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ON DERIVATIONS OF EVOLVING SURFACE NAVIER-STOKES
EQUATIONS

PHILIP BRANDNER*, ARNOLD REUSKEN', AND PAUL SCHWERING?*

Abstract. Inrecent literature several derivations of incompressible Navier-Stokes type equations
that model the dynamics of an evolving fluidic surface have been presented. These derivations differ
in the physical principles used in the modeling approach and in the coordinate systems in which
the resulting equations are represented. This paper has overview character in the sense that we put
five different derivations of surface Navier-Stokes equations into one framework. This then allows
a systematic comparison of the resulting surface Navier-Stokes equations and shows that some, but
not all, of the resulting models are the same. Furthermore, based on a natural splitting approach in
tangential and normal components of the velocity we show that all five derivations that we consider
yield the same tangential surface Navier-Stokes equations.

1. Introduction. Navier—Stokes type equations posed on manifolds is a classi-
cal topic in analysis, e.g. [7, 27, 26, 1, 14]. In recent years there has been a strongly
growing interest in surface Navier-Stokes equations, in particular concerning physi-
cal principles related to these equations and to tailor-made numerical discretization
methods [11, 12, 10, 15, 17, 19, 25, 8, 17, 9, 3, 20, 13]. One reason for this recent grow-
ing interest lies in the fact that these equations are used in the modeling of biological
interfaces, cf. the overview paper [28] and the references therein.

In this paper we focus on derivations of surface Navier-Stokes equations for evolv-
ing surfaces. In the past few years several derivations have been presented in the
literature [11, 12, 10, 15, 17], which differ in the physical principles used in the mod-
eling approach and in the coordinate systems in which the resulting equations are
represented. In [11, 10] mass and momentum conservation laws for material surfaces
are used as basic physical principles, whereas in [15, 17] similar conservation laws of
mass and momentum for a material volume are used and combined with a thin film
technique. In [12] the derivation is based on energy minimization principles. Besides
these differences in physical principles, there is also a difference in the representation
of the resulting flow equations. In some papers, e.g. [10, 2, 17, 18], local coordinate
systems (curvilinear coordinates) are used, whereas in other literature [11, 12, 15]
the standard Euclidean basis of R3, in which the evolving surface is embedded, is
used. Such different coordinate systems lead to different representations of surface
differential operators such as a covariant derivative or a surface divergence, and one
has to be careful when comparing equations formulated in such different coordinate
systems. Both the local curvilinear and the global Cartesian coordinate system have
attractive properties. The local coordinate system can be very useful for modeling of
more complex fluid properties, e.g. in certain classes of fluid membranes [10, 28] or in
flows of liquid crystals [17, 18]. The representation in global Cartesian coordinates is
very convenient for the development of numerical simulation methods for these flow
equations.
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This paper has overview character in the sense that we put the different derivations of
surface Navier-Stokes equations presented in [11, 12, 10, 15, 17] into one framework.
Besides the unified survey of derivations we also present the following (new) results:

e Precise relations of certain relevant differential operators, such as covariant
derivatives and surface divergence operators, in different coordinate systems
are given. Most of these can be found or are (implicitly) used at different
places in the literature. Here we put this into one framework and derive
precise relations, e.g. as in Theorem 3.6 and Lemma 3.9.

e The presentation in a unified framework allows a systematic comparison of
the resulting surface Navier-Stokes equations. We will conclude that some of
these are identical but also some are different.

e A splitting approach in tangential and normal components of the velocity is
presented, which shows that all five derivations that we consider yield the
same tangential surface Navier-Stokes equations.

Since the (incompressible) surface Navier-Stokes equations play a fundamental role
in the modeling of interfaces or surfaces with fluidic behaviour, we consider a good
understanding of several known surface Navier-Stokes systems to be of major impor-
tance.

The remainder of this paper is organized as follows. In Section 2 we define evolving
material surfaces. In Section 3 surface differential operators in different coordinate
systems are defined and compared. Five derivations of surface Navier-Stokes equa-
tions, known from the literature, that differ in the underlying physical principles and
in the coordinate systems used, are treated in Section 4. In Section 5 we discuss and
compare these equations. In particular a splitting of these equations in the tangential
and the normal components is derived and it is shown that all five derivations result
in the same tangential surface Navier-Stokes system.

2. Evolving material surfaces. We outline how evolving material surfaces are
defined. A more precise formal description of the notion “material” is given in e.g.
[16]. Let ' = T'(0) be a smooth (at least C?) connected surface embedded in R3. A
material point z € T'(0) moves in time along a trajectory with coordinates x(z,t) € R3
and a smooth velocity field v(x(z,t),t) € R3. For all z € I'(0), the solutions of the
initial value problems

x(z,0) = z,
2.1
{jtx(z,t) = v(x(z,t),t) (2.1)

define the evolving surface
L(t)={y e R’ | y = x(z,1), z € T(0)}. (2:2)

The flow map ®; : T'(0) — I'(¢), 0 < ¢ < T is defined by ®4(z) = x(z,t). Let
&y : R?2 D U — I'(0) be a local parametrization. We assume that the mapping ®¢ :
U — &y (U) is a diffeomorphism. The coordinates in U are denoted by &€ = (£1,&2).
Composition of @y and ®; yields the mapping

R(&, 1) := i (Pu(§)), (2.3)

which gives the position of the material point y = ®y(€) € I'(t) C R? at time ¢.
Below in Section 3.1 we use &€ — R(&,t) as a (local) parametrization of I'(t). Note
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that if the flow field v is not identically zero, this parametrization is non-constant as
a function of ¢, even if I'(¢) = I'(0) for all ¢.

The outward pointing normal vector on I'(t) is denoted by n = n(y,t), and P =
P(y,t) = I — nn” is the projection on the tangential plane at y € I'(t). Below we
often delete the argument (y, ) in the notation. For a vector field u on I'(t) we shall
use throughout this paper the notation ur = Pu for the tangential component and
un = u - n for the coordinate in normal direction, so that

u=ur+uyn onI(t). (2.4)

If in the particle velocity v(-,t) = v (-, t) +un (-, £)n(-, t) we have vy (-,t) = 0 on I'(¢),
there is no normal velocity of the surface which means that the geometry of I'(t) is
stationary and there is only a tangential particle flow field.

We assume that on I'(¢) there is a continuous strictly positive particle density distri-
bution denoted by p(y,t), y € T'(t).

In Section 4, based on certain physical principles we derive Navier-Stokes type equa-
tions that determine the particle velocity field v and the density distribution p. As
discussed in the introduction we will compare derivations in different coordinate sys-
tems. Therefore, in the next section we collect results concerning representations of
surface differential operators in different coordinate systems, which will be used in
Section 4.

3. Coordinate systems and surface differential operators. In this section
we introduce surface differential operators in two different coordinate systems.

3.1. Coordinate systems. We treat representations of vector fields u : I’ — R?
and of operator valued mappings T : I' — L(R3 R3), where L(R3 R?) denotes the
space of linear mappings R?> — R3, in two different coordinate systems. The first
one is the Cartesian coordinate system corresponding to the standard Euclidean basis
in R3, denoted by {&;,&s,&3}. The second one is a curvilinear coordinate system,
that we introduce below. Most of the results presented in this section are standard
material that can be found in many textbooks, e.g. [5, 24]. We use tensor notation
and the Einstein summation convention in the following way: using Latin indices
(i,j,k,...) we sum over 1,23, using Greek indices («, 3,7,...) we sum up over 1,2.
Partial derivatives w.r.t. the Cartesian coordinates £, in the standard basis of R? are
denoted by 0, = %.

In the remainder of this section we take a fixed t. The local parametrization of
I' = I'(t) is given by R(§) = R(&,t), £ € U. Hence, R(U) C I'(t). We assume that
this parametrization is an immersion, hence the matrix (91 R(€) 9:R(€)) € R3*2
has rank two for each & € U. Each point y € R(U) can be unambiguously written
by y = R(&) with & € U. The two coordinates &, of € are called curvilinear or local
coordinates of y = R(€). We introduce the covariant basis of the tangent space at
y = R(&) € T given by g, = g4(&) := 0, R(&) € R3. The components of the metric
tensor (or first fundamental form) are defined by

9ap (&) = 8a(§) - 25(8). (3.1)

The metric tensor is symmetric positive definite. The contravariant basis of the tan-
gent plane g? is defined by g, -g” = 2. Here, 6° denotes the Kronecker symbol. The
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contravariant components of the metric tensor are defined by g*?(&) := g(&) - g?(¢).
The following relations hold:

8 = 0058, 8 =9"gs, 99,5 =05

In order to have a basis of R? we add to the covariant and contravariant basis a third
vector, namely the normal vector (at y = R(§)):

g —gdmn— B8 _ g' xg’
g1 x g2l [lgh x g2l

Note that, given the first fundamental form, this determines the choice of the orien-
tation of the normal vector n. The vectors g; and g’ for i = 1,2, 3, each form a basis
of R3. We can (locally) interpret the basis functions g; and g as functions defined on
the surface: g;(y) := gi(R(£)), & € U. For presentation purposes it is convenient to
identify the (contravariant) Euclidean basis in R? with its covariant one, i.e. & := &;,
1=1,2,3.

For a vector field u : I' — R3 we introduce the representations

Note that u; = u-g;, u' = u-g’ and 4; = u- &; hold. The u; (u?) are called covari-
ant (contravariant) components or also local coordinates. The 1, are the Cartesian
coordinates.

For representation of an operator valued mapping T : I' — L(R3 R3) we use the
tensor calculus format (cf. [5, Section 8.4)):

T=T,g og)=T"(g®g,) = Tij(ei ®el),

with the outer product given by (u® v)w = (v - w)u for all u,v,w € R3. These
representations define corresponding matrices that are representations of the same
linear operator in different bases. The matrix entries satisfy T}; = g; - (Tg;), TY =
g’ - (Tg’), Tij = & - (Té;) and are called covariant, contravariant and Cartesian
components, respectively. We define the transposed linear operator T7 by the relation
Tu-w = u-T?w according to the Euclidean scalar product in R3. Tensors can
also be represented using mized components (cf. [5, Section 8.4]). For a symmetric
linear operator T, i.e. T = T7T, we introduce the mixed (between covariant and
contravariant) matrix representation by

T=T)(g®g)=T)(g ®g).

The relations T} = g’ - (Tg;) = g; - (Tg') hold.

For a symmetric linear operator T the sum of its eigenvalues is denoted by tr(TA). Since
eigenvalues are invariant under basis transformations, we have tr(T) = T;; = T;; = T7.

The projection operator P = I — nn” is defined in local coordinates by P(c'g;) :=
c*g,. In local coordinates the splitting as in (2.4) takes the form ur := Pu = u%g,

and uy = u-n = u® = us.

We recall the second fundamental form B = B(y), y € T, also called Weingarten
mapping or shape operator, which is a symmetric linear operator for which B = PBP
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holds. From the latter property it follows that B = b;;(g’ ®g’) = bas(g* ®g”) holds.
For the covariant components we have [5, Theorem 8.13-1, Theorem 8.14-1]

bap = 83 0a88 = —0a83 - 88 = bga- (3.2)

For the mixed components of the second fundamental form the relation b2 = g%7b,,,
holds. Let k1,2 and 0 be the eigenvalues of B. We introduce the (doubled) mean
curvature k = tr(B) = k1 + k2 and the Gaussian curvature K = kik. The mean
curvature can be represented in mixed components by x = bS.

3.2. Surface differential operators. In this section we recall several surface
differential operators. For a given t, let ¢ : ' = T'(¢) — R be a be a scalar function,
u: I — R3 be a (not necessarily tangential) vector field and T : I' — L(R3,R3) an
operator valued mapping. All are assumed to be at least C''-smooth. We will study
partial derivatives and gradients of ¢, u and T and divergence operators for u and T.
Representations in different bases of u = u(y) and T = T(y), y € I are considered.
First in Section 3.2.1 we recall standard definitions and results for derivatives in local
coordinates representation. Note that in this case the basis used in R depends on the
(base) point y. In Section 3.2.2 we list (standard) definitions for analogous gradient
and divergence operators in case of representation in Cartesian coordinates in R3.
In Section 3.2.3 we then derive relations between the corresponding operators in the
different representations. In the last part of this section we introduce the material
derivative in a direction along the moving surface, which can also be formulated both
in curvilinear and Cartesian coordinates.

3.2.1. Surface differential operators in curvilinear coordinates. We re-
call some basic differential geometry concepts, e.g. [5, Chapter 8]. Note that we
have the following representations in curvilinear coordinates: u = u’g; = u;g’ and
T = TY(g; ® gj) = T;;(g" ® g’). All component functions are differentiable be-
cause the basis vectors g; and g’ are smooth. Since R is an immersion, there are
uniquely defined functions ¢ : U — R, a: U — R3 and T : U — L(R3 R3) such that
6(€) = G(R()), 6(€) = u(R(€)) and T(¢) = T(R(E)).

DEFINITION 3.1. The partial derivatives 9, of the scalar function ¢, the vector field

u and the linear operator T are defined in terms of the corresponding functions ¢, u
and T by

0ap(y) = 0a(€), au(y) = 0au(§), 9aT(y):=0aT(§) withy = R(E).

We now derive representations of these partial derivatives in terms of a curvilinear
coordinate system, which are used at several places in the remainder of this paper.
For this we use the Christoffel symbols (cf. [5, Theorem 8.13-1])

I%s =87 Oagp =Tja.

These symbols can also be formulated in terms of the metric tensor (cf. [5, Theorem
8.13-1,Theorem 8.14-1]):

o 1 oT
af — 59 (aﬂgar + aagﬁ'r - aTgaﬁ)«

Representations of partial derivatives of vector fields in terms of a curvilinear coordi-
nate system are given in the following theorem from [5, Theorem 8.13-1]. We extend
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this theorem with an analogous result (3.4) for partial derivatives of operator-valued
functions T : ' — L(R®,TT), where TT denotes the tangent bundle of I'. A proof of
the result (3.4) is given in the appendix.

THEOREM 3.2. For a vector field u, the partial derivatives have the following repre-
sentations:

0ot = Oy (u; ) (6(/(,63 Buw -b gUg) s (Onus + bBuB)
= (ugja — bapua)g” + (ugja + boup)g® (3.3)
Do (u'g) = (aauﬁ + Fﬁ uY — bﬁu?’)glg + (Oqu® + ba@uﬁ)gg '
(ulB - bﬁ 3)g,3 + (u3\a + bﬁauﬂ)g:%

where we use the abbreviations

Ugja = Oatip — T} 5ty uﬁ‘a = Oqu” + Ffzau”, Ugjq = u3|a = O Us.

Let T = T (g, ® gg) = Tap(g® ® g?) be a function with values in L(R3,TT). For
the partial derivatives we have the representations:
0,T = T Iy (ga ®gs) + T Bbva(gS ®gg) + T Bbvﬁ(ga ®g3)

(3.4)
= Topy (8" @ 8°) + Tapbl (8 @ 87) + Tupbl (8" ® g%),

where we use the abbreviations

T = 0,7 + 1% T 4 T T, Topy i= 0, Tag — T, Tus = T Ty,

The relation Po,u = umagﬂ for tangential vector fields u motivates the notation

’U,ma.
We recall standard definitions of surface differential operators in curvilinear coordi-
nates [24, 23].

DEFINITION 3.3. For a scalar function ¢ € CH(I',R) the surface gradient is defined
by

Vr¢ = 0a.pg”.

For a vector field u € CY(T',R3) we define the a-th partial covariant derivative ¥V ,u
and the covariant derivative Vru by

Vou:=Po,u, V5iu:=V,u®g™
The surface divergence of u € C*(I',R3) and T € CH(T', L(R3,R?)) are defined by

divru := d,u-g®, divpT := (0, T) g (3.5)

Note that there is a transpose in the definition of divpT. The definitions of the
surface gradient, covariant derivative and surface divergence operators above do not
depend on the choice of the parametrization, cf. [24].

REMARK 3.1. Another surface differential operator for a vector field u € C1(I', R?)
that plays a natural role in this setting is the surface gradient of u, defined by Vgu :=
6



g% ® Oqu, cf. [24]. Note that it maps into the tangent bundle. It is related to the
covariant derivative via Vru = PVLu (we use the notation Viu = (Vgu)?). We
use this surface gradient only in the proof of Theorem 3.6.

REMARK 3.2. In [23, 24], the covariant derivative of tangential vector functions u
is defined by Vru := V,u ® g®. In Definition 3.3 we extended this to general (not
necessary tangential) vector fields.

Using results from Theorem 3.2 one obtains representations of the a-th partial covari-
ant derivative in the covariant basis g, in terms of (derivatives of) the contravariant
components v* in u = u'g;:

Vou = Piu = (du” + F§7u7 —bPut)gs = (“ka —bPut)gs. (3.6)

This result shows that the notation uﬁ‘a introduced in Theorem 3.2 is natural, in the

sense that for tangential u we have V,u = uﬁ‘aglg.

If u is tangential, the relation
Vru = u,5(8* ®g°) (3.7)

holds, i.e., the covariant components of Vru are given by uqs. This induces an
equivalent alternative definition of the covariant derivative, that is sometimes used in
the literature. An alternative definition of surface divergence of a vector field can be
based on the relation

divru = u,. (3.8)

In the following lemma, we present an analogous representation result for the diver-
gence of an operator-valued function. A proof is given in the appendix.

LEMMA 3.4. For T = T*%(g, ® gg) the following holds:

diveT = Tﬁggﬁ + Tbopgs.

3.2.2. Surface differential operators in Cartesian coordinates. We recall
definitions of surface differential operators in terms of representations in Cartesian
coordinates as in [11]. The partial derivatives w.r.t. the standard basis &1, éq, €3 in

R3, ie., y = 3;&;. are denoted by O = %. The gradient of a scalar function f

w.r.t. the Cartesian coordinates is given by the vector V f := (9;f)é;. The gradient
(Jacobian) of a vector-valued function u is given by Vu := dyu ® &, or in matrix
notation (@u)ij = @ui. Note the structural analogy between Vu = dpu @ &, and
the definition of the covariant derivative Vi = Pd,u ® g* (cf. Definition 3.3).

To define Cartesian surface differential operators based on Cartesian representations,
we extend functions defined on the surface to a small open neighborhood G5(T") :=
Gs = {x € R? | dist(x,T) < &} with some sufficiently small § > 0. For a given
scalar function ¢ on I' a smooth extension to a function defined on Gy is denoted by
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¢°. Similarly for vector fields and operator-valued functions on I'. The specific choice
of the extension is not essential; one may use a constant extension along normals.

~

We now introduce surface differential operators based on the “Cartesian gradient” V,
applied to the extended quantities.

DEFINITION 3.5. For a scalar function ¢ € C1(I',R) the surface gradient is defined
by
Vré :=PVe©.
For a vector field u € C*(I', R3) we define the covariant derivative Vru by
%pu = PVu‘P.
The surface divergence of u € C*(I',R3) and T € CH(T', L(R3,R?)) are defined by
divru := tr(PVu°P), divrT := divp (TT&;)é;.

These definitions of the surface differential operators in Cartesian coordinates are
independent of the choice of the extension and only depend on the function values on
the surface. Note that the definition of the surface divergence of the operator valued
function T in Cartesian coordinates is based on the surface divergence of the vector
field T7¢;. In matrix notation this means that we take the surface divergence of T
row-wise, which agrees with the usual definition in the literature (cf. [11, 8, 3]).

3.2.3. Relations between the surface differential operators in different
coordinate systems. In this section we derive relations between surface differential
operators given in the Definitions 3.3 and 3.5. The results are as expected and have
been used (implicitly) at several places in the literature. We did not find, however,
proofs of all these basic results in the literature. Therefore we include elementary
proofs here.

THEOREM 3.6. Let ¢ € CY(I',R), u € CY(I',R?) and T € C*(T, L(R3,R?)). For
the surface gradients, covariant derivatives and surface divergence operators defined
in Definitions 3.3 and 3.5 the following relations hold on T':

VF¢ = 61“(25, Vpu = ﬁpm dinu = d/i;f‘ll, diVFT = (Tl;'p(TT) (39)

Proof. A proof of the first equality can be found e.g. in [24, 6]. For completeness we
include an elementary proof. Using the chain rule we get, with y = R(&) € T,

Bad(y) = Oald 0 R)(€) = 0a(¢° 0 R)(£) = 0ud°(R(€)) (D R(€) - &)

Thus we get
Vrd(y) = 0ad(y)g” = [0r¢°(y) (8a - €r)] 8" = k" (y)[ (8a - é1)8" |
Péy,
= 0o (y)Pé, = P [éwe(}’)ék] =PVoc(y).
8



For vector fields the transposed Jacobian is given by
VTt = ér® 5kue. (3.10)
Using the chain rule we get, with y = R(€) € T,

dau(y) - €; = Oo(uo R)(§) - & = [ékue(R(ﬁ)) -&;] [0aR(E) - &)
= [&cue(Y) -&;][8a - €]

Combing this with (3.10) and using the surface gradient Vsu = g* ® d,u (cf. Re-
mark 3.1) we obtain

Vsué; = (8% ® au)é; = g*(0au - &;) = g*[(pu’ - &) (ga - éx)]

5 . ~ 3.11
= (Opu® - &;)Pey, = P (&, ® Opu®)é; = PV u‘e;. S

Using Vru = PVZ4u completes the proof of the relation for the covariant derivative
of u. For the surface divergence of a vector function we get

divpu = Jyu - g% = 05(0au-g7) = (8 - 8,)(Jou - g7) = [(8" ® Jan)g”] - g,
= (Vsug) g, 2" (PV"ug") - g, = (PV u'Pg’) - g; = tr(PVu‘P)
= divpu.
For the surface divergence of an operator-valued function T we have
divrT - & = ((0.T)"g") - & = 03&; - ((9.T)"g") = (8" - 85)(0.T&;) - &”
= (8" ® 9. Te;)g") - gs = ((g" ® 0.T&;)Pg’) - Pg;
= tr [P(g° ® 0,T¢;)P] = tr [PV(Te;)P] *2" tr [PV (T°;)P]
— tr [PV(T*¢,)P] = divp(Té;) = divp(TT) - &,.
0

Note that in the relation for the surface divergence of T in (3.9) a transpose is needed.
This would vanish if either in Definition 3.3 or in Definition 3.5 one deletes the trans-
pose in the definition of the surface divergence of T. The results in Theorem 3.6
confirm that the operators defined in Definition 3.3 indeed do not depend on the
parametrization.

The shape operator, given in curvilinear coordinates in (3.2), can be represented in
the Cartesian coordinate system as B = —Vrn® (proof in the appendix).

3.2.4. The material derivative. We introduce a derivative in which the time
dependence of the parametrization R(&,t), & € U, is used. Let I = (0,T) be a time
interval with T' > 0 sufficiently small such that for all z € &;(U) C I'(0) the ordinary
differential equation (2.1) has a unique solution for ¢ € I. We define the (local)
evolving surface I'y(t) = {y € R3 | y = R(&,t), € € U}, t € I. The corresponding
space-time manifold is given by

S§=8U1):=|JTu(t) x {t} cR"

tel
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Note that S is parametrized by R : U x I — S, R(&,t) = (R(&,t),t). Given the
velocity v(y,t), y € T'y(t) from (2.1) we define v(é t) :=v(R(&,1),1), (§,t) e U x I.
Thus we have the relation

V(g t) = %R(S,t) on U x I. (3.12)

DEFINITION 3.7. Let f € C*(S) be a scalar- or vector function and f € C*(U xI) the
function defined by f(&,t) = f(R(E,t),t) for (€,t) € U x I. The material derivative
of f on S is defined by

fly 1) = 0:f(&1), y=R(&1).
Clearly this is a definition in terms of the local coordinates £ of the surface I'(0).

To obtain a Cartesian representation of the material derivative, we use the same
approach as in the previous section and extend the functions defined on the space-time
manifold S to an open neighborhood G5 = G5(S), given by Gs = U,c; Gs(T'v (1)) x {t}.
The neighborhood G5(T'y(t)) of T'y(t) is as defined in the previous section. The
following lemma yields a representation of the material derivative defined above in
terms of derivatives w.r.t. Cartesian coordinates in R? x R. The result is well-known
and easy to prove, based on application of the chain rule. For completeness we include
an elementary proof.

LEMMA 3.8. Let ¢ € C*(S,R) and u € C1(S,R3) with smooth extensions ¢¢ €
C1(Gs,R) and u® € C1(Gs,R3). For the material derivatives of ¢ and u the following
holds:

oy, t) = 0p°(y,t) + @gﬁe(y,t) -v(y,t), ﬁ(y,t) = ou®(y,t) + @ue(y,t)v(y,t).

Proof. For (y,t) € S we write y = R(&,t). We use the chain rule for the function
#°(R(€,1),t) = (¢° o F)(t) with the auxiliary function F' : I — R*, ¢t — (R(&,1),1)
and get

Sy, 1) = 6(E.1) = So(R(E 1) 1)

3
> ko 0.0) () ) + 000 .0) -1

= 0 (R(E.1),1) + Vo (RE).0)- O RIED). (313)
Using y = R(€,t) and relation (3.12), we obtain

By, 1) = 06" (y,t) + Vo' (y, 1) - ¥(y,t).
The same arguments can be used to derive the relation for u. O

The material derivative is used, for example, in the Leibniz rule or transport theorem
for an arbitrary material subdomain y(¢) C 'y (¢):
d .
— fds= / [+ fdivpv ds, (3.14)
dt Jy ) 0

for f € C1(S,R).
10



3.3. Time derivative of first fundamental form. In this section we consider
a time derivative of the first fundamental form, which will be used in the remainder.
The local coordinate system introduced in Section 3.1 depends on the time variable
t, cf. (2.3) and Section 3. In particular for the covariant basis g, = 0, R we have
8o = 8a(&,t), £ €U, t € 1. Hence the first fundamental form, cf. (3.1), depends not
only on £ but also on the time variable, gog = gap(§,t). The change (as function of
time) of the metric tensor is determined by the velocity field v, which determines the
time dependence of the parametrization R = R(§,t) = ®4(Py(€)) via the flow map
®,. Using Theorem 3.2, the following relation for the time derivative of the metric
tensor is derived (recall v = v;g° = v'g;):

0
agaﬁ = Oi8a - g8 + 8a - atgﬁ = 00, R - g3+ 8a- ataﬁR = 0aV - gs + 8ﬁv B

= ((v’y\a - boc’yv3)g7 + (US\a + blvw)gg’) - 83
+ ((”vlﬁ — bgyvs)g” + (v3)s + bng)gs) ‘8o
= Ugla + Va|g — 2u3bag. (3.15)

For this time derivative of the metric tensor, scaled with a factor %, we introduce the
notation

10
Eu.p:

For a given (£,t) € S a corresponding linear operator E = E(&,t) : R3 — R3 is given
by E := E,5(g* ®g?) = E“%(g, ®gg). This operator can also be expressed in terms
of the covariant derivatives introduced in the Definitions 3.3 and 3.5 as shown in the
following lemma. A proof of this lemma is given in the Appendix.

LEMMA 3.9. The following relations hold:

1 1 = E
E= §(VFV + V%V) = §(VFV =+ v%“v) (3.17)

4. Derivations of surface Navier-Stokes equations. In this section we out-
line five different derivations of surface Navier-Stokes equations known from the lit-
erature [10, 11, 12, 15, 17], which use both different physical principles and represen-
tations in different coordinate systems. In the five subsections below we present, in a
unified framework, the following derivations:

(1) In [10] as physical principles the conservation laws of surface mass and mo-
mentum quantities are used. Surface Navier-Stokes equations in curvilinear
coordinates are derived.

(2) In [11] the same conservation laws of surface mass and momentum quan-
tities as in [10] are used and surface Navier-Stokes equations in Cartesian
coordinates in R? are derived.

(3) In [12] the same surface mass conservation law as in [10, 11] is used. Instead
of a surface momentum conservation principle a variational energy principle
is used. The equations are derived in Cartesian coordinates in R3.

(4) In [15] as physical principles the conservation laws of volume mass and mo-
mentum quantities are used in a thin tubular neighborhood of the (evolving)

11



surface. Combined with a thin film limit procedure, surface Navier-Stokes
equations are derived in Cartesian coordinates.

(5) In [17] the same physical principles of volume mass and momentum conserva-
tion in a thin tubular neighborhood as in [15] are used. The resulting volume
Navier-Stokes equations are represented in a thin film curvilinear local co-
ordinate system. A thin film limit procedure is applied to derive tangential
surface Navier-Stokes equations in curvilinear coordinates.

In the approaches (1), (2), (4), (5) one uses an ansatz for the viscous stress tensor,
namely the standard Newtonian tensor in (4) and (5) and the Boussinesg-Scriven
tensor in (1) and (2). In (3) an ansatz for the viscous surface dissipation energy
is used. Below we outline only the key ideas of the derivations and refer to the
corresponding papers for more details.

4.1. Surface mass and momentum conservation in curvilinear coordi-
nates. In this section, a derivation of surface Navier-Stokes equations along the same
lines as in [10] is presented. In that paper the resulting surface Navier-Stokes equa-
tions are formulated in tensor calculus without using surface differential operators like
Vr and divp. To be able to compare the resulting equations with those obtained in
the other approaches, we rewrite these using the differential operators introduced in
Section 3.2.1 and results derived in Section 3.3.

The derivation is based on conservation laws of mass and momentum. We assume
the surface to be inextensible, i.e. % fv(t)l ds = 0 holds for an arbitrary material
subdomain «(¢) C T'(¢t). The Leibniz rule (3.14) and the arbitrariness of ~(t) yield

divpv = 0. (4.1)

Let p denote the surface mass density. Conservation of mass, the Leibniz rule and
divpv = 0 lead to

Arbitrariness of y(t) and a smoothness assumption on p imply ﬁ = 0. Hence, if p is
constant on I'(0), which we assume here, it follows that the surface mass density p is
constant on the evolving surface I'(t).

As ansatz for surface momentum conservation the equation
d
S evds =F(() (4.2)
v(t)

is used, with a force F' decomposed into external area forces acting on 7(¢) and internal
forces acting on the boundary 9v(t).

REMARK 4.1. The (surface) integral of a vector valued function fy(t) uds, cf. (4.2),
is defined in the usual way. We chose a fixed (not necessarily orthogonal) basis of R?,
say w1, Wa,w3. For u(s) = u'(s)w;, we then define Lyuls)ds =wi [ u'(s)ds.
The results derived below are independent of the choice of wy, wsy, ws.

We collect the external forces, consisting of normal and shear stresses, in the force
term f = f%g, + fyn. For the internal forces the Cauchy ansatz is made, i.e., these

12



forces are of the form Tv with a stress tensor T and v the in-plane unit normal on
97(t). Using Tv = T*Pu,gs the total net force on v(¢) can be written as

F(y(t)) = / £ ds+ / TP gy ds. (4.3)
() oy(t)

As in [10], we apply the Leibniz rule on the left-hand side of (4.2) and Greens formula
on the boundary integral of the right-hand side of (4.3). Using divpv = 0, this yields

/ p\./ ds = / f+ T@O‘ga + Taﬁbagn ds.
(1) (1)

Due to the arbitrariness of «(t), we obtain the following system of surface partial
differential equations (cf. [10, equation (31)]):

p(v-g%) = [+ T p(¥-m) = fiy + Tbag, (4.4)

which consists of two equations for tangential velocity change v g and one equation
for velocity change in normal direction v -n. As ansatz for the stress tensor T the
Boussinesg-Scriven form (in curvilinear coordinates)

T = —pg®P + 200 E*P (4.5)

is used, which involves the surface pressure p, the viscosity coefficient g and the time
derivative of the metric tensor E*?, cf. (3.16). The equations (4.1), (4.4) and (4.5)
form the surface Navier-Stokes system derived in [10].

To be able to compare this surface Navier-Stokes system, which is formulated in terms
of curvilinear coordinates, to equations derived in the sections below, we rewrite these
equations using surface differential operators, cf. Definition 3.3. From Lemma 3.9 we
obtain for the rate of strain tensor E = E,3(g* ® g%) the representation

1
E=E(v) = §(VFV + Viv),
and thus the operator representation
T =—pP +2E (4.6)

for the stress tensor. From Lemma 3.4 we get that the equations (4.4) can be rewritten
as

pv = f + divp(T).

Using this and the identity divp(pP) = Vrp + prn, we obtain the following repre-
sentation of the surface Navier-Stokes system (4.1), (4.4)-(4.5) in terms of the surface
differential operators as in Definition 3.3:
{px‘r =f — Vrp — pn + 20 divrE(v), @)
divpv = 0.
13



4.2. Surface mass and momentum conservation in Cartesian coordi-
nates. We recall the model derived in [11]. It is based on the same fundamental laws
of surface continuum mechanics as in the previous section. The formulation of the
equations, however, is in Cartesian coordinates in R3. Hence, the surface differential
operators (61" and JR/F) used are as in Definition 3.5. The material derivative v is
defined in Cartesian coordinates as formulated in Lemma 3.8. Using the Leibniz rule,
the inextensibility condition % fy(t) 1 ds = 0 yields

divpv = 0. (4.8)

From mass conservation % fy(t) p ds = 0 we obtain, with the same arguments as in

the previous section, that p remains constant on I'(t) if it is constant on I'(0). We
now consider the conservation of surface momentum, expressed by the equation

d
— pv ds = / fds+ / f, ds, (4.9)
dt Jo ) Y(t) (1)

with a contact force term f, on 9v(t) and an area force term f. The integrals are
defined as in Remark 4.1. As in the previous section, for the contact force term a
Cauchy ansatz and Boussinesq-Scriven ansatz are used:

1 ~ ~
f,=Tv, T=-pP+2uB(v), E(v)=g(Vrv+ Viv). (4.10)

Lemma 3.9 shows that the definition of the rate of strain tensor E equals the one
from [10], cf. equation (4.6). From the Stokes theorem and the identity divp(pP) =
Vrp + pkn, we obtain the momentum balance for ~(¢):

d ~ —

— pvds = / f — Vrp — prn + 2uodivrE(v) ds.

dt Jy ey 1)

Using the Leibniz rule and combining the result with (4.8), we obtain the following
surface Navier-Stokes system:

{p\'f = — Vrp — prn + 2pdiveE(v), (4.11)

Cfi:/'pv =0.

Based on Theorem 3.6 we conclude that this PDE system is exactly the same as
in (4.7). This is not surprising, since the derivations of the two systems start from
exactly the same physical principles.

4.3. Energetic variational principle in Cartesian coordinates. In this sec-
tion, we summarize the variational approach presented in [12] to derive a surface
Navier-Stokes system. This derivation is performed in Cartesian coordinates in R3.
It is assumed that T'(¢) is a closed surface. First, in exactly the same way as in the sec-
tions above, inextensibility and mass conservation lead to the equation (in Cartesian
coordinates)

divpv = 0, (4.12)

and that p is constant on S. Instead of a momentum conservation ansatz as in [10, 11]
(cf. equation (4.9)) and an energetic variational approach based on the so-called Least
Action and Minimum Dissipation Principles is used. We outline the key steps.
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The so-called action integral (“kinetic energy”) is defined by

4 1
A(x) ::/ / —plv(x,t)]* dxdt.
o Jru) 2

Recall that x = x(z,t) € I'(t), z € I'(0), are the particle trajectories and v(x,t) the
corresponding velocity fields, cf. (2.1). Note that I'(¢) and v are uniquely determined
by the trajectories x(z,t). The variation of the action integral with respect to x(z, t)
can be formally written as

T
Dy A(x)(w) = / / Feons - Wwdsdt =: (Feons, W)
o Jre

for a ”suitable” class of admissible velocities w. This relation defines a conserva-
tive force Feong, cf. [29]. In [12, Theorem 1.5] it is shown that under reasonable
assumptions

Frons = —pv (4.13)

holds. Another force, the so-called dissipation force, is derived from variation of
”surface viscosity” energy, which is modeled by the functional

T
Eant) == [ [ | polB) s (4.14)

with viscosity coefficient 1 and a strain tensor E as in (4.10), cf. [12]. Variation with
respect to the velocity field v leads to the dissipation force
DvEdiss(V) (W) = <Fdissa W>7
for a ”suitable” class of admissible velocities w, cf. [29]. In [12, Theorem 1.6] the
relation
Fiiss = 2pt0divrE(V) (4.15)

is derived. The Onsager principle (cf. [29, 21, 22]) states that the dynamics of a system
is determined by a competition between internal energy (here the kinetic energy) and
dissipation. In our setting the corresponding equation is formally given by

-DxA = _DvEdissa (416)

cf. [12, p. 385]. This implies (Fions + Faiss, w) = 0 for all admissible velocity fields w.
Due to the fact that we consider incompressible surface flows we restrict to velocity
fields w with divpw = 0. The following corollary is based on [12, Lemma 2.7].

COROLLARY 4.1. Let g € C(S)? be such that (g,w) = 0 for all w € C°°(S) with
divpcw = 0. Then there exists p € C1(S) such that

g = ﬁrp + pkn.

Applying this corollary, we obtain Fious + Fuiss = ﬁpp—&— pkn for a suitable (pressure)
function p. Combining this with (4.12), (4.13) and (4.15) one obtains the following
surface Navier-Stokes equations:

{p\.f — 2#0&1\\/FE(V) = _61"17 — PRI,

4.17
divpv = 0. ( )

Note that this system is exactly the same as in (4.11), if in the latter we restrict to
the case without (outer) area forces, i.e. f =0.
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4.4. Thin film approach in Cartesian coordinates. A different approach
for deriving surface Navier-Stokes equations, based on a thin film limit procedure,
is introduced in [15]. It is assumed that I'(¢) is a smoothly evolving closed surface.
Around this surface a thin film domain Q.(t) := {x € R3| dist(x,I'(t)) < &} with
a sufficiently small € > 0 is defined, in which the incompressible three-dimensional
Navier-Stokes equations with appropriate boundary conditions on 9 (t) are given.
These equations describe mass and momentum conservation in the volume domain
Q. (t). One then studies the limit of the thickness going to zero and the resulting
surface equations. In [15] these limit equations are derived using formal asymptotic
expansions (in the parameter ). We outline a few key steps in the derivation and
refer to [15] for further explanations.

The signed distance function to I'(¢) is denoted by d(-,t). For e sufficiently small the
closest point projection of x € Q.(t) is given by 7(x,t) = x —d(x, t)n(x,t). We define
the space-time domain Q. ; and its boundary 0Q. ; by

Qer = J(t) x {t},  0Qer == J0Q:(t) x {t}. (4.18)

tel tel

The unit outward normal vector n.(x,t) and outward normal velocity V(x,t) on 0Q.
are given by

) n(m,t), ifd(x,t) =¢, B Vr(m,t), if d(x,t) =,
Be(x,t) = {—n(ﬂ,t), if d(x,t) = —e¢, Vel ) = {—Vp(mt), if d(x,t) = —¢,

with 7 = 7m(x,t) and Vr the normal velocity of the surface I'(¢).

We consider an incompressible Navier-Stokes system in Q. ; with (perfect slip) Navier
boundary conditions:

Orve + (Ve : ﬁ)vs + 6prs = ,UO(E; (ﬁve) in Qe,]a

d/i;va =0 in Qe,[a (419)
Ve n, =V, on 8Qa,la
[E3 (Ve)ne]tan =0 on aQs,Ia

where [a];q, denotes the tangential component to 9. (t) of a vector a € R® and
Es(v) := %(@v—i—@TV) the strain tensor. We use the notation Eg(-) to distinguish this
three-dimensional strain tensor from the surface strain tensor E(-) used in the previous
sections. The differential operators div , @, cf. Section 3.2.2, are the usual ones in
R? and 9; is the usual time derivative. Note that here (following the presentation in
[15]) the density is scaled to p = 1, but this is not essential.

The system defines the velocity v. and pressure p. of a fluid in Q. ;. To derive
equations defining the velocity of the fluid on T'(t) only, consistent with (4.19) and
depending only on values of functions on I'(t), formal asymptotic expansions are
assumed. More precisely, it is assumed that for the solution pair (v.,p.) there exist
vector fields v, v, v2 and scalar functions p, p' such that

v(m,t) +d(x, t)v (7, t) + d(x,t)*v*(m, t) + r(d®), (4.20a)
p(m,t) + d(x,t)p*(r,t) + r(d?). (4.20b)
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Here, r(d*) = r(d(x,t)*) denotes a higher order term, cf. [15]. The analysis in [15]
is not rigorous in the sense that it is not clear whether or under which assumptions
such expansions exist.

A key ingredient to obtain surface Navier-Stokes equations from the Navier-Stokes
system in the thin film domain Q. is the following lemma (cf. [15, Lemma 2.7]).

LEMMA 4.2. Let ¢ be a scalar and u a vector-valued function on S. The derivatives
of the composite functions ¢(w(x,t),t) and u(w(x,t),t) with respect to x and t are of
the form

V(1) = (Vro)(m.1) + e, BV rg](m, ) + r(dlx, 1)),
Du6(m,1) = S0l (x,1), 1) + dlx, O (TeVi - Tro)(m, 1) + r(d(,1)?),
and
Vu(m,t) = (VuP)(m,t) + d(x,t)[VuB](m, ) + r(d(x, t)?),
Bl 1) = Sulr(x, 1), 1) + e, ) [uTeVil(r, 1) + r(d(x, 1)),
for (x,1) € Qe and with 7 = 7(x, t).

Substituting the expansions (4.20) in the Navier-Stokes equations, collecting zero and
first order (in €) terms and using Lemma 4.2, the following result is derived in [15,
Section 4].

THEOREM 4.3. Let v, and p. satisfy the Navier-Stokes equations (4.19) in the moving
domain Qc(t) with given normal velocity Vr. Then, the zeroth order velocity field v
and the zeroth and first order terms p and p* satisfy the following equations on T'(t):

v-n="Vp,
v =—Vrp—p'n+ 2uedivrE(v), (4.21)
dinV =0.

Here the surface strain tensor E is as in (4.10).

We briefly discuss the result of Theorem 4.3. From the expansion (4.20) we obtain
v = v.r and p = p.r and thus the velocity field v and pressure p in (4.21) coincide
with the bulk velocity and pressure (v, and p.) evaluated on the surface. We indicate
why in (4.21) the first order term p! arises. From differentiation of the expansion
(4.20b) we get for a fixed t € I:

Vpe(x,t) = V[p(m, )] + VId(x, t)p' (m, )] + 7(d)
= Vrp® + Vd(x,t) p*(m,t) + d(x,t)V[p* (r, 1)] + r(d) (4.22)
= Vrp® +n(x,t)p! (m,1) + r(d),
with ™ = 7(x, t) and d = d(x,t). Fore =0 we obtain the relation Vpe = Vrp+p'n.
Hence, we expect Vrp + p'n, and not only Vrp, to occur in (4.21). Analogously to
(4.22) we get, for € — 0, expressions for Vv, and div (§v5> that contain v! and v2.

The functions v! and v2, however, do not occur in the surface Navier-Stokes system
(4.21). This is based on the relations (cf. [15, Remark 4.5])

1
vi=—(Vrvn, v'=—2 (BVrv+Vrv')n=0.
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Therefore, the resulting system of equations (4.21) has (only) the unknowns v, p and
p'. Comparing (4.21) with (4.11) we see that instead of —prn in (4.11) we now have
p'n and an additional equation v - n = Vp, with a given V. This additional scalar
equation makes (4.21) a closed system for the unknowns v, p, p*. Further comparison
of the systems in (4.21) and (4.11) is discussed in Section 5.

4.5. Thin film approach in curvilinear coordinates. Similar to the model-
ing approach outlined in the previous subsection, the authors of [17] derive tangential
surface Navier-Stokes equations based on a thin-film limit procedure. Instead of using
Cartesian coordinates a three-dimensional curvilinear thin film coordinate system is
used. In the subsections below we outline this approach and the resulting surface
Navier-Stokes equations.

4.5.1. Thin film curvilinear coordinate system. We consider an evolving
surface as in Section 2. The evolution of the surface geometry is determined by the
normal velocity field only. Therefore a surface parametrization can also be obtained
by using the normal velocity field [4]. More precisely, we consider the initial value
problems (2.1) with the velocity field v replaced by vyn = (v-n)n and a corresponding
flow map (cf. Section 2) denoted by ®7. Instead of the parametrization in (2.3) we
use R, (&,t) := O} (Py(€)). For a fixed t € I we consider a thin film neighborhood
Q.(t) as defined in the previous section. A natural parametrization of this domain is
given by

Ry(€,0) = Ra(§,¢,1) := Ra(&,1) + (n(&, 1), (4.23)

with & € U, ( € (—&,¢). Based on this thin film parametrization we introduce,
analogous to Section 3, curvilinear coordinates and representations of differential op-
erators in these coordinates. Note that in Section 3 we used a two-dimensional surface
parametrization with first fundamental form denoted by g3, whereas in this section
we have a three-dimensional parametrization of the tubular domain . (¢). Similar
as in the previous sections, we use Greek letters to sum over 1,2 and Latin letters
to sum over 1,2,3. Partial derivatives are denoted by 0;, i.e., 9; = 8%1-’ i =1,2,

03 = 8%‘ We introduce the covariant basis G; = BZRn, the corresponding con-

travariant basis G*, the metric tensor G;; := G; - G; and the Christoffel symbols
I‘fj = %le(BiGjl + 0;G;; — 01G,j). Derivatives in curvilinear coordinates (£, () can
be defined completely analogous to Section 3.2.1. For a scalar function ¢ we define
the gradient V¢ := 9;¢0G?, for a vector field u we define the (covariant) derivative
Vu = 0;u®G?, the divergence divu := d;u-G* and for an operator valued function T
the divergence divT = (9;T)TG!. Using the fact that these operators do not depend
on the choice of the parametrization, cf. [5], one obtains the following relations with
differential operators in Euclidean three-dimensional space, for which we used the =
notation, cf. Section 3.2.2:

V¢ =V¢, Vu=Vu, divu=divu, divT =div (T7), (4.24)

with div T := c/li;(TTéi)éi the usual row-wise divergence of a tensor. Below we use

the notation without ~. Analogous to Theorem 3.2, cf. also equations (3.6)-(3.8), one

can represent these operators in terms of local components, e.g.:
(Vu)ij = Uj|j (G1®GJ) s divu:uili, diVTZTij

7
TASE
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with
. — k j . y J k ] L il
u”j = djui — Iijuk, u li = ()zu] + 1 Hl Zi ' GY Til|k7

T, = 06T + TVUT}y, + T'TY, Ty = 0Ty — TyTy — TuT.

For deriving a limit equation in Section 4.5.3 below it is convenient to relate the three-
dimensional metric tensor G;; to a suitable surface metric on I'(¢). For the latter we
use the one induced by the parametrization R,. With a slight abuse of notation, we
use the same symbols as in Section 3.1, e.g. gng for the metric tensor induced by R,,.
One can derive the following useful results for these metric tensors [17]:

Gop = gop — 2bap + Cbarb), Gec =1, Gea = Gac =0,
GV =g+ 0(Q), GC=1, G*=G"=0, T},=T1;+0(), (4.25)
TS =bag+0(), Th =T =-b+0(), T{ =T =Tl =0.

The material derivative is defined as in Section 3.2.4 but now with respect to the
parametrization R, (€, (,t):

}(yat) = at.f(€> Cat) = 8tf(Rn(£7Cat)7t)ﬂ y = Rn(sa Cat) € QE(t) (426)

For the velocity field corresponding to the parametrization R,, we use the notation

Wiy, 1) = 5 Ral&Cot), v = Ral6:G,) € 0(0) (4.27)

Using %Rn(f,t) = (vyn)(R,(&,t),t) it follows that wgr = vyn + O(¢) holds. The
material derivative can be reformulated in Cartesian coordinates as

4.5.2. Navier-Stokes equation in thin film. In [17] the authors derive a sur-
face Ericksen-Leslie model, starting from a simplified local three-dimensional Ericksen-
Leslie model (cf. [17, equations (B1)-(B3)]). We simplify these equations by taking
A = 0 in equation (B1). The resulting Navier-Stokes equations are similar to the ones
in Section 4.4. Note, however, that in that section we used Cartesian coordinates
whereas in this section curvilinear thin film coordinates are used. To simplify the
notation we write v instead of v.. The space-time domain is as defined in (4.18). The
thin film Navier-Stokes system from [17] is given by

0V + V' = —Vp. + jioAv  in Q.

di =0 i ,
ivv in Q1 (4.29)
Wg-n, ==V on 9Q. 1,
[ES (V)ns]tan =0 on aQe,Iv

with Vi the given normal velocity of I'(¢), the Laplace operator Av := divVv+Vdivv,
[]tan the tangential component to Q. (t) as in (4.19) and Es(v) := (Vv + VTv)
the strain tensor. In [17] this strain tensor is denoted by the Lie derivative of the
metric tensor, £L,G = Vv + VTv. The time derivative 9,V is defined in curvilinear
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coordinates as in (4.26). The direction u used in the directional derivative V"v =
Vv u is the relative fluid velocity defined by u := v—wg, with wg as in (4.27). Using
(4.28) and (4.24) we obtain

v+ Viv=0v+Vvwg+Vv(v—-wg)=0v+Vvyv,

an thus this is the usual material derivative in Cartesian coordinates, in particular
the same as in (4.19). In [17] the authors assume the thin film to evolve with constant
thickness such that the surface is located in the middle of the outer domain all the
time. Hence, wg|aqn. = v,n. and the resulting relative velocity u is tangential to
09.. Therefore, the third equations of (4.29) and (4.19) coincide. We conclude that
the two volume Navier-Stokes systems (4.29) and (4.19) are equal.

4.5.3. Tangential surface Navier-Stokes system. Using the curvilinear co-
ordinate system, a tangential limit system (¢ | 0) of (4.29) is derived in [17]. We
sketch the key ingredients of the derivation.

The covariant components of the strain tensor are given by % (Ujli + vy j). The ho-
mogeneous Navier boundary condition can be rewritten as

Va|c + V¢cja = 0 on 0 (t). (4.30)

Using this, Taylor expansions and the results in (4.25), the following relations can be
derived (cf. [17, equations (B9)-(B11), (B13)]):

veiclr = O(e%),  (B3(v))aclr = O(e?),

2 9 (4.31)
I (B3(v))aclr = O(e%),  (Es(v))aciclr = O(e7).
On T" we denote the tangential component of the velocity by v, i.e.
v = (v7)ag” = (Vag®™)|r = Pv|p € T'T.
The following identity holds (cf. [17, equation (B18)]):
Valslr = (vT)alp — UNDag. (4.32)

We aim to derive equations for vy and p = p.|r on the surface. We first consider
the second equation of (4.29). Using (4.31) and (4.32), the following relation can be
derived (cf. [17, equation (B22)]):

0 = (divv)|r = divpvy — onk 4+ O(e?). (4.33)

We now treat the projection of the material derivative in the first equation of (4.29).
Using ulp = Pv|r, (4.32) and (vr)? (v1)a38" = (Vrvr)vy =: VT vy we obtain for
the tangential part of the directional derivative V'v:

[V'V]alr = w'vaplr = Uﬁva\g\r
= (UT)ﬁ ((UT)QW — UNbag) = [VI—'\TVT — UNBVT]a. (4.34)
Using 8t]:2n|p = vyn and the splitting v = v Ou Ry + vene, the following relation

for the tangential component of the time derivative can be derived (cf. [17, equation
(B24))):

[at\_’]a|p = gagat(ﬁT)’B — UN(bag(’UT)B + aa’UN). (435)
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From (4.34) and (4.35), we obtain (cf. [17, equation (B26)]):
P (0,v 4+ V')|p = (0:(v7)?)8a + VT vr — un (2Bvr + Viuy). (4.36)
For the pressure term p = p.|r in (4.29), we get:
P(Vpe)|r = Vrp. (4.37)

Finally we consider the projection of the Laplacian in the first equation in (4.29). For
a solenoidal vector field we have

P (Av)|r = ((Av), &%) |r = 2 ((divE3(v)), &%) [r-
Using (4.31), the following relation can be derived (cf. [17, equation (B17)]):
(@ivEa(), = o (((Ba)ay ), = bos (Bav)g, I ) + 06
= ¢°" ((Bs(v))., |F)|5 +0(2).
Using (E(vr)),, = 5 ((vr)ajy + (v7)4ja), We get

(E3(V)) 0y

£ = 5 (s + 0410) It = 3 (@7)apy + (0)s1a) — Ovbar
= (E(vr) —v~B),,
Combining these results we obtain
P (Av) |r = 2((divEs(v)), 8%) Ir
=2 (Bs(v))s, Ir) & +0()
= 29" (E(vy) — oNB),, 58" +0(e %)
2(E(vr) — owB)" g8 + O(2)
2(E(vr) — owB) " g, + O(c?)
= 2P divp(E(vr) — vnB) 4+ O(£?). (4.38)
Here, we used Lemma 3.4 in the last equation.

REMARK 4.2. Note that (4.38) seems to differ from the first equation of (B21) from
[17]. However, different definitions of the surface divergence operators for operator-

valued functions are involved. Let (ﬁ;r‘ be the surface divergence operator used in
[17]. For an operator-valued function T the relation

divp T = P divpT.

holds. Using this and 2E(vy) = Vrvy + VEvy it follows that the first identity in
[17, equation (B21)] and equation (4.38) coincide.

Combining the results (4.36), (4.37), (4.38), (4.33) and considering the thin film limit
e — 0, we obtain the tangential Navier-Stokes equations on the surface in local
coordinates (cf. [17, equation (B27)-(B28)]):

(0c(v7)*)8a + VLT v —un(2Bvy + Vivy) = —Vip + 2p0P dive (E(vy) — vvB),
divprvy = vnk.
(4.39)
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Using 0;vy = (0¢(07)*)0a Ry, + (v7)* 000 Ry, we obtain for the tangential part of the
time derivative
(0:VT)o = OV - Oa R = gupdi(07)° — vnbas(vr)P.

Hence, the tangential surface Navier-Stokes equations (4.39) can be rewritten as (cf.
[17, equation (B30)-(B31)]):

POV + VFTVT — ’UN(BVT + Vron) = =Vrp + 2u0P diVF(E(VT) —unB),
divpvy = vy k.
(4.40)

5. Discussion of surface Navier-Stokes equations. In this section we com-
pare the different equations and discuss a directional splitting in tangential and normal
components. For the surface differential operators we use the ones without ~, but this
is irrelevant, cf. Theorem 3.6. As already mentioned above, the approaches (1), (2)
and (3), cf. Section 4, result in the same system of surface Navier-Stokes equations,
except that in (3) no source term f is considered. We recall the resulting equations,
cf. (4.7), (4.11) and (4.17), where for convenience we put p = 1:

v="f— Vrp — pkn + 2ug divrE(v), (5.1)
diVFV =0. -
The system resulting from ansatz (4) is different, cf. (4.21):
v-n=Vp,
v =—Vrp—p'n+2u divrE(v), (5.2)
divrv = 0.

In this system an additional unknown scalar function p' appears. In the approach (5)
(only) a tangential surface Navier-Stokes system is derived, given in (4.40), which we
repeat here:

POvr + Vevevy = =Vrp + 2uoP divp (E(vr) — vy B) + vy (Bvr + Vivy),
diVFVT = UNK.

(5.3)
In the following, for (5.1) and (5.2) we consider a splitting of the equations for v =
vy +vyn and p in coupled equations for vy | p (“tangential surface Navier-Stokes”)
and for vy (normal velocity). In [11] the relations (cf. [11, Lemma 2.1, equation (3.9)]

[ ] [ ] [ ) [ ] [ ) [ ] [ ]
Pv=vr+(n-vp)n+oyn, v-n=ovy—vr-n,

(5.4)
n - divpE(v) = tr(BVprvy) — vytr(B2),

are derived. Using these we obtain the following splitting of the surface Navier-Stokes
equations (5.1) into (coupled) equations

V.T = fT — V[‘p + 2/~‘LOP diVFE(V) — ((I.l . VT)II + UNﬁ),

(5.5)
divpvy = vnk,

22



for the surface pressure p and tangential velocity vy and

VN = Iy +2uon - divrE(v) — pk + n- vy

(5.6)
= fn + 2u0 (tr(BvaT) — ”uNtr(BQ)) —pK + n- v,
for the normal velocity vy. We used the splitting f = fr+ fyn. Note that v denotes
the material derivative (along v) of vz and not (v)r; similarly for vy. We call the
system (5.5) tangential surface Navier-Stokes equations. Note that in these equations
the normal velocity vy occurs.

REMARK 5.1. The variational principle used in [12] to derive system (5.1) (with
f = 0) also directly leads to a tangential surface Navier-Stokes system if the class
of ”admissible” velocities w in the defining relations for the force terms Feons and
Fyiss is restricted to tangential ones, i.e. Pw = w. This yields tangential force terms
Feons = —pP\./' and Fyiss = 2uoP divpE(v) and a tangential momentum equation that
is the same as the first equation in (5.5) with fr = 0.

From the relation
I.l = —BVT — VFUN (5.7)

(cf. [11, Lemma 2.2]) it follows that no 2 is involved in n, which indicates that
the equation (5.6) determines the time dynamics of the normal velocity vy (-, t), and
thus of the surface I'(t), whereas the tangential surface Navier-Stokes equations (5.5)

determine the time dynamics of the tangential velocity v (-, t).

We now consider the splitting of the Navier-Stokes system (5.2). Applying the pro-
jection P to the second equation in (5.2) the term p'Pn vanishes and the remaining
terms are the same as in the projected version of the first equation in (5.1). This
implies that (5.2) results in the same tangential surface Navier-Stokes equations as in
(5.5) (with fr = 0). Taking the scalar product of the second equation in (5.2) with n
and using the results (5.4) one obtains

on = 2u0(tr(BVpvy) — untr(B?)) — p' + 10 v, (5.8)

i.e., similar to the normal velocity equation (5.6), but with px replaced by the first-
order unknown pressure function p* (and with fy = 0). From the first equation in
(5.2), with given Vi, one obtains the normal velocity vy, which can be substituted
in the tangential surface Navier-Stokes equations, which then determine vy and p.
Given vy and vy the unknown p! is determined by (5.8).

Finally we compare the tangential Navier-Stokes equations (5.5) with the tangential
equations (5.3) that result from ansatz (5). Both systems contain the same equation
divpvy = vy, which results from the inextensibility condition. We now show that
the two tangential momentum equations in (5.5) and (5.3) are also the same if fr = 0.

This can be done as follows. First note that the material derivative vy in (5.5) is in

general not tangential. Its normal component is balanced by the term (n - vr)n on
the right-hand side in (5.5). This normal component can be eliminated by using the

. . . .
relations n - v = —n - vy, which follows from n - vy = 0, and

vy = Pvy + (n- V.T)n = Pvy — (I.l - Vr)n.
23



Using this, (5.7) and E(v) = E(vr) — vyB, the tangential momentum equation in
(5.5), with f = 0, can be rewritten as

PVT = —va —+ 2/1,0P diVFE(V) — UNI.I

(5.9)
—=Vrp + 2uoP divr (E(vy) —vnyB) + vy (Bvy + Viouy).

The right-hand side of this equation is the same as the right-hand side in (5.3). We
now compare the material derivatives on the left-hand sides. Applying Lemma 3.8,
the left-hand side of (5.9) yields

Pvy = P(3,v5 4+ Vviv). (5.10)
For the left-hand side in (5.3) we obtain, using (4.26) and (4.28),

POV +Vrvyevy = P(at\_’T + VV%VT)
=P(OvT +unVVvin + Vvivy)
=P(0v: + Vviv),

and comparing this with (5.10) we observe that the material derivatives also coincide.
Hence, we conclude that the two tangential momentum equations in (5.5) and (5.3)
are the same (for f7 = 0).

In summary, we have shown that all five derivations (1)—(5) lead to the same tangential
surface Navier-Stokes equations (5.5). The derivations (1)—(3) result in the same
equation for the normal velocity, namely the one in (5.6).
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6. Appendix. We give a proof of the second equality in (3.4). The first equality
be derived in the same way.

Proof. [of (3.4)] The product rule, (3.3) and the symmetry of the Christoffel symbols
yield

T =0,Tap(8” ®8") + Tup ((0,8”* © &”) + (8" ® 0,8"))

0

=0,Tap(8* @8°) + Top ((-T3,8" +b5g*) ® g° + g* @ (-7 ,g" + big?))
= (avTaﬂ — b Tup — F%Ta#) (8" ®8”) + Tupbl (g’ ® 8°) + Tupb (g ® g°)
= Toply (8% ©8") + Tupbs (8° @ 8°) + Tupbl (8* © g%).

We give a proof of Lemma 3.4.

Proof. [of Lemma 3.4] We represent T in local coordinates as T = T%#(g, ® gga).
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From the definition of the divergence and Theorem 3.2, we get

T
divpT = (0, T)"g* = (T 8y @ g8) + T" oy (85 © 83) + T bap(gy @ gs)) g®
= (T’Y‘S(g,@ &® g'y) + Tﬁyﬁba’y(gﬂ (9 g3) + T’Yﬂba,@(g?) & g"/)) ga

=T7085(8, - 8%) + T bargs(gs - 8%) + TP bapgs(g, - 8%)
5,‘;‘ =0 :5’?
= To‘tﬁ)gﬁ + Taﬁbaﬂgg,.

0

LEMMA 6.1. The shape operator can be represented in Cartesian coordinates by B =
—Vrne.

Proof. We use Theorem 3.6, Theorem 3.2 and the symmetry of b,z to derive
~Vrn® = -Vrn = -V,n®g* = —(Pdan) @ g* = (Pbapg”) @ g = B.

0
We give a proof of Lemma 3.9

Proof. [of Lemma 3.9] The second equality follows from the equality of the covariant
gradients, cf. Theorem 3.6. We prove the first equality. Using (3.7) and (3.3), we get

Vrvr + VEive = (9avp — Thg0-)(8” @ 8%) + (0avp — T g0,)(8 @ 87).
A direct calculation, using (3.3), yields

5 (Ve(own) + VF (oym) = 1 (g° & Poa(onm) + POy (uxm) @ 6°)

1

=3 (—vonbas(g® ®8”) — unbas(g” ®g%))

= —unbas(g® ®@ g”).

Using these results and (3.15) we obtain
o B 1 (e B
E(v) = Eap(g” @ 8") = ( 5(valp + vpja) — vnbas ) (8% ® 87)
1
- (2(65va — I 50r + Oavp — F;BUT) - vaaﬁ) (8" ® gﬁ)
1 T B8 e 1 T e 6 o B8
= 5(0avs —Topvr)(g” @ 8%) + 5 (Oavs — Iopvr)(8" @ 87) — unbas(g” ® g")
1 1 1
= §(VFVT + Vive) + i(Vr(an) + VE(vyn)) = §(VI‘V + Viv),

which completes the proof. O
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