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ANALYSIS OF OPTIMAL PRECONDITIONERS FOR CUTFEM

SVEN GROSS* AND ARNOLD REUSKENT

Abstract. In this paper we consider a class of unfitted finite element methods for scalar elliptic
problems. These so-called CutFEM methods use standard finite element spaces on a fixed unfitted
triangulation combined with the Nitsche technique and a ghost penalty stabilization. As a model
problem we consider the application of such a method to the Poisson interface problem. We introduce
and analyze a new class of preconditioners that is based on a subspace decomposition approach. The
unfitted finite element space is split into two subspaces, where one subspace is the standard finite
element space associated to the background mesh and the second subspace is spanned by all cut basis
functions corresponding to nodes on the cut elements. We will show that this splitting is stable,
uniformly in the discretization parameter and in the location of the interface in the triangulation.
Based on this we introduce an efficient preconditioner that is uniformly spectrally equivalent to the
stiffness matrix. Using a similar splitting, it is shown that the same preconditioning approach can
also be applied to a fictitious domain CutFEM discretization of the Poisson equation. Results of
numerical experiments are included that illustrate optimality of such preconditioners for the Poisson
interface problem and the Poisson fictitious domain problem.
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1. Introduction. In recent years many papers appeared in which the so-called
CutFEM paradigm is developed and analyzed, cf. the overview references [5, 3]. In
this approach, for discretization of a partial differential equation a fixed unfitted mesh
is used that is not aligned with a (moving) interface and/or a complex domain bound-
ary. On this mesh standard finite element spaces are used. For treating the bound-
ary and/or interface conditions, either a Lagrange multiplier technique or Nitsche’s
method is applied. In the setting of the present paper we restrict to Nitsche’s method.
Furthermore, to avoid extreme ill-conditioning of the resulting discrete systems (due
to “small cuts”) a stabilization technique is used. The most often used approach
is the ghost-penalty stabilization [4]. In the literature the different components of
this general CutFEM are studied, error analyses are presented and different fields of
applications are studied [5, 3]. Related unfitted finite element methods are popular
in fracture mechanics [14]; in that community these are often called extended finite
element methods (XFEM).

Almost all papers on CttFEM (or XFEM) either treat applications of this metho-
dology or present discretization error analyses. In relatively very few papers efficient
solvers for the resulting discrete problems are studied. In [7, 32, 19], for the resulting
stiffness matrix condition number, bounds of the form ch™2, with h a mesh size
parameter and ¢ a constant that is independent of how an interface or boundary
intersects the triangulation, have been derived. In [7] a fictitious domain variant of
CuwtFEM is introduced and it is shown that discretization of a Poisson equation using
this method yields a stiffness matrix with such a condition number bound. In [32]
a similar result is derived for CutFEM applied to a Poisson interface problem. In
[19] a condition number bound is derived for CutFEM applied to a Stokes interface
problem. These papers do not treat efficient preconditioners for the stiffness matrix.
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There are few papers in which (multigrid type) efficient preconditioners for Cut-
FEM or closely related discretizations (e.g., XFEM) are treated, e.g., [2, 1, 11, 21,
10, 26, 25]. In none of these papers a rigorous analysis of the spectral quality of the
preconditioner is presented. The only paper that we know of that contains such a
rigorous analysis is [24]. In that paper a CutFEM without stabilization is analyzed
for a two-dimensional Poisson interface problem.

The main topic of the present paper is an analysis of a (new) subspace decom-
position preconditioning technique for a CutFEM discretization of elliptic interface
problems and for a CutFEM fictitious domain method. These discretization methods
are known in the literature and are typical representatives of the CutFEM method-
ology [6, 7, 27]. This preconditioning technique leads to very natural and optimal
preconditioners, in a sense as explained in section 6. We expect that similar precon-
ditioners can be developed and rigorously analyzed for other CutFEM applications
such as a Stokes fictitious domain method and Stokes interface problems.

We explain the key idea of the preconditioner for the interface problem. In
the CutFEM applied to such an elliptic interface problem one uses a standard H!-
conforming finite element space on a triangulation that is not fitted to the interface.
For treating the interface conditions a Nitsche technique is used, leading to additional
bilinear forms (consistency and penalty terms) in the variational formulation of the
discrete problem. To damp the instabilities due to “small cuts” a ghost-penalty stabi-
lization term is also added in the discrete variational formulation. The finite element
space used in the CutFEM has a natural splitting into two subspaces, a “global” and
a “local” one. The global subspace is spanned by all standard nodal basis functions
on the whole triangulation, and the local space is spanned by nodal cut basis func-
tions “close to” the interface. We will show that this splitting is stable, uniformly
in the discretization parameter h and in the location of the interface in the trian-
gulation. We also prove that the Galerkin discretization in the local subspace leads
(after diagonal scaling) to a uniformly well-conditioned matrix and that the Galerkin
discretization in the global subspace is uniformly equivalent to the standard finite ele-
ment discretization of the Poisson interface problem on the global domain. Using the
latter property it follows that a multigrid method yields an optimal preconditioner
for the Galerkin discretization in the global subspace. An additive Schwarz subspace
correction method (or, equivalently, block Jacobi) thus yields an optimal precondi-
tioner for the CutFEM discretization of the interface problem. The same approach
applies, with minor modifications, to a CutFEM fictitious domain discretization of
scalar elliptic problems.

We briefly address relations between the results in this paper and in [24]. In
the latter a CutFEM variant without stabilization is studied and the preconditioner
is based on a subspace splitting that is similar to the one studied in this paper.
The rather technical analysis in [24] is restricted to linear finite elements and two-
dimensional problems. In this paper we consider the CutFEM with stabilization. It
turns out that this allows an elegant, rather simple and much more general analy-
sis. In particular, the analysis covers two- and three-dimensional problems, arbitrary
polynomial degree finite elements and triangulations that are shape regular but not
necessarily quasi-uniform. Furthermore, the analysis of this paper can also be ap-
plied to related CutFEM discretizations such as, for example, the CutFEM fictitious
domain method. A preliminary preprint version of this paper, in which only the
preconditioner for the CutFEM fictitious domain method is treated, is [16].

The paper is organized as follows. In Section 2 we describe a CutFEM discretiza-
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tion of elliptic interface problems known from the literature. In Section 3 two related
matrix-vector representations of the discrete problem are introduced. In Section 4
several uniform norm equivalences are derived that are used in Section 5 to prove
a stable splitting property. Based on this stable splitting we propose (optimal) pre-
conditioners in Section 6. In Section 7 results of numerical experiments with these
preconditioners are presented.

2. CutFEM for interface problems. We recall a class of CutFEM methods
known from the literature [18, 5, 19]. On a bounded connected polygonal domain
Q Cc RY, d = 2,3, we consider the following standard model problem for scalar elliptic
interface problems:

—div(e;Vu) = f in @, i=1,2,
[~aVu] -nr =0, [u]=0 on T, (2.1)
u=0 on .

Here, f € L%() is a given source term, Q; UQs = Q a non-overlapping partitioning of
the domain, T' = Q1 NQy is the interface, [] denotes the usual jump operator across I'
and nr denotes the unit normal at I pointing from Q; into Q5. The weak formulation
of the problem (2.1) is as follows: determine u € Hg () such that

(aVu,Vv)g = (f,v)q forall v e H}(Q). (2.2)

Here and in the remainder, (-, ) denotes the L? scalar product on Q. We assume that
for discretization a family of simplicial triangulations {73 }r>o of Q is used which are
not fitted to I'. Let T}, denote a simplicial triangulation of Q and th the corresponding
standard finite element space of continuous piecewise polynomials up to degree k
that have zero values on 9€). The set of all simplices that are cut by the interface
T is denoted by 7,l' and the domain formed by these simplices is denoted by Q5.
The domain formed by all simplices with nonzero intersection with ; (“extended
subdomain”) is denoted by 07, i =1,2. Note that Qb c 7, holds. In the CutFEM
one uses pairs of finite element functlons up, = (u1,p, U2,p) c V1 n X Vo, with

Vi = {(Uh)\ﬂ‘;'f‘h, | v € VL

Based on this space we formulate a discretization of (2.1) using the Nitsche technique:
determine up, = (uqp,uz,n) € Vi,n X Vo, such that

Ap(un,vn) = ap(un, vn) + Np(un, vn) + Gr(un, vn) = (f,vn)0 (2.3)
for all v, = (v1,1,v2,5) € Vi, X Va i, with the bilinear forms

2
ap(up, vp) = Z(aivui,mvvi,h)my

i1
Np(un,vp) = Nj(up,vn) + Nj(vn, un) + Nj, (un, vp),
Ny (up,vp) == ({[—Oévvh}} ‘nr, [up])r,  Ni(un,vp) :== ay(h™ us], [va])r,
2
Gh uh,vh 62 Z Z h?f—l([[@flui’h]], [[aflvi,h]])F
i=1 (=1 FEF,,;

Here F, ; is a suitable subset of faces in Q} . Furthermore, & is a certain averaging of
a; and ag, depending on the choice of {}}. The jump of the finite element function
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up, across I' is given by [upn] = (u1,n — ug,p)p. For the averaging operator {}} there
are different possibilities, cf. [18, 9, 29] or the overview in [25]. For the case of linear
finite elements optimal discretization error bounds for this method are derived in
[18]. For the higher order case, but without the ghost-penalty term Gy(-,-), optimal
discretization error bounds are derived in [29, 30]. These analyses can be extended to
the case with the ghost-penalty stabilization.

Since we do not assume quasi-uniformity of the triangulation, the scalings with
h and with h~! are element-wise, e.g., (h~ u,v)pr := ZTGT{ hz! (u,v)rar. The pa-
rameters v > 0, 8 > 0 are fixed. The bilinear form Gh(-/, -) is the ghost penalty
stabilization. Different equivalent variants of this stabilization are known in the lit-
erature, cf. [4, 28, 23]. The choice of a particular variant of this stabilization is not
relevant for the analysis in this paper.

REMARK 1. In practice the method above is not feasible because integrals over
cut simplices T'N §; and over the interface segments T'N T are difficult to compute.
For linear finite elements (k = 1) one usually replaces I by a suitable piecewise lin-
ear approximation I'y. For higher order finite elements the isoparametric approach
introduced in [22] can be used. In that approach one assumes that the interface is
represented as the zero level of a level set function. The fundamental idea is the
introduction of a (level set function based) parametric mapping 0;, of the underly-
ing mesh from a geometrical reference configuration to a final configuration, cf. Fig.
2.1. We refer to [22] for the definition of ©,. The discretization approach consists

Qlin Qi
Oy,
Flin — Ty
Qlin Qo

Fig. 2.1: Basic idea of the isoparametric CutFEM in [22]: The piecewise linear ap-
proximation '™ is mapped to a higher order approximation I', using a mesh trans-
formation Oy,

of two steps. First, a (higher order) finite element space is considered with respect
to the reference configuration. Then the transformation Oy is applied to this space
and to the geometries in the variational formulation, resulting in a new unfitted finite
element discretization with an accurate treatment of the geometry. The mapping
renders the finite element spaces into isoparametric finite element spaces. The map-
ping ©, and corresponding quadrature rules are implemented in the add-on library
NGSXFEM to Netgen/NGSolve. The isoparametric Nitsche unfitted FEM is a trans-
formed version of the original Nitsche unfitted FE discretization [18] with respect to
the interface approximation I'y, = Oy ("), where I is the zero level of a piecewise
linear interpolation of a sufficiently accurate higher order finite element approxima-
tion of the level set function ¢. In the isoparametric approach one uses the spaces
Vﬁh ={wvpo @;1 | vi, € Vip, }, i = 1,2. For further explanation of this method and
its discretization error analysis we refer to [29, 30]. We will not consider this “pertur-
bation” due to the isoparametric transformation because it makes the presentation of
the analysis below less transparent. We restrict to the method with exact geometry
approximation as defined in (2.3) since this “geometric error” does not play an essen-
tial role with respect to the spectral accuracy of the preconditioner introduced in this
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paper.

It turns out that the preconditioner that we treat in this paper can easily be
modified for application to a CutFEM applied in a fictitious domain approach. To
explain this more precisely, we describe in the remark below a Nitsche fictitious domain
discretization known from the literature. The corresponding preconditioner for this
problem is discussed in Remark 7.

REMARK 2. Instead of the interface problem (2.1) we consider the Poisson equa-
tion

—Au=f in Qq,

(2.4)
u=g onI' = 0Q.

For discretization we apply a fictitious domain method known from the literature
[7, 27): determine uy, € V;FP := V; ), such that

AP (un,vn) = (f,vn)e = (9,00 - Vop)r +v(h~ g, op)r for all v, € VP, (2.5)
where the bilinear form is defined by

AED(u,v) = (Vu,Vv)q — (nr - Vu,v)r — (u,nr - Vo)r + v(hflu,v)p

k
+8Y 0 Y rETN([0kul, [05]) F-

{=1FeFy1

(2.6)

Here the Nitsche method is used to satisfy (approximately) the boundary condition
u = g on I', whereas for the interface problem the Nitsche method is used to enforce
the interface condition Ju] = 0 on I'. The discretization of the interface problem can
be seen as a fictitious domain discretization “from both sides” Q;, i = 1,2, with a
coupling condition uy|r = uz|r on T

3. Discrete problems in matrix vector formulation. In this section we
briefly recall two matrix vector formulations of the discretization (2.3). We introduce
the (closed) subdomains formed by all simplices that are completely contained in €;,
le. @, =U{TeT|TC Q; }. Note that Q;, Nint(Q}) = 0 and QU Qp, = Q..
The finite element nodal basis functions of V, := V,f are denoted by ¢;, j € Iy,
for a suitable index set /o. The finite element nodes that are in 7% are labeled by
jel C Iy i=1,2. Let I'" C Iy be the subset of labels corresponding to finite
element nodes in )}, and I} := {j € I" : node j is not in ;}, i = 1,2, cf. Figure 3.1.
To simplify the presentation, we assume that there are no nodes on 0f2;. Note that
I"=1"ull and Iy = (I; \ I') U (Iz \ I]) form disjoint partitions. For finite element
nodes j € I" we denote the cut basis functions by qﬁg = ¢j|Q£. Note that for k > 2
and interior nodes (i.e., nodes strictly inside an element T') we have gbg =¢;. A
natural basis of the finite element space V; j x Va5, is given by

({¢j}jell\1f U {Qb;}jelf) X ({¢j}je12\15 U {%F'}jefg)- (3.1)

Using this basis one obtains a matrix-vector representation of (2.3) that is denoted
by Ax = b. For preconditioning it is convenient to use another representation of
the discrete solution, namely as a suitable global finite element function in the space
Vi, that is corrected using a finite element function with support only on . This
representation is more in the spirit of the extended finite element method.
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Fig. 3.1: Sketch of interface I' and (part of) triangulation T; of €, with interface
nodes I (blue circles) and I (red rectangles). All rectangular nodes form the set
I\ I, all circular nodes form the set I \ I .

U2, n

U {1 {1

—O O O
r

Fig. 3.2: 1D illustration of transformation L(ug,u?)T = (uq s, u2s)T.

More precisely, we introduce the local spaces V' := span{ (QSJF')jeI{ oi=1,2,

and the product space V, x V{ with
Vi, :=span{¢, | j € Io}, Vi =vl e v) = span{ (QS;)]'EIF }. (3.2)

The bases used in (3.1) and (3.2) are the same, hence V}, x VhF ~ V1, x Vo holds.
6



We introduce the projections

QZ‘ZV].F—)V;-F, UF: Zﬁj¢§n—>QluF = ZBJ ?, 221,2

jeIr jerr
With the compact notation 1y, = (ug,u")” € Vj, x VI, a useful isomorphism L :
Vi, x VhF — Vi x Vi, is given by
Lo — 1 (1) ._ (U0, + Quu"\  fuyy
wn =L (UF> o <UOQ§’:‘}1 + QQUF> B <U2,h) ' (3:3)

cf. Figure 3.2, or in basis notation

L (Za@o “ﬁ¢%) _ (Zsenvr @i% + Ljerr (@ 5 j)%g : (3.4)
> jerr Bid; Yjer\it @05 T 2 e (a5 + 55)¢;

The discrete problem can be reformulated in the space V}, x VhF as follows: determine
up € Vi X V{ such that

A (i, 0p) = Ap(Liy, Loy) = f(Lip) ¥ op = (vo,0") € Vi x VL. (3.5)
The corresponding matrix vector problem is denoted by
Ax=b. (3.6)

In the remainder we introduce and analyze a preconditioner for this discrete prob-
lem. The matrix representation L of the isomorphism (3.4) is simple, as for the part
corresponding to ¢;,j € Ip \ I' and ¢§,j € I' it is only a permutation matrix, and
for the remaining part (¢;,7 € I') there are exactly two non-zero entries per column.
To understand the latter, consider an index j € I}. Then also j € I; \ II and,
hence, L(¢;,0)T = ((bj,qS;)T. This implies that given A, the matrix A = LTAL is
easy to obtain by permutation and summation of corresponding pairs of rows and
columns. Also L~ is easy to determine. A spectrally equivalent preconditioner P A
of A induces a corresponding spectrally equivalent preconditioner L~7P AL_l of A.
REMARK 3. In case of the fictitious domain discretization (2.5) of the Poisson
problem (2.4) on €, an analogous splitting of the fictious finite element space V;F'P
is given by have VP = Vj,; = V7 x V[ with V|~ = span{¢;}jec\r- So for
1 = (uy,ul)T € V7 x VI the corresponding isomorphism has the simple form

R u _
Lyt =1 (ﬁ*) =l uy =tup, € VP, (3.7)
1

> T 0 0;
w () S ansyad e

JELNIT JEIT
Note that elements from the global space V|~ are zero on 89?’,‘,1.

4. Fundamental norm equivalences. In this section several norm equiva-
lences are presented that will be used to derive a new spectral equivalence result for
the bilinear form Ah(~, -) in the main theorem 5.2 below. We start with a norm equiva-
lence, which is known from the literature. We use the notation ~ to denote estimates
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in both directions with constants that are independent of h and of the location of
the interface I' in the triangulation. We recall the notation introduced above: for
up = ('LLO,’LLF) € Vp X VT we define (ul,h,uzh) = (’U,omi),ch + Qlur,uo‘ggfh + QQUF) S
Vi,n X Vo 1, From the literature on discretization error analyses of CwtFEM, e.g. [27],
the following fundamental norm equivalence is known:

2
N ~ N 1
Ap(ain,an) ~ > Vs plldes + 1272 (urp = uan) I

=1 (4.1)

2
=Y V(o + Quu") e, + 1P 2 (@uu" — Qau")I,

i=1

for all 4, = (up,u’) € V; x VI. For this uniform norm equivalence to hold it is
essential that a ghost penalty type stabilization is added. We derive preliminaries in
the following lemmas. We will use the trace inequality [18]:

_1 1
lWlirar < (b [lollr + 22 Vollr), v e HY(T). (4.2)

For a subdomain w C §2 we use the notation Vi, (w) := { (vn)|w | vn € Vi }. The result
in the next lemma gives a useful uniform norm equivalence for finite element functions
restricted to the local interface strip €} .

LEMMA 4.1. The following uniform norm equivalence holds:

1 ol ~ [h™2on |2 + IVonllge  for all v, € Vi(92). (4.3)

Proof. Using (4.2) we get

1 - -
I bonllE = 3 Azt lonlBor < 10 onli3e + Vo3
TCQ),

Combining this with a standard finite element inverse inequality yields
1 _
(T N g Lt

i.e., a uniform estimate in one direction in (4.3). We now derive the estimate in the
other direction. We introduce, for T' € T,I', the subdomain consisting of all simplices
in 7, that have at least a common vertex with T, i.e., wp :=={T € T, | TNT #0}.
Note that due to shape regularity we have hs ~ hp for T € wp and diam(wr) ~ hr.

Take T € T,F, vy, € Vi(Q2)). The area [T NT| can be arbitrary small (“small
cuts”), but it follows from [12, Proposition 4.2] that there is an element T € wy such
that [T NT| > coh;i_l, with a constant ¢y > 0 that depends only on shape regularity
of 7,1 and on smoothness of I'. Take such an T € wyp. Take a fixed € € T'NT such
that |v,(§)| = max, cpqp [vn(2)] =t [|onl 7rr- Take 2 € T and let S be a smooth
shortest curve in wp that connects x and €. Due to shape regularity we have |S| < hr,
independent of x. This yields

th
S 88
with s the arclength parametrization of S. Hence,

vn(@)? < 20,(8)* + 2/ S| Vo3

o0,wr *
8

o (x) = vn(§) + ds,



Using integration over T, |T| ~ h$. and the standard FE norm estimate ||Voy[|Z, .. <
B Vo2, we get

— d—
hellvnll S b2 llonllZ, o + 1VoR1E,- (4-4)

Using [T NT| > cohgfl we get

—d
lonl% 7or S By llonllFars

and combining this with the result (4.4) and hs ~ hr yields

—2 2 -1 2 2
hpZllonlle < bz llonllFap + VRS, -
Summing over T € 7? completes the proof. O
REMARK 4. Results similar to (4.3) are known in the literature. For example, in
the papers [8, 15], for the case of a quasi-uniform triangulation the following uniform

estimate is derived:
1
lonllor < A2 llonlr + hlin - Vop|or. (4.5)

Note that due to the quasi-uniformity assumption we have a simpler scaling with
the global mesh parameter h and that in (4.5) we have the normal derivative term
[n - Vo |lgr, with n the normal on I' (constantly extended in the neighborhood b
instead of the full derivative term ||Vup|[qr. The proofs of (4.5) in [8, 15] are much
more involved than the simple proof of Lemma 4.1 above. This is due to the fact that
in the bound in (4.5) only the normal derivative occurs.

A second norm equivalence is derived in the following lemma. For this we note
that 98, is the union of two disjoint parts, namely Q) NQ, and 99} NQ;,. We
show that for finite element functions vj, that are zero on one of these two bofmdary
parts the norms ||Vop[or and HhilvhHQE are uniformly equivalent.

LEMMA 4.2. The uniform norm equivalence

I onlar ~ [Vonllor (4.6)

holds for all vy, € Vi, (L) with Uhjparnas, = 0 or Uhjparna;, = 0.

Proof. Take vy, € Vi(€2}). The estimate in the one direction directly follows

from a standard finite element inverse inequality. Assume that vy jparna-, = 0 or
h 1,h

Uhjoarne;, = 0 and take T € 7,'. By construction T has at least one vertex on

Q}, N9, and at least one vertex on 92, N Q. Hence, there is vertex of T', denoted

by x., at which vp(z,) = 0 holds. Let T be the unit simplex and F : T — T the
affine transformation with F(0) = x,. Define Z := {p € Py | p(0) = 0} and note that
p = |lpll4 and p — ||Vp|; define equivalent norms on Z. Due to vj, := vy 0 F € Z
and this norm equivalence we obtain

lvall7 = 1Tllon )17 < TV 0]

2 S hrlVonl7,
and thus

Ih onlEe = S hr2llonllp S Y IVonld = [Voul3s,
TeTr TeT,
9



which is this estimate in the other direction. O
Note that for v} € VI we have ”ﬂaﬂﬁmmh = 0. Thus we obtain the following
corollary. ’

COROLLARY 4.3. The following uniform norm equivalence holds

Ih= 08 gr ~ Vo llgr  for all of € VE, i=1,2. (4.7)

Besides this norm equivalence result for finite element functions from the local cor-
rection spaces v € V', i = 1,2, there also holds a strengthened Cauchy-Schwarz
inequality for the two spaces V', i = 1,2. This is shown in Lemma 4.5. For the proof
of that lemma it is convenient to use the following elementary estimate.

LEMMA 4.4. Let M € R™ ™ be symmetric positive definite and x(M) :=
|| M ||2|| M =12 the spectral condition number. For allx,y € R™ with (x,y) =xTy =0
the following holds:

vl < (1= g5

) (x, %)} (M, 3)E.

Proof. Let MV = VA, with A = diag(A1,...,Am), 0 <A\ < ... <\, VIV =1
be the orthogonal eigenvector decomposition of M. Take x,y € R™ with (x,y) =0
and define x := VTx, y = VTy. This yields (x,y) = 0, i.e., 2101 = — > 0y #:0;.
Using this we obtain

[(Mx,y)| = [(A%,§)[ =D Nidii]
=1
1S O Al < max S g
£ i iYi = im )\i £ | Li||Yi
(- 2)(E) (S
a Am i=1 ' i=1 '

—

= (1 - H(M>)(MX»X>%<My,y>%,

which proves the result. O
Using this we obtain the following uniform strengthened Cauchy-Schwarz inequality
and a corresponding norm equivalence.

LEMMA 4.5. Let M € R™ ™, m = <d+ K

k
on the reference unit simplex T C R, For T € T the estimate

), be the element mass matriz of V}f

1
(@F eb)el < (1= —)Ieflirlef e forallof € VF, i=1,2,  (48)
w(A)

holds. Furthermore, the uniform norm equivalence
1A=t (o1 +v)llar ~ 1P~ 1 llar + IR oy llor,  of €V, i=1,2, (4.9)

holds, with constants 1 and k(M)~2 in ~.

10



Proof. Take T € T,', vf € VI, i =1,2. On T we introduce a local numbering of
the element nodal basis functions and choose an ordering such that

Wir =3 Bibjr WDz = D %ojp
j=1 j=mo+1

The corresponding coefficient vectors are

/8: (ﬂ17"'7ﬁmoa07"'a0)T7 Y= (Oa"'70a7m0+17"~77m)T-

Note that (3,+) = 0 holds. Let M € R™*™, M, ; = (¢, $;), be the element mass
matrix. Note that x(M) = (M) holds. Thus we obtain, using Lemma 4.4:

1
r(M)

1
= 1—7A) ol vy ,
(1= etz I

(@F, eB)rl = (MB, ) < (1= === ) (MB,8)} (M, )}

which yields the result (4.8). Multiplying by h;Q and summing over T € T, we get

20k e )gp] < (1= ) A= o g [ "o gy This implies
1
-1, '\ (12 > -1, I';12 -1, I';j12
IR T + o5y = s (o g + I o).

which yields the estimate (4.9) in one direction with constant H(M )_%. The estimate
in the other direction follows from the triangle inequality. O

5. Stable subspace splitting. Based on results from the previous section we
now derive a stable splitting result which essentially states that the angles (in the en-
ergy scalar product) between the subspaces Vj,, V! in V3, x VI are uniformly bounded
away from zero. Based on classical theory cf. [17, 31] this then immediately leads to
optimal block-Jacobi type preconditioners. We recall three norm equivalences from
the previous section that we need to derive the stable splitting property, namely the
ones in (4.3), (4.7) and (4.9):

_ _1
I 1vh||?2£ ~ bz ||E + HVvhH?ZE for all vy, € V3, (), (5.1)
B 0} lgr ~ [V lgr  for all v € Vi, i =1,2, (5.2)
IhLF + oD lgr ~ A ol g + 1 b lgr, for all o € VF, i=1,2. (5.3)

On Vj, x VI we introduce the energy norms

anl|2 := Ap(Gn, Gn),

S

lan 5 :=

M

_1
Vs pllfes + 11872 (uan — uz,n) I
=1

-
Il

I
'M“

19 (o + Q") B, + 1175 (@ra” — QeI

1=1

with notation as in (3.3). For 4, = (ug,u') € V}, x VI, projections P; on the two
subspaces are defined by

Po’LALh = (U0,0), Pl’ELh = (07’U,F).
11



LEMMA 5.1. The following uniform norm equivalence holds

[0, uM)]| ~ ||h_1ur||Q£ for allu* € V. (5.4)
Proof. Note that for vt = Qu! + Qiub with Q;u!" € V' we have

2
100, uM)II = D IVQuu" G + 1272 (Quu” — Qzub)|
i=1
1

= 3IV(@Quu" + Qeu ) + 3IV(Quu" = Qaul)|Br + 172 (Quu — Qou) I}
(5.1) _
~ V(Quu” + Q2uN)[[Gr + 1R H(Quut — Qaul) G

2 2
(5.2),(5.3)
LTTV@Quut + Quul gy + ) IVQi g ~ Y IV Qi [y
=1

i=1
(5.2)&55.3) ||h_1UFH?2£

Hence the result (5.4) holds. O

THEOREM 5.2. The following uniform norm equivalences hold:

lanllz ~ | Potinlly + || Préinllz, (5.5)

a3 ~ [ Potn 13 + [ Pranl?.

Proof. The result in (5.6) is a direct consequence of (5.5) and (4.1). We prove
the result (5.5) as follows:

2
~ _1
lanlly = D 1V (uo + Q") [fes, + 72 (Quu"” — Q2u")IIE

i=1
2
= > IVuoll- + 51V(2u0 + Quu” + Quu") 3 + 3IV(Quu” — Qau)r
i=1 '
_1
+ P72 (Quu" — Qaul)|}

2
5.1 _
& E IVuol[3- + [V (2ug + Quu’ + Qoub)|[Gr + [ H(Qru" — Qau") |3
ih h h
i=1 ’

2 2
(5.3),(5.2)
I IVuollf- + Vo + 5V(@Quut + Quu)ligy + Y IVQuuTllgy
i=1 '

i=1
2

2
~ D Vol + 1 Vuoligy + D IVQiu 15
i=1 ' =1 '

2
(5.3),(5.2) _
KD S Vuolfs, + 10 (@il + Qoul) 3

i=1

~ |0, O)II5 + [~ u" [ Ge ~ (o, 0)][F + 110, u")I3,
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where in the last step we used Lemma 5.1. From this and Pyt = (up,0), Pty =
(0,u") the result (5.5) follows. O

REMARK 5. With similar arguments as in the proof of Theorem 5.2 one can show
that the norm equivalence

a1 ~ Nl (o, 0)I1Z + 110, Quul)IIZ + 11(0, Q2u") |12

holds. Hence, also the splitting of V;, x VI =V}, x VII' x Vi in the subspaces V3, Vi
and V3 is stable. However, concerning preconditioning this does not yield significant
advantages compared to the stable splitting of V}, x V' in the subspaces V}, and V.
REMARK 6. The constants in ~ in (5.5)-(5.6) will depend on the jump in the
diffusion coefficient « across the interface. Therefore, the preconditioners proposed
in the next section are not expected to be robust with respect to large jumps in this
coefficient. We expect that robustness can be obtained using suitable scalings in (5.5)-
(5.6) that depend on the diffusion coefficient. This will be analyzed in future work.

A stable subspace splitting result similar to (5.5) also holds for the fictitious
domain bilinear form with subspaces V;~ and V|, ¢f. Remarks 2 and 3. On V= x VI
we define the energy norms

lt1nll2 pp == AR° (L1@y n, L1tinp),

~ _1
sl 2= 1V s, + 710 12

1

= IV (ui +up) s, + IR 2 (up +ul)|f

with notation as in (3.7). From the literature [7, 27] we have (for v sufficiently large)
the uniform norm equivalence

ARP (urpyur ) ~ liaslpep  for all uy, € VP, (5.7)

Along the same lines as in the proof of (5.5) with ug replaced by u;, Q@ u! replaced
by 4} and uz ;, = Q2ul = 0 one obtains for @, = (uy,ul) € Vi~ x Vi the uniform
norm equivalence [[i1 4|7 gp ~ [|(uy, )13 pp+11(0,u1) ||} pp- Thus we get the uniform
norm equivalence

L21,FD’ (58)

which yields the stable subspace splitting result for the fictitious domain method.

a1l pp ~ 1(ur, 012 pp + 110, uy)]

6. Optimal preconditioners. We return to the linear system Ax=bin (3.6).
We introduce some notation to represent the subspace splitting in matrix-vector for-
mat. The coefficient vector x that represents the unknown finite element function
@, = (ug,u') is split into the parts corresponding to ug and ul, i.e., x = (xg,%1)

with
r r
up = E TojPj, uw = E T1,;9; -

j€lp jerr

We define corresponding projections P; by Pox = (x0,0), P1x = (0,x1). The

Galerkin projections on the subspaces are denoted by A;, i.e., we have the relations

XZTAiXi = XTPZ'APZ‘X = Ah(Pi’&h, Pﬂ:bh) = ||P2ah||§, L= O, 1.
13



Let Dy := blockdiag(AO,Al) be the blockdiagonal matrix corresponding to the
Galerkin projections on the subspaces. The result (5.6) in matrix formulation yields
that D 4 is spectrally equivalent to A:

1 1 1
x'Dax = x]Aix; =Y x"P;AP;x =Y |[Pii? ~ ||in]|2 = x" Ax.
=0 i=0 =0

Hence D 4 is an optimal preconditioner for A in the sense that the spectral condition
number )\max(DzlA)//\min(D;‘lA) is uniformly bounded both with respect to the
mesh size h and the location of I" in the triangulation. Note that this condition number
may depend on the size of the jumps in the diffusion coefficient a, cf. Remark 6.

Clearly the preconditioner D4, which we call the ezxact preconditioner, is not
computationally efficient. We now explain how the diagonal blocks A;, i=0,1, can
be replaced by computationally efficient spectrally equivalent approzimations, which
then yields a computationally efficient optimal preconditioner for A.

We first consider the block A that corresponds to the Galerkin projection onto
the global H}(Q2)-conforming finite element space V. We have

2
T4 L2 .2 2 2 2
xo Aoxo = [|Podn2 ~ || Potinlly = [|(wo, )} = D [Vuolfes, ~ [[Vuolf.  (6.1)
i=1

It is natural to consider a spectrally equivalent preconditioner, denoted by By, for the
interface problem (2.2) discretized in the standard conforming finite element space
Vi, i.e., By satisfies xI Boxg ~ (aVug, Vug)q, with ug = > i1, %0,®j- An option
for such a By is a multigrid preconditioner. From (6.1) it follows that By is then also
uniformly spectrally equivalent to Ag, i.e., Bg ~ Ag.
~ We finally consider computationally efficient optimal preconditioners for the block
A, which corresponds to the local correction space VT,

LEMMA 6.1. For D; := diag(A4) the uniform spectral equivalence

Dl ~ Ala

holds.

Proof. From Lemma 5.1 it follows that A is spectrally equivalent to a mass
matrix and it is well-known that the diagonally scaled mass matrix has a uniformly
bounded spectral condition number. For completeness we give the details. Recall the
relation between x; = (21,j)jer and u! that is given by u" = djerr zl,jgb;. Using
Lemma 5.1 we get

xi Arxy = [[(0,ul)[I7 ~ [|h ™ ||

For T € 7'hF we denote by N(T') C I' the subset of indices with corresponding nodes
in 7. Standard arguments yield that ||u"]|Z. ~ |T| > jeN(T) 7 ; holds. Using this we

get
Ao~ il Y o, 62
TeTF JEN(T)

FOI‘j S IF define ﬂj = (O,(bg) Hence, (Dl)j)j = (Al)j,j = ||P1ﬂ]||i and

xi Dix; = Z( ;]xL] Z ||P1U7||a331j ~ Z [1(0 bxlj

jeIT jeIT jeIr
14



Using Lemma 5.1 we get [[(0, ¢})[I7 ~ ||h*1q$£\|?25 ~ ZTCsupp(zpf.) h7?|T| and thus we
get

Do~ Yoty 3 AT~ 3 hPT Y Ay g

jeIr TCsupp(d)?) TeTr JEN(T)
Comparing (6.2) and (6.3) we obtain the spectral equivalence. O

COROLLARY 6.2. With Dy = diag(A,), the matriz D;%AlD;% has a uniformly

bounded spectral condition number. The scaling with D % can be deleted if the trian-
gulations {T,\ }n>o are quasi-uniform.

Thus the solves Alxl = 61 in the evaluation of the exact preconditioner D 4
1. 1 _1.
can be replaced by inexact solves of the scaled system D, ?A;D, °%X; = D, ?by,

X = D%xl, using only a few iterations of a basic iterative method, for example, of a
symmetric Gauss-Seidel method. Note that the dimension of the matrix A, is much
smaller than the dimension of AO. Hence, for optimal elfﬁciencx of the pregonditioner
for A one should solve the (scaled) block system D; 2A;D; 2%; = D; 2by, “suffi-
ciently accurate”, in order to avoid that a too poor preconditioning of the A-block
becomes the bottleneck.

REMARK 7. Based on the stable splitting result (5.8) the same approach can
be applied to derive optimal block Jacobi preconditioners for the fictitious domain
discretization. In that case the Ao “global” block corresponds to a finite element
discretization of the Laplace problem in V|~ := span{¢; }jell\lf with homogeneous
Dirichlet boundary condition on the boundary of the domain formed by these basis
functions. As spectrally equivalent preconditioner By for this block one can again use
a multigrid solver. The other diagonal block Ay corresponds to Galerkin discretization
in Vi and the result in Lemma 6.1 implies that the diagonally scaled version of this
matrix has a uniformly bounded condition number.

7. Numerical experiments. The analysis above leads to the following precon-
ditioners for the linear system in (3.6). Preconditioners of A; are denoted by B;,
i1 =0,1. We define the block Jacobi preconditioners

Ay 0 Ay, © B, O
Pa =Dy = N\ Pp = Py = . 7.1
A 4 < 0 A1> 7 P ( 0 B1> 7 B ( 0 Bl) ( )

Here, we choose for By a few (3) multigrid sweeps (V-cycle) with symmetric Gauss-
Seidel smoothing applied to Ay and for Bfl the symmetric Gauss-Seidel precondi-
tioner (one iteration) applied to A;. In the following, we apply a preconditioned
conjugate gradient (PCG) method to the linear system (3.6) and examine different
choices of preconditioners P. Starting with x° = 0, the PCQ iteration is stopped
when the preconditioned residual is reduced by a factor tol = 1076, i.e.

1P~ (Ax* —b)|2 < tol [P~ (Ax" —b)|2,

with || -||2 the Euclidean norm. In the following, results for the Poisson interface prob-
lem and Poisson fictitious domain problem are presented. All numerical experiments
have been performed with the DROPS package [13].
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7.1. Poisson interface problem. For the subdomain €2; choose the unit ball
Q= Bi(x9) = {x € R®: ||z — 2|2 < 1} around midpoint 7y € R* and the domain
Q= [-1.5,1.5]> D Q. For z € R3 we define & := x — x¢. If not stated differently, we
use 2o = (0.001,0.002,0,003)7 in the remainder to avoid symmetry effects. We choose
an a-dependent function u : @ — R, u(z)|q, = a; '(333#2 —&3) (exp(1—|| 2|3 1), i =
1,2, with @y = 1, as = 10. The right-hand side f and boundary data g = u are chosen
such that u is a solution of (2.1) on €. For the construction of a family of tetrahedral
triangulations, the domain {2 is partitioned into 4 x 4 x 4 cubes, where each cube is
further subdivided into 6 tetrahedra, forming an initial tetrahedral triangulation 7y of
Q. Applying successive uniform refinement yields the grids 7, with refinement levels
¢=1,...,6 and corresponding grid sizes hy = 27¢- %.

We use linear finite elements (kK = 1) and construct finite element spaces Vj,
on the respective grids Ty, £ = 0,1,...,6. Table 7.1 reports for the different levels
the dimensions of the global and local space, cf. (3.2), Ny = dimV}, and N; =
dim V;I', respectively. We observe that Ny and N; grow with the expected factors of
approximately 8 and 4, respectively.

L Ny M ¢ lu—wupllo order |lu—wupls order
0 27 27 0 2.40E-01 1.76E4-00

1 343 208 1 1.19E-01 1.01 1.13E400 0.64
2 3,375 844 2 4.43E-02 1.43 6.41E-01 0.82
3 29,791 3,373 3 1.19E-02 190 3.30E-01 0.96
4 250,047 13,580 4 291E-03 2.03 1.67E-01 0.98
5 2048383 54,191 5 T7.04E-04 205 842E-02  0.99
6 16,581,375 216,548 6 1.72E-04 203 4.22E-02  1.00

Table 7.1: Dimensions Ny, N; for Table 7.2: Discretization errors w.r.t. L? and
different refinement levels ¢ for the H' norm for different refinement levels ¢ for the
Poisson interface problem. Poisson interface problem.

Choosing the Nitsche parameter v = 10 and ghost penalty parameter 8 = 0.1, we
obtain numerical solutions wup, € V4, of the discrete problem (2.3), with discretiza-
tion errors w.r.t. the L? and H' norm as in Table 7.2. We clearly observe optimal
convergence rates in the L? and in the H' norm.

We present results for the symmetric Gauss-Seidel preconditioner Pggg and the
block Jacobi preconditioners Pa,Pp, Pg defined in (7.1). and PCG iteration num-
bers for different refinement levels ¢ are reported in Table 7.3.

For finer grid levels ¢ > 4 the condition number @(A) behaves like ~ h=2 as for
stiffness matrices of standard conforming finite element discretizations of a Poisson
problem. For the symmetric Gauss-Seidel preconditioner Pggg, on the finer grid levels
the iteration numbers grow approximately like h~!. For the block preconditioners
Pa,Pp,Pp, we observe almost constant iteration numbers for increasing level ¢. For
each grid level, the iteration numbers of the block preconditioners are very similar (and
even the same for Pp and Pg). Note the very small increase in iteration numbers
when we change from the exact block preconditioner P o to the inexact ones Pp and
Pg. The third preconditioner, Pg, is the only one with computational costs O(N),
N := Ny + Ny, with a constant independent of ¢.

We now fix the grid refinement level £ = 3 and vary the midpoint z¢ = (4, 24, 3)
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( ka(A) PCG iterations
Psecs Pa Pp Ps

8.77TE401 12 14 17 17
9.79E402 18 22 24 24
1.28E+03 21 23 26 26
2.33E4+03 34 25 26 26
9.13E+03 63 23 26 26
3.69E4+04 109 22 25 25
1.50E+05 207 21 23 23

ST W= O

Table 7.3: Condition numbers and PCG iteration numbers for different precondition-
ers and varying grid refinement levels ¢ for the Poisson interface problem.

of the ball ; with § € [0,0.5], leading to different relative positions of T within the
background mesh 73. The condition numbers and PCG iteration numbers for different
choices of ¢ are reported in Table 7.4. We observe that for varying d, due to the ghost

5 ra(A) PCG iterations
Pscs Pa Pp P

0 2.25E4+03 34 25 26 26
0.01 2.33E4+03 34 25 26 26
0.02 2.30E+03 34 25 26 26
0.03 2.33E+03 34 25 2t 27
0.04 237E+03 34 25 2 27
0.05 2.33E+03 35 25 2t 27

Table 7.4: Condition numbers and PCG iteration numbers for different precondition-
ers and varying midpoint z¢ = (6, 26, 30) for the Poisson interface problem.

penalty stabilization, the condition number k2(A) has the same order of magnitude.
The PCG iteration numbers for all considered preconditioners are (almost) constant
for varying ¢.

For our analysis to be applicable it is essential that we consider the Nitsche method
with stabilization, i.e., 8 > 0 in (2.6). We also performed numerical experiments with
B = 0, where, to ensure positive definiteness of the systems, the Nitsche parameter
~ = 100 was chosen larger. The results show that for § = 0 the condition numbers
RQ(A) can be extremely large (due to “bad cuts”). However, this does not significantly
affect the PCG iteration numbers, which show a similar behavior as for the case with
B > 0. These results are consistent with the ones presented in [24]. For higher order
finite elements the use of the (ghost penalty) stabilization will be essential.

7.2. Poisson fictitious domain problem. We now consider the Poisson fic-
titious domain problem in (2.5). Let ©Q and Q; be defined as in section 7.1. For
the function u : @ — R, u(z) := (32229 — 23) exp(1 — ||2]|3), the right-hand side
f(z) = u(x)(—4||2||3 + 18) and boundary data g = u are chosen such that u is a
solution of (2.4) on ;. For discretization the same initial triangulation 7y of Q as in
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section 7.1 is chosen. Applying an adaptive refinement algorithm, where all tetrahe-
dra T € Ty with measg(T' N ;) > 0 are marked for regular refinement, we obtain the
refined grid 7. Repeating this refinement process yields the grids 7, with refinement
levels £ = 2,...,6 and corresponding grid sizes hy = 27¢- %.

We use linear finite elements (k = 1) and construct finite element spaces V},, on
the respective grids 7, £ = 0,1,...,6. Table 7.5 reports the numbers Ny = dim V|~
(the number of grid points inside the fictitious domain) and Ny = dim V' (the number
of grid points on 8(2‘;’7‘,1) for different grid levels. We observe that Ny and N; grow
with the expected factors of approximately 8 and 4, respectively.

1 No N, £ Jlu—upllo order |lu—uply order
0 7 44 0 2.19E-01 1.26E4-00

1 81 140 1 5.95E-02 1.88 6.17E-01 1.04
2 619 500 2 1.43E-02 2.05 3.12E-01 0.98
3 95,070 1,844 3 3.40E-03  2.08 1.56E-01 1.00
4 40,642 7,102 4 8.15E-04 2.06 7.81E-02 1.00
5 325,444 27,714 5 1.98E-04 2.04 3.91E-02 1.00
6 2,602,948 109,510 6 4.89E-05  2.02 1.96E-02 1.00

Table 7.5: Dimensions Ny, N; for Table 7.6: Discretization errors w.r.t. L? and
different refinement levels £ for the H'" norm for different refinement levels ¢ for the
fictitious domain problem. fictitious domain problem.

Choosing v = 10 and 8 = 0.1, we obtain numerical solutions uy, € V3, of the
discrete problem (2.5), with discretization errors w.r.t. the L? and H! norm as in
Table 7.6. Optimal convergence rates in the L? and in the H! norm are observed.

We present results for the symmetric Gauss-Seidel preconditioner Pggg and the
block Jacobi preconditioners defined in (7.1), where this time B ! denotes one itera-
tion of an algebraic multigrid solver (HYPRE BoomerAMG [20]) applied to Ay and
B! denotes three symmetric Gauss-Seidel iterations. The condition numbers ro (A)
and PCG iteration numbers for different refinement levels ¢ are reported in Table 7.7.

{ ka(A) PCG iterations
Pscs Pa Pp Ps

0 141E402 8 9 9 9

1 1.03E+02 9 12 12 12
2 1.58E+4+02 13 11 12 12
3 297E+02 20 13 14 14
4 T7.74E402 34 13 14 14
5 3.11E403 56 13 13 13
6 1.26E4+04 107 16 17 18

Table 7.7: Condition numbers and PCG iteration numbers for different precondition-
ers and varying grid refinement levels ¢ for the fictitious domain problem.

As seen for the interface Poisson problem before, for £ > 4 the condition number
18



k2(A) behaves like ~ h~2 and the iteration numbers for the symmetric Gauss-Seidel
preconditioner Pgag grow approximately like A~'. For the block preconditioners
Pa,Pp,Pg, we observe almost constant iteration numbers for increasing level £. For
all three block preconditioners the number of iterations roughly doubles when going
from the coarsest level £ = 0 to the finest one £ = 6. The influence of the interface
position on condition numbers and PCG iteration numbers shows a similar behavior
as for the Poisson interface problem in Table 7.4. We therefore do not report the
numbers here.

(9]

(10]
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