LN
—
LN
-
=z
o
a
w
o
a

JULY 2021

gy, | FRWTH

Optimal preconditioners for a
Nitsche stabilized fictitious domain
finite element method

Sven GroR™ and Arnold Reusken’

Institut fur Geometrie und Praktische Mathematik
Templergraben 55, 52062 Aachen, Germany

* Institut fir Geometrie und Praktische Mathematik, RWTH Aachen University, D-52056 Aachen, Germany;
email: gross@igpm.rwth-aachen.de

T Institut fir Geometrie und Praktische Mathematik, RWTH Aachen University, D-52056 Aachen, Germany;
email: reusken@igpm.rwth-aachen.de



OPTIMAL PRECONDITIONERS FOR A NITSCHE STABILIZED
FICTITIOUS DOMAIN FINITE ELEMENT METHOD

SVEN GROSS* AND ARNOLD REUSKENT

Abstract. In this paper we consider a class of fictitious domain finite element methods known
from the literature. These methods use standard finite element spaces on a fixed unfitted triangu-
lation combined with the Nitsche technique and a ghost penalty stabilization. As a model problem
we consider the application of such a method to the Poisson equation. We introduce and analyze
a new class of preconditioners that is based on a subspace decomposition approach. The finite ele-
ment space is split into two subspaces, where one subspace is spanned by all nodal basis functions
corresponding to nodes on the boundary of the fictitious domain and the other space is spanned
by all remaining nodal basis functions. We will show that this splitting is stable, uniformly in the
discretization parameter and in the location of the problem boundary in the triangulation. We also
prove that the Galerkin discretization in the first subspace leads to a uniformly well-conditioned
matrix and that the Galerkin discretization in the second subspace is uniformly equivalent to a stan-
dard finite element discretization of a Poisson equation on the fictitious domain with homogeneous
Dirichlet boundary conditions. Results of numerical experiments that illustrate optimality of such a
preconditioner are included.
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1. Introduction. In recent years many papers appeared in which the so-called
CwtFEM paradigm is developed and analyzed, cf. the overview references [6, 3].
In this approach for discretization of a partial differential equation a fixed wunfitted
mesh is used that is not aligned with a (moving) interface and/or a complex do-
main boundary. On this mesh standard finite element spaces are used. For treating
the boundary and/or interface conditions, either a Lagrange multiplier technique or
Nitsche’s method is applied. In the setting of the present paper we restrict to Nitsche’s
method. Furthermore, to avoid ill-conditioning of the resulting discrete systems (due
to “small cuts”) a stabilization technique is used. The most often used approach is the
ghost-penalty stabilization. In the literature the different components of this general
technique are studied, error analyses are presented and different fields of applications
are studied [6, 3]. Related unfitted finite element methods are popular in fracture me-
chanics [16]; in that community these are often called extended finite element methods
(XFEM).

Almost all papers on CwtFEM (or XFEM) either treat applications of this method-Jj
ology or present discretization error analyses. In relatively few papers efficient solvers
for the resulting discrete problems are studied. In [8, 31, 18] for the resulting stiff-
ness matrix condition number bounds of the form ch™2, with a constant ¢ that is
independent of how an interface or boundary intersects the triangulation, have been
derived. In [8] a fictitious domain variant of CittFEM is introduced and it is shown
that discretization of a Poisson equation using this method yields a stiffness matrix
with such a condition number bound. In [31] a similar result is derived for CutFEM
applied to a Poisson interface problem. In [18] a condition number bound is derived
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for CutFEM applied to a Stokes interface problem. These papers do not treat efficient
preconditioners for the stiffness matrix.

There are few papers in which (multigrid type) efficient preconditioners for Cut-
FEM or closely related discretizations (e.g., XFEM) are treated, e.g., [2, 1, 13, 20,
12, 26, 25]. In none of these papers a rigorous analysis of the spectral quality of the
preconditioner is presented. The only paper that we know of that contains such a
rigorous analysis is [24]. In that paper a CutFEM without stabilization is analyzed
for a two-dimensional Poisson interface problem.

The main topic of the present paper is an analysis of a (new) subspace decom-
position based preconditioner that is optimal (in a sense explained in section 4) for
a CutFEM fictitious domain method as in [7, 8, 27]. We expect that similar precon-
ditioners can be developed and rigorously analyzed for other CutFEM applications
such as a Stokes fictitious domain method, or Poisson and Stokes interface problems.

We explain the key idea of the preconditioner. In the setting of a fictitious do-
main approach the finite element space is split into two subspaces. One subspace
is spanned by all nodal basis functions corresponding to nodes on the boundary of
the fictitious domain and the other space is spanned by all remaining nodal basis
functions. We will show that this splitting is stable, uniformly in the discretization
parameter A and in the location of the true boundary in the triangulation. We also
prove that the Galerkin discretization in the first subspace leads to a uniformly well-
conditioned matrix and that the Galerkin discretization in the second subspace is
uniformly equivalent to a standard finite element discretization of a Poisson equation
on the fictitious domain with homogeneous Dirichlet boundary conditions. Using this
property it can be shown that a multigrid method yields an optimal preconditioner
for the Galerkin discretization in the second subspace. An additive Schwarz subspace
correction method (or, equivalently, block Jacobi) yields an optimal preconditioner
for the CutFEM fictitious domain discretization.

We briefly address important differences between the results in this paper and in
[24]. In the latter a CutFEM variant without stabilization is used which is applied
to a Poisson interface problem. The preconditioner is based on a subspace splitting
that is similar to the one studied in this paper. The analysis in [24] is restricted to
linear finite elements and two-dimensional problems. In this paper we consider the
CutFEM with stabilization. It turns out that this allows an elegant, rather simple
and much more general analysis. In particular, the analysis covers two- and three-
dimensional problems, arbitrary polynomial degree finite elements and triangulations
that are shape regular but not necessarily quasi-uniform.

The paper is organized as follows. In Section 2 we describe a CutFEM fictitious
domain method known from the literature. In Section 3 we introduce and analyze a
natural splitting of the finite element space. Based on this stable splitting we propose
(optimal) preconditioners in Section 4. In Section 5 results of numerical experiments
with these preconditioners are presented.

2. CutFEM: a stabilized Nitsche fictitious domain method. We recall a
fictitious domain method known from the literature [8, 27]. We restrict to the simple
setting of the Poisson equation:

—Au=f inQ,

(2.1)
u=g¢g onl :=090.

Here Q C R%, d = 2,3, is an open connected Lipschitz domain. For simplicity we
take Dirichlet boundary conditions on the whole boundary. The method and analysis
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below are easily extended to the case with Dirichlet boundary conditions on only part
of the boundary and to more general symmmetric elliptic boundary value problems.
We take a larger polygonal domain Q* D Q and a family of shape regular simplicial
triangulations {7,*}n>0 of the larger domain Q*. The set of simplices that cut the
domain 2 and the corresponding fictitious domain are defined by

Tn:={T €T, | measg_1(TNQ) >0}, Qp:=Upecr,T. (2.2)

The set of simplices in T, that have nonzero intersection with I and the corresponding
“boundary strip” are defined by

To ={TeT |TNT#0,}, Q) :=UpcrrT.

Furthermore, we define the interior domain Q9 := Q,\ Q) C Q. We refer to Figure 3.1
for illustration. To avoid technical difficulties we assume that 7,5 coincides with the
set of simplices that have a nonzero intersection with 0y, i.e.,

T ={TeT | TN, #0}. (2.3)

This assumption is satisfied if T" is sufficiently resolved by the triangulation 7y, i.e.,
for h sufficiently small. For the ghost penalty stabilization we need a subset of the
faces F of T € T;L:

Fo={FCoT |TeT}, F¢goW}.

For the discretization of (2.1) we use, for a fixed polynomial degree k > 1, the standard
H'-conforming finite element space on the fictitious domain §2:

Vi, = {’Uh € C(Qh) | Un|T c€P, forall T e Ty } (2.4)
On this space we define the stabilized Nitsche bilinear form

an(u,v) := (Vu, Vo)g — (nr - Vu,v)r — (u,nr - Vo) + y(h ™ u, v)r

k
+8Y° Y hy N ([Onul, [0ne])r,

(=1FeF,

(2.5)

where nr is the outward pointing unit normal on T, (f, g), = fw fgdzx the L? scalar
product on w, [-] the usual jump operator (across the face F') and 9,, the derivative in
direction normal to the face F'. Since we do not assume quasi-uniformity of the trian-
gulation, the scaling with 2! is element-wise, i.e., (b~ u,v)r := ZTGT{ h;l(u7 v);mp.l
The parameters v > 0, 8 > 0 are fixed. The bilinear form in the second line of (2.5)
is the ghost penalty stabilization. Different equivalent variants of this stabilization
are known in the literature, cf. [5, 29, 23]. The choice of a particular variant of this
stabilization is not relevant for the analysis in this paper. The discrete problem is as
follows: determine wu;, € V}, such that

an(un,vn) = (fivn)a +v(h g, vn)r — (g, nr - Vop)r - for all vy, € Vi, (2.6)

Note that for the implementation of this method one needs sufficiently accurate
quadrature on cut simplices TN Q and on the boundary segments TN I'. For the
case k = 1 sufficient accuracy is obtained by piecewise linear approximations of the
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boundary. For higher order k£ > 2 the efficient numerical realization of a sufficiently
accurate quadrature is not straightforward and variants have been developed that
lead to optimal order bounds [9, 22]. For the analysis of this paper this “geometric
error” does not play an essential role. Therefore we assume that the integrals in (2.5)
are determined exactly. In the literature optimal order discretization bounds for the
method (2.6) have been derived [8], provided v > 0 is taken sufficiently large. In the
remainder we assume that the latter holds.

REMARK 1. We briefly discuss the key ingredients needed for the derivation of
optimal discretization error bounds. Firstly, the following two trace inequalities are
used:

_1 1

[vllor < c(hg? [vllr + h7lIVulr),  ve HY(T), (2.7)
_1 1

lWlizar < c(hr*lollr + 22 Vollr), v e HY(T). (2.8)

The constant ¢ in (2.8) is independent of how I cuts the simplex T' € T,F'. Related to
the effect of the ghost penalty stabilization we recall the following result [27][Lemma
5.1]. Let T1, Ty € Tp, be two simplices sharing a common face F. Let v be a piecewise
polynomial function relative to the macro-element 77 U Ty and let v; denote the re-
striction of v to T;, i = 1,2. Then there is a constant C' depending only on the shape
regularity of 7, and on p := max{deg(v1), deg(v2)} such that

loli7, < C(IliE, + 3 E 10501 7)- (29)
J<p
Furthermore, in the derivation of discretization error bounds one uses standard finite
element inverse inequalities and optimal interpolation error estimates for the (stan-
dard) finite element space V},.
In the discretization error analysis one uses a norm induced by the bilinear form

br(u,v) == (Vu, Vo)g, +v(h tu,v)r, (2.10)

which defines a scalar product on H'(€,) that is equivalent to the standard scalar
product on this space. Note that in (2.10) we use an integral over j, whereas in
the definition of ay(-,-) in (2.5) an integral over Q occurs. The bilinear form by (-, -)
defines a norm on V}, denoted by |- ||5. A key result in the discretization error analysis
[8, 27], which is derived using (2.7), (2.8) and (2.9), is the following:

||vh||z < ap(vp,vp) S ||vh||l277 for all vy, € Vj,.

Here and in the remainder of the paper we use the standard notation: the constant

in < is independent of h and of how I' cuts the triangulation. We use the notation
1 . .

llvnlla := an(vn,vn)2. Hence, we have the uniform norm equivalence

lorlle ~ ||vnlle  for all vy € V. (2.11)

On V), we use the nodal finite element basis, denoted by (¢;)1<;<n. For up, v, € Vj,
we have representations uy, = Ziil Ui Py Vp = Zfil v;¢;. We introduce the notation

u = (uy,...,uy)T, v := (v1,...,on5)T. The discrete problem (2.6) leads to a linear
system of the form
Au = b, with Aij = ah(d)i, ¢j)a 1 < ’L,j < N. (212)

In the remainder of the paper we introduce and analyze an optimal preconditioner for
the stiffness matrix A. This preconditioner is based on a subspace splitting that we
study in the next section.



Fig. 3.1: Sketch of interface I' and triangulation 7;, of € with interior nodes &;,
1 <4 < Ny (red circles) and boundary nodes &;, No + 1 < i < N (blue squares). The
blue triangles form the triangulation 7,1 of 2}, the red triangles form the triangulation
of Q9. The edges between the red and blue triangles form the interior boundary 9Q9.

3. Stable subspace splitting. In this section we introduce a natural splitting
of the space V. The finite element nodes corresponding to the nodal basis functions
¢; are denoted by &, 1 < i < N. We choose the ordering such that &;, 1 < i < Ny,
are all nodes in the interior of ;, and &;, Ng + 1 < ¢ < N, are the boundary nodes,
ie., & € 09y, iff i > Ny, cf. Figure 3.1. The corresponding splitting is

Vi=V2eVl
Vf? i=span{¢; | 1 <i< Ny} ={vp €V | vnjo, =0} (3.1)
Vi :=span{¢; | No+1<i< N}.
Below we show that this splitting is stable (Theorem 3.7). This is essentially based
on the following elementary observation. We split the boundary of the boundary strip

Q) into two disjoint parts, 99} = 9Qp U 9QY, with 909 C Q, cf. Figure 3.1. Note
that the following holds:

thV,? = v, =0 on dQ,

3.2
UhGVhF = v,=0 Onaﬂg. ( )

LEMMA 3.1. The following uniform norm equivalence holds:
HhilvhHQE ~ [[Vorllgr - for all vy, € ViUV (3.3)

Proof. The estimate in the one direction directly follows from a standard finite
element inverse inequality:

IWW%V:XHWW@5§:WW%%=M”w%gbmﬂwew
TeTr TEeT,
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Take v, € VOUVI and T € T;X'. By construction T has at least one vertex on 92, and
at least one vertex on 9€2). Using this and (3.2) it follows that there is vertex of T,
denoted by x,, at which v, (x,) = 0 holds. Let 7' be the unit simplex and F : T — T
the affine transformation with F(0) = z,. Define Z := {p € P | p(0) =0} and note
that p — ||p||# and p — ||Vp||; define equivalent norms on Z. Due to vy, := v,0F € Z
and this norm equivalence we obtain

lonllz = [Tl onllZ < TV on

3 S hzllVoalz,
and thus

IR onllge = D2 hllonllz < D IVonllE = [ Vonllgy
TeTr TET,

which is this estimate in the other direction. O

COROLLARY 3.2. The following uniform norm equivalences hold:

lvnlle ~ IVvnllor ~ 1A~ vnllor — for all vy € Vi (34)

lorlle ~ [Vopllq, for all v, € V,?. (3.5)

Proof. The second norm equivalence in (3.4) is the result of Lemma 3.1. For

1
v, € VI we have vy, = 0 on QY hence, |lvs]|2 = ||Vvh||?2h + |h 2R = ||Vvh||?z£ +
|h~=2vp||2. Using this, the estimate IVunllor < [lvalls is trivial. For the estimate

in the other direction we use (2.8), a standard finite element inverse estimate and
Lemma 3.1:

_1 _ _
1= 2onllf = > hptllonler S D Azl lonld + [ Vonll7

TeTr TeT, (3.6)
<SS honlld = Ik onlEr S IVonll2r '
~ T T h ngw h QE

TeTY

Combining this proves the first norm equivalence in (3.4). We now consider (3.5). The
estimate in one direction is trivial. Note that the result (3.6) holds also for v, € V}0.
Using this we obtain the estimate in the other direction in (3.5). O

From the result in Lemma 3.1 it follows that for v, € (VY U VL) C Vj, the scaled
L?-norm ||h’1vh||91}: is uniformly bounded by |[Vup|[or. We need one further result
in which for arbitrary v, € Vj, a suitable bound of this scaled L?-norm is derived.
This result is very similar to results known from the literature, cf. Remark 2. We
introduce, for T € T;I', the subdomain consisting of all simplices in 7l that have at
least a common vertex with T, i.e., wp := {T € T, | TNT # 0 }. Note that due to
shape regularity we have hs ~ hp for T € wr and diam(wy) ~ hyp.
LEMMA 3.3. For arbitrary T € TF the following holds:

hptllonlle S Y bzt lonlGop + IVoRl2,  for all vh € Vi (3.7)
TEwT

The constant in < depends only on shape reqularity of Trn, smoothness of T' and the
polynomial degree k used in Vj,.



Proof. Take T € T,L', v, € Vj,. The area |T NT| can be arbitrary small (“small
cuts”), but it follows from [14, Proposition 4.2] that there is an element T € wy such
that [T NT| > coh;l:l, with a constant ¢y > 0 that depends only on shape regularity
of 7,/ and on smoothness of I'. Take such an T € wyp. Take a fixed € € T'NT such
that |05 (§)] = max,ciqr [vn(2)] =t [[vplloo 7or- Take z € T and let S be a smooth
shortest curve in wy that connects « and €. Due to shape regularity we have |S| < hrp,
independent of x. This yields

un(x) = wn(&) + [ = ds,
with s the arclength parametrization of S. Hence,

vn(2)? < 20 (€)* + 21517 Von 1% wr.-

Using integration over T, |T| ~ h$. and the standard FE norm estimate || Vog |2, . <
h | Vun|2, we get

h?llonllF < WG onll2, pop + IV 0R]12,- (3-8)

o0, TNT
Using |7 NT| > cothfl we get

d
1% 7r S by lonllFaps
and combining this with the result (3.8) and h4 ~ hr completes the proof. O
By summing over T' € 7? and using a standard finite overlap argument we obtain the
following result.
COROLLARY 3.4. The following uniform estimate holds:

1h~ onllar S 1A~ 2vnlle + [|Vonllgr  for all vs € Vi (3.9)

REMARK 2. As noted above, similar results are known in the literature. For
example, in the papers [10, 17], for the case of a quasi-uniform triangulation the
following uniform estimate is derived:

lonllar < R [lvallc + hlln - Voallgr - (3.10)

Note that due to the quasi-uniformity assumption we have a simpler scaling with
the global mesh parameter i and that in (3.10) we have the normal derivative term
[n - Vo |gr, with n the normal on I' (constantly extended in the neighborhood Q)
instead of the full derivative term [Vun|lqr. The proofs of (3.10) in [10, 17] are much
more involved than the simple proof of Lemma 3.3 above. This is due to the fact that
in the bound in (3.10) only the normal derivative occurs.
We need the following elementary estimate.

LEMMA 3.5. Let M € R™ ™ be symmetric positive definite and w(M) :=
|| M ||2|| M 1| the spectral condition number. For allx,y € R™ with (x,y) =xTy =0
the following holds:

1
K(M)
7

[(Mx,y)| < (1— )(Mx,xﬁ(My,y)%,



Proof. Let MV = VA, with A = diag(Ai, ..., Am), 0< A\ < ... <A\, VIV =1
be the eigenvector decomposition of M. Take x,y € R™ with (x,y) = 0 and define
x:=VTx, y = V7Ty. This yields (x,y) =0, i.e., 191 = — Y i~ #;§;. Using this we
obtain

m
[(Mx,y)| = [(A%,9)] = | Y il
=1
- - i = A~y a s
=|Z(Ai—)\1)xiyi|§2r<niag§n " D i@l
i=2 1= L
MY om0\ 2 3
-2 () (S

which proves the result. O
Using this we obtain the following uniform strengthened Cauchy-Schwarz inequality.

LEMMA 3.6. Let M € R™*™ m = (dzk

reference unit simplex T C R?. For T € T;' the estimate

), be the element mass matriz on the

1
@R e)rl < (1= s YRl for alt o € V2wl € vl (3D
K

holds.

Proof. Take T € T,F, v) € V0, vl € VI, vy, := v +0. On T we introduce a local
numbering of the element nodal basis functions such that ¢;, 1 <1 < mg, correspond
to nodes &; in the interior of €2,. Note that T" has at least one vertex on 92, and thus
1 < mg < m holds. By construction we have

v (&) =0 fori=1,...,mg, v)(&)=0 fori=mg+1,...,m.

The representation in the local basis has a splitting

m mo m
V| = Zai¢i = Z%‘@ + Z Qidi = U + V|-
i=1 i=1 i=mo+1
The corresponding coefficient vector splitting of o = (g, ..., )T is
o= (al,...,amO,O,...,O)T + (O,...,O,am0+1,...,am)T = a’+al.

Note that (a®, @) = 0 holds. Let M € R™*™ M, ; = (¢;,;)7, be the element mass

matrix. Note that k(M) = k(M) holds. Thus we obtain, using Lemma 3.5:
1
(@ eh)el = (M ah)] < (1= s ) (Ma, a®) (Mol o)
1
=(1- 7A) ’UO UF 5
(1= g el ekl

which completes the proof. O



Based on these lemmata we derive the following stable splitting main result.
THEOREM 3.7. We decompose v, € Vj, as v, = vl) + v, o) € VP, vp € VI'. The
following holds with constants Ky, K, independent of up, of h and of how I' intersects
o3 + llonlls < Kollonll? (3.12)
lpllz + vk 117 < Kallonllz- (3.13)

Proof. The result in (3.13) is a direct consequence of (3.12) and (2.11). We derive
the result (3.12) as follows. Note that vl =0 on Q9. i.e., v, = v} on Q. Using this,
Corollary 3.2 and a finite element inverse estimate we get

lvhllE + okl ~ IV oR I, + VR I
= IVunllgy + IVohlGr + IV 0n g
< 190y + A1y + AL 2. (3.4

The result in Lemma 3.6 yields ||[v9[12 + ||oF||2 < &(M)]|jva||3 for all T € T,F. Thus
we get

1= oRlEy + I ok lige = D2 ke (IRl + ok 17)
TETy
< w(0D) Y bz onlly = w02y
TeTr
Using this in (3.14) and applying Corollary 3.4 we get
_ _1
lvalle + lokllz < IVonlige + I onlGe S IVonll, + 17 2okl ~ onll3,

which completes the proof. O

4. An optimal preconditioner. We introduce and analyze an additive sub-
space decomposition preconditioner using the framework given in [30]. It is convenient
to introduce the notation Vh1 = VhF , i.e. we have the stable splitting V, = V,? & Vhl.
Let Q;: Vi, — fo, 1=0,1, be the L2-projection, i.e., for u € Vj:

(Quu,wi)q, = (u,w;)q, forall w; € V,f.

The bilinear form ay(-,-) on V}, that defines the fictitious domain discretization (2.5)
can be represented by the operator A : Vj, — Vj,:

(Au,v)q, = ap(u,v) for all u,v € V. (4.1)

The discrete problem (2.6) has the compact representation Au = fg, where fo €
V;, is the Riesz representation of the right-hand side functional on Vj. The Ritz
approximations 4; : V! — V!, 1 = 0,1, of A are given by

(Aju,v)q, = (Au,v)q, = an(u,v) for all u,v € Vi

Note that these are symmetric positive definite operators. In the preconditioner we
need symmetric positive definite approximations B : V,{ — V,{ of the Ritz operators
A;. The spectral equivalence of B; and A; is described by the following;:
(B, u)g, < (Au,u)o, < pi(Bu,u)g, forallu e Vi, (4.2)
9



with strictly positive constants v;, p;, [ = 0,1. The additive subspace preconditioner
is defined by

C = By'Qo+ B Q. (4.3)

For the implementation of this preconditioner one has to solve (in parallel) two linear
systems. The operator J; is not needed in the implementation, since if for a given
z € Vi, one has to determine d; = B;” 1le, the solution can be obtained as follows:
determine d; € V}f such that

(Bidy,v)q, = (2,v)q, forallve Vi

The theory presented in [30] can be used to quantify the quality of the preconditioner
C.

THEOREM 4.1. Define ymin = min; vy, pmax = max; p;. Let K, be the constant
of the stable splitting in (3.13). The spectrum o(CA) is real and

o(CA) € [T 200]

holds.
Proof. We recall a main result from [30, Theorem 8.1]. If there are strictly positive
constants K7, Ky such that

1 1
Kfl Z(Bluhul)gh < ||’LLO + u1|\3 < Ko Z(Blul,ul)gh for all u; € V,f,
1=0 =0

is satisfied, then o(C'A) C [K; !, K3] holds. For the lower bound we use Theorem 3.7
and (4.2), which then results in

1 1 1
luo +ua |2 > KoM w2 = K7 (A, w)a, > Toin > (Biu, w)g, -
=0 =0

For the upper bound we note

1

1
o +urlls <2 w2 =2 Z(Aluz,uz)ﬂh < 2Pmax Z(Blulaul)()h-
1=0 1=0 1=0

Now we apply the above-mentioned result with Ky = K, /vmin and Ko = 2ppax. O

The result in Theorem 3.7 yields that the constant K, is independent of h and of
how the triangulation intersects the interface I'. It remains to choose appropriate
operators B; such that vy, and ppmax are uniform constants, too.

We first consider the approximation By of the Ritz-projection 4¢ in V. Using
(2.11) and (3.5) we get

(Aou,w)q, = an(u,u) ~ (Vu, Vu)g, forall ue VY.

Hence, Ay is uniformly equivalent to a standard finite element discretization (in V,0)
of the Poisson equation with zero Dirichlet boundary conditions on . As a precondi-
tioner By for Ag we can use a symmetric multigrid method (which is a multiplicative
subspace correction method). There is a technical issue related to the nesting of
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spaces because the domain €2 varies with h. This is addressed in Remark 3 below.
One can also use an algebraic multigrid preconditioner applied to Ay, which is what
we do in our numerical experiments, cf. section 5. For these choices of By we have
spectral inequalities as in (4.2), with constants 79 > 0, pp that are independent of h
and of how I' intersects the triangulation.

It remains to find an appropriate preconditioner B; of A;, which is the Ritz
projection in V;! = VI'. The norm equivalence (3.4) implies that a simple diagonal
scaling (Jacobi preconditioner) is already an optimal preconditioner. To derive this
result in the operator framework used above, we introduce the operator B; that
represents the Jacobi preconditioner. Recall that V;! = span{¢; | No+1 <i < N }.
Define the index set Z := {i | No+1 < i < N }. Elements u,v € V;! have unique
representations u = ) ;7 &y, v =) ;.7 Cidi. In terms of these representations the
Jacobi preconditioner is defined by

(Biu,v)a, = > &Gian(di, 1), w0 € Vi, (44)

1€L

Note that ap(¢;, ¢;) are diagonal entries of the stiffness matrix A in (2.12). The result
in the next lemma shows that this diagonal scaling yields a robust preconditioner for
the Ritz operator A;.

LEMMA 4.2. For the Jacobi preconditioner By there are strictly positive constants
Y1, p1, independent of h and of how the domain )y, is intersected by I' such that

n(Bru,u)q, < (A1u,u)q, < p1(Biu,u)q, for allu € Vhl (4.5)

holds.

Proof. Take u =3Y,.7&¢; € VL. For T € T, the set of finite element nodes in
T is denoted by N(T). Standard arguments yield that |[ul|7 ~ |T]3;c (g & holds.
Using this and the norm equivalences (2.11), (3.4) we get

(Aru, w)e, = [[ullf ~ [lullf ~ [|h ™ ullge

S ohulE~ S T Y € (4.6)

TeTY TeT, iEN(T)

For the Jacobi operator we get, using (2.11), (3.4):

(Biw,u)a, =y &lgills ~ D G dillir ~> & Y b7

i€l i€l i€l Tesupp(pi
i €supp(ei) (4.7)
~ 2 bl Z &.
TeTr iEN(T

Comparing (4.6) and (4.7) it follows that the result (4.5) holds. O

REMARK 3. We discuss a multigrid preconditioner for the subspace stiffness
matrix given by

A;j = an(di ¢5), 1<1i,j<No. (4.8)

Recall that span{¢; | 1 <i < No} = V! = {vn € Vi | vnjpo, = 0} and that the
uniform norm equivalence ap(v,v) ~ (Vv, Vv)g, for all v € V)2 holds. For a multigrid
11



preconditioner one needs a suitable hierarchy of “coarser spaces” and it is convenient
if these are nested. In our setting a natural nested hierarchy is obtained as follows. We
assume that on the larger polygonal domain Q* we have nested triangulations (coarse
to fine) s Thos - - 77;;}, where hy = h corresponds to the finest triangulation with
stiffness matrix A given in (2.12). This finest triangulation defines the fictitious
domain €, cf. (2.2). Corresponding to 7, we have standard nested finite element
spaces V© = {vn € C(Q) | vnjr € Py, forall T € Tn, }. The nodal basis functions

in the space V,;“j are denoted by d)z(j), 1=1,... dim(Vh*j ). We now define the hierarchy
of nested subspaces:

V}?j = span{cﬁgj) | ¢§j)(x)=0 forallz ¢ Qn}, j=0,1,...,J. (4.9)

Note that the domain €2;, used in this definition is the fictitious domain on the finest
level. One easily verifies that the nestedness property Vi) C Vi) C ...V}) =V}
holds. Thus we can construct a standard multigrid (multiplicative or additive) pre-
conditioner. Optimal preconditioning properties of such a preconditioner for the case
of a level dependent (fictitious) domain 2, have been studied in the literature. For
linear finite elements (k = 1) and a quasi-uniform family of triangulations the analy-
sis in [21] yields a condition number bound of the preconditioned matrix that grows
linearly in the level number 7. The authors note that this very slow growth of the
bound can be eliminated, i.e., one obtains an optimal preconditioner, using similar
ideas and techniques from [28]. They also note that all techniques and results can be
generalized to the case of non-uniformly refined shape regular triangulations. For this
one can work with L2-like space decompositions that are based on local projections
[11, 4].

The analysis above leads to the following preconditioners for the linear system
in (2.12) We use a matrix block partitioning according to the index set splitting in
(3.1). The matrices corresponding to the Ritz approximations A; (projection on V}!)
are denoted by A;, I = 0,1. Preconditioners of A; are denoted by B;, | = 0,1,
for instance By a multigrid preconditioner and By = diag(A;) corresponding to the
Jacobi method. We define the block Jacobi preconditioners

L AO 0 L Ao O L BQ 0
e (A 2) e (A 0 mee (% 0).

The preconditioner P o corresponds to exact subspace solves and due to Theorem 4.1
we have the condition number bound x(P4'A) < 2K,. If in Pp we use a Jacobi
preconditioner for the block B; then Lemma 4.2 yields /{(PBlA) < 2%[(&. Recall
that the constants K,, 71 and p; are independent of h and of how the triangulation
Tr intersects the boundary I'. Finally, for Pg we have /<;(P;31A) < 2%](@. This
bound is independent h and of how the triangulation 7, intersects the boundary I" if
we use a preconditioner By with the uniform spectral equivalence By ~ A property,
cf. discussion in Remark 3.

5. Numerical experiments. We choose the unit ball Q := Bi(zg) = {z €

R3 : |l — 20|z = 1} around midpoint 2o € R?® and the outer domain Q* :=

[~1.5,1.5]> D Q. For x € R? we define & := x — x9. If not stated differently,

we use xo = (0.001,0.002,0,003)7 in the remainder to avoid symmetry effects. For

the function u : Q* — R, u(z) = (32342 — 23) exp(1 — ||2/|3), the right-hand side
12



f(x) = u(z)(—4]|2||3 + 18) and boundary data g = u are chosen such that u is a solu-
tion of (2.1) on 2. All numerical experiments have been performed with the DROPS
package [15].

For the numerical discretization, the outer domain Q* is partitioned into 4 x 4 x 4
cubes, where each cube is further subdivided into 6 tetrahedra, forming an initial
tetrahedral triangulation 75 of 2*. Applying an adaptive refinement algorithm, where
all tetrahedra T' € 73" with meass(7 N ) > 0 are marked for regular refinement, we
obtain the refined grid 7;. Repeating this refinement process yields the grids 7, with
refinement levels £ = 2,...,6 and corresponding grid sizes hy = 27¢ - %.

We use linear finite elements (k = 1) and construct finite element spaces V},, on
the respective grids 7y, £ = 0,1,...,6. Table 5.1 reports the numbers Ny = dim V,fb)l
(the number of grid points inside the fictitious domain Q) and N7 = dim Vhl; (the
number of grid points on 9€;,) for different grid levels. We observe that Ny and Ny
grow with the expected factors of approximately 8 and 4, respectively.

14 Ny Ny £ |lu—upllo order |lu—wuplls order
0 7 44 0 2.19E-01 1.26E+4-00

1 81 140 1 5.95E-02 1.88 6.17E-01 1.04
2 619 500 2 1.43E-02 2.05 3.12E-01 0.98
3 5,070 1,844 3  3.40E-03 2.08 1.56E-01 1.00
4 40,642 7,102 4  8.15E-04 2.06 7.81E-02 1.00
5 325,444 27,714 5 1.98E-04 2.04 3.91E-02 1.00
6 2,602,948 109,510 6 4.89E-05 2.02 1.96E-02 1.00

Table 5.1: Dimensions Ny, Ny for Table 5.2: Discretization errors w.r.t. L? and
different refinement levels /. H' norm for different refinement levels £.

Choosing the Nitsche parameter v = 10 and ghost penalty parameter 8 = 0.1, we
obtain numerical solutions wup, € V4, of the discrete problem (2.6), with discretiza-
tion errors w.r.t. the L? and H! norm as in Table 5.2. We clearly observe optimal
convergence rates in the L? and in the H' norm.

In the following, we apply a preconditioned conjugate gradient (PCG) method to
the linear system (2.12) and examine different choices of preconditioners P € RV,
Starting with u® = 0, the PCG iteration is stopped when the preconditioned residual
is reduced by a factor tol = 1079, i.e.

P~ (Au" —b)[2 < tol [P~ (Au’ - b)l2,

with || - |2 the Euclidean norm. Let A = D + L + LT be the splitting of A into the
diagonal part D and the strict lower and upper parts L, LT, respectively. Instead of
the Jacobi method, which is considered in the theoretical analysis in section 4, we use
the symmetric Gauss-Seidel preconditioner Psgg = (D + L)D~}(D + L%), because
this method typically is more efficient than the Jacobi method. For the matrix blocks
A, € RV XM the corresponding symmetric Gauss-Seidel preconditioner is denoted
by Bsas,1-
We present results for the following preconditioners:
e the symmetric Gauss-Seidel preconditioner Pgasg,
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e the block Jacobi preconditioners

A, O Ay O B, O
Pa— )  Pg = . (5.1
A ( 0 Al) b ( 0 BSGS,l) B ( 0 Bsacs (5-1)

where B denotes one iteration of an algebraic multigrid solver (HYPRE
BoomerAMG [19]).
The condition numbers ka(A) = ||Al]2]|A71||2 and PCG iteration numbers for differ-
ent refinement levels ¢ are reported in Table 5.3.

{ k2(A) PCG iterations
Pscs Pa Pp Pg

0 141E402 8 9 11 11
1 1.03E+02 9 12 12 12
2 1.58E402 13 11 14 14
3 297E402 20 13 16 16
4 T7.74E402 34 13 17 17
5 3.11E403 56 13 14 15
6 1.26E4+04 107 16 22 23

Table 5.3: Condition numbers and PCG iteration numbers for different precondition-
ers and varying grid refinement levels £.

For finer grid levels £ > 4 the condition number x2(A) behaves like ~ h~2 similar
to stiffness matrices for standard Poisson discretizations. For the symmetric Gauss-
Seidel preconditioner Pggs, on the finer grid levels the iteration numbers grow ap-
proximately like A~'. For the block preconditioners Pa, Pp, Py, we observe almost
constant iteration numbers for increasing level ¢. For all three block preconditioners
the number of iterations roughly doubles when going from the coarsest level £ = 0 to
the finest one £ = 6. The third preconditioner, Py, is the only one with computational
costs O(N), N := Ny + Ny, with a constant independent of ¢. Note that on level
¢ =5 there is, compared to level £ = 4, a reduction in the number of iterations for the
preconditioners Pp, Pg. This might be due to a fortuitous geometric cut of I' with
the triangulation that leads to a relatively very good performance of the symmetric
Gauss-Seidel preconditioner Bggs 1 for the A; block.

We now fix the grid refinement level ¢ = 3 and vary the midpoint z¢ = (J, 26, 36)
of the ball ©Q with § € [0,0.5], leading to different relative positions of I" within the
background mesh 73. The condition numbers and PCG iteration numbers for different
choices of ¢ are reported in Table 5.4. We observe that for varying J, due to the ghost
penalty stabilization, the condition number k2(A) has the same order of magnitude.
The PCG iteration numbers for the preconditioners Pggs, Pa are constant for varying
0, whereas for the preconditioners Pp, Py the iteration numbers are identical and
change only slightly for varying 4.

Finally we note that for our analysis to be applicable it is essential that we
consider the fictitious domain Nitsche method with stabilization, i.e., 8 > 0 in (2.5).
We performed numerical experiments with 5 = 0. The results (not shown here)
revealed not only that for 5 = 0 the condition numbers k2(A) can be extremely
large (due to “bad cuts”), but also that the condition numbers ko(P~1A) with P €
{Pa,Pp,Pg}, show a very irregular behavior, where for certain cases these condition
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) ka(A) PCG iterations
Psags Pa Pp Ps

0 2.50E+02 20 12 15 15
0.01 1.93E+4+02 20 12 14 14
0.02 5.57E+02 20 12 19 19
0.03 5.38E+02 20 12 16 16
0.04 5.61E+02 20 12 17 17
0.05 5.84E+02 20 1220 20

Table 5.4: Condition numbers and PCG iteration numbers for different precondition-
ers and varying midpoint g = (6, 26, 39).

numbers become very large. From this we conclude that for good performance of the
block Jacobi preconditioners presented in this paper the use of a (ghost penalty)
stabilization in the discretization method is essential.
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