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ENTROPY DISSIPATION AT THE JUNCTION FOR MACROSCOPIC
TRAFFIC FLOW MODELS

YANNICK HOLLET

ABSTRACT. A maximum entropy dissipation problem at a traffic junction and the corresponding
coupling condition are studied. We prove that this problem is equivalent to a coupling condition
introduced by Holden and Risebro. An L!-contraction property of the coupling condition and
uniqueness of solutions to the Cauchy problem are proven. Existence is obtained by a kinetic ap-
proximation of Bhatnagar—Gross—Krook—type together with a kinetic coupling condition obtained
by a kinetic maximum entropy dissipation problem. The arguments do not require 7'V—-bounds
on the initial data compared to previous results. We also discuss the role of the entropies involved
in the macroscopic coupling condition at the traffic junction by studying an example.

1. INTRODUCTION

By hyperbolic conservation laws on networks we understand models on finite, directed graphs
where the dynamics on each arc are modelled by hyperbolic conservation laws in one spatial dimen-
sion. The arcs correspond to the traffic roads supplemented with suitable hyperbolic conservation
laws for vehicular traffic flow. At the vertices (called junctions) suitable conditions are needed to
couple the solutions. Hyperbolic conservation laws on networks were intensively studied in various
directions (analysis, numerics, control,...) in the last two decades, see e.g. [10]. See also [9, 16] for
an introduction to hyperbolic conservation laws.

We are interested in network models for macroscopic vehicular traffic flow. The scalar Lighthill-
Whitham-Richards model (LWR model) [30, 36] describes the dynamics of the vehicles on the roads.
The LWR model on networks and different coupling conditions were studied by many authors, see
e.g. 3,11, 13, 14,17, 18, 22, 29]. For a general introduction to traffic flow on networks, see [19, 20].
A major problem is the selection of suitable coupling conditions at the junctions. The aim is to
select coupling conditions modelling the physical dynamics at the traffic junction.

In the seminal paper by Holden and Risebro [22] a coupling condition for the LWR model
is defined by an optimization problem. Existence and uniqueness of solutions to the Riemann
problem is obtained. For initial data with bounded total variation existence of solutions to the
Cauchy problem is proven. We study this condition by using a maximum entropy dissipation
problem which is equivalent to the optimization problem introduced by Holden and Risebro. We
prove existence and uniqueness of solutions to the Cauchy problem without using a bound on
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2 ENTROPY DISSIPATION AT THE JUNCTION FOR MACROSCOPIC TRAFFIC FLOW MODELS

the total variation of the initial data. Coclite and Garavello [14] introduce a vanishing viscosity
approach for the LWR model on networks and Andreianov, Karlsen and Risebro [3] prove that
the limit of the vanishing viscosity solutions satisfies an L'-contractive coupling condition at the
junction. Recently, Fjordholm, Musch and Risebro [18] studied analytical and numerical aspects of
L'-contractive coupling conditions by using stationary solutions. In this paper we will use again
the L'-contraction property and stationary solutions to study a kinetic approximation for the LWR
model.

We use a kinetic Bhatnagar—Gross—Krook-type (BGK) model and a kinetic coupling condition
to approximate the LWR model. Kinetic models describing the dynamics at the junction were
studied for different applications, e.g. traffic flow, chemotaxis and gas dynamics [5, 6, 7, 8, 21, 24].
A typical approach starts by the selection of a kinetic coupling condition which is defined based on
reasonable physical assumptions. In the next step the convergence towards a macroscopic solution
is studied [8, 21]. In [24] a BGK model for isentropic gas dynamics is coupled at the junction by
a kinetic coupling condition. The convergence of the kinetic solutions is justified by compensated
compactness and a macroscopic coupling condition is derived. We follow [24] but since the LWR
model is a scalar conservation law, we obtain stronger analytical results.

The LWR model is a scalar conservation law

Otp+0:f(p) =0 t>0,7€Q,

where p = p(t,z) denotes the car density and f the flux function. An assumption on the flux
function typically used in the literature is that f: [a,b] — [0,0) is a sufficiently regular, concave
function with f(a) = f(b) = 0.

We use the framework in [19] and consider a single junction with ¢ = 1,...,n incoming roads and
j=mn+1,...,n+ m outgoing roads. The roads are assumed to be infinitely long and the spatial
variable z is in the domains ©; = (—00,0) fori =1,...,nand Q; = (0,0) for j =n+1,...,n+m.
Throughout this paper we consider weak entropy solutions to

Orpn + Cufr(pn) =0 t>0,xeQp,h=1,...,n+m, (1.1)
since it is well-known that the conservation law (1.1) does not admit classical solutions in general.
We make the following assumptions on fj:

(£.1) fn: K — [0,00) is Lipschitz continuous with Kp, = [ap, bp];
(£.2) fp is concave with fr(ap) = fr(bn) = 0;

(£.3)
D)= > £5(0)=0;
i=1 j=n+1

(f.4) f;: K, — R is not constant on any non-trivial subinterval of Kj,.

Notice that the non-degeneracy condition (f.4) is only used to pass to the limit in the kinetic
approximation. For notational convenience we extend f5 by fr(p) = 0 for p € R\K},.
We impose the initial data pg 5 € L' (Qp, Kp) by

pn(0,z) = tgr& pr(t,x) = po,p(x) for a.e. € Qp, (1.2)

and assume that the above limit is attained in the strong L] —sense.
It remains to define a coupling condition at the junction. First, we study the initial value

problem with constant initial data on each road, called generalized Riemann problem [19]. We
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assume that solutions to the generalized Riemann problem coincide with solutions to standard
Riemann problems restricted to x € .

We recall the definition of solutions to the generalized Riemann problem introduced by Holden
and Risebro [22].

Definition 1. Fix constant initial data po n, € Kp, and convex functions gn: [0,1] — R. A solution
to the generalized Riemann problem in the sense of Holden and Risebro [22] is given by the restric-

tions of (p1,.. ., pntm) to x € Qp, where pp: [0,00); x R, — K}, are the weak entropy solutions to
the standard Riemann problems with initial data

o £0,h Zfllf € th
ph(07m) =3 - .
Pn if T ¢ Qp,

solving

ek fax
n n+m

st Y filpi(t,0) = D Filpi(t.0)) = 0.
i=1 Jj=n+1

with fi*** := max{fn(p)|p € Kn}.

In the following we will illustrate in detail why the optimization problem in Definition 1 can be
interpreted as a maximum entropy dissipation problem at the junction. The concept of maximum
entropy dissipation was used in different situations in kinetic and hyperbolic theory before. Let us
mention the work by Dafermos [15] who applied an entropy rate admissibility criterion to select
solutions to hyperbolic conservation laws. A maximum entropy dissipation problem at the junction
is used in [24] to select a kinetic coupling condition which converges to a macroscopic coupling for
the system of isentropic gas dynamics.

We introduce a slight modification of Definition 1 involving entropy fluxes G, corresponding to
entropies 7y, satisfying

(n.1) 7n: R > R is convex;
(n.2) 7}, f;, < 0 almost everywhere on Kj,.

Again we consider the generalized Riemann problem and aim to maximize the entropy dissipation
due to the dynamics in the traffic junction.

Definition 2. Fir constant initial data pop € Kjp and entropy pairs (ﬁh,éh). A solution to
the Riemann problem in the sense of the mazimum entropy dissipation problem is given by the
restrictions of (p1,.-.,Pn+m) to © € Qp, where pp: [0,00); x R, — Ky are the weak entropy
solutions to the standard Riemann problems with initial data

P0,h me € Qha
ph(O,.’E) =3 - .
Ph if © ¢ Qp,
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solving
n n+m
max 3 Gilpi(t,04) Y. Gylos(t,0-))
prefn i3 j=n+1
n n+m
D Filpi(t,0) = > £i(pi(t,0)) = 0.
i=1 j=n+1

In Section 2 we will prove that the optimization problem in Definition 2 admits a unique solution
if iy, are strictly convex and the equivalence between Definition 1 and Definition 2 for suitable g
and Gh.

We give a motivation for Definition 2: Integration by parts applied to the entropy formulation
of (1.1) gives the quantity

n n+m
Z i(pi(t,0— Z G(p(t,04)) (1.3)

measuring the entropy dissipation at the junction. Notice that (1.3) takes also into account the
entropy dissipation due to stationary shocks at z = 0. We make the assumption that the entropy
dissipation due to stationary shocks cannot be traced back to the dynamics in the junction. We
assume that stationary shocks at the junction are obtained by the coupling between the junction
condition and the entropy solution in the interior of the roads. Therefore, we measure the entropy
dissipation by

n n+m R

Z i(pi(t,0+)) = > Gilp;(t,0-)). (1.4)

i=1 j=n+1

To allow also entropies 7, which are not strictly convex, we introduce the priority functions IT™ .

For M € R, we define ITM = (TIM, ..., TIM ) such that

n+m
(I1.1) the functions I} : [0,1] — {z € K}, |9, (x—) < M < 7} (z+)} are increasing and surjective
forh=1,...,n+m.
We give the following definition for the generalized Riemann problem.
Definition 3. Fiz constant initial data pon, € Ky, entropy pairs (M, éh) and TIM as in (I1.1). A

solution to the generalized Riemann problem is given by the restrictions of py(t,x) to x € Qy, where
pr are the solutions to the standard Riemann problem with initial data

if ¢ €
pn(0,2) = /fo’h z‘f:c "
P if & Q.
The states pp € K}, are chosen such that
(=) < M < (pnt) and p =T (2) for MeR,ze[0,1),

D Filpit.0) = 3 Filps(,0) = 0.
i=1 j=n+1

We define the Riemann solver by RP(po) (p1(t,0=), ..., pn(t,0=), prs1(t,04), . .., Prtm(t,04))
as a map RP: ><n+mKh — ><h 1 K.

Solutions to the generalized Cauchy problem are defined as follows.
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Definition 4. Let pop € L*(Qn, Ki) and let RP be as in Definition 3. We call (p1, ..., pntm)
with pp: (0,00); x Qp — Kp, a solution to the generalized Cauchy problem if

e for any entropy pair (ny, Gr) and for any test function ¢ € D(Ry x Qp,), ¢ = 0 there holds

_U nu(pn) Oed + Gr(pn) Oz dtda + f nn(po,n(x)) $(0,2) dx =0,

Qp
RtXQh
e there exist pp(t,0) € L*((0,00):, Kp) such that
Gr(pn(t,0)) = lirr%) Gr(pn(t,x)) for a.e. t >0,

Q)

for all entropy fluxes Gy, and
RP(p(t,0)) = p(t,0) for a.e. t>0.

To prove existence of solutions in the sense of Definition 4, we use an approximation by a BGK
model [35]

Ougn(t,,€) + FL(E) Bugn(t, z, €) — X (L:D) ’i) mAGLY

with gnh = gh(t7m7§)v pgh,(th) = SK}L gh(t»xvg) df and X(pv 5) = Sgn(&) if 5 : (P - f) > 07 X(pv 5) =
0 else. At the junction a kinetic coupling condition ¥ defined by a kinetic maximum entropy
dissipation problem is imposed. Then, we proceed as follows: The convergence of the kinetic
solutions in the interior of €, is justified by a compactness result by Panov [32]. The existence
of stationary solutions to the BGK model and a careful analysis of the traces at the junction is
needed to pass to the limit in the coupling condition. Uniqueness of the solutions to the Cauchy
problem is obtained by an L'-contraction property of the coupling condition in combination with
classical Kruzkov—estimates. This approach is similar to the approach in [3] for a vanishing viscosity
approximation. Our main result is the following.

t>0,zeQ, &€ Ky,

Theorem 1. Let poj, € LY (Qp, Kp), (£1)-(£.4), (n.1) and (IL.1) hold. Let g5 be the solution to
the BGK model with coupling condition V, initial condition g5 (0,2z,&) = x(po,n(x),§) and € > 0
obtained in Theorem /4. Then, there exist py, € C([0,00), LY(Qn, K1) such that, after possibly
taking a subsequence, (g g, A& — py as € — 0 for a.e. t,x € (0,00) X Qu. (p1,.. ., Pugm) is the
unique solution to the generalized Cauchy problem in the sense of Definition 4.

We give some remarks on the assumptions we made. (f.4) is only needed to pass to the limit in the
kinetic approximation, and (1.2) is only needed for Definition 2. Definition 3 can be studied without
using (n.2). (IL.1) is only needed for entropies 7j;, which are not strictly convex. More precisely,
the coupling condition in Definition 3 depends on the choice of IIM only if £({z € T'{" |7} (z—) <
M <1, (z+)}) # 0 for two or more roads h = 1,...,n + m.

The coupling conditions depend strongly on the choice of the entropies (7, éh) Therefore, they
have to be chosen carefully depending on the desired modelling. We give two examples which we
will study in more detail in Section 6:

(i) The choice
h = forh=1,...,n+m, (1.5)

leads to the coupling condition in [3, 14] obtained by a vanishing viscosity approach.
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(ii) The choice
An = —fn forh=1,...,n+m, (1.6)

leads to a coupling condition which prioritizes the outgoing characteristics at the junction
with large velocity f;. The coupling condition can be interpreted such that the drivers
maximize their velocity at the junction.

1.1. Outline of the paper. The paper is organized as follows. In Section 2 we study Definitions 1—-
3 in detail and prove relations between them. In Section 3 we introduce the BGK model and the
kinetic coupling condition ¥. In Section 4 we prove well-posedness of the kinetic model. In Section
5 we rigorously justify the limit of the kinetic model and obtain existence of solutions to the LWR
model. Furthermore, we prove uniqueness and an L'-contraction property of the solutions. In
Section 6 we study an explicit example for the Riemann problem and different choices of 7. In
Section 7 we give an outlook for future research.

2. THE LWR MODEL ON NETWORKS
2.1. Introductory remarks.
Entropy solutions. Entropy pairs for the LWR model are given by

(nh, Gr): R — R? such that 1, is convex and G}, = n}, fr. (2.1)

Every convex function 7, : R — R is an entropy with entropy flux

Cilp) = j () Fo(y) dy + Gu(0)  for pe . (2.2)

Throughout this paper we consider weak entropy solutions to (1.1) in the sense that
6tnh(ph) + 0.Gr(pn) <0 t>0,z€Qy, (23)

holds in the distributional sense for all entropy pairs (n,, Gr). Let us recall the definition of some
special entropies:

e The relative entropy and relative entropy flux of p € R w.r.t. k€ R and (9, Gy) are given
by

m(p | k) =mn(p) — (k) — (k) (p — k),
Gnlp|k) = Gn(p) — Gn(k) — ny (k) (fn(p) — fu(K)).
e The Kruzkov entropy pair of p € R w.r.t. k£ € R is given by
mn(p k) = lp—kl,  Gnlp, k) = sgn(p — k) (fu(p) — fu(k))- (2.5)

Some Notations. We define the sets of states p € K} with incoming characteristics at the junction

(2.4)

[in _ Int{pe K| fr(p) <0} h=1,...,n, (2.6)
4 Int{pe K| fi(p) >0} h=n+1,....,n+m, )
and with outgoing characteristics
out {peKn|fi(p)>0} h=1,...,n,
et = (2.7)
{peKn|fi(p) <0} h=n+1,...,n+m,

where Int denotes the interior and the overline ~ the closure w.r.t. the topological space Kj,.
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To handle the incoming and outgoing road simultaneously, we define

h=1,...
b, = + yeees T, (2.8)
— h=n+1,...,n+m.

Furthermore, we consider only the representatives of n;,, f; € L*(K}) which are monotone in
the classical sense. This allows to evaluate n; and f; point-wise. Our results hold true for any
monotone representative of 7}, f;. Furthermore, we will use the convention

np(ap—) = —oo and 1}, (bp+) = . (2.9)

Strong traces of entropy solutions. Solutions to scalar conservation laws do not have strong traces
in general. We state the following theorem which is obtained by combining the results from [28, 33].
It gives sense to the initial trace ¢ = 0 and to the left— and right-traces at the junction x = 0.

Theorem 2. Let pp, € L*((0,00); x Ry, Kp) be a weak entropy solution to the LWR model with
flux fr, € COY(K},) for some h = 1,...,n+m. Then, there exists
(i) the initial trace
pn(0,7) € L (Ry, Kp)
such that for all entropies ny,:
M(p(5,2) — mlon(0,2)  in Lho(Ry) ass — 0,5 > 0;
(i) the boundary trace

pn(t,0—) h=1,...,n,

L*((0,00)¢, K3) 3 pn(t,0) =
(( )e, Kn) 3 pn(t,0) {ph(t,0+) h=n+1,...,n+m,

at the junction such that for all entropy fluzes Gp,:
Gr(p(t,s)) = Gp(pn(t,0)) in L. ((0,0);) as s — 0,5 € Qp;
(1ii) the trace

L*((0,0)¢, Kp) 2 pu(t, 0+p) =

pn(t,04) h=1,...,n,
pn(t,0—) h=n+1,...,n+m,

at the junction such that for all entropy fluzes Gp,:
Gn(p(t, s)) = Gn(pn(t, £10)) in Ligo((0,90)) as s — 0,5 ¢ Q.

Later, the values py(t,0) will satisfy the coupling condition in Definition 4. The traces pp,(¢,0+t},)
appear in the construction using standard Riemann problems, e.g. in Definition 2. The traces
pr(t,0£y) will dissapear, after restricting the solutions to €y,.

The above traces are attained in the strong L -sense. This allows us to apply a divergence
theorem using the theory of divergence measure fields [4].

Applying the divergence theorem to the weak formulation of the LWR model and using a sequence

of test functions concentrating at x = 0, we obtain the Rankine-Hugoniot—conditions
=0 h=1,...,n
G t,0+4)) — G t,0 o

n(pn(t,0%n)) — Gr(pn(t, )){<0 hentl..ntm,

for all entropy fluxes G,. Therefore, pp(t,0) and pp, (¢, 0+) coincide or are connected by a stationary
shock. We conclude

Tu(pn(t,0)) = fr(pn(t,04)) = fu(pn(t,0-)). (2.10)
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2.2. The LWR model at the junction. Having the physical application in mind, it is reasonable
to assume that the total mass (the total number of cars) in the network is conserved in time

n+m n+m
J pn(T,x)da = Z f po.n(x for every T' > 0, (2.11)
Qh Qh

for po.n € LY(Qn, Kp). Integration by parts applied to (1.1) together with (£.3) and (2.11) leads to
the Rankine-Hugoniot—type condition

D Filpi(t,0) = > fi(pi(t,0))  for ae. t>0. (2.12)
i=1 j=n+1

Notice that there is another common condition in the literature based on the priorities of the drivers
at the junction. This condition implies (2.12). More details and a short outlook how our techniques
could be applied to this condition is given in Section 7.1.

We continue with the entropy dissipation at the junction. For the LWR model on the real line,
the total entropy decreases, i.e.

[ no(tza) do < [ n(o(Ti ) e for every o> 71 >0,
R R

for every entropy n with 7(0) = 0 and initial data py € L'(R, K;). We aim to extend this property
to networks. Therefore, we choose suitable entropies (11, ..., Mp+m) With 75(0) = 0 and assume

n+m n+m
J Mn(pn (T2, x)) doe < f Mn(pn(T1,x))dx  for every To = T = 0, (2.13)

and for po p € L'(Qp, Kp). Analogous to (f.3) we make the assumption

n n+m
DIGi0)— D Gj(0) =0. (2.14)
i=1 j=n+1
Integration by parts applied to (2.3) together with (2.13) and (2.14) leads to
n n+m
D1Gilpi(t,0) = > Gyp(t,0) =0 for ae. t>0. (2.15)
i=1 j=n-+1

We cannot expect that (2.15) holds for every choice of n,. Otherwise, we get pp(¢,0) = 0 (set
Gr(p) = frn(p) — fr(0) and Gpr(p) = fn(0) — fu(p) with G = 0 for A’ # h). The most we can
expect is that (2.15) holds for a suitable class of entropies (71, ..., Nntm)-

2.3. The Riemann solver. We prove existence and uniqueness of solutions to the generalized
Riemann problem in Definition 3 and an L'-contraction property of the corresponding Riemann
solver RP.

Proposition 1. Let po ) € Kj, be constant and let (£.1)—(£.3), (n.1) and (I1.1) hold. There exists
a unique solution to the generalized Riemann problem in the sense of Definition 3. The solution is
stationary if and only if RP(po) = po-
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Proof. The proof uses similar arguments as in [3, Lemma 2.3]. For fixed M € R and z € [0, 1], the
standard Riemann problems with initial data

pn(0,z) = {

po,n if x € Qp,
prn i ¢ Qy,

and pp = IIM(2) can be solved uniquely. It remains to find M € R and z € [0, 1] such that the
conservation of mass holds.

The functions M — IIM(0) are increasing and of bounded variation since 7y, are convex and by
definition of II}. We have

- My — - My _
flin_lwnh (0) =ap and MEHJ}-OOHh (0) = bp,.

Furthermore, pp — fr(pn(t,0)) is continuous and monotone since

i i if pi = po,i
fl(pl(t7 O)) = SE[%?E’BZ] f (8) -’ . for i = 17 LD (216)
fnax ]fi(s) if pi < po,i
SE€[Pispo,i

min _fi(s)  if po; = p;
fi(p;(t,0)) = s€lbsopo,s0] i ) forj=n+1,....,n+m. (2.17)
max fi(s) if po; < p;
s€[po.j,P;]
The above formulae follow from the structure of the standard Riemann problem and from the

concavity of fp.
An intermediate value argument applied to the following decreasing function of bounded variation

n n+m
2(M) = 3 Filps(t,0) = X5 filps(t,0)  for pn =T137(0)

in combination with

_ >0 for M — —o0,
E(M)
<0 for M — +o0,

leads to two possible cases: In the first case there exists an M € R such that Z(M) = 0. Otherwise,
there exists an M € R such that

E(M-)>0 and ZE(M+)<0.
Due to (IL.1), there exists z € [0, 1] such that

n n+m
D filpit0) = X filps(.0) =0 for pr, = I (2).
i=1 Jj=n+1

The existence of a solution follows.

By monotonicity of pn, — fr(pn(t,0)), the uniqueness of f3,(pn(¢,0)) is obtained. The uniqueness
of pp: (0,00); x Q) — K}, follows from the uniqueness of f5(pp(¢,0)) and the structure of the
standard Riemann problem. By the uniqueness we obtain pp(t,z) = po, for a.e. t,x € (0,00); x Qp,
if RP(po) = po. 0

We continue with the L'-contraction property.
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Proposition 2. Let (f.1)(f.3), (.1) and (IL.1) hold. Let RP(p®) = p® hold for pj, € K, s = 1,2.
Then, we have

n n+m
M Gilpi.pd) = D Gilp).p3) =0,
=1 j=n+1

for Gu(ps, p2) being the Kruzkov entropy fluz.

Proof. Let M?,z° be as in Definition 3 with the constant initial data pg; = pj. Without loss
of generality we can assume that 1M’ (z1) — ITM"(22) = 0 if HhMl(zl) - Hﬁﬂ (22) # 0 for some
h=1,...,n+ m. If this is not the case, we can reorder the indices and possibly exchange the role
of i and j. We define

0:=sgu(I" (1) — 1" (=*).
By monotonicity of ITM (z) w.r.t. M and z, we get
sgn(HhMl(zl)—HhMZ(zQ))ze forh=1,...,n+m,

with the convention sgn(0) = 6.
Step 1: We compute

n n+m

DGilpl o) = > Gilp}.p3)

i=1 j=n+1
n+m

—ngn pi = P filp}) = fi(p}) = Y5 senlp} — o) (fi(p}) = £5(03)
j=n-+1

—0 (Z(ﬁ(p%) —file}) = Y5 (filo)) —fj(p§)>>
i=1 j=n+1

Z sen(p; = 7) = O)(filp) = filp})) = 35 (senlpj = p3) = O)(f3(p3) = £3(47))
Z sen(p; — p7) — 0)(fi(p}) — Fi(p})) — ), (sen(p) — p3) — 0)(f;(p}) — £i(P}))-
i€ A jeB

The sets A < {1,...,n} and B < {1,...,n} are defined by
A= {i|(sen(p; — p) = O)(fi(pi) — fi(p})) <0},
= {j| (sgn(p; — p3) = O)(fi(p3) — £i(p3)) > O}.
Since p} # p? for i € A (otherwise f;(pl) = fi(p?)), we get
A= {i| sgn(p; — pf) # 0 and sgu(p; — p7) (fi(pi) — fi(p})) < 0}.
Step 2: We collect some properties of A:

e pl # p? as already observed above;

o {p},pP} AT # {pl, p2} since otherwise sgn(p} — p?) = sgn(I}" (1) — TIM" (2?)) = 6;

e {p.p?} A T 2 (o], p2} since otherwise sgn(p! — p2) (fi(p}) — fi(p2)) > 0 due to the fact
that f; is increasing on I'}".
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We conclude that exactly one element of {p}, p7} lies in I'?"* and exactly one lies in T'".
Step 3: Without loss of generality we assume that p} € T'9"* and p? € I''". Then, there exists R? € K},
such that R? = Hﬁwg (22). Since 1 = sgn(p} — p?) # 0 = Sgn(wal(zl) - Hﬁ‘/ﬁ(zz)) = sgn(p; — R?),
we have p} < R? € T9"*. We obtain

e fi(R?) < fi(p}) by monotonicity of f; on I'?"* and p} < R%;

* filp}) < filp}) since sgn(pi — o) (filpi) = fi(p})) < 0 and sgn(p; = p}) > 0;

e fi(p?) < fi(R?) by the construction of pZ in Definition 3 based on standard Riemann

problems with right-hand state R? = HM (2%) e Tout,

The three estimates lead to the contradiction

fi(R?) < filpi) < fi(p}) < fi(R)

and we conclude that A = ¢J. With similar arguments B = J follows and we conclude

n n+m
D Gilplp)) = Y. Gilpj.p3) =0,
i=1 Jj=n+1

O

Later we will see that the inequalities on the Kruzkov entropy fluxes give the natural conditions
leading to the L'-contraction property for the Cauchy problem.

2.4. The maximum entropy dissipation problem.

Proposition 3. Let (£.1)—(£.3), (n.1)—(n.2) and (I1.1) hold. There exists a solution to the maz-
imum entropy dissipation problem in Definition 2 solving the coupling condition

pn(t,0) = RPx(po)-
The solution is unique if N, are strictly convewx.
Proof.
Ezistence: Replacing pp, by pp, in (2.16)—(2.17) implies that f5(pn(¢,0)) is a continuous function
of pp. Furthermore, p;(t,0) are increasing and upper semi-continuous w.r.t. p;. The continuous
entropy fluxes G, are decreasing due to (1.2). We conclude that G; (pl(t 0)) is decreasing and
lower semi-continuous w.r.t. p;. By the same arguments we obtain that GJ (p;(t,0)) is decreasing

and upper semi-continuous w.r.t. p;. We obtain the existence by compactness of K.
Reformulation of Definition 2: By using (2.16)—(2.17) again, it can be easily checked that

P Tl if o € TP,
ot {p e T3 | fu(p) < fulpon)}  if pon € T}

By (2.18) and by the monotonicity of G, (pn(t,0+4)) w.r.t. g, the following additional constraint
can be added without changing the solution on 2j,:

Irn(pr(t,0)) is constant for { (2.18)

ﬁh € qut if Po,h € qut’
pr e {p e T3 [ fu(p) < fulpon)}  if pon € Ty

max __

Remark that the values pp with fn(pn) = f*® = max f,(I'9"") were not uniquely defined
through the original problem. By adding the additional constraint (2.19), only the value g, =
argmax fp,(I'9"") is admissible.

(2.19)
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For pj, satisfying (2.19), we have pp,(t,0+5) = pp, the objective function reads

n n+m
Gi(pi) — Z Gj(ps); (2.20)
i=1 j=n+1
and the constraint in Definition 2 is
n n+m
D)= Y 1B =0 (2.21)
i=1 j=n+1

We write the optimization problem in terms of F}, = f,(pp,) similar to [19]. This is equivalent to
the original problem since fj, is invertible on T'9"* and pj, € T'9"* due to (2.19) . We obtain

n+m
max Y Gl row (F) = Y Cy(f o (F) (2.22)
i=1 j=n+1
n B n+m B
st. Y Fi— Y F=0
i=1 j=n+1
< By < foex if po,p € TP

< Fu < fulpon) it pon el

The optimization problem (2.22) has a concave objective function and affine constraints: The func-
tion G ( fi_l\F?ut (F})) is concave: fi_1|1~§>uc is convex since f;|rou is decreasing and concave. Gi is
concave and decreasing on I'{"" since C;'; = 7} f! is decreasing and negative (9.2) on I'?"*. The
concavity of —G'( fj_1|1'\(]?ut (E;)) follows by similar arguments.

Application of the KKT-conditions to (2.22): Due to the structure of (2.22), the KKT-conditions
are necessary and sufficient. They read:

i (F rgue (FR)Fa) < £0X + pn — vi < tafiy (f Hpgue (Fi) ) for h=1,...,n +m,
_ max f = ]_"out
pr=0 or F,=<{"" ?po,h ihn’
fn(po,n) if po,n € I'y,
vp =0 or Fh =0,
for A € R, pp, vy, € [0,00). With the convention (2.9), then there exists M € R such that for every
h=1,...,n+ m one of the following conditions hold
ﬁ%(ffjlhgm (Fn)—) <M < ﬁk(f{l\rgut (Fn)+),

~ max f ;€ Fqut
e S

fi(po,i) if poi €T}
5o [ g erye

filpoj) if poj € T

with M < i(f; ! pou (F3) ), (2.23)

with ﬁ;(ffl\rgut(ﬁj)+) < M.
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Solutions to Definition 2: Using the fact that problem (2.22) and Definition 2 are equivalent for
Fp, = fn(pr), we obtain that g, solves one of the following conditions

i (pn—) < M <) (pp+) for h=1,...,n+m,

: Fqut if i Fqut
= LTS with (i) < M,
min {I7" | (1) < fi(poi)}  if poi € 7 (2.24)
max [ou if poj € o
pj = J g with M < 7 (5;+).
! {maX{F}?ut | f;() < fi(poj)}  if poy €T} s

Since the summands in the first constraint in the original optimization problem are constant for pp
as in (2.18), the traces p,(t,0F) do not change if we solve the standard Riemann problems with 5y,
satisfying

iy (Pn—) < M < 0, (pn+) forh=1,....n+m
replacing pj, satisfying (2.24). Therefore, we have p(t,0) = RPp(po)-
Uniqueness: (2.24) uniquely characterizes the solutions pp to (2.19)—(2.21) for strictly convex 7.

With the remark after (2.19), the solutions p, on 2, are uniquely defined and therefore also
ph(t70)' u

2.5. Equivalence between solutions given by Definition 1 and Definition 2.

Proposition 4. Let (f.1)—(£.3) and (n.1)-(n.2) hold. Let g, € C**([0,1],R) be convez. Defini-
tion 1 and Definition 2 are equivalent if

an(y) = £rGa(fy rgwe (y - f2°))  for ace.y € [0,1], forh=1,....n+m.
Furthermore, with the relation above, gy, is concave if and only if G is an entropy flux to a convex
entropy mp, .

Proof. The optimization problems in Definition 1 and Definition 2 differ only in their objective
function. As observed in the proof of Proposition 3, we have py(t,0+,) € I'9"* for the solution of
Definition 2. By the same arguments, this can be achieved for the solution in Definition 1 choosing
suitable py, such that gn = pp(t,0+,). Setting

gn(y) = ihCA"h(f;:l|1“C;yt (y- fi™*))  forae yel0,1]
= Gulp) = ih§h<fh(p)>

f}l;’nax

leads to the following relation between the traces

Ghr(pn(t,042)) = trin (M) - +h§h<M) .

out
for a.e. pe I’y

f}llnax f}llnax
The function g is concave if G, is an entropy flux of a convex 7j;, since
A A folp) ., ( fnlp)
Mn(p) fr(p) = G(p) = f}inax gn = for a.e. p e I,
h h

+51
= Mh(p) = _n]fax n (%fﬁ) for a.e. p e T,
h h

The other direction is obtained by the equation above and by extending 7, to a convex function on
the domain Kj,. O
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3. A BGK MODEL ON NETWORKS

We introduce a kinetic formulation for scalar conservation laws and a kinetic Bhatnagar—Gross—
Krook—-type model (BGK model), see e.g. [34] for a reference. We introduce the equilibrium function

1 if0<&<p,
X(p7€) = -1 if p< g < 07 (31)
0 else,

on R, x R¢ and the notation
De={geR|sgn(§)g=Ig]<1} for{eR,
LY(N x O,D¢) ={ge L'(N x O) | g(y,&) € D for a.e. (y,£) € N x O} (3.3)

for measurable sets N < R! and O < R. We recall some well-known results for the equilibrium
function x where we consider always increasing representatives of n;, if 7, is convex.

Lemma 1 ([34, Chapter 2]). Let p € R, np, fr € C¥Y(R) and let Gy, be such that G}, = n), f}.
(i) We have
b= f X(p.€) dé | fnlp) = f £2(6) X(0.€) A€ + £ (0),
(o) = f (€ x(pr &) dE +m(0),  Cilp) = f Th(€) 11(€) X(0.€) d€ + G (0).

(i) For ny convex, g(§) € D¢ and p, € € R, the sub-differential inequality

M, (€) 9(€) = 1, (&) x(p, &) + 1, (p) (9(&) — x(p,€))

holds.
(iii) For my, convex, g(§) = x(p,&) is the minimizer of

| m@ate) ag
R
under the constraints
ge LD and | g()de—p.
R

The minimaizer is unique if ny s strictly convez.

We recall the kinetic formulation for scalar conservation laws introduced in [31] which is equiva-
lent to the notion of weak entropy solutions [34]. pp, is called a solution to the kinetic formulation of
(1.1) if there exists a non-negative bounded measure my,(t, z,€), my € Co(Kp,, weak — M1([0,0); x
Q)) such that

&tX(ph(t7x)7£) + ffll(g) azX(ph(tvx)ag) = 8§mh(t,x,§) t> va € Qhag € Kh, (34)

holds in the distributional sense.
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3.1. Definition of the BGK model. Motivated by the kinetic formulation we aim to approximate
X(pn, &) by the BGK model. For solutions g5 € L'((0,90): x Qp, x Kj, Dg) to
X(pgh, (tv CC), 6) - gh(ta x, 6)

€

ﬁtgh(tv z, 5) + fill(g) amgh(ta z, 5) =
with

t>0,2€Q,,8€ Ky, (3.5)

pun(t0) = | (e €)de (3.6)
Kp,
and the initial condition

gr(0,2,&) = x(po.n(x),&) for a.e. x € Qp, & € Ky, (3.7)

with pop € LY(Qp, Kp). It remains to introduce a suitable coupling condition at the junction.
Notice that for fixed £ € K}, the left-hand-side of (3.5) is a linear transport with characteristics
(1, f7.(€)) in the z-t-plane. To define a kinetic coupling condition we prescribe data for the outgoing
characteristics gy (¢, 0, &) with £ € T'9"* depending on the data with incoming characteristics g (¢, 0, €)
with £ € I‘i}f‘. The approach can be formalized by a kinetic coupling function

n+m n+m
U X LYY, D) — X LYIR™, De) (3.8)
h=1 h=1

and the coupling condition
Wplg(t, 0,0™)](€) == Walgr(t,0,13), 1L < k < n+m](€) = gn(t,0,§) forae EeTP™,  (3.9)
forh=1,...,n+m.

3.2. Selection of kinetic coupling conditions. We select the mapping ¥ as a solution to a
maximum entropy dissipation problem. Similar to the macroscopic case we may assume that the
total kinetic mass is conserved in time

n+m n+m
Z Jf gn(T,z, &) dadé = Jf X(po,n(x), &) drde for every T' > 0, (3.10)

h= 1Q}L><Kh h= 1Q;L><Kh

for any pon € L' (2, Kp), see also (2.12). As in the macroscopic setting, we assume that the total

kinetic entropy w.r.t. some (11,...,Mn+m) decreases in time. We obtain
n+m n+m
> || n@aewimoa< Y, [ w@a@ngdmede @)
h=1 Qpx K, h=1 QpxKp,

for every To > Ty > 0, for pos € L' (2, Kp) and for suitable entropy pairs (n,, G)) satisfying
(2.14). Integration by parts applied to the entropy inequality (2.3) leads to

Z(f (5)gz(t0§>d5+G<)>

(3.12)

n+m

- Z (L{ ;&) £7(€) g5 (t,0,8) d€ + Gj(())) =0 for a.e. t > 0,

j=n+1

for the entropy fluxes of i, satisfying (2.14), see also (2.15). As in [24], we apply a maximum entropy
dissipation problem to select a kinetic coupling function ¥ based on (3.9), (3.10) and (3.12). Let
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fin be convex entropies and let g5 (€), £ € " be given data. We select g, () € D¢, £ € T9" by
maximizing (3.12) under the constraint (3.10):

n+m

). e ZL (OFHORIOLSDY J §)g;(§)dg (3.13)

out
gn(§), gery) j=n+1

n+m

S, ZLﬁ@M&-— ECDOrS

Jj=n+1
gn(§) € D¢ for a.e. £ € FZut.
Then, the mapping ¥ is defined by ¥,,[g(t,0,T1"™™)](€) = gn(£), £ € T where gp,(€) is a solution to
(3.13).
Proposition 5. Let (f.1)-(£.3) and (n.1)-(n.2) hold. Let g, € L*(I'*, D).
(i) There exists a solution to (3.13) with

gn(&) = x(pn,€)  for E€ T with i (pp—) < M < i, (pn+)
for some M € R.
(i) The solution is unique if fip, are strictly convex for allh =1,... n+ m.
(iti) If ny, are not strictly convex, there may exist multiple solutions. They coincide almost
everywhere except of & € 9", 7} (§) = M.

Proof.
Step 1: We rewrite the optimization problem (3.13) as
n+m
‘fm WAGIEAGLY (314)
n+m n+m
m.zf|nmh%—2fm|m> (.15
gn(§) € D¢ for a.e. £ € Kj, (3.16)

and define

gy (&) =x(pp', &) for £eTP™ with i (op"—) < M <, (pp' +).

For M € R with L({7,, = M}) > 0 for some h = 1,...,n + m, we have some freedom in the
definition of pM (¢) with 7} (pM) < M < 7}, (pM+). Furthermore, notice that the left—hand-side of
(3.15) with g, = gM is increasing w.r.t. M € R and it has discontinuities only if L({), = M}) > 0
for some h=1,...,n+ m.

Step 2: We aim to select M € R and p,]y such that (3.15) holds with g;, = g,iw on I'9"*. Notice that

n+m

ey <0 for sufficiently small M
d — d )
Z J out 7€ yd¢ Z f 74l 9n () d {2 0 for sufficiently large M.

We apply the intermediate value theorem to the left—-hand—side of (3.15) as a function of M. Notice
that the function is monotone and of bounded variation (not necessarily continuous). We obtain
an M € R such that

n+m
_lim ZJ | fr (€ \gh

M—M—

n+m n+m

Efmlm <m12fﬁh\%)

M—M+ 5oy
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We fix this M € R. By Beppo Levi’s lemma, limy; ,,, g7 (£) are monotone sequences converging
in L'(R¢) to an equilibrium function x(pi'*, &) with 7, (op' =) < M < i (o) £+). We apply the
intermediate value theorem again to the left-hand-side of (3.15) as a function of p} € [p2'~, pp'T].
This leads to the existence of p} such that (3.15) holds.

Step 3: For every g, and g} with p} such that (3.15)-(3.16) are satisfied, we obtain by the sub-
differential inequality in Lemma 1 that

n+m

DI IRAGIAGIPAGE:

() 1) x(pp", &) dE + M FAGIEAGESINI) d§>

Tout
h

WV
?Mi
~ 3
A

—
g

(3.17)

I
g

( f OO © dg+ 2| (£ (9n(€) = x(o ))d&)

h=1 ryue

n+m
- f &) 1£4(©)] g (©) de

Therefore, g is a solution to (3.14)—(3.16). The assertion (i) follows.

Step 4: Observe that the inequality in (3.17) is an equality if and only if g5 (&) = gM (€) for a.e. £ €
9"~ {n}, (§) # M}. Otherwise the inequality is strict. On the other hand the objective function
(3.14) dependents only on g, (&) with £ ¢ T ~{n},(§) = M} as long as the constraints (3.15)(3.16)
are satisfied. Hence, the assertions (%i)- (m) follow. O

To handle the non-uniqueness in the case where 7, are not strictly convex, we use the functions
1) introduced in (II.1) again. We define the following coupling condition solving (3.13).

Definition 5. We define the coupling function

n+m ) n+m n+m
v X LUTE D) — X LNIR D) g (TR 2 €m x(pn©)
h=1 h=1 n

for pn, such that

M(pn—) < M < fip(pn+) and pr =T (2) for MeR,ze[0,1],

and
> ( o F1(E) T [g(T™)](€) dé + . fi(€) 9:(§) d§>
T (3.18)
- Z < pout F©) 5 [gT™)() dé + - £5(©) g;(8) d€>

hold.

The existence of W as in Definition 5 is obtained by the same arguments as in Proposition 5 by
setting p, = M (2), 2z € [0,1] if L({f)}, = M}) > 0 for some h = 1,...,n + m in Step 2.
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3.3. A kinetic L'—contraction property. We prove an L'-contraction property of the kinetic
coupling condition V.

Proposition 6. Let (f.1)-(£.3), (n.1) and (IL.1) hold. Let ¥ be as in Definition 5. Then, for
95, € L' (K, D¢) with g5 (&) = Wp[g*(T™)](§), e TP, s = 1,2:

n n+m
! L d¢ — (&) d€ =
I INGIGIORVGIE Zj 7€) 19 (©) — g2(©) d€ > 0
Proof. Observe that by definition of ' and T'{1*
n n+m
N I CIHGRVCIE Wi W CIAORFAGIES
i=1YKi j=n+1
- (3.19)
-y ( | n@nat© - ghera- | Ifé(é“)llgi(é“)—gi(é‘)ldé).
h=1 h h
Due to the first constraint in (3.13), we get
n+m
>. ( | 1@ © -g©) - | 15616 - g ©) dé) —0. (3:20)
h=1 h h

Since g; satisfy the coupling condition, there exist 47 as in Definition 5 such that g; (&) = x(p3, &)
for a.e. £ € T, s = 1,2. Due to the monotonicity of A}, and II}, there exists p € {—1,1} such that
sgn(p, — p32) = p for h = 1,...,n + m (using the convention sgn(0) = p throughout this proof).
Since g5 (&) = x(p5,€) for a.e. £ € T, h = 1,...,n + m, we have also sgn(g;(§) — g2 (£)) = u.
Combining this observation with (3.19) and (3.20) leads to

n n+m
N BRI RTCIE S i WGP IORFACIE:

n+m
-y ( | s@nah© - sh@lae — | If;é(é)l(gi(f)gi(f))di)
h=1 ry h

n+m
= 3 V@1 (19 @1 - (0h© i (@) ) e >0

4. WELL-POSEDNESS OF THE BGK MODEL

We study well-posedness of the BGK model following the presentation in [34, Section 3.5]. First,
we consider a linear kinetic problem for general coupling conditions . In a second step, we apply a
fixed point argument to construct solutions to the non-linear problem with the coupling condition
¥. We introduce the space L}Mb (K}) of measurable functions gy, : Kj — R with SKh lgn| | f7,| dx < oo.

Theorem 3. Let (£.1)~(£.3) and go € L'(Qn x Kp) hold. Let my, € L'((0,T); x Qp, x Ky) for
all T > 0 and let : X ;27" L, () — X L}, (") be a continuous function. Then, there
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exists a unique distributional solution gy € C([0,00)¢, L*(Q, x K3)) to

Oegn + f1(§) Ongn = =22 t>0,2€ Q&€ Kp,
gn(t,0,€) = ¢ulg(t,0,T™)](€) ¢ >0,6e TP,
gh(oax,g) :go,h(%f) ZL’EQh,fEKh.

The solution satisfies:

(i) the characteristics formula

t
gh(ta x, 5) = |:gO,h(x - f}a(é—)u f)e_t/e + % J mh(t — 5T — f}/L(é)87 f) 6_3/6 d5:|
0 1/t>f;,(&)/x

, L e/ I©
+ lgha — 4/ 1(©,0.0e O+ L [T e 0 - (@5, e ds] ;
0 1/t<f(8)/x
(ii) the relations
m+n m+n
at Z JJ gh(t,fﬁ,g) dx dé. _ Z J mh(t7x7§) B gh(t7x7§) dx df
=1Qh><Kh h=1Qh><K;1 ‘
n n+m
-3 sostogws Y | peoeo.o.
i=1 i Jj=n+1 J
m+n m+n
|mh(ta‘r7£)‘ B |gh(tax7£)‘
0 |gn(t,2,§)|dz dE | < dw dé¢
t ’;1 Q;;[Lh ' f; 1 Q;LJXL;L ‘
n n+m
- ZJK 1O 10:(1,0,6)de + Y fK F1(6) 1g5(4,0,€) de,
i=1 VK j=n+1YK;

lgn(t,2,€) 1= < max {Igo,nle, I e, [ } € [0, 0];

(iii) and in the distributional sense

sgn(gn) mn — |gn| < Imn| — |gnl
€ €

Oclgn| + f1 (&) Ozlgn| = t>0,2€Q,§ € K.
Proof. We adapt the proof in [34, Theorem 3.5.1] to the network case. The characteristics for-
mula (i) can be obtained by solving a linear ordinary differential equation along the characteristics.
Notice that the continuity of ¢ implies that ¢ [g(¢,0, T'")] is independent of g (t, 0, &) with f; (§) = 0.
Therefore, we can define, e.g. ¢5(¢,0,€) = 0 for a.e. f},(§) =0, t > 0. The continuity of ¥ ensures
also S(j; SKh lgn(x=0)]]f7,(€)] d§ dt < co. Now, an approximation argument based on smooth solu-
tions can be used to rigorously prove the existence. The relations in (i) follow from integration
of the characteristics formula. The equation in (iii) can be proven as in the case of the standard
Cauchy problem.

It remains to prove the uniqueness. Assume that g;, s = 1,2 are solutions with the same initial
data and the same coupling condition . Then, g = g* — g2 is also a solution to the linear problem
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with mp, = 0 and g, (0,2,&) = 0 for z € Qp, & € Kj,. We solve the auxiliary problem

Oron + f1,(8) Oupn = % te[0,T],x € Qpy, Ty,

on(T,2,€) = vp(2,8) € CHQy x T zeQ, el
on(t,0,6) = In(t,€) € CL((0,T), xT})  te[0,T],£ ey

Since ¢y, is of class C'!', we are able to use it as a test function in the weak formulation of g; and
obtain

|| srsgmacace || 15©19n0.0.6 9ndod o
Qp, xTin (0,T), xTin
We can take arbitrary test functions vy, 9y, and get g5 (T, x,&) = 0 for a.e. z € Q,& € T and
gn(t,0,€) = 0 for a.e. t € (0,7),£ € . Since we have g}.(t,0,£) = g7(¢,0,&) for a.e. t € (0,T),€ €
I we get gi(t,0,€) = g2(¢,0,€) for a.e. t € (0,T),& € T'9" by the coupling condition . Using a
similar construction for £ € T'9"* leads to g}Z = g}% for a.e. t € (0,T),z € Qp, € € K. (]

Theorem 4. Let (£.1)—~(£.3), (9.1) and (IL.1) hold. Let gy, € L'(Q x Ky, De) with pop(x) =
SKh go.n(x, &) d€. Then, there exists a unique distributional solution g, € C([0, )¢, L* (), x Kp, D))
to

Orgn + f1,(€)0xgn = w t>0,2€Q,&e Ky,

Uy [g(t,0,T)](€) = gn(t,0,&) t>0,§eTom,

gn(0,2,&) = go.n(z,§) x € Qp, &€ Ky,
with pg, (t,z) = SK}L gn(t,z,§)d€ € Ky,. The solution satisfies

(i) Conservation of mass:

nim ff gn(T, 2, §) dxdﬁ—nim ff go,n(x, &) dr d§ for every T > 0;

h=1 0 K, h=1¢ K,

(ii) L*-contraction: For two solutions p; with initial data 9o.n: S = 1,2, we have

n+m n+m n+m
Z lon(®) = P ()] L1 () < Z l93() = g () 1 (@ x iy < D 96, — (XK
h=1

(m) There exists a non-negative bounded function mp, = my(t,x,€) such that

X(Pg:€) — g
€
holds and there exist functions pup € L*(K}) independent of € such that

J mp(t, z, &) dt de < pp(§) for a.e. £ € K.
(0,T)e xQ2p,
Proof. The proof is based on arguments in [34, Theorem 3.6.1] and [23, Theorem 2.1]. We define the
Banach spaces X7 = C([0,T]s, X 127" LY(Qn, Kp)) and Yo = C([0, T, X 21" LY Q4 x K, D))
with their standard norms. We define the map

B) = p with g = | gnde,
Kp

=6§mh t>0,$EQh,§EKh,
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for the unique solution g obtained by Theorem 3 with mp(¢,z,£) = x(vn(t,2),§), v € Xr. The
statement of Theorem 3 holds true for ¥ as in Definition 5 and we obtain g € Y7 and p € Xp. This
can be shown by a careful treatment of the set D¢ involved in the definition of ¥, X7, Y7 and by
using the characteristics formula.

Step 1: The operator ® is a strict contraction: Take v® € X, s = 1,2. Due to Theorem 3 and
Proposition 6, we have

m+n
Y H |9k — 93| dz d¢
h=1

QpxKp
1ern ) - , o
= € hgl Qh[[(h IX(vps €) = X (3, O] = gp, — gi| dw d€
u n+m
N #©60.9 - gl Y, | £©1660.9 - 0.8
i=1 Bs j=n+1 K;

1" 1 2 1 2
S - Z J [|Uh”h| *J |gh9h|d5] dz .
€ =1 Y Ky
The differential inequality implies a Gronwall estimate on gj,
m+n
o=l = Y, [ loh - skl dede < 0 — e T
h=1 QnxKn
and therefore also on p*
[0! = xr < (1= e ) 0! = 02| xp
Step 2: Existence and uniqueness: We apply the Banach fixed point theorem to obtain a unique
fixed point p of ®. The unique kinetic solution gj is obtained by Theorem 3 with my, (¢, x,&) =
X(pn(t,z),&). A unique global (in time) solution is obtained by a standard construction [34].
Step 3: The remaining properties follow from Theorem 3, Proposition 6 and (3.18). Note that
X(pgn,€) = 0 for ¢ K, §,c. Ix(pg,,6) — x (05, dE = |pg, — pz,| < g, 195 — g7l A€ and py, € Ky,
for gn, € L'(Ky, De). The existence of my, in (iii) follows as in [34, Corollary 3.6.2]. O

4.1. Stationary solutions to the BGK model. We prove existence of a class of stationary
solutions to the BGK model on networks. The stationary solutions will be used to justify the
convergence towards the macroscopic coupling condition.

We define the set

n+m
K= {pe >< Kyl|p= RP(,E) with pp € rzut if fh(ﬁh) = fh(ﬁh),ﬁh € FZUt} (41)
h=1

where py, is defined as in Definition 3 with initial data pgn = pp.

Proposition 7. Let (f.1)—(f.4), (9.1) and (II.1) hold. For every p € K and € > 0, there exists a
unique stationary solution gj,(t,x,§) = g5,(x,§) to the BGK model in Theorem 4 such that

g (x,+) = x(pn,*) in LYNK}) as |z| — 00,z € Q.
Furthermore, we have

gn(t,2,€) = x(pns-)  in Lig((0,90); x Qp x Ky) as € — 0.
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Proof. For notational convenience we use the notation sgn, (§) = max{sgn(§),0}, sgn_(§) =
min{sgn(¢),0} and o), = argmax f;(I9"). Let pp, be defined as in Definition 3 with initial data

PO,h = Ph.-
For i =1,...,n we compute

fi(€) x(pi, ) dg = fi(€) sgn_(§) d¢ + fi€) Lo 5y dE

out out out
9 9 o

=sgn, (0 —0;)(f;"™ = £i(0)) + sgny (pi — o) (fi(pi) — £"*),

fi(€) sgny (§) A€ = sgn, (o7 — 0)(fi"™ — £i(0)),

rin
) sen_(€)dE = — "+ su (o — O™~ £:0)),
and obtain

Fi(6) x(pi, &) d€ + frin f1(€) sgn (§)dé + f;(0) = f* +sgn_ (pi — 02)(fi(pi) — [*) = fi(pi)

rout
L FOXGLOAE+ | FHE) sen_(€)dE + £(0) = sen, (e — o) (Fipr) ~ ™) <0< ()

By the same arguments we get

) Fi(&) x(pj,€) A€ + L fi(6) sgn_(&) A€ + £;(0) = £ +sgn, (o5 — p;)(f3(p;) — f7"™) = f;(ps)

ou
3

. Fi(€) x(p5,€) A& + - fi(€) sgn, (&) A€ + f;(0) = sgny (05 — p;)(f5(p5) — £;°) <0 < f;(py)

J J
forj=n+1,....,n+m.

Using these estimates and (f.4), we are able to repeat the arguments from [37, Proposition 3] in
our setting. For i = 1,...,n we set u; = o; — p;, replace the Burgers’ flux by ﬁ(u,) = fi(o; —u;) —
fi"®* and use the variable transformation y — —x. For j =n+1,...,n 4+ m we set u; = 0; — p;
and f;(u;) = fi® — fj(o; — u;) without using a variable transformation.

Therefore, there exists a unique stationary solution gy, (¢, z,&) = gn(z,£) to the BGK model on
Qy, satisfying

x(pge £) =75,

fh(8) 0235, = —— t>0,2€ Qe Ky,

9,(0,8) = x(pn, &) t>0,6elg

S, 118 G5, (2,€) dE + fu(0) = fulpr) €,

g, () = x(pn, ) in LY(K}y) as |x| — 00,2 € Q.

Remark that Proposition 3 in [37] requires the assumption p € K since

FIE€) x(pi, &) dE+ | fi(€) sgn (§) A€ + £i(0) = fi(pi),

out in
Fi Fi

. | ROXGRO A+ [ £O s ©d+ L0) = (5.

FQ\lt
J

if fr.(pn) = fu(pr) for some h =1,...,n+ m.
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The functions g (¢, z,§) = gn(x, §) satisfy the coupling condition at the junction since gj,(¢,0,&) =
X(pn, &) for ae. t > 0,& e 9" and

n+m n+m

fo tOfdf—fo 6;(t,0,€) dé = me Y 5 =

j=n+1 Jj=n+1

The convergence g5, — x(pn, ) as € — 0 follows from g;' (€1 z,§) = §;2(e2 2, &) for ae. x € Qp, & €
Ky, and gj,(x, ) — x(pn, ) as |z| — 0. O

5. EXISTENCE AND UNIQUENESS OF THE LWR MODEL AT THE JUNCTION

5.1. Interior Relaxation. We apply a compactness result by Panov [32] for measure-valued so-
lutions to pass to the limit in the interior of the domains ;. The compactness result uses a
regularizing effect of non-linear scalar conservation laws. The regularizing effect is only available if
the non—degeneracy condition (f.4) holds. Let us remark that compactness results with possibly
degenerate flux are available for the initial value problem [34] and initial boundary value problem
[25, 27]. For these results, a careful analysis for the initial and boundary conditions is needed. The
extension of them to networks may be a subject for future research.

Theorem 5. Let (f.1)—(f.4), (n.1) and (IL.1) hold. Then, there exist p, € C([0,0)s, L' (Qp, K3))
such that, after possibly taking a subsequence,

| dide = a0 in L0 x ).
K

Furthermore, py, solve the entropy inequality (2.3) on (0,00); x Qyp, in the distributional sense.

Proof. Since gj, € L*((0,0)¢ x Qp, x Ky, D), v§, = Ocg5, defines a measure in € for a.e. t € (0,00),z €
Q. v;, are measure—valued solutions to the LWR model in the sense of

@(LﬁKkM%(04é9<f senl€ — ) (&) ~ (1) i (©))

~a [ seate=maice ) a [ seate =10 si0)s o ac)
- J, sty K20 Xpui )~ o

for each k € Kj,. Furthermore, v, € > 0 are bounded sequences of measure-valued functions since
supp v5 (t, x) < K.

By [32, Theorem 5], there exist measure—valued functions v, such that, after possibly taking
a subsequence, vj, — vy, strongly in the sense of measure-valued functions. We conclude pge =
Sk, €AV (&) — S, €dvn(€) = pn in Lj,([0,0); x Qp). By standard arguments [35, Lemma 3.3],
it can be shown that p, satisfies the entropy inequality (2.3). The time continuity follows by
Theorem 2. ]

Ih qe <0

5.2. Convergence at the Junction.

Proposition 8. Let (f.1)-(f.4), (n.1) and (IL.1) hold. Let g5 and py be the solutions obtained
in Theorem 4 and Theorem 5. Let K be as in (4.1). Then, there exists a set of measure zero
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N < (0,00) such that

n n+m
ZGi(pi(t70>7/3i) — Z Gj(pj(t,0)7ﬁj) =0 for allt e (0,00)\N
=1 j=n+1

for every pe K.

Proof.

Step 1: We prove that gj, — x(pg}el,é) — 0 for a.e. t,x,&: Take a strictly convex n: R — R. Using
the sub-differential inequality in Lemma 1 gives

(1'(€) =1 (pg:)) (95 — x(pgs ,€)) =0 for ae. t,x,¢. (5.1)
On the other hand we have

Hf 1 (pgs)) (95 — x(pgg»€)) dt d d€

(0,00) X Q2 x Kp,

B Uf — X(pg,€)) dt da dé

(0,00)¢ xQ2p x Kp,

Hf ) (Oegh + fr(€) Ougr) dt dad€ (5.2)
(0,00)¢ xQp x K,
Q;;[‘[(h YT = 00, 8)) e de < 6(0 wﬂm g5,(£,0,€) dt d¢

< Ce
with a constant C' > 0 independent of € > 0. Since 7 is strictly convex, we have 7'(§) # n'(py: ) for

a.e. { € Kp,. By (5.1)-(5.2), we obtain g5, — x(pg:,§) — 0 for a.e. t,z,¢&.
Step 2: Fix p € K and let g5 by as in Proposition 7. Since (%) in Theorem 3 and \X(pg;7§) -

X(pg;.» )| < |gi, = g5 |, we have

n+m

S]] e - gitaen+ 5@ i - gl eaonaedoag > 0

h=1 (0,00)¢ xQ2p x Kp,
for ¢ € D((0,00)r x Qp), ¢r = 0. We aim to extend this inequality to ¢n € D((0,0); x R,),
on = 0 with ¢, (¢,0) = ¢p/(t,0) for all h, B/ =1,...,n+ m. Approximating ¢, € D((0,0); x R,)
in (0,00); x Qp, by a suitable sequence in D((0,0); x R,) [3, Proposition 1] and using the fact that
the kinetic solutions gj, g;, admit strong traces at x = 0 leads to

n-‘rm
0< m 195, — 95| e + f1,(8) |95, — G5| Oxpn At dz dE

(0,00)¢ xQp x Kp,

_Z fﬂ @l -glawoaacs S [[ @ -gleeowe

000)th i= n+1(0 ) xK;

s Z_: ij |92*§Z|at¢h+f}2(£) ‘9;7§h|5z¢hdtdzd§

T (0,00) xQp x K,



ENTROPY DISSIPATION AT THE JUNCTION FOR MACROSCOPIC TRAFFIC FLOW MODELS 25

for every ¢, € D((0,0); x Ry), ¢, = 0 with ¢p,(¢,0) = ¢ps(¢,0) for all h,h' =1,...,n + m. Using
the fact that g, — x(pgc,*) = 0, pge — pn and g5, — x(pn, ) leads to

n+m
Z Hf lpn — Pn| 0tdn + Gr(pn, pr) Oxdn dt dz d >
h=1

(0,00) X Q2 x Kp,

for every ¢p, € D((0,00); x R,), (bh 0 with ¢ (t,0) = ¢p/(¢,0) for all A, B’ =1,...,n +m. We set
on(t,x) = ¢°(t) ¢ (x) with ¢p"(z) = 1 for |z < /2, ¢ (x) = 0 for |z > I( ") (@) < C)r
and with ¢? € D(0,0), ¢* = 0. We take the limit 7 — 0 using Lebesque’s theorem together with
Theorem 2 and obtain

n n+m
Z[ Apr(1.0), 71) 8°(t) e — Z] (o3 (1,0),57) 6" (£) dt = 0

Jj=n+1

for every ¢’ € D(0, 1), ¢* =0
Step 3: We proved that the desired inequalities hold for ¢ € (0,00)\N (p) with sets of measure zero
N(p). It remains to prove that N (p) can be chosen independent of p € K.

We take a countable and dense subset K* of K. We set N = (s N(p*) and obtain for all
e K*:

n n+m
D 1Gilpi(t,0),05) — >0 Gj(pi(t,0),55) =0 forall t € (0,00)\N.
i=1 j=n+1

Since the entropy flux G, (pp(t,0), pr,) depends continuously on pp,, we obtain the result by approx-
imating each pj, € IC by a sequence in K*. |

Proposition 9. Let (f.1)—(£.3), (n.1) and (I1.1) hold. Let p;, € K}, be such that

n n+m
Z i(pis pi) — Z Gj(pj.pj) =0  for every pe K
i=1 Jj=n+1
with K as in (4.1). Then,
n n+m
Z Gi(pi, pi) — Z Gj(pj,p;) =0 for every pn € Ky, with p = RP(p)
im1 j=n+1

and RP(p) =

Proof. We follow the arguments in [3, Lemma 2.8]. Take g with g = RP(p). Then, we define p e K
by

B = pn - if pr € TP, fr(pn) = fu(pn),
" Oh else,
with gy, as in Definition 3 with initial data pg = pn. The first part follows from
Gi(pi, pi) = sgn(p; — pi)(fi(pi) — fi(pi)) < sgnlpi — pi) (fi(pi) — fi(pi)) = Gilps, i),
Gj(pj, p;) = sgnlp; — p;)(fi(ps) = [1(p;)) = sgnlp; — pi)(fi(ps) — fi(p3)) = Gj(pj. bj)-
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For showing RP(p) = p, we solve the generalized Riemann problem with initial data pon = pn
and denote the traces at the junction by p} = pp(t,0). We have

n n+m
2 Gilpip) = Y, Gilpi )
=1 j=n+1

On the other hand we have

where p; is as in Definition 3 with initial data pg , = pp. Therefore, G;(p;, pF) = —|fi(p:) — fi(pF)]
fori =1,...,n. By the same arguments we get G (p;, p¥) = [f;(p;)—fj(p})| for j = n+1,... n+m.
We conclude that

n n+m

Z ilpispf) = Y, Gilpy.pf) <0

i=1 j=n+1
Since all summands have the same sign, we have fi,(pn) = fn(p}) for h = 1,...,n + m. The result
follows from the construction of pj by standard Riemann problems. O

5.3. Uniqueness and L'—contraction property.

Proposition 10. Let (f.1)—(f.3), (n.1) and (IL.1) hold. The solutions pn to Definition 4 are
unique. For initial data p ,, € LY(Qn, Ky), s = 1,2, the contraction property

n+m n+m
ZJ ‘P}ll( Ph ) da < ZJ |P0h P0h|d$
h=1 Y

holds for every T = 0.

Proof. The uniqueness proof is based on Kruzkov estimates. We follow [3, Proposition 1]. Assume
that we have two solutions pf, s = 1,2 to Definition 4. Since pj are entropy solutions to (1.1), we
obtain by standard doubling of variable arguments

- ﬂ |0k = Pi| Gs6n + Gu(phy, piy) Oxbry At dt — f 106, = Po,pl S1(0,7) dz < 0
Qp
(0,00)1 X, !
for every ¢5 € D(Ry x Qp), ¢, = 0. The solutions pj, satisfy the coupling condition RP(p(t,0)) =
p(t,0) for a.e. t > 0 and therefore also the L'-contraction property proven in Proposition 2 and

Proposition 9. An approximation by test functions ¢ which are not necessarily zero at the junction
leads to

n+m ntm
= ﬂ 0L — p21 26n + Gi(ph, p2) duoon dida — 2[ 95— P2l d0(0,2) dz < 0
h=1 (0,00)¢ X2,

for every ¢ € D(R; x Ry), ¢ = 0 with ¢p(t,0) = ¢p/(t,0) for all hyh' = 1,...,n + m. The
contraction property follows by a smooth approximation of ¢p (0, x) = 1{tsT}(t7 x). The uniqueness
follows as in [26]. O

Theorem 1 follows from the results in this section.
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fulp) fi=fo
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I3 ‘,»X\ fa
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118 ;
i \
7 N\ P
0 1/4 1/2 3/4 1
FIGURE 1. The flux functions fi,..., fi.

6. NUMERICAL EXAMPLES FOR DIFFERENT CHOICES OF 7j,

We study the solution at the junction with different entropies #j,. As first example (1.5) the
same strictly convex entropy 7 for every road 7, = 7 is chosen. The coupling condition coincides
with the one obtained by a vanishing viscosity approach [3, 14] and it is independent of the shape
of 7.

As second example (1.6) the negative flux functions 7, = —fj, are considered. The coupling
condition can be interpreted such that the drivers maximize their velocity at the junction.

For constant initial data, n = m = 2 and K}, = [0, 1], we consider piece-wise linear flux functions

fu:10,1] = [0, 1]

21}7 Oévé 1/27
fi(v) = falv) = {2_21), 1/2<v <1,
41}’ 0<’U< 1 47
fa(v) = /
4/3—4v/3,  1/4<v<l,
4v/3, 0<wv<3/4,
f4(U)—{4_4U7 3/4<v<1,

illustrated in Figure 1. The initial data is chosen such that the characteristics speeds are positive:
poi=1/4e€li=12 and  po; =0l j =34 (6.1)

Solving the Riemann problem with (1.5) and (1.6) leads then to qualitatively different solutions.
The boundary traces at the junction are given in Table 1.

6.1. Interpretation. Since we consider free flow initial data, we expect to have one degree of
freedom for each outgoing road j = 3,4. These degrees of freedom are specified by the coupling
condition.

In the first example (1.5), there is no prioritization of one of the outgoing roads j = 3,4 since
the entropies 7, coincide. Therefore, the number of outgoing cars per unit p;(¢,0) is the same for
j = 3,4. This example could be used to model traffic junctions where the ratio between the number
of cars turning into each outgoing road can be controlled by e.g. traffic lights.

In the example (1.6) we observe that the third road is prioritized since

M5(p) = —f5(p) = —4 < —4/3 = —f1(p) = N4 (p) for sufficiently small p > 0.
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fn =1 h=—fn
h | pn(t,0) | falen(t,0)) Ph h | pu(t,0) | frn(pa(t,0)) | pn
1 1/4 1/2 3/16 1| 1/4 1/2 0
> [ 1/4 12 3/16 2 [ 1/4 172 0
3| 3/16 3/1 3/16 3| 1/ 1 1/1
1 3/16 1/4 3/16 1 0 0 0

TABLE 1. Boundary traces of the solutions to the generalized Riemann problem
with initial data (6.1) and different 7;,. The density pj, is as in Definition 3.

Therefore, all cars turn into the third road. The condition may be used to model traffic junctions
where drivers choose the outgoing road with less traffic. The drivers choose then the outgoing road
such that the distance to the next car in the road is the largest.

7. OUTLOOK

7.1. Driver Preferences at the Junction. In the presented considerations we assume that the

drives do not have an a priori known preferences for the outgoing roads. Coupling conditions with

known driver preferences were intensively studied, see e.g. [19] and the references therein.
Typically, instead of using (2.12), a stronger condition is used: coefficients a;; € [0, 1] satisfying

n+m
Z a;; =1 fori=1,...,n, (7.1)
j=n+1
are given and the condition
D filpi(t.0) = fi(p;(t,0))  for ae. t >0, (7.2)

i=1

is introduced. Condition (7.2) can be easily included in Definition 2 and its kinetic version is then
given by

FIE) Wilg(T™)](€) ds + | f{(ﬁ)gi(f)d£>

out in

- Fmf;(g)@j[g(pm)](é)d£+ me;-(f)gj(g)dg, for j=n+1,....,n+m.

(7.3)

The choice 7, = Id gives the condition in [13]. It would be interesting to see if other conditions
[11, 17] can also be obtained by suitable entropies. We expect that the obtained new conditions
however do not satisfy the L!—contraction property in the sense of Proposition 2 and Proposition 6.

7.2. L1-dissipative solver. The notion of L'-dissipative solvers is a concept originating from
scalar conservation laws with discontinuous flux [2]. The concept was extended to a network in [3].
L'-dissipative solvers on networks are those Riemann solvers satisfying the junction condition in
Proposition 2.

In the classical setting of discontinuous fluxes, i.e. n = m = 1, the L'-dissipative solvers are
characterized by (A, B) € T x I'g" with fi(A) = fo(B) = s(a,p), see [1, 12]. They are defined
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by: p = RP(p) if and only if

fi(p1) = f2(p2) < sa,B) and  sgn,(p1 —A) sgn_(p2 — B) <0. (7.4)
Definition 3 and (7.4) are related in the following way: If there exists M € R, z € [0, 1] such that
pn =T (2) €T3 i = 1,2 and  fi(p1) = fa(p2), (7.5)

then Definition 3 and (7.4) coincide with s(4 5y = fi1(p1) = f2(p2), A = p1 and B = po. Notice
that such M € R and z € [0, 1] do not exist if (5.2) holds. If such M € R, z € [0, 1] do not exist,
Definition 3 and (7.4) coincide with s(4 p) = max{f{"*, f3"**}.

Therefore, Theorem 1 gives an existence and uniqueness result for the LWR model with discon-
tinuous flux for all L'-dissipative solvers.

It would be interesting to see if (7.4) and the characterisation of all L!-dissipative solvers can
be extended to networks. The new formulation has to take into account the prioritization at the
junction which is a phenomena that does not occur for n = m = 1. Inspired by (7.4) and for
notational convenience, we may replace

ﬁ;z(/sh_) SM< ﬁ;z(/sh_'_) and pp, = HhM<Z) for MeR,z€ [07 1]7 (76)
by a general, more explicit condition on pj,. We define a function Z: [0,1] — X Z:;n K}, and require
on = Zn(y) for a suitable y € [0, 1]. (7.7)

Note that by the intermediate value argument in Proposition 1, an increasing, surjective function
Z:[0,1] - X 2" K}, as in (7.7) can be constructed from (7.6).
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