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Abstract

We present a linear—quadratic Stackelberg game with a large number of followers and we also derive
the mean field limit of infinitely many followers. The relation between optimization and mean-field limit
is studied and conditions for consistency are established. Finally, we propose a numerical method based

on the derived models and present numerical results.
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1 Introduction

Game theory extents classical optimization by allowing for competing goals of possibly many actors. Early
considerations and economic applications are described in [33]. A theoretical breakthrough has been made
by Nash by formalizing the concept of equilibrium [30]. Stackelberg extended the models by putting one
player in an special position, called the leader [34], establishing the class of Stackelberg games. In the last
decades such multilevel games served as a tool for the analysis of systems of multiple competing interests
and hierarchies. A prominent application is the analysis of electricity markets [0, [I8] 2I] using multi-leader
follower games. Other applications include traffic and tolling [16 22] as well as telecommunication [31], [35].

These applications usually involve modeling large populations of followers. For example, the demand of
all customers for electricity is represented by one single independent system operator (ISO), which currently
also provides a precise model for the current practice in energy markets, e.g. [8, @, [I0]. Many commuters
in tolling models are modeled as one unit seeking a Wardrop equilibrium, whereby the interaction of these
units does not play a role in road traffic, e.g. [16]. Similarly, in [35] the internet providers are modeled as
individual leaders but data traffic is not further adressed.

We are interested in the study of Stackelberg games under possibly infinitely many followers. Models of
interacting agents or followers have been studied e.g. in [12] [I5, B2]. In particular, opinion formation and
consensus as social models are discussed in [I7,[28]. Other applications include economic and financial market
models [29] as well as traffic models [I9]. Game theoretic foundations of the analysis of these interacting
agent systems discussed e.g. [23]. In [I] the control of a two-population model is investigated, where a
population with a leading role is modeled through the dynamics. The agents of this leading population are

however not leaders in the sense of game theory.
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Figure 1: Schematic overview of the various order of operations for the Stackelberg game.

In this paper we consider a Stackelberg game with one leader and a possibly infinite number of followers.
This population of followers is modeled as a dynamic system. We are interested in an equilibrium of the
game which we characterize by first-order optimality conditions. We propose the following approach: The
follower level is optimized first with the leader’s control as parameter, then the leader’s problem is solved
provided certain regularity assumptions hold true, see e.g. [I1]. The limit to infinitely many followers can
be derived at different stages of the optimization yielding mean-field descriptions of the model. The focus
of this article is the analysis of the interchangeability of optimization and derivation of the mean-field, see
Figure [ We establish consistency conditions for the Lagrange multipliers which link the different options.
The novelty of our work lies not only in the two level problem but also in open loop controls compared,
different to prior work studying feedback control techniques, c.f. [3| [ 2 [5]. Also, compared to [20], we
derive consistent optimality conditions for a Stackelberg game.

Other related work includes a linear quadratic Stackelberg game of a large follower population governed
by stochastic differential equations in [27]. There, a local optimal control problem of the followers is solved
where the control of the leader is considered as an exogenous stochastic process. This leads to e-Nash
equilibria and it is shown that ¢ — 0 as the number of followers grows to infinity. A related model is studied
in [25] where it is distinguished between one major and a large number of minor players. In contrast to the
work in [25] 27], we study a partial differential equation (PDE) on the probability density of the players’
states.

Here, we limit ourselves to formal computations in this article. Other approaches, rigorous derivations,
and analytical results on derivatives with respect to measures may be found in [13] 14} [23].

This article is structured as follows: We begin with the derivation of consistent optimality conditions for
two optimal control problems in Section[2} A model including a single control and a second model where each
agent has an individual control, are studied there. We apply these results to a Stackelberg game in Section 3]
In Section [] a numerical scheme to solve the optimality system of Option 3 is derived. We conclude with

some numerical results in Section [Bl

2 Single Level Problems

In this section, we study two optimal control problems of interacting agents systems that differ in the nature
of the application of the control. The problem in Section [2.1]is controlled by one control. In contrast, the
problem discussed in Section [2.2] captures one control for each agent.

The optimality conditions to each optimal control problem can be derived prior to the derivation of

the mean-field limit or after—resulting in two different optimality systems. We compare both systems and



establish consistency conditions to build a link between them, c.f. Lemma [2.1] and Lemma[2.2]
Note, the superscript MO indicates that the mean-field limit is derlved prior to optimization. The
superscript OM indicates the opposite order, see also Figure

2.1 Single Control System

We consider the optimal control problem of a system of N interacting agents as follows:

T
min / [J (u,m (%)) + %UQ] dt
u
0 (1)
N
st @ = — Z (i, xj,u), z;(0)=z;0, i¢=1,...,N,
where the states z; = x;(t) are considered to be in R™ for the agents ¢ = 1,..., N and the according initial

states are given by z;¢. The concatenation of all agents’ states is denoted by & = (mi)i]il € RN™. The
(common) control is u = u(t) € R™. The explicit dependence on time ¢ is omitted whenever the intention
is clear. The agents’ dynamics is described by G : R® x R™ x R™ — R™ and is assumed to be at least
differentiable in all arguments.

The common control u is to be chosen such that an objective functional is minimized over the time
horizon [0, T]. The function J : R™* x R™ — R takes the control v and m as arguments and is assumed to be

differentiable. The value m = m (%) is considered be a vector of a moment of the states, i.e. m : RN™ — R®

with
N
Z m(z;)

and m : R® — R™. The objective is regularized by a quadratic term of the control u with a scalar weighting
parameter o > 0.

Assuming the agents are identically independent and the interaction G is symmetric, we compute admis-
sible variations with respect to the mean-field density AM© = hMO(t, z). With e.g. [20, Proposition 2.1], we
have the mean-field evolution equation of the state variables and the objective functional form the following

optimal control problem in the strong form:
T
min / {J (u, mpno (t)) + guz} dt
w 2
0
s.t. 0= 9;hMO + div, (hMO / G(x, &, u)hMO(t, 1) d:%)
hMO(Oﬂx) = h(l;/[O(x)’

where myuo (t) = [ 7(z)hMO dz. Formally, the dynamics and the cost of (1)) and (2)) are recovered for the

hMO

mean-field probablhty density chosen as empirical distribution:

N

e (1) = = D76 — ai(1)), 3)

i=1

where § denotes the Dirac delta. Similarly, the initial distribution h§!© is obtained as limit for N — oo of

the empirical distribution centered at the initial data &Y.



Lemma 2.1 (Single Control System). Consider the optimal control problem in of N agents and the
optimal control problem for the density hM© : [0, T] x R® — R of agents. Let h°M : [0,T] x R* x R® — R
be the distribution function, which satisfies the mean-field limit of the first-order the optimality conditions of
problem , The multiplier to the optimality system of is A=A(t,x).

Then, the solution of the mean-field of the optimality conditions of and the solution of the optimality
conditions of are formally identified by:

VoAt z) = — / AWM (8,2, M) dA, (4a)

for all t >0 and all x in the support of hWMO. The function hS™ is the marginal of hOM:
ROM (t, 2, \) = MO (t,2) hOM (t, 2, \) . (4b)
Note, the consistency conditions in Lemmastate a decomposition of the probability density hOM (¢, z, \)

to the probability density hMO (¢, z) in and the Lagrange multipliers A and A(¢,z) in ([da).
The proof of Lemma [2.1] is omitted since it is analogous to the proof of Lemma [2.2] presented below.

2.2 Individual Control System

We consider the interacting agent system of N agents which reads as follows:

N T
1 - a o
min — g 1 / [J (ug,m (x;)) + 5 Ui dt
i=17

(5)

N
: 1 .
s.t. Xr; = NZG(Ii’Ij’ui)’ 1‘7(0) :IL(), 1= 1,...,N

j=1

Contrary to Section each agent 7 influences the model by its control u; = w;(t) € R™. Formally, we
obtain a mean-field optimal control problem as:

min /T / [J (u,m(x))+%u2} FMO 4z dt
0

s.t. 0= 9, fMO + div, ( Mo / G(x, &, u) fMO(t, &) d@)
fMO(07x) = é\/IO(x)

A difference in @ compared to the problem in is that the mean-field control u is additionally dependent
on the state space, i.e. u = u(t, ). If the mean-field density fM© is chosen to be the empirical measure
then dynamics and cost of the problems () and (6)) coincide if we define u;(t) = u(t, z;).

As for the problem of a single control, we can derive consistency conditions which connect the optimality

conditions of and @

Lemma 2.2 (Individual Control System). Consider the optimal control problem in of N agents and the
optimal control problem @ for the density fMO :[0,T] x R® — R of agents. Let fOM :[0,T] x R" x R® — R
be the distribution function, which satisfies the mean-field limit of the first-order the optimality conditions
to , The multiplier to the the optimality system of @ is A =A(t,z).

Then, the solution of the mean-field of the optimality conditions of and the solution of the optimality
conditions of @ can be formally identified by:

VoAt z) = — / AOM (¢, 2, \) d), (7a)



for all t >0 and all x in the support of fMO. The function f9M is the marginal of fOM:

FOM (2, N) = MOt ) fOM (2, \) . (7b)

The proof of Lemma is carried out in Section In particular, the optimality conditions of

may be found in (9a}9d) and its mean-field limit in (T0a{IOb). The optimality conditions of (6]) are given in
([(TallTTd).

Corollary 2.3 (Parameterized Problems). Consider the optimal control problem in with the parameter-
ized objective J = J (u;, m (x;);p). Then Lemma[2.4 holds also for the parameterized objective.

Before proving Lemma we address an aspect related to the usage of L? calculus for the formal
computations of the optimality conditions of @ In the proof, Gateaux derivatives of the Lagrangian are
computed, see . In particular, the derivative with respect to the probability density fM© is computed.
Probability densities are nonegative and their integral is one. A consistent derivative with respect to such
a function conserves these properties also with the variation, e.g. in Wasserstein calculus. This means a
suitable variation 7 of the probability density fM© satisfies:

MOt z) +n(z) >0 and /n (MOt z) +n(z)) dz =1, (8)

which is not the case in L? calculus. However, this relation is recovered by . Assume in the following
paragraph that n = 1. The Lagrangian of the problem @ contains the scalar product of the evolution
equation of fMO with the multiplier A:

T
£MO (fMO,u,A) = J (u, m(x)) L MO dzat
[ s+

+ <at MO+ div, ( e / G(z,#,u) fMO(t, 1) dfc) ,A> :
If one uses now instead of the standard L? scalar product the following scalar product:
(MO A) = / PO )DL At ) da,
we have that 0, A is a consistent variation of fM© for compactly supported A since:
/ Oz A(t,x)dz =0
R
Hence the suitable test function in (8) is n(x) = 0. A(t, x).

2.3 Proof of Lemma [2.2]

We refer to [20] for a detailed discussion.

Notation. A function with an hat is evaluated in space or multiplier of the hat variable, e.g. fOM =

FOM(t, £, ) and fOM = fOM(¢, ).

First Optimize then Mean-Field Limit Under regularity assumptions on the cost and the dynamics
G, Pontryagin’s maximum principle provides optimality conditions to .



The first-order optimality conditions are composed of the state dynamics and the dynamics of the La-

grange multipliers ()\i)i]\il € RNV™:

| X - (9b)
— N Z |:D1G (IZ?Z', IZ?j, Uz) )\1 =+ D2G (Ij, Zq, Uj) )\]:I 5
j=1
with #;(0) = x; 0 and X\;(T) =0 for i =1,..., N and in addition to that, the control is determined by:
| X
0= VuJ (ui,m (2:)) + oui + > DuGlai, wj,u) " A (9¢)
j=1

In this paragraph, we derive evolution equation of the probability density fOM = fOM(¢, ., \). To derive
the mean field limit, we assume there exists an u : [0,T] x R™ — R™ such that:

u(t, zi(t)) = u(t),

fort > 0and all i =1,..., N. The mean-field equation related to the many particle limit of the dynamical

system is:
0 =8, fOM + div, ( oM / Gz, &, u) fOM dz dS\)
— divy, <fOM [/ [DlG(x, ) TA+ DgG(:i",x,iL)Tj\} FOM 4z dA (10a)
# Do) V(e )
with the initial condition fOM(0,z,)\) = fPM(x, \) for all (x,\). The mean-field limit to is:
0= VuJ (u,mspom(t)) +au+ /Dua(x, Z,u) T AfOM did, (10b)
where m pom (t) = [ m(z) fOM dadA.

First Mean-Field Limit then Optimize The formal first-order optimality conditions of @ in the

L?-sense are given by:

0 =0, fM° + div, < ™Mo / Gz, &,u) fMO d:%) : (11a)
0 =J (u,m(z)) + %M —9A
N (11b)
- / (G (z,2,u)T VoA + G (2,2,8) " V,;A) FMO 45,
0=VyJ (u,m(x)) + au — /DuG (z,8,u) " VoAfMOdz, (11c)

with the initial value fM©(0,2) = f}°(x) and the terminal condition A(T,z) = 0 for all x.



The Relation between the Approaches In this paragraph, we connect the two approaches and derive

the consistency conditions . We may assume that there exists a decomposition such that:
FOM(t, 2, N) = fOM () fOM (¢, 2,0\),

where for the conditional probability density [ ROM (t,2,\) dX = 1 holds. Upon multiplication of (T0B]) by

DM integration with respect to \ yields:

0=V,J (u m jo pou (t)) /fQOM d\ + au / FOM g\

(12)
+ / D,G(xz, &, u) " fOMFOM dz d\ / AfOMAN,
Hence, if:
Mt ) = MO, ), (13a)
/AfQOM d\ = -V, A(t, 2) (13b)

then Equation coincides with (T1d).
Using the assumptions in , we obtain that after integration of the Equation (L0al) with respect to A:

0= 0 / FOMFOM A 4 div, / FOMFOMG ) FOM FOM dz A d,

which is equivalent to (L1al).
We continue by multiplication of (10al) by A and insertion of (13b]), then integration by parts yields:

0= =0 (f7MVah) = divy <f10MV1A [ GaaT o di)
+ floM // [DlG(x,fc’u)T)\ + DQG(.’IA?’{E’&)TS\} flOMfQOMfQOM 45 dddA
+ [PMD () Vo (u,70(x))

This equation is equivalent to (11b]) when computing the gradient with respect to V:
0=— fOM {atva + ng/G(x,fc,u)floM dz + /DlG(x,ﬁ,u)TVIAfloM dz
+ / DyG (&, 2,0) VaAfOM di — Dyi(z) ' Vi (u, ﬁz(x))} .

This completes the proof.

3 Stackelberg Game

We introduce a linear-quadratic Stackelberg game, consisting of the leader and N followers. The interchange-

ability of mean field limit and optimization is discussed using the results from Section



The Stackelberg game to be discussed reads as follows:

N
D P (&,8) (& &) +wi, &(0)=&o, i=1,...,N,

where the leader minimizes the function J¥ : R™ x R"* — R regularized by a quadratic term of its control
v = v(t) € R™ with 8 > 0. The structure of the followers’ control problem is similar: Every follower
i€{l,...,N} aims to minimize J : R®* x R"Z — R regularized by its quadratic control w; = w;(t) € R"F
with regularization parameter v > 0. The value m = m(g) is considered be a vector of moments of the states
m : RN — R,

The structure of the followers’ problem is a potential game [26], i.e. here the followers’ states and controls
are not coupled in their objective functions. Therefore they can be summed up which yields cooperation
between the followers.

The followers’ problem is governed by an ordinary differential equation of every follower’s state & =
&i(t) € R™ which couples to the other followers via the interaction kernel P : R"F x R"* — R. The
concatenation of the followers’ states and controls is denoted by Ee RNF and 1 € RV"F.

Unlike the optimal control problems in Section[2] Stackelberg games have multiple levels of optimization.
Therefore the optimality conditions have to be derived in a systematic order. This results in three different
possibilities illustrated in Figure

Theorem 3.1. Consider the Stackelberg game in of a single leader and N followers.

Denote by g®°M : [0,T] x R"F x R"* x R?"F — R the probability density of the mean-field limit of the
followers after optimization of both, the leader and the followers.

Furthermore, let g°MO : [0,T] x R™ x R™* — R denote the probability density of the mean field limit
after optimization of the leader and gM©© : [0, T] x R™ — R the probability density of the followers prior to
their optimization.

The function © : [0, T] x R"F x R"F — R is the multiplier to g°M© and the function ¥ : [0, T] x R"F — R
is the multiplier to gMO©.

If the condition:

2
/ PRgOMO(1,€,4) dyp = ( / BoPMO(t, €, 10) dw> , (15)

holds for t > 0 and all £ € R™F | then the three optimality systems are equivalent in the mean-field limit and
we have following relations:

gOM(t, &, 1, 0) = gOMO(L, €,4) g M (L, €, ., 0), (16a)
_ Vﬁ@(t»gﬂ/’) _ OOM
VewO(t, &) = V.0t w)]_ / 099 OM(t,€,4,0) df, (16b)




for allt >0 and & in the support of g°™MO and:

gOMO(t, &, 9) = gMOO(t, ©)gMO (2, &, ), (16¢)
Veu(t, ) = / B0 (1,6, ) do, (164)

for allt >0 and all & in the support of gMOO.

Before proving this statement in Section we provide additional interpretation.

The variance of a random variable X with the realization x and the probability density p is deﬁned as
Var(X) =E [X?] -E [X]Q, where E [X] denotes the expectation of X, which is defined as E [X]| = [ zp(z

With this, condition is equivalent to requiring that the variance of a random varlable Y Wlth the
probability density y — gOMO (t,&,y) is zero for all (¢,&), i.e. with the realization y of Y we have:

2
Var (V) = /ngg)Mo(t,&y)dy— (/ygé)MO(té,y)dy) =0.

That is e.g. the case if the probability density g9M©(t, ¢, y) coincides with the empirical measure in y
concentrated on E[Y], i.e. g9MO(t, & y) =6 (y — y(t,€)).

In the proof for Theorem it is shown that the optimal follower control is w(t, &) = %V@IJ which is in
fact then:

1
w(t,§) = —ZE¥].

3.1 Proof of Theorem [3.1]

The proof consists of six steps, in which we follow the graph of Figure[2] For notation convenience, arguments
of functions are omitted.

Step 1. We begin the analysis on the follower level of the game in Equation . Under regularity
assumptions, the followers’ optimization problem allows using Pontryagin’s maximum principle. With this,
the optimal response of the followers to the leader can be characterized by a coupled system of ordinary
differential equations (ODE). It consists of the state dynamic & and the dynamic of the dual ; for every
follower ¢ = 1,..., N. The optimal controls w; are available explicitly and substituted in the ODE system.
Replacing the optimal control problem of the follower by the ODE system yields the leader’s optimal control
problem:

min /T{JL(v,m(g)Hgv?} dt
0

N
s.t. Q_Lb] Z (& Ghv), i=1,...,N

€i(0) = &i.o, wz

Ty=0, i=1,...,N,

where the dynamic is composed as G((;, (j,v) = glggi’ ?71};] for:
2(6i, 65,V

G1(G Cov) =P(6&)(E — &) — %w

G2(Giy ¢y v) = — Deinn(&) T Vi T (1(&:);0) — De, [P(€:,65)(&5 — €))7 s
—Dg, [P(&,6)(E& — )] ¥



Discrete Stackelberg

Two level problem

ODE in ¢

Mean Field Stackelberg
Two level problem
PDE in gMO0(¢,¢) (22)

Single level problem

ODE in ¢; = [, )]

+ Step 5 OPT

OPT
: : i
L : . : Single level problem
Optimality system ' Singel level problem ! . MOO
ODE in C 9 : PDE in (]OMO(t E ,Lz)) #1---55_--6----"' PDE mg (t,f),
Sty Vi : { 'S : ep ‘P(t,é) “
MF OPT OPT

Optimality system
PDE in gMO°(t,¢), U(t,€),
q)l(tvé)v <I>2(t,§)

Optimality system
PDE in g°MO(t, &, ),
o(t,&v)

Optimality system
PDE in g°°M(t, ¢, 0)

Figure 2: This graph illustrates the proof of Theorem The solid lines indicate the order of optimization
(OPT) and mean field limit (MF). The dashed lines refer to the steps in the proof.

10



Step 2. Starting from the optimization problem in , we now show the interchangeability of optimization
and mean field limit for this problem and give the necessary conditions.

We apply Lemma [2.1]to Problem and its formal mean-field limit for the probability density gOM© =
goMO(t, Q):

T
rrgn / |:JL(1}, mgomo (t)) + gvﬂ dt
0

st. 0 = 9,gOMO + dive ( oM / (¢.C,v)g°Me dC) (18)

g°M0(0,¢) = g§™°(¢)
g°MO(T, ¢) = g2M°(0).

Hence, provided that we have on the support of gOMO:

VOt <) = / 099N (2,¢,0) do

for the multiplier © to ¢°°M, we obtain that the optimality systems to and coincides in the
mean-field limit. The probability density g°°™M corresponding to the formal first order optimality system of
problem is given in terms of gOM© and g9°M according to:

gOM (.6, 0) = g7MO(t, g M (£, ¢, 0).
Step 3. Now, the formal mean-field optimal control problem is reformulated. We denote by ¢M©©

the probability density fulfilling the state equation in .

OMO

We decompose g as follows:

gOMOt, & ) = gPMO(t, €)gPMO (¢, &, 1),

where f gOMO(t, &,4p) dip = 1. Furthermore, we denote the expected value by:
Bt = [ 98O0, ) dv.

a) Inserting this ansatz in the objective in yields:

T B.» e B
/0 {J (1, mygmoggo (1) + o ] dt = /O [J (v, oo (1) + v ] dt. (19)
b) For the dynamic we have:
0=+ [ dive (420580 [ G (¢.EafOg O ) av
/lew( OMO OMO/G (¢, ¢, 0)gOMOGOMO d() dup,

and using the definition of GG; we have:

0 =8,g7™0 + dive (g7 | [ P(66)(E - ¢) OMOdg— g ™0 dy
3

_athMO +le§ ( OMO/g MO |: (é— é—) _ /ll):| AOMO MO dw dé-dw>

11



We simplify integrals and have the expression by the definition of B:

: N2 s .1
0 = dpgt ™ + dive (g?MO [ / P(6.0)(€ = g™ d — —B(, 5)]) :
¢) The formal equation for 3 is obtained upon integration of :

0 =0 (Q?Mom)
/ wdm( PMO ggMO / [ (& E(E—-¢€) - w] OMOgOMOdfdw) dyp

/¢dlvw< OMO OMO/\G2 C Cu OMO MO dfdl[}) d’l/J
Integration by parts yields:

0= 0 (¢7MOP) + dive ( pMo [ / P(€,€)(§ — ©)gPMOgOMO gOMO dé dy) dyp
1 SN
2 [ureroggoge agaav) )
_gloMO/ OMOG2(< <7 ) OMO MO déd¢,
OMO OMO A\ E T~OMO 3¢ 1 2 _OMO
=0 (1 )+dw£< [ﬂB/P(@&)(&—f) i dé—;/w 95 de
_g?MO/ OMOG2(C C7 ) OMO MO dédw

Using the assumption in , ie.:

2
[waso v = ( [ugoav)
we obtain the following equality:

0 =08, (97VOP) + div ( PMOB { / P(&,6)(E =& M0 ds - imD
= g0 [ 990 [ Gafc. & 0igPog9MO adav,
=P [a g™ + dive (g?MO [ / P(&,€)(€ - a0 dé - im] )}
+g0 o+ ven- ([ Ple.oE - 390 aé - 1)

- / SMOG2(¢ (v)gPM g Modfdw]

OMO

Due to ., we get on the support of g7 using the definition of G:

0 =0P + VR ( / P& E(E - TaPMOdé - im)
— [ 480 [-Dei( TV, (€1 0) - D [Ple.E -] v

- [PEOE -] 9] aPosge acau.

12
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Using that [ gOMOdé = [ g9MO dy) = 1 yields:

0 =0 + Ve ( / P(&€)(€ &) gPMC dé ~ im) + Dem () T Vi ((€); )
(21)
A T o A AT . A
+ [ D [PedE-o] pavoai+ [De[PEee-8] Boo
We leave this and come back to Equation in Step 6 where we connect it with the optimality system

of .
Step 4. Due to Lemma the corresponding mean-field formulation of the optimal control problem of

the followers in is obtained and the moment m of the followers in the leader’s objective functional is

MOO

rewritten by the density g . This yields the mean-field Stackelberg game:

T
min /[JL(U,mgMoo(t) + gvg] dt

v

gM00(0,€) = g (&)
We can identify
goMO(t, &, 0) = gMOO(t, ) gMO (1, €, ),

- / PgMO (1, €,40) dip = VU (1, €),

and we obtain equivalence of and according to Lemma [2.2]in the mean-field limit.
Step 5. The first-order optimality conditions for the follower problem in are given by which

yields the mean-field leader’s problem as:

T
min /[JL(U,mgMOO(t))+ §U2:| dt

v
0

s.t. 0 = 9, g™MO° 4 dive (gMOO / [P(f, E(E—8&) + ivgqf} gMoo dg)
0= 0y (t,€) + / { [P(&é)(é —O)+ ivsﬂf] T VeV (23)

T
~ 1
— () - o

gMO°(0,8) = gd"9°(¢), W(T,¢) =0,

(VeW)?

where the follower control is given by:

wit, &) = %Vs‘l’(t,ﬁ)-
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Step 6. Finally, we show the equivalence of and .
a) For gPMO(t,¢) = gMOO(t, ¢), we have that the objective functionals in and in coincide.
b) The first constraint in and are equivalent provided that:

‘43(7575) = —V,E‘I/(t,f). (24)

¢) Due to the constraint in , the gradient V¢ ¥ formally fulfills:
o 1 T
0 =0,VeW(t,€) + Ve / { [P@,g)(f —)+ vaﬂ Vew
. o1 7. .
+ [P(é,ﬁ)(é -6+ vvgﬂ Vg\l’} g0 d¢
= Deri(€) 17 ((6).v) ~ ~VEUV,
A T A
~09eu(t.9+ [ {De[PeE- 0] ver+ e o - 9viv+ 2vtuvee
~ A1 T N ~
+D¢ [PE€E ~ 6] Ve } #7100 dé - Dein(€) " n(€),0) - VRNV,
and therefore:

NN T o
+/{DE [PE&E-9)] Ver+ P, -vEv
3 AR : (25)

+ D¢ [P )€ - &) vé\p} MO0 4

— Dern(&) T TF (m(€),v) + %vgxwgqf.

Equations and coincide provided that the consistency condition in holds true.
Hence, the optimality conditions coincide under the condition of the Theorem. This finishes the proof.

4 Solution Method

We propose an iterative scheme, that alternates between updating the leader control v and solving a set of
PDEs.

In the previous section we have proven that under the given conditions the order of the optimization steps
and the mean-field limit can be exchanged. However, the resulting optimization systems differ considerably.

In Option 1, the OOM approach, the optimality system consists of a PDE and an algebraic condition, the
unknown is the probability density g®9M(¢,¢,0) which is a 4np + 1-dimensional function. The optimality
system for Option 2 (OMO), consists of two coupled PDEs in the probability density g®MO(t,¢) and the
costate O(t, (). Both depend on 2np + 1 variables.

We therefore develop an algorithm for Option 3, the MOO approach, which consists of four coupled PDEs.
The unknowns are gMOO(t,¢), W(¢, ), @1(t,£), and ®5(t, &) and they depend on only np + 1 variables. The

14



optimality system derived by the MOO approach reads:

0 =0,gMO° + div (gMOO / {P(& HiéE—o)+ iw] ghoo dé) , (26a)
0 =0, + / [P(&6)E - TVew + PE€)(E - §TVeb] gM00 aé
(26b)
+ 5= (Vew)® = I7(e). o),
0=0,®; + %V@pr
+ [ [P6&E-0TVerr+ PEOIE—&T Vo] 900 aé .
+ [ [Peo@-9Tver + PEoE - TV baaé
- vaL (Ua mgmoo (t))ﬁl(f),
0 =0, ®> + dive ( / P(£,§)(§ - §gMo° dé%)
+aive ([ P66 - 9aaégo0) (264)
+ %divs (VeUdy) — %div5 (Ved1gMO0)
0 =V, JE (v, mymo0(t)) + Bv — / Vo, JE (m(€), )P, dE, (26¢)
gM90(0,6) = "0 (&), W(T,€) =0, &1(T,6) =0, ®3(0,€)=0. (26f)

Note, Equations (26a)) and (26d]) are forward in time, while (26b]) and (26c) are backwards in time.
We solve the equation (26b)) for V¥ instead of ¥, likewise we solve (26¢]) for VP, instead of ®;. Then

all PDEs are nonlinear conservative transport equations. These PDEs are integro-differential equations and

have stiff source terms as v — 0.

Observe, that the equation for the gradient V¥ is independent of the other unknowns in case P(¢,§) = 0.

Then we have:
1 -
0 =0VeW(t,6) + Ve 5 (Ve(1.6)2 - 7 ((e). (1)) (272)
0=V¥(T,§). (27b)
This equation also determines the followers control which we specify in the lemma below.

Lemma 4.1. Consider the Stackelberg game given by , Then the follower control is:
1
w(t,§) = ;Vg‘l’(t, £).

If the interaction kernel is P(f,é) = 0, then the evolution of the optimal follower’s control w is uniquely

determined by Equation for any given leader control v.

Proof. Lagrange multiplier theorem is applied to lower level problem of , see Step 5 of the proof of
Theorem [B.11 O

For P = 0, we propose the following sequential solution to (26]): The solution to Equation allows to
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solve the conservation law for gM©OO:

0 :8thOO(ta§) + diVE (ivﬁ\p(tag)gMoo(taE)) y (283‘)
g"199(0,€) =g5"7°(¢). (28b)

Also, we solve a balance equation for V¢ ®q:

0 =0;Ve®y(t,€) + Ve (ng@l(t,f)TV@I/(t,{))

(29a)
— VanJE(u(t), mgnoo (1)) Vern(§),
0=V¢2,(T,0). (29Db)
Finally, we solve for ®5 by :
0 =8, P(t, ) + %diVs (VeW(t,€)@a(t,€)) — %diVs (Ve@1(t,6)g™°(,€)) | (30a)
0=, (0,6). (30)

This procedure sequentially solves the optimality system for any fixed leader control v.
Then, Equation (26€)) implicitly describes the optimal leader control depending on the objective function

of the followers and the leader as well as the dual variable ®5. As last step we update of the leader control:
P (t) = oF(t) + opd®(t)
where d(t) € R™ for t € [0,T] is computed by:
d(t) = — (VUJL(’U(t),mgMoo + Bo(t) / Vo JE (m(€),v(t)®a(t, €) dg) .

We combine this with a backtracking line search for the step size o3 > 0 based on the Armijo condition for
the leader objective, c.f. [, Cor.2]. The complete procedure is summarized in Algorithm

Algorithm 1 Continuous Optimization Method
1: Initialize Choose initial guess for the leader control v°(¢) € R™t for ¢ € [0,T].
2: for k=0,1,... do
3: Solve backward Equation with v* to get ngllk.
4 Solve forward Equation (28) to get 9.
5 Solve backward Equatlon ) to get Ve @F.
6: Solve forward Equation to get ®k.
7

Compute a decent direction

d*(t) = — (VUJL(vk(t),mggioo( + Bok( / Vo, JE (1m(€),v" (1) @5 (t, €) dg) .

8: Choose a step size oy > 0 according to Armijo rules.
9: Update control v*+1(¢) = vk (t) + opd*(¢).

10: if The termination condition is satisfied, then STOP.
11: end if

12: end for
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For all PDEs we use periodic boundary conditions. The state space is discretize by equidistant cells, we
use ng to denote the number of cells in a state space dimension of {. We use Lax-Friedrich’s method to
describe the numerical flux across the cell interfaces [24]. The integral in JI is discretized by a first order
quadrature rule.

The stopping criteria of the algorithm is that the change in the leader control is below a relative tolerance.

5 Numerical Results

5.1 Setup

In this section we discuss the results of the numerical experiments that were implemented in Matlab. We
start with the description of the used parameters: The dimension of the state and control space of the
followers is np = 1 and we assume £ € [0,2]. Also the leader control is one-dimensional and we consider the
time time 7" = 1.

The leader objective combines tracking of the leader control with moment of the followers as:

1
JE (v,mgmo0 (1)) = i(vd + mvoo (t) — ’U)Q,
with the desired control:
vq(t) = sin(27t).

The followers objective couple the states of the followers and the leader control as:

1

I (1m(€),v) = —5(m(&) —v)%. 81)

Both objective functions are regularized by a quadratic term, the regularization parameters are (3, in the
experiments. We consider the expectation m(¢) = €. As initial condition for the probability density g™M©©

we chose the uniform distribution:

MOO (5)

90 = X[0.5,1.5] (€)-

The state space is discretized by m¢ equidistant cells. The time steps of the PDE solving are chosen to
satisfy the Courant-Friedrichs-Lewy condition with the constant CFL = 0.95. For the evaluation of the
objective functions and the termination conditions the time is discretized by n; equidistant points in time.
Whenever necessary linear reconstruction is performed by interpolation. Further, we choose a maximum
iteration number for Algorithm maxlIter = 100. The tolerance is related to the space discretization as
tol = ﬁ. As initial guess:

WO(t) = t,

is chosen.

5.2 Experiments

In Figure [3] on the left, the behavior of the solutions is illustrated for different discretizations of the leader
control v. We observe monotonically decrease of the L? error as the control grid increases. On the right, the
implementation of Algorithm [I]is compared to fminuncon, a commercial trust-region solver in Matlab where
we provide gradient information based on same PDE solvers. The implementation outperforms fminuncon
in terms of computational time for all mesh sizes and the computational time increases linearly with mesh
refinement in Algorithm

All experiments in the plots are performed for the space discretization of ng = 500.
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Figure 3: Performance. On the left, the L2-error of the leader control and the PDE solutions is plotted for
refined mesh n; of the leader control. The solutions are compared to the solution of the finest mesh. On the
right, CPU times of Matlab fiminuncon trust-region with user specified gradient and an implementation of

Algorithm [I| are compared.

In Figure [} the leader control is illustrated. The control action is larger for smaller regularization
parameters due to decreasing influence of the objective. For any regularization, the sinodal shape of the
optimal leader control v is clearly recognizable. This corresponds to the expected control vg.

In Figure [5| on the left, the control of the followers is shown as surface plot. The final time condition
VeU(T,€) = 0 is visible in the control plot. On the right the resulting evolution of the followers’ state is
plotted. Note, the choice of the followers’ objective in , give them the initiative to move away from the
leader control. Due to this, we observe that the followers tend to concentrate at £ = 2 and £ = 0 as time
evolves.

In Figure [6] the solutions of the adjoint equations, that are related to the optimization of the leader, are
plotted. The strong relation to the followers’ initial condition is visible on the left. On the right, we observe
a similar shape as the evolution of the followers’ state. Those states are due to the followers’ state influence

in the source terms of the adjoint equations.

6 Outlook

In this article a Stackelberg game with possibly infinitely many of followers is discussed. The formal mean-
field limit is derived for the Stackelberg game and consistency conditions are established. Then a numerical
method for the full optimality system and numerical results are presented.

Future steps include the extension of the Stackelberg of multiple leaders in order to enable accurate
analysis of energy markets and tolling in vehicular traffic models. Also comparisons to particle simulations of
the model are subject to further research. From the mathematical perspective, it is interesting, if Theorem [3.1]

can be shown also rigorously.
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Figure 4: The optimal leader control is shown depending on the choice of the regularization parameter.

Follower Control Follower State

wit,g)
gM0t,z)

Figure 5: Time evolution of the followers’ control and state. On the left, the solution of Equation ,
which is w(t, &) = %V5\I/, is shown. On the right, it is the solution of (28).
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Figure 6: Time evolution of the dual states, on the left is the solution of Equation , on the right of .

A Optimality Systems

If the OOM approach is followed, we get as optimality system of fori=1,...,N:

.1 X
Z:NZG CzaCJv

Jj=1

1 N
i Z DIG CZ?CJ? 0 +D2G(CJ7CZ’ ) ]+
]:1

—

Dﬁz (fz) vaL(vjm( )) (32)

0

OIVUJL(’U,m<§> +ﬂv_ ZZD GCMC]?

i=1 j=1

Computing the mean field behavior yields the following equations with gOM = gOOM (¢ ¢ 9):
0 =0,g°°M + div¢ (gOOM / G(¢, ¢, 0)§%%Md¢ dé)

— divg (gOOM / [DlG(g, ¢, 0)0 4+ DoG(C, ¢, v)é} oM a¢ dé>

T (33)

n Dgﬁ%(é)TvaL (’U, mgoowm (t)) VegOOM

0

0=V, (v, m (€)) + Bv - / D,G(¢, &, v)0g°OMGOOM dC df d¢ do
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Where we specify

2=

- |Pe [ PEOE -
DiGc ) - P [PEDE=0)] 1

DeGa(¢.Cv)  —De [P(&6(E-9)]
DeGa (¢, v) = = Dgim(€) " Vi J " ((€), v)
~ (Dern(€))* V2,07 ((€),v) - DF [P(&,€)(E ~ ©)] v

0
Dycic. i | PelPEOE=0)] O
-p2[PE6E-8]d —Dg[PEE-9)
0
DLG(G o) = 0
|—Den(&) "Dy [V I (1), v)]

If in contrast, the OMO approach is chosen, the optimality system to reads with gOMO = gOMO(z ()
and © = O(¢,():

0 :8thMO + leC <gOMO / G(Ca é7v)gOMO dé)

0=0,0 + / (G660 TV + G ¢ 0) V0] 9OMO al

(34)
— VmJL(U,mgomo (t))TTh(f) — 2’02
ol(t) :% {—vvﬂ(v, m oo (t)) + / DyG(C, &, 0) Ve OGOMO gONO ¢ ¢
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