEP(ey).
Assume this sequence converges with x*(e) — x*(0) and every subvector of the limit x7%(0) satisfies
MPCC-CRCQ for its leader’s MPCC,,.

Then, there exists a bounded sequence of multipliers associated to (x*(er))r and the limit z7,(0)

is a strongly stationary point for (MPCC,) forv=1,...,N.

Proof. The proof consists of three major parts: First, we introduce notation and modest conclu-
sions. Second, we demonstrate that there exists a bounded sequence of multipliers associated to

(z}(ek))k. Third, we verify the conditions of strong stationarity by constructing suitable multipliers.

(i) In order to keep the notation simple, let 2% = z%(s;) and the limit z,, = z7(0) and respectively
the concatenations z* and Z, both without the player index. Further we introduce the short forms
forkeNandi=1,...,m:

(2

#= (0T =0 BNaY) 1z = (LT =@ BN)z) , and & = 4, (=),

and the concatenations are denoted by 2, z, and &*, respectively. Recall, it holds that zf — Z;
and |¢¥| <1fori=1,...,mand all k € N.
Due to stationarity of ¥ for all v and k € N, we use Lemma 3.3, i.e. (8), and conclude that

there exists multipliers Ak € R™ such that:

1 1
0=Quay + e+ 5 (LT + Q) BN a+ 5y ai(lT — Q"B & + Va,gu(al)Xy,  (10a)

=1

0 =min {)\’;,—gy(aﬁ’;)}, (10b)

11



Hence, by rearranging the sum in (10a) we have:

0=Q,a" +cV+ZLw2 (14 &M +ZQ 13;2(1—51 —i—ZVJ;ng B (11)
=1 7=1

Next, we construct a multiplier vector 5\’,3 for all v and sufficiently large k such that the following

inclusion holds:
supp (A5) € supp (M) € Ly, () = {3 lgu.s() = 0},
where supp(-) denotes the support of a vector, i.e. the set of indices of its nonzero entries, the

multiplier A¥ shall satisfy (11) and the family of vectors

{Va,00(ah)

j € supp (5\5) } (12)

is linearly independent.

(ii) Now, we demonstrate by contradiction that the multiplier sequence (S\ff)k is bounded for

all v. Therefore, it is assumed that the converse is true, i.e. there exists o such that (S\ﬁ)k is

unbounded. By assumption, we have ||5\I’j|| — 00 as k — oo and thus it holds, that Hj\l]fH > 0 for

sufficiently large k. Therefore, we can define the auxiliary sequence

AR
A= (13)
IAZ ]
Clearly, all elements of this sequence are normalized, i.e. ||5\ff|| = 1. This in turn implies that the

sequence is bounded and admits a convergent subsequence S\f, - — Ay with K C N. It follows,
€

that also the limit of the subsequence satisfies | Ay|| = 1 and there exists an index jo € {1,...,m,}
with Ay jo > 0 such that supp( ) # (. Now, divide (11) by norm of the unbounded sequence

||>\f,|] and take the limit [ — oo. Note, that the first four terms of (11) are bounded and thus they

vanish in the limit. It remains to compute the limit of the last term:

1
l—>olor,llleK ||)\l|| Z xug”:ﬂ(x’/) 0,5
v j€supp()\l]§/)

with (13) and (for sufficiently large k) supp (5\V> C supp (5\5) = supp (Xff), we get

0= Z Vmﬁgpd(i‘p)j\,;,j.

jesupp(Xs)

This implies with supp ( ) # (), that the set of vectors
j € supp (5\0) } :

12

{V@ga,j(fﬂ)




is linearly dependent. Thus, by MPCC-CRCQ and supp (X,,) C supp (Xff), also

J € supp (/\'5) } ;

is linearly dependent, which is a contradiction to the linear independence of (12) for sufficiently

{vwﬁgﬁ,j ("T];)

large k. Therefore the assumption (lelf)k being unbounded, because (11) could not be satisfied by

such a multiplier sequence. Therefore, the sequence of multipliers associated to (xk) ¢ is bounded,

i.e. it exist a multiplier vector \ associated to Z.

(iii) In the following, we verify the conditions of S-stationarity of Definition 4.2, i.e. (9) exem-

plary for on leader v, and begin with applying them to (MPCC,):

0= (nyy+cy>+i)‘i< z, 9vi xu) ZF11< 1BT ) ZI‘21< VZ), (14a)
i=1 “

a €i

gu(x,) <0, (14b)
A, >0, )
gy’i(xl/)Ayﬂ: = O, 1= 1,...,ml,, )
min {(y —(Q, " BT) ), (y — LT;U)Z-} —0, i=1,....m, 14e)
(y— (Q;lBT)T.’E)Z'FLZ' :0, ’L = 1,...,m, )
(y — LTQZ%PQﬂ‘ = O, 1= 1, e,y (14g)
[ T2 >0, i:(y—(Q,'B") )i =(y—L x). (14h)
The remainder of the proof demonstrates that (14) is satisfied for the limit strategy Z, and its
multiplier \,, and we construct the additional multipliers I'1;,T'2;. We begin with the limit of (11)

for kK — oo in the sense of a suitable subsequence and get the expression:

a; _ Ui -
0=QuE, +cy+ ZLM2 1+&) +ZQ 'Big (1=&)+ ) Ve, 00(@) Mg, (15)

i=1 j=1

where §; = klim gk = klim o (z1), note that & € {—1,0,1}. If we choose the multipliers to the
—00 —

ek
complementarity constraints to be:

fl,iZ%(1+€i)7f2,i—§z( - &),

and since a; —I'1; —To; = a; —a;/2(1+ &) —a;/2(1 — &) =0 for all i = 1,...,m, and (15), then
the condition in (14a) follows.

Feasibility (14b-14d) is due to continuity of g, and the convergent subsequence of the multipliers,
which gives us A\. The feasibility of the complementarity constraint (14e) is due to choice of 455,
which belongs to a smooth NCP function, c.f. (4-7).

It remains to demonstrate (14f-14h):

13



In case G1,(Zy,Z—,) > 0, then by feasibility of z we have Go;(Z,,Z-,) = 0 and thus & =—1
such that I'y; = 0. If otherwise Go2;(Z,,Z_,) > 0, then by the feasibility of z it holds that
G1,i(Zy,7-y) = 0 and thus & = —1, ie. I';; = 0. Since both arguments hold for all 7 = 1,...,m,
this yields (14f-14g).

Moreover, both multipliers satisfy Ty ;, fgﬂ‘ > 0 for all i because a; > 0 and |¢;| < 1; therefore,
(14h) holds.

Hence, the strategy Z, is strongly stationary for MPCC, and since we derived (14) for an
arbitrary leader v, the proof is complete.

O

In the preceding theorem, it is demonstrated that the sequence of multipliers has accumulation
points in presence of a suitable constraint qualification if the primal variables converge. We have
seen that the limit of the Nash equilibria of NEP(e) are in fact strongly stationary to the original
MLFG. However, the following theorem goes even further by demonstrating that a limit of these
Nash equilibria is in fact a Nash Equilibrium of the MLFG.

Theorem 4.5 (A Nash Equilibrium of the MLFG). Let (ex)r be a positive sequence with e — 0
and let (x*(ex))r be the associated sequence of the unique Nash equilibria to NEP(ey).

Then any accumulation point of (x*(ex))k for a positive sequence €, — 0 is a Nash equilibrium
to NEPand therefore of the MLFG.

Proof. Recall, since x*(¢) is the unique Nash equilibrium of NEP(¢) for any ¢ > 0, it holds by the
definition of a Nash equilibrium that for all v =1,..., N:

05 (z}(e), 2% (g)) < O (xy, 2" () for all z, € X,,.

We prove that a limit strategy z*(0) is a Nash equilibrium to NEP by contradiction. Assume, z*(0)
is not a Nash equilibrium to NEP, then there exists £ € X such that:

0,(z,(0),z*,(0)) > 0,(&,,2%,(0)) for a leader v.

14

We define the distance as
0= 0,(z;,(0),2%,(0)) — 6,(2s,2%,(0)) (16)

Recall that all objectives 6§ are continuous in the strategies z,,x_, and the smoothing parameter

g, in particular in € = 0. Then there exists € such that for all € € (0, €), the following relations hold

for any v:
|05 (x5 (), 2%, (e)) — 05 (x5(0), 2 ,(e))] < g (continuity in ) (17a)

165 (75(0), 27, (£)) — 65(2(0), 2%, (0))] < g (continuity in z_,) (17b)

16 (25,(0), 27, (0)) — 0, (27(0), 2%, (0))| < g (continuity in €) (17¢)

10 (&, 2%, () — 0, (8,27, (2))| < g (continuity in ) (17d)

16, (&, 2%, (£)) — 0, (3, 2%, (0))| < g (continuity in z_,) (17¢)



It follows with (17a-17c) and triangle inequality, that

05 (x3(e),2%,(e) = Ou(25(0),27,(0) —  [65(x}(e), 27, (e)) — O (2(0), 27, (0))|
> 0(3(0).27,(0) = |05(=5(e), 27, (e)) — O5(27(0), 27, ()]

- |0@(0),27,(e) — 0(27(0), 27, (0))]

—105(2(0),27,(0) — 0 (x(0), 27, (0))],

and similar with (17d-17e), we have

0, (2,27, (c)) < 0,(2,,27,(0)) + 105 (20, 27, (€) = Ou (2, 27, (0))],
< 0y (2y,27,(0)) + 107 (20,27, (€)) = Ou(d0, 27, (€))]
+ 100 (20, 27, (€)) = Ou (2, 22, (0)) ],
Subtracting these inequality expressions yields with (16) and (17a-17e)

0, (x;(e), 22, (€)) = 0, (20, 27, (€)) = 0,(2,(0), 22, (0)) — O, (2, 22,(0))

which contradicts the assumption that to 2*(¢) is the Nash equilibrium of NEP(¢g). Therefore the
assumption that z*(0) is not a Nash equilibrium to NEP, which completes the proof. O

We remark, that this can also be understood as a constructive existence proof of Nash equilibria
of (NEP) if X, is compact for all v =1,..., N, as alternative to Theorem 2.3.
Note, that we needed to assume convergence of the Nash equilibria. This strong requirement is

weakened on the following two corollaries:

Corollary 4.6 (Compact Strategy Sets). If in addition X, is compact for allv = 1,..., N, the
convergence of xy, and x*(0) is not an assumption, because there exists at least one accumulation

point.

Corollary 4.7 (Accumulation Points are Nash Equilibria). If the limit of x} is non unique, every

accumulation point of the sequence is a Nash equilibrium of the MLFG.

5 Numerical Algorithms

In the previous sections, we reformulated the MLFG in (1,2) as smooth Nash game (NEP(¢)) with
a smoothing parameter € > 0 and developed theory confirming the validity of this approach. In

this section, a computational method is provided which is consistent to the developed theory.
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In particular, we apply a gradient type method and recall corresponding convergence theory.

As alternative we propose a Newton like method.

5.1 The Method

Due to Lemma 3.3, every leader’s unique optimal solution is characterized by its KK'T system 8 for
a fixed smoothing parameter €. The multistrategy vector of these solutions characterizes the unique
Nash equilibrium of (NEP(¢)); therefore, we aim to find a primal dual pair z = (z, A) which satisfies
the concatenated KKT conditions. We abbreviate the concatenation with F°(z) = (Ff(2), F5(2)) "
such that

1
FE(2) =Qz + ¢+ 5(LT +Q,'BN)Ta

1 & Vagi(z)h (18a)
_ -/ _ .
Fo 2l - BN & (LT - Q) BT )al) + _
- VangN (TN )AN
AL —g1(z1)
Fy(z) =minq | : |, : (18b)
AN] [—9n(zN)
using the notation Q = diag(Q1,...,Qn) and ¢ = (] ,. .. ,cE)T. The roots of this system charac-

terize the Nash equilibrium for a fixed relaxation parameter . With this notation, the KKT system
can be equivalently expressed as the minimization of the auxiliary function ¥, : R®*™ — R, where

m=mi+---+my and
1 1
e(2) = SIF ()2 = 5 (IFF ()3 + 1F5 (2)113)

The global minimum is obtained for an z* satisfying W.(2*) = 0. For convergence theory, the

Lipschitz property of W, is crucial; therefore, we prove it in the following lemma.
Lemma 5.1. The function V. is locally Lipschitz and directionally differentiable.

Proof. We verify the properties for each part of the sum separately.

(i) 3[|F1(2)|13 € C*, as a composition of C! functions because ¢, is assumed to be twice differen-
tiable. Therefore, this part is locally Lipschitz and directionally differentiable.

(i) LIFa(2)3 = & 55 min? (s, —gi(@)} = 3> (A — gilw) — [ + ga(@)))? is locally Lipschitz as
a composition of 102(::ahy Lipschitz functions.l:I}c is also directionally differentiable as it is also a

composition of directionally differentiable functions. O

We are interested in the solution of the system for ¢ close to zero. However, the problem
characteristics are poor for very small ¢ and we expect bad numerical performance with arbitrary

initial values. Therefore, we propose to solve a sequence of minimization problems:

mzin U (2) st.zeR™™
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for a decreasing sequence of positive numbers (g;);en. This approach returns a sequence of KKT
points (2*(¢i));eny = (27(g4), A*(€i));ey Whose primal part (z*(g;));cy is the Nash equilibrium of
NEP(g;). We use the solution z*(g;) as initial value for the subsequent solving for &;;.

To further increase the quality of the initial values, we propose an update for the primal variables

x based on formal Taylor expansion of the map ¢ — z*(¢). We compute the derivative of the

objectives of the Nash game with respect to € which implicitly characterize %. Forv=1,...,N,
we have q
3 Vabo(zu(e), 2-0(€))) =0,
which leads to the following system
oz
E—(e)=h.
52 ()

Here, we denote ¢. (1) = ®(1,¢) to emphasize the explicit dependence on ¢, then the linear system

has the following coefficient matrix

%9

:,zw((LT - Q,'B")iz,e),

1 & N _
E=Q+; Y ai(LT-Q,'BN (LT - Q,'BT)
=1

and the right-hand-side

1 — oD
== a(l"T -Q,'B"),—

(LT =@, 'BT)]x,e).

We remark that F is nonsingular since it is composed of the second derivatives of the strictly convex

objectives. We summarize the general approach in the following algorithm.

Algorithm 1
1: Initialize Choose 2%(gq) = (2°(g0), \°(c0)) € R™™™, tol > 0, g9 € (1,2), v € (0,1).
2: fort=0,1,... do
3: Compute Nash equilibrium of (NEP(g;)) with initial guess 2°(g;) = (2%(g;), A\%(&;)) by

2*(ei) = (2" (&), \"(e;)) = arg min ¥, (z),

z€Rn+™
4: Decrease €;41 = e,
5: Compute Taylor update
. Ox
d'=—(gi11),
65( Z-‘rl)
6: Update initial guess 2°(g;11) = 2*(¢;) — (g; — €i11)d* and \O(g;41) = N\ (&;).

7. end for

In Step 5 of the algorithm, we use a forward evaluation of g—? but also g—i(ei) is a valid choice.
In the remainder of this section, we propose two algorithms for computation of the Nash equilibria
in Step 3, but other approaches are conceivable, e.g. diagonalization methods as in [13] or path

following techniques [8, 10].
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5.2 Subgradient Method

To generate the sequence of Nash equilibria, we propose a method which is based on subgradient
descent. We apply the method of [6] for a fixed smoothing parameter £ > 0. Stationary points of
U, are computed as the limit of a sequence of h-d-stationary points. Bagirov et. al. [6] showed that
the limit is a Clarke stationary point. With this method we obtain the unique Nash Equilibrium
of the smoothed game.

Before stating the algorithm and the inherent convergence results, we introduce some terms.

Definition 5.2 (h-6 Stationary Point). Let Wy (z) denote the closed convex hull of all possible
quasisecants of a locally Lipschitz function f :R™ — R at the point x € R™ with length h > 0:

Wi(x) =conv{w € R" : 3d € R" with ||d| =1:w =v(x,d,h)}.

Then a point x is called a h-6 stationary point of a locally Lipschitz function f : R™ — R if and

only if
min {||v| : v € Wp(z)} <.

Lemma 5.3 (Termination). (1) If max{||v|| : v € Wy(2)} < oo for all iterates 2% € R*"™™ the
loop in Lines 7-15 terminates after finitely many iterations with a decent direction. (2) The loop

in Lines 4-20 terminates after finitely many iterations with a h-d-stationary point.

Proof. (1) Since ¥, is locally Lipschitz with Lemma 5.1, [6, Proposition 4.1] is applicable.
(2) The function ¥. is bounded from below as it takes nonnegative values only, therefore [6,

Proposition 5.1] is applicable. O

Theorem 5.4 (Convergence). Assume L£(z°) = {z € R™™ : ¥ (2) < ¥.(2°)} is bounded and As-
sumption A.2 is fulfilled. Then there exists at least one accumulation point of the sequence (2F)pen

generated by Alg. 2 and any accumulation point is a stationary point of V..

Proof. Due to Lemma 5.1, W, is locally Lipschitz and therefore, [6, Proposition 5.2] is applicable.

The boundedness of £(2°) implies that there exists at least one accumulation point. O

Bagirov et. al. [6] state that subgradients are in particular quasisecants and therefore, we limit
ourselves to the usage of subgradients as decent directions and to h = 0 in the implementations.

The algorithm is stated as Algorithm 2 below.
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Algorithm 2 Subgradient Method
1: Initialize hg > 0, 6 > 0, v € (0,1), 20 € R*™™™ dy € R*™ with ||do]| = 1,0 < c2 < 1 < 1,
e>0.
2: for k=0,... do

3: zZ1 = Zk,
4: for j=1,... do > compute h-d-stationary point
5: Compute quasisecant vy = v(Z;,do, h),
6: Vg = Vg,
7 fori=0,1,... do > find decent direction
8: c; = argmin{||cv; + (1 — ¢)%;||3 |e € (0,1)},
9: v = ¢v; + (1 — ¢)v;,
10: if ||7;|| < 6 then return v/ = ; .
11: di = — 5
12: if U.(Z; + hd;) — V(%) < —c1h||v;]| then return v’/ = v;.
13: Compute quasisecant v;y1 = v(z,d;, h),
14: Vig1 = ;.
15: end for
16: if |[v7]| < &), then Stop.
17 & =
18: Compute step length such that
0j = argmax{V.(z; + od’) — U (%;) < —cao|v?|| |o > 0},
19: Update zj41 = z; + ojd’.
20: end for
21: M=z,
22: hi+1 = Yhi,
23 g1 = Yok
24: end for

5.3 Nonsmooth Newton Method

Next, we present an improved method. The joint KKT system (18) leads to the problem to find
the unique z*(e) = (z*(g), A*(¢)) that satisfy

Fe(z) = 0.

This is a nonlinear and nonsmooth system of equations which depend on the parameter € > 0. The

generalized Newton method can be written as the solving of a sequence of the linear systems
H (Zk—i-l _ Zk) — —FE(Zk),
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for an element H € OF¢(z¥) of the Clarke subdifferential of [°. The explicit structure of a
generalized Jacobian H can be found in A.3.
Since H is not necessarily regular, we verify this property in Step 5 of Algorithm 3 and use a first

order decent direction if necessary. This subgradient decent also serves as globalization strategy.

Algorithm 3 Nonsmooth Newton Method
1: Initialize Choose 2° = (2%, \%) € R™*™ 3 € (0,1), o € (0,0.5), tol > 0, £ > 0.
2: for k=0,... do
3: if U. < tol then Stop.
4: Let H € 0F¢(z%),
5: if H singular then do subgradient decent of ¥., thus choose

sF e —ow, (Y,
and the step length t; = max{g'|l = 0,1,...} which fulfills the Armijo condition
W, (28 + Rk < 0 (2F) + tkaskTsk,
6: else let ¢z = 1 and compute Newton step by solving
Hsk = —F5(29),

7: Update 2Ft1 = 2F 4 t;.5*.

8: end for

For further discussions and convergence analysis we refer to e.g. [23].

6 Numerical Results

In the previous sections, we proposed an algorithm with gradient updates of the primal variables.
This included the computation of Nash equilibria for a sequence of smoothing parameter (g;);en.
For this computation, we introduced a subgradient and a Newton method. The presented numerical
results are obtained for the data sets in A.4 which are adapted from [12]. All plots are generated
for the Data Set 1, however experiments with Data Set 2 produced similar graphics.

The naive approach of computing a sequence of Nash equilibria is to use the Nash equilibrium of
a larger smoothing parameter as initial for the subsequent computation with the smaller smoothing
parameter. The main purpose of the outer Taylor expansion based update in Algorithm 1 (Step 5
and 6) is to improve the quality of the initials in order to reduce the computational effort in Step
3.

In the upper left part of Figure 1, we observe the quadratic decent of the error for decreasing
smoothing parameter. In the upper right part, the Taylor update is exemplary illustrated for one

component of the leader variables. The blue dots indicate each the Nash equilibrium of a NEP(¢;),
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||x(e)-x*||+||,\(e)-,\*|| for e=0.5% Taylor Approximation Update on Primal Variables
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error
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0 2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16

iteration =10 iteration

Figure 1: Upper left: Quadratic convergence to the limit Nash equilibrium z*(0), right: Taylor
expansion based update on primal variables, exemplary for first leader variable; Lower: comparison

of Subgradient and Nonsmooth Newton method for varying smoothing parameter.

x*(g;). A black line represents the Taylor update and the lower end of a black line indicates the
updated initial values z°(¢;11) for the subsequent Nash equilibrium computation.

The lower part of Figure 1 is dedicated to illustrate the importance of large smoothing parameter
for the first computations of Nash equilibria. Since the problem gets closer to it original nonsmooth
formulation as € decreases, the problem is also more challenging to solve for both Subgradient and
Nonsmooth Newton method. We observe this expected behavior, in particular if we compare the
number of iterations for ¢ = 1.6 and € = 0.1.

As already seen in Figure 1, the subgradient based method suffers from characteristically slow
convergence for our instances. In Figure 2, all iterations for a sequence of decreasing smoothing

parameter are shown.
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iteration x10°

Figure 2: Subgradient Method; all iterations for decreasing sequence of smoothing parameters.

Similarly to Figure 2, left in Figure 6, all iterations for a sequence of decreasing smoothing
parameter are shown for the Nonsmooth Newton. The alternating behavior is due to the decreasing
parameter changing the minimization problem. The right part of Figure 6 illustrates the decrease

in ¥, for different random initial values but fixed smoothing parameter.

T (x*, k) ¥ (x¥,AX) for e=1 and multiple Initials
e €
10° T 10° T T T T T
10° 10°
10 | 1 10 |
0 0
Oe‘w 094
10710+ - 10710
—_—
0 | W v ] 0 |
10—20 L L L L L 10—20 L L L L L L L L
0 20 40 60 80 100 120 0 2 4 6 8 10 12 14 16 18
iteration iteration

Figure 3: Nonsmooth Newton Method; left all iterations for decreasing sequence of smoothing

parameters, right for one smoothing parameter and multiple initials.

7 Conclusion and Outlook

We presented a quadratic MLFG and explicitly computed the best response of the follower player.
With this best response we derived a Nash game formulation where existence theory is available.
Furthermore, we smoothed the best response function and formulate the MLFG as smooth Nash
game and proved existence and uniqueness of the Nash equilibrium for all smoothing parameters.

We followed an all KKT approach to characterize the corresponding Nash equilibrium. For de-
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creasing positive smoothing parameter, we showed that the limit of Nash equilibria satisfies the
conditions of S-stationarity. Further, we demonstrated that S-stationary points are eventually Nash
equilibria of the MLFG. Numerically, we computed Nash equilibria with a globalized nonsmooth
Newton and compare with a standard methods based on subgradients. For efficient computation,
we updated the primal variables by a Taylor approximation before a subsequent computation of
the Nash equilibrium for a smaller smoothing parameter.

The numerical comparison to alternative methods designed for MPECs and EPECs are planned
as future research. Also, the extension possibilities discussed in Appendix A.1 are subject of further

investigation.

A Appendix

A.1 Remarks on Extensions to the Model

In the following, we mention two generalizations to the follower problem in (1), which seem obvious
to include. We explain challenges to motivate future research.

In (1), it is assumed that the matrix @, is positive definite and diagonal. A popular approach
in quadratic programming is to enforce diagonality of symmetric positive definite matrices by
introducing an auxiliary variable z = DTy, where we have the Cholesky decomposition Qy =
DD, which exists for symmetric positive definite @y. The follower’s problem can be equivalently

formulated as a minimization problem in z:

1
min —z'z—0b(z) DTz st. z>DTi(x).
z€R™M 2

As in Lemma 2.2, we derive the solution to this optimization problem explicitly:
z(z) = max{D'b(z), D i(z)},
and we recover the follower’s best response in this setting:
y(x) = D~ " max{D'b(x), D"i(z)}.

However, unlike (3), this function is not necessarily componentwise convex. But this property is
essential to guarantee convexity of the leaders’ objectives. This property is required for the proof
of existence of Nash equilibria in Theorem 2.3 as it is based on Kakutani fixed-point theorem.
An other obvious extension to the follower problem is to incorporate upper bounds besides the
discussed lower bounds, i.e. I(z) < y < u(z). We can also derive an explicit representation of
the best response, e.g. via projection of the objective’s gradient into the feasible set. For that let

Gi(x) = (Qy);;"bi(x), then the best response is for i = 1,...,m

li(z),  gi(w) < li(w),
yi(z) = median(l;(2), 7i(z), ui(z)) = ui(z), Gi(z) > (),
Ji(x), else.
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Like in the previous case, this best response is not necessarily convex; therefore, the existence result

in Theorem 2.3 does not apply.

A.2 Subgradient Method

In the following, we state the definition of quasisecants and a theorem which relates quasisecants
and subgradients. Furthermore, we state a assumption which is needed in the convergence theorem

of the subgradient method. All is adapted from [6] and can be found there in an extended form.

Definition A.1 (Quasisecant). A vector v = v(x,d,h) € R™ is called a quasisecant of a locally
Lipschitz function f : R™ — R at the point x € R™ in direction d € R™ with d = 1 with the length
h > 0 if and only if

F(o+ hd) — £(z) < (v, d),
and

v € Ognf(x) + Bo),

where Oqnf = Uwepon0f(x + td) denotes the union of all Clarke subdifferentials over the set
conv(z,z + hd) and Boy denotes a ball for which O(h) — 0 for h — 0.

For the convergence proof it is necessary to study the relation of Wj,(x) (Definition 5.2) and

the subdifferential 0f(z) and therefore, the following assumption is crucial.

Assumption A.2. At any given point x € R™ there exists § = d(x) > 0 such that O(y,h) | 0
uniformly as h | 0 for all y € Bs(x) that is for any n > 0 there exists h(n) > 0 such that
O(y,h) <n for all h € (0,h(n)) and y € Bs(x).

In particular, this assumptions guarantees a certain relation between quasisecants and subgra-

dients.

Theorem A.3. Assume that a function f satisfies Assumption A.2. Then at a given point r € R™
for any n > 0 there exists 6 = §(n) and h(n) > 0 such that

Wh(y) C af + Br]a

for all h € (0,h(n)) and y € Bs(x). Furthermore, it holds for locally Lipschitz function that the
limit as h — 0 of the Wy, (z) lies in the subdifferential, i.e.

Wo(z) C Of (2).

A.3 Nonsmooth Newton

We propose a nonsmooth Newton method to compute Nash equilibria. In order to keep the read-
ability of the paper, we specify the structure of the generalized Jacobian here.

We look at the elements of dF; as a block matrix:

]
el (o]’
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where the block € R"*"™ ig

vﬂ»‘(l) (Vayg1(21) A1)
=Q+

Vi (Vangn(Tn)AN)

4= Zaz 1BT) (LT o Qy_lBT):,i

1 (LT —Q,'BT)a]?

\/[(LT — Qy'BT)x]? + 4¢? \/[(LT — Q;'BT)z)? + 4¢2
the block | B| & R is

3 9

vmgl (xl)
Vaingn(TN)
and the block diagonal € R™*"™ g

[c]= :

with the blocks € R™ X" gnd the entries

(C)) =0G min N, ~gb(@)} = § 52 ob@), N> —gi(w),

,J
_ c R™X™

with its blocks € R™X™v with the entries:

and the diagonal matrix:

17 )‘?/ < _glz/(‘rV)?
(D)), = oF min {X, ~gi(@)} = 0. AL > —gi(x,),
(1,0, A, = —gi ().

A.4 The Data

In the following, we specify the data used for the experiments presented in Section 5. We adapted
the data used in [12].
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A.4.1 Data Set 1

We consider N = 2 leader with each n; = ny = 2 variables. The objectives of the leader are given

by
1.7 1.6 27 13 0
= , = , Cl=c¢Cy = , a=
@ [1.6 2.8] @2 [1.3 3.6] e H

Each leader has mq, = mgy = 3 linear constraints g, = A;,F:E,, + b, <0 with

1.4
2.6
2.1

1.6 0.8 1.3 1.6 1.8 1.6 1.4 1.6

A= ’ T, b= |1.2], Ay = | ’ T, b= |15
26 2.2 1.7 1.3 1.2 2.7

0.4 2.6

The follower has M = 3 variables and its objective and constraints are given by

23 14 26 1.3 24 18
25 00 1.3 21 1.7 13 24 18
Q=10 36 0|, B= , L=
25 1.9 14 1.3 24 1.8
0 46
1.3 24 16 13 24 1.8

A.4.2 Data Set 2

We consider N = 3 leader with each n; = ny = ng = 2 variables. The objectives of the leader are

given by

2.5 1.6 29 1.3 3.2 2.3 0 04
=77 T, Q=TT T, Q3=|" Tl,c1=co=c3= ,a= |16

@ [1.6 3.8] @2 [1.3 1.8] @ [2.3 2.6] PR H
2.6

Each leader has mi = mgy = mg = 3 linear constraints g, = AZ:U,, + b, <0 with
1.6 08 1.3 1.8 1.6 1.4 2.3 1.9 1.6
Al — 9 A2 - Y 3= )
26 2.2 1.7 1.3 1.2 2.7 1.3 1.7 2.7
T T T
by = [1.6 1.2 0.4} by = [1.6 1.5 2.6] by = [1.5 0.3 1.8} .

The follower has M = 3 variables and its objective and constraints are given by

0.8
1.5
1.5
1.8
1.3

1.1

26

2.1
2.3
0.9
2.3
1.7
2.6

1.3]
0.7
2.4
3.6
1.7

1.6

0.8
1.5
1.5
1.8
0.5
1.2

2.1
2.3
0.9
2.3
1.1
1.5

1.3]
0.7
2.4
3.6
2.1
1.8
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