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Summary. We consider a two-grid method for solving 2D convection-diffusion
problems. The coarse grid correction is based on approximation of the Schur
complement. As a preconditioner of the Schur complement we use the exact
Schur complement of modified fine grid equations. We assume constant coeffi-
cients and periodic boundary conditions and apply Fourier analysis. We prove an
upper bound for the spectral radius of the two-grid iteration matrix that is smaller
than one and independent of the mesh size, the convection/diffusion ratio and
the flow direction; i.e. we have a (strong) robustness result. Numerical results
illustrating the robustness of the corresponding multigrid W-cycle are given.
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1. Introduction

Concerning the theoretical analysis of multigrid methods different fields of ap-
plication have to be distinguished. For selfadjoint and coercive linear elliptic
boundary value problems the convergence theory has reached a mature, if not its
final state, cf. [17,19]. In other areas the state of the art is (far) less advanced. For
example, for convection-dominated problems the development of a satisfactory
theoretic analysis is still in its infancy.

In this paper we consider a multigrid method for the 2D convection-diffusion
problem

(1.1a8) —EAu+a(x.y)ux +b(x,y)uy =f in (—L, 1) x (L 1),

with suitable boundary conditions and e > 0. We are mainly interested in the
case e <C 1 We take a standard finite difference discretization on a square mesh
(mesh size h) with upwind differences for the first order terms.

In applications, many different multigrid methods for solving convection-dominated



problems are used. In general, the “standard” multigrid approach used for a diffu-
sion problem deteriorates when applied to convection-dominated problems. For
these problems modifications have been suggested, such as “robust” smoothers
or smoothers that follow (roughly) the flow direction and matrix-dependent pro-
longations and restrictions ([9, 16, 20]). Recently, some other modifications are
proposed in [8]. All these modifications are based on heuristic arguments and/or
empirical studies; a rigorous convergence analysis of one of these modified multi-
grid methods is not known to the author.

In the convergence analyses for nonsymmetric problems (e.g. as in (1.1)) the
usual approach is to treat the lower order terms as perturbations of a symmet-
ric positive definite operator and thus obtain estimates similar to the symmetric
positive definite case, often with an additional restriction that h is sufficiently
small, or the coarse mesh is fine enough (e.g. [3, 7, 10, 18]). This approach is
not satisfactory if e <C 1, because it cannot be used to explain the behaviour of
the method on meshes of practical size for the class of problems we consider
here.

An interesting, and for applications very important, question is how the perfor-
mance of the multigrid solver depends on h,e and the flow direction. In particular
one is interested in robustness of a multigrid method, i.e. a high convergence
rate for a whole relevant range of the parameters. Only a few theoretical analy-
ses concerning the subject of robustness of multigrid for convection-dominated
problems have appeared. In [4, 9, 13] multigrid convergence for the ID model
convection-diffusion problem is analyzed. These analyses, however, are restricted
to the ID case. In [5] the application of the hierarchical basis multigrid method
to finite element discretizations of the problem in (1.1a) is studied. The analysis
there shows how the convergence rate depends on e and on the flow direction,
but the estimates are not uniform with respect to the mesh size parameter h.

In this paper we consider a particular multigrid method for convection-diffusion
equations as in (1.1a). The underlying two-grid method uses an approximation
of the Schur complement. Other methods based on Schur complement approx-
imation already exist (e.g. [1, 2, 12]). An important difference between these
approaches and the Schur complement approximation in this paper is the fol-
lowing. In the former methods the Schur complement is preconditioned by (an
approximation of) the coarse grid stiffness matrix, whereas in the present case
we use as a preconditioner the exact Schur complement of modified fine grid
equations. For the type of problems as in (1.1a) the latter preconditioner appears
to have some favourable properties. The Schur complement preconditioning is
combined with a block Jacobi solver on the fine grid points which are not in
the coarse grid. The resulting two-grid method, that is very similar to the meth-
ods discussed in [14, 15], can be classified as a multiplicative Schwarz type of
method.

In the convergence analysis we consider the two-grid method applied to a discrete
version of (1.1a) with periodic boundary conditions and constant coefficients; we
then assume:
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(1.1b) a(x,y) =constant =a G [0,1], b{x,y) = 1—a,
periodic boundary conditions.

By means of Fourier analysis we prove that for the spectral radius of the iteration
matrix p(M) we have p(M) < ¢ < 1, with ¢ independent of h G (0, 1), a €
(0,1), £ £ (0, co), i.e. we have a (strong) robustness result. Numerical results
show that in general p(M) <C 1 holds.

Let M be the iteration matrix of the two-grid method for the system Ax - b
(discretization of (1.1a)), .9%the Schur complement of A and S the approxima-
tion of .5" 1 we use. We will prove that o(M) = a{l —S,9%) U {0} holds. The
main part of this paper is concerned with an analysis of a(S.9i) for the model
problem (1.1a, b). This analysis is rather technical because for robustness we
need estimates that are uniform in the three parameters h,e,a.

The remainder of this paper is organized as follows. In Sect. 2 we discuss the
discretization method. In Sect. 3 we give some preliminary results which are used
in subsequent sections. In Sect. 4 we discuss the two-grid method that is studied
in this paper. In Sect. 5 we apply Fourier analysis to this two-grid method and
we derive expressions for the eigenvalues of the Schur complement (9% and of
the Schur complement preconditioner (S). In Sect. 6 we analyze cr(S.9fi) for the
special case of pure diffusion (e = 00) and in Sect. 7 we treat the special case
of pure convection (e = 0). In Sect. 8 we analyze a(S.99 for the general case.
Finally, in Sect. 9 some numerical results for the multigrid method are presented.

2. A model convection-diffusion equation

We consider the following convection-diffusion problem with constant coeffi-
cients and periodic boundary conditions

—eAu +aux + (1 —a)uy=f inQ=(-1, ) x (-1,1)

dm dm ,
2-1 _ , m- 0,1, —l<) <1
d »u(- hy)=3 ~u(hy)
gm gm
m=0,1, —l<x<1.
dp"

We assume e > 0, a € [0,1] , / / dx =0.
Q

For discretization we use a square grid with mesh size h = 2~k (k GN):
(2.2) Qh={(*)) € fi\x =vh, y =ph, 1—N <v,p <N} ,

with N = I/h. On this grid we use a standard approximation of (2.1) with upwind
discretization for the first order terms. This results in an operator A/, : £2(f2h) —
£2{fth) with a difference star of the form



0 -1 0° 00 0"
[4f] — -1 4 -1 +a -1 10
0 -1 0 0 00
0 0
(2.3) +0 - a) 10
1 0

with \=e/h e (0, 00).
The constant function with value 1 at all grid points is denoted by I/,. The space
orthogonal to I/, (w.r.t. Euclidean inner product) is denoted by

(2.4) ii ={uef(nh)\ (iftm2=0}.

Below we consider At 1, ; then Ah is regular.

3. Preliminary results

In this section we apply a standard Fourier analysis to the discrete operator Ah.
We will prove several properties of the resulting (complex) eigenvalues. These
results are used in the analysis in subsequent sections.

For the Fourier analysis we use a standard approach (e.g. as in [10]). In £2(J°ft),
with Nh = 1, we introduce the 4N 2 basis vectors e * with

(3.1) er(x,y) =iefilimA) , (*y)e f2h, 1- N <v,n <N .

These vectors form an orthonormal basis w.r.t. a scaled Euclidean inner product,
and thus the Fourier transform
N

Qh m (CNz)) N oy
v,n=\-N
iS unitary.
Every “low” frequency (v, /i) with 1—\N < v.ji < \N is associated with the
“high” frequencies (i/, /i), (is, /1), (i/, /1) where v’,// are defined by
,_ (v+N ifu<oO I ffi+N if/li<O
U~\u-N ifv>0 " M~\n-N if i >0.

Clearly, £2(f2h) is a direct sum of the N x N subspaces
Ur =span{"< 1- \N <y, fi<{N .

By QhMwe denote the 4N 2x 4 matrix with columns these basis vectors of U”:

ni ru vn vl //]-.
"W:Leﬁp eft chp ef Jm

Now note that we have (Q")*AhQ” =diag(d ~,d ~,d ~) (we use the
adjoint w.r.t. the scaled Euclidean inner product); a simple calculation yields the
following formulas for the eigenvalues d»* (1 —~N < /i < ~N):



(32a)  dh--=AT +A . j =12 34,

32b) A~ =dahsl+sl) . M gadus(- a)vv

(B2) AN =4a(c2+i2), TI' - a@-n) +(1- a)n

(3.2d) A3m:=4a,(52+¢c2) , a3 =<30+(1- )2 - i)

(32  AM=4a, (c2+¢2), &L

Fa(2- W) +(l - a)2-
with

J* = sin([/c7rfi) , ¢, :=cos(jknh),

A==l —exp(—irrlch) = 2j*(* +ic*) (le i)

For 1- \N <k < we have ut € [-\V 2,:\/2L Q €[
Note that the following holds:

(33) \B + = 8a, |, AN hqm=2,
(3.4) Re(@}'M >0, y=1234,

(35) IVfcj2 = 452 ,

(3.6) 0%(2 - V) = 4j*Q{sin((A: - i)\irh) +icos((/c - EY7rfi))} .

In Lemma 3.1 we derive some results concerning the real part of certain prod-
ucts and quotients of the eigenvalues . In Lemma 3.2 we give bounds for the
norm of certain quotients of the eigenvalues d ~ .

Lemma 3.1. Thefollowing holdsfor all (v, /i) f (0,0):
(3789 R e(~/™) >0 forallj,k e {1,2,3,4}
(3.7b) ReMJ'VA) >0, Rer'VA) >0

(37¢c) Re~Vr/vT) >0>Rz<,T7v7IT>7) > Ofor all j € {1,2, 3,4}.

Proof We first prove the result in (3.7a). The result is trivial forj =k. Using
Re(l/z) = |z]|-2Re(z) it is clear that it is sufficient to considerj < k.

Below, we use that Re(i/*(2 —ipe)) =0 (cf. (3.6)).

We start withy = 1 The result for (j,k) =(1,2) follows from

R enn) =Re[aVu+(1- a))(a(2- ") +(1- a%)]
=a(l - a){Re(V),'0M- VvWv) + 2Re(V>M} + (1 - a)2|Vul2

=2a(l - a)Re(Vv) +(1 - a)l|iip|2> 0.
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The same argument with u and n exchanged and a and 1—a exchanged implies
the result for (j,k) =(1,3). For (j,k) =(1,4) we note:

Re("Vr)= ka)Re(ttU2 - S )+ 1/,,(2-
=2a(l - a){l - Re((l - V>)1 - /~.)}

> 2a(l -a){l - [1- W)L- iMI}=° (use [1- =0 o

We now considery = 2. For (j,k) =(2,3) an argument as in the case (j ,k) =(1,4)
yields

Re(crn) =2a(l - a){l +Re((I - 7)(1 - 7))}

>2a(l-a){I-|(I-~)(1-~)1}=0-
For (j ,k) =(2,4) we get

=a2|2 —ipue+2a(l —a)(2 —Re(0l/)) > 0 .
Finally, the same argument with i/.p exchanged and a, 1—a exchanged yields
the result for (j,k) =(3,4). This completes the proof of (3.7a).
With respect to (3.7b), (3.7¢c) we first note that for z f 0 we have Re(z) =
|z|2Re(l/z) and thus (Re(z) > 0) €>(Re(l/z) > 0). Using (3.3) we have
Re(l/(rfM ) [Re(l + 1/<"3NV)

=i([M]-Re(™M)+ [N |- 2Re()) >0
And thus Re(p>"<p”) > 0 holds. Similarly one can prove Re(<*"M”"*M > 0. So
the inequalities in (3.7b) hold.
We now consider (3.7c). Using (3.3) and (3.7a) we have
Re("M(<F2%"3M) = |(Re(<M<FP2M +Ref”r/V D) > 0,
and thus Re(c/”2M /tfZ) > 0 holds. With the same arguments one can prove
that Re((/j7€4M €7M) —O0 holds. O

Lemma 3.2. The following holdsfor all (a, p) f (0,0):
(3.8a) \d~/d-"M < x[2(2 +y/2) , j =2.3,

(38b) K M7l <1

Proof First we note that fory = 2,3,4 we have AAM< A, Re(</?7) < Re(<7N)’
and thus

w (A7)2+2A7Re(*N+ I "H 2
1177 1 (A7)2+2A;MRe(7/)+|" |2

N(AT2+H2AMR e (M 7T+ |MNM2 A [ 7 n 2l
- (A7)2+2AMNRe(M)+|M2- maX\ LI~ 12/ =m



For \¥\"\ we have

(3.9) I"M2=4{a2sl +(1 - afsl +2a(l - a) (" 2+sucus"c")} .
Ve first considerj = 2; for [y*"M we get

(3.10) \~M\2=4{a2l +(\ —a)x2+2a(l - a)(c™J - ~c,,5MM} .

If suSn < 0 then clearly M2/1F2M2 < 1 We now take > 0. Then
H,v £ [0,\N] or /i,v 6 [\N —1.0] and thus |sin(*(/i - v)nh)\ < \\fl holds.
Using this we get

2fl(1 - a)\cls2- sucl/sMe™] = 2a(l - a)\cusl\ \sin(2(i/ - fi)7rh)\

< M/2(a2c2+ (1 - a)x?2) .
Using this in (3.10) results in

From (3.9) it is clear that
\(fA\2 =4{alsi + (1 - a)x2+2a(l - a)susfl cos(*(o - h)uh)}

We conclude that 1™~/ Y < 2/(1 —\\/2) = 2(2 +\fl) holds. This com-
pletes the proof for the case j = 2. For the case j = 3 we note that for

we get an expression as in (3.10), only with v and fi exchanged and a, 1—a
exchanged. Thus the same arguments yield a proof forj = 3.

We finally consider j = 4. Because Im A*)'= —Am(</;/M and Re("M >
Re(</*M) > 0, we immediately have [<4gM/|<44M < |. O

Remark 3.3. Concerning the sharpness of the bounds in (3.8) we note that the
bound in (3.8b) is sharp; if we take ah=0, a=2 u= =\N then
—/1=1.

The bound in (3.8a) is fairly sharp; e.g. for the case j = 2 we may take
Gh=0, v- 2V, f,=1 a=V2 =V2jj, then for h j 0 we have

KT/KT =12nvi*n2=124 +0(A),
and thus for h j 0, \d~/d "\ -> 1+d2 w 2.41 (note that \/2(2 + y/2) « 2.61).

In view of the analysis in subsequent sections, we give some properties of the
harmonic mean of the eigenvalues d Ull. For given complex numbers 72\, mmzk E
C\{0} we define the harmonic mean H{z\.zi,...,Zk) as

(BAl)  H(2\.Z2--,Zk) =k



Using (3.3) is easy to see that the eigenvalues have the following propertie
((i/,1i)~(0,0))

(312a) S (/',f) ol U for (j,k) € {(1,4), (2, 3)}

(312b) H@A~,d?) =d_ +\ — 33—
7 7 2 4a,+1 K J

for (/,£) € {(1,4),(2,3)}

(312c) H (d~,dA,d~,dA) =H(d?,dr)+

1 J+H (@ A PN <MW

4. Two-grid method

In this section we discuss the specific two-grid method that will be analyzed in
subsequent sections. As in the standard approach (cf. [10]) it is obvious how a
multigrid algorithm can be obtained. In view of the Fourier analysis in Sects. 5-
8 we explain the two-grid method for the model problem (1.1a, b). However,
the same approach is directly applicable to a problem as in (1.1a) with varying
coefficients and/or with Dirichlet boundary conditions (cf. Remark 4.2, Sect. 9).

We take the discrete problem as in Sect. 2 (cf. (2.3)) and use standard h —
2h = H coarsening. We make a corresponding block partitioning of A=A/, as
An AR

Al A2

in which [A2L A22] corresponds to the (fine grid) equations in the coarse-grid
points.

(4.1)

CM cC12
(o]

C2,C -1C,2 is denoted by .9c-

We define the following “prolongations” and “restrictions” (block partitioning as
in (4.1); note that An is regular)

/ '
.O Cn=p 0. pi- —A;li,,A‘i?

For a block matrix C = the Schur complement of C\\, i.e. C2 -

(4.2) P\ = r2=100 /] »

Our two-grid method is based on the factorization
(4.3) (/ - p29nr-\28){l - PJA-InA)=0.

Remark 4.1. For the Schur complement .% we have .% = r2Ap2 with f2 =
[-A21A]]1 /]. Note that Alt, =ATl/, =0, p2H =1;, = rjIH. From this it follows
that Kerfi®) = IH, = Ker(.5"T)1 =1/, and thus .9a : I# —=1" is regular
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|
(cf. Sect. 2); the inverse is denoted by 57"

Note that I - p\Au]r\A = piri holds and thus r?A(7 - p\An r\A) = r2Ap2r2
Sfai- So ~A  in (4.3) is well-defined and indeed (/ - p25 ~ xr2A\l
piA™ riA) =p2r2~ PiS% |.9£r2 =0 holds.

We use the notation

4.9 P\ :=p\Au]lriA , P2:=p2% {roA .

For P to be well-defined we must have r2Ax € = ijj, ie x e

"Nj)x. The following properties hold:

(4.58) Pi is a projection on .M(p\).

(4.5b) Pi : (AT P72XpP) is a projection on .j/%(p2)m
this projection has the following orthogonality property:
(A(l - P2x, APX%)2=0forx e (AT( ® j)X.

(4.50) Rw ~=.y?Ap{) © .yZ(p2).

(4.5d) A\i = r\Ap\, .% =r2Ap2

In view of these properties the factorization in (4.3) corresponds to a method that
might be classified as a multiplicative Schwarz method. Note that the subspace
jft(p2) is matrix-dependent. The condition concerning the domain of P2 is due
to the fact that A is singular. The I —P\ term corresponds to a block Jacobi
iteration on the points of Using a basic iterative (line) method, systems
with matrix An can be solved “accurately” with 0 {N2) flops, even if we have
strong convection (cf. results in Sect. 9). For the analysis in this paper we assume
that in the block Jacobi method the system with matrix An is solved exactly. In
practice we will use (a few) inner iterations.

To obtain a feasible method, in P2 we replace p2 and .(A~1by approximations,

say p2 - -IB and S. Our choice for B and S is discussed below. First we
give some results for the general case with iteration matrix

-5

(4.6) M =(/ - pSr2A)(I - P~ , p2= |
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Lemma 4.1. For M as in (4.6) the following properties hold:

(4739  Mlh=h

D
(4.7b) M = 8/-5% , withD=B-  An - B(l - S.Zg)

(4.7¢) <r(M) =o(l - SyA U{0} .

Proof. The results in (4.7a, b) follow directly from the definitions. The result in
(4.7¢) follows from (4.7b). O

In cr(M) we have the rather special eigenvalue 1 that orginates from Alh = o.
When solving a problem with Alh =0 one should use a method in which errors
remain in 1~ Such a method can be obtained by combining the method cor-
responding to M with an orthogonal projection on 1”. For a further discussion
of this subject we refer to [10]. (Note that this special treatment of Ih is not
needed if A is nonsingular, e.g. (1.1a) with Dirichlet boundary conditions). If
errors are in 1" then the eigenvalue 1e o(M) plays no role and the convergence
rate is determined by €(M)\{1} = cr(l - S.5")\{1}. From this we see that if
max{JA| | A€ o(l —S.9f), A/ 1} < 1then we have a two-grid method with
a favourable convergence property. It is a first step towards robustness that in
essence only the preconditioning o f b 'y S determines the convergence of the
method corresponding to M . The main result of this paper, given in Sect. 8, is that
for our choice of S, which is feasible in a practical multigrid algorithm, we have
|Al < ¢ < 1forall AGecr(l —0;S.5M)\{I} with constants u and ¢ independent
ofh,e, a.This yields a (strong) robustness result for the two-grid method of (4.6).

In the multigrid literature one can find methods based on approximation of the
Schur complement, cf. [1, 2, 12]. These methods, and the corresponding con-
vergence analyses, apply to symmetric positive definite problems only. The two
main types of approximations S of .5”-1 are the following

(4.8a) S =A f] (An' coarse grid stiffness matrix)
(4.8b) S = (I —Pk(Af]-%))-9f~], where p* is a polynomial of degree

k related to a basic iterative method for solving S%y - d.

Note that (4.8a) is a special case of (4.8b) for the choice p\(t) = 1—t. The poly-
nomial method in (4.8b) is introduced because the method with iteration matrix
| —IAJjK"a is too slow and has to be accelerated. Multigrid variants of (4.8a,
b) exist in which A fx is approximated using a preconditioner from coarser grids.
Disadvantages of the approach in (4.8b) are that, for k > 2, we have to compute
matrix-vector products with .5" and that we need a “suitable” polynomial based
on a(Aflyf). Note that the problem of finding such a polynomial becomes more
difficult if we have complex eigenvalues.



It turns out that in our approach we do not need an acceleration procedure be-
cause our preconditioner S of .9%is (significantly) better than Afi] and results in
an iteration matrix 1 —uS.9%% with spectral radius much smaller than one.

For S we do not take (an approximation of) Afil but we use the inverse of
the exact Schur complement of modifiedfine grid equations. The approach is the
same as in [14, 15]. We take the fine grid equations as given in the matrix A in
(4.1) and *“discretize” these equations by replacing the equations in [An At2]
by approximating equations [An A17] with An diagonal. The equations in the
coarse grid points are not altered. This results in a modified fine grid matrix

M1 M2

(49 A2 a2

For S we take the inverse of the Schur complement of A : S =571 : 'F —1/,
Because [An A17 is meant to be an approximation of [An A\2] an obvious
choice for B in p2 (cf. (4.6), (4.2)) is B :=A],1Ai2, so

@100 pi= TN

With this choice we then have properties as for the “optimal” projection P2 in
(4.5b, d):

0
(4112)  P2:=p2-9f-]r2A : (AT ( V > yi(p2)

is a projection on .9t{p2)\ this projection

has the following orthogonality property:

(A(7 - P9x, ap2c)2=0forx e (AT ~ j)1.
(4.11b)  .9$ = roAp2.

Due to the fact that Au is diagonal we have local operators p2, .9f. Note that
the two-grid method (4.6), with p2as in (4.10) and S = is now completely

determined by the “discretization” [An A\2] —[An Aj2].

We now discuss this discretization process.
Consider a grid point P of Ph\fAH (cf. Fig. 1).

The equation in P consists of a linear combination of the difference stars

o o ‘0 0 0 ‘0 0 0
-1 4 -1 1 -1 10 and 0 10
|l o OHI 000 | o ~ o|_

We get a modified equation, represented in [An A]2], by the following substi-
tution:



] 1 3 N
{0} : nH
P
Q {-} fth\&H
L1 ' L3 t3
Fig. 1
0 -1 0" «-1/8 0 -3/4 0 -1/8"
(4.12a) 1 4 -1 > 0 0 2 0 0
0 -1 0 _.1/s O -3/4 0 -1/8 _
0 0 0 - 14 0 -1/4 0 0°
(4.12b) -1 10 0 0 1 00
0 0 O 1/4 0 -1/4 0 O

The & difference star is not changed.

y
Taylor expansion shows that for smooth functions the difference between the
results of the two stars in (4.12a), (4.12b) is ~(/z2), f?(h) respectively. In a

point Q (cf. Fig. 1)

we make the following substitution

*0-1 o' '-1/2 0 -1/2'
-1 4 -1 0 2 0 (" (/z2) accurate)
0 -1 0 -1/2 0 -1/2 _
© o o *-1/2 0 0
(4.13b) -1 10 0 10 (<™(h) accurate)
00 0_ wijp2 00
0 0 0= 0 0 0
(4.13c) 0 10 - 0 1 0 accurate)
0 -1 0 -1/2 0 -1/2 _

Clearly this approach uses information from the underlying differential equation.

We may combine thi

s with a more algebraic approach in which only the structure

of the grid is used. In the latter approach a relation between unknowns in

is “eliminated” by a

(linear) interpolation procedure (as in the hierarchical basis

multigrid method). For example, if in the point P = (x,y) the unknown u(x -
h, y —h) is replaced by \(u(x —2/z, y —h) + u(x, y —h)) (cf. Fig. 1) then



0 0" 0 0 0 0 0

the star 0 0 changes into 0 0 1 0 0
-1 00 -1/2 0 -1/2 0 O
implementations we always used a two-step discretization process. In the first
step, in a given grid point in we modify the star by replacing certain
finite differences, that are selected using the BVP, by other finite differences (as in
(4.12), (4.13)). In the second step we eliminate remaining relations between grid
points in UN\UH by an algebraic elimination process (e.g. linear interpolation).

0
1

Remark 4.2. The approximation [An A19 —[An A17 as described above is
based on a given difference star in a given grid point and therefore also ap-
plicable to (1.1a) with varying coefficients a,b. With respect to the multigrid
method we note that if we apply the discretization process (cf. (4.12), (4.13))
to A from (2.3) then pi will have a 17-point stencil and ,5*f will have a 9-point
stencil. Because A is a “discretization” of A it will be of the same type as A
and its Schur complement.9f will also be of the same type. One can prove (cf.
[14]) that if A is an M-matrix, then A and are M -matrices, too. So stability
is preserved. The same procedure can then be applied to .9f (on 17//), etc. This
results in 17-point prolongations and 9-point Schur complement preconditioners
on all coarser grids. These operators are used in a standard multigrid approach
based on the two-grid operator in (4.6) (cf. also Sect. 9).

Remark 4.3. For the Poisson equation with red-black coarsening (then An is
diagonal!) the setting of a multiplicative Schwarz method is used by Braess in
[6] (cf. also [11], Sect. 11.4.4) in an algebraic convergence analysis of a two-
grid method. He takes S = A”~1and then p(I —A~".S") < \ holds, which can be
proved using a strengthened Cauchy-Schwarz inequality.

5. Fourier analysis of the two-grid method

In this section we derive expressions for the eigenvalues of These ex-
pressions will be used in Sects. 6, 7, 8 to obtain bounds on cr(.S" .%).

We start with a result concerning the eigenvalues of the Schur complement
In the coarse grid space ff(Q//) we use the standard Fourier basis (cf. (3.1)). We
define NH :=N/2 (N =\/h) and

(5.1) ef(x,y)=

Lemma 5.1. The Fourier mode etM (1 —Nh < isp < Nh, (is,p) 7 (0,0))
is an eigenvector of F/f with corresponding eigenvalue the harmonic mean of
d\\d~,d~,d” (cf. (3.11)), Le:

(5.2) Ofel =H (d™,d™,d™,d™)e”
Proof. If A : 12(T2h) —»l 2(f2h) would be nonsingular then the formula



= =~ AN , , Ajt
A~1l= | oM [—L21ANY ]+

immediately yields 91" = [0 7]A"i . Fourier transformation then results'

in the harmonic mean as in (5.2). However, A is singular with Ker(A) =1" an(j
a special treatment of the vector I* is needed. Define r2 := d and
note that rJIH = lh (cf. Remark 4.1) and therefore r2(I1*) C 1~ We use the
(generalized) inverse 5£_1: —1" (cf. Remark 4.1). Now define W : 1]

1 2{flu) by

W :=p27A~Ih+P\AAri

(2 f],p\ as in (4.2)). Note that W is well-defined due to r2{1") C ijj. A simple
calculation shows that AW :7{“‘2

Using I# C 1™ we see that W £2{flu) is well-defined.
From the definition of W we now conclude that [0 7]W =5a~. Note
that

(5.3) [0 17er =[0 1)e® =P 1]er =0 /]< M

1-ABAn <" P<Nh)m
We take a Fourier mode e 6 17, i.e. {u, p) * (0,0). Using =[0 7]T=
[[0 /]* and (5.3) we see that

5.4) Do s ilpi e Eae e

From AW =1+ we have A W e and thus We® =1/d"e™ + for

a certain € C. Similar relations hold for et Me” and ebh M. Combining
this with (5.4) we get

0 .
w eX=idATC + M+ 1+ Ud?2el*)+

for a certain e C. Using (5.3) and [0 /]!;, = Ih we have

[0 1w 7 .

I

I
1
7=

Finally, because [0 1TW « 9r-1 ¢ T 17, we conclude that /3,M=0

and



K

B¢
'

[e—

Remark 5.2. In the multigrid literature there are other approaches in which the
Schur complement plays an important role (cf. Sect. 4). In these approaches
the Schur complement 9% = r2Ap2 (cf. (4.5d)) is approximated by the coarse
grid stiffness matrix. In Fourier space this means that the harmonic average

, 4 7 MM is approximated by (an approximation of) d*. In our
approach we approximated .9%by 5% - r2Ap2 (cf. (4.11b)), thus using informa-
tion from A® evn This leads to a better approximation of the
harmonic average as can be seen from Fig. 2, 4, 5.

To be able to apply Fourier analysis to .9f = r2Ap2 we first introduce some
notation. As discussed in Sect. 4 we have modified equations [An A\Z] in the
grid points of 17/\I7//. The grid points of 17/\I7// are divided in three sets:

(55a)  nfl)={(*y) € nh\f2H\y=kH, keZ}
(5.5b) = {(x,y) e IM\f2H \x =kH, k € Z}

(5.5c) nE= Uuix) .

Note that for givenj € {1,2, 3} A has a constant difference star in the points of
17~ | thus for a suitable rjf', independent of (x,y) G 17~ we have

(5.6) (Anw - T{)) eh

In Lemma 5.3 it is shown that the eigenvalues of .9" can be expressed in terms
of these rjf and the eigenvalues of A

Lemma 5.3. For (u, p) f (0, 0) with 1—Nh < u,p < N// thefollowing holds
G7 A7 ={dr + (T +r0 )« M- O  +1I(r{ -
Proof. We use the Galerkin property = r2Ap2, with r2 - [0 /] and p2 =

.A/ AR . The Fourier transformof p2 is equal to the transpose of the

Fourier transform of §r A12An1 /]. The latter restriction operator has a constant
(17-point) difference star. From this we see that (cf. [10] Sect. 8.1.2)

Pier es p a n d - N,, <u,p <N,,) .
WeFEke a fixed (uy.) f (0,0) witr;3 1—Nn < up < Nh and write
Pier =OL\eh +aZ2eh +<*iehFﬂ +adeh M.

Note that j =1,2,3.

Similar relations hold for and M. This vyields, with 30 = 17/ and
17~ as in (5.5), the following:

(5.8a) (Pier\n f = +(—7 a2+03+(~7 @) (e r j =01

I (5.8b)  (P2O)(> = (qi + (-iy 012-03 - (-iyad)d7ir)), j =2,3.



On the other hand, we have
—AMANR
(P2e7 \n " =

Forj =0 (37,0 = CH) this yields (Pie7 \n §=¢e7 =
we get the following, with Qb := fth\ftH\

and for7 =1,2,3

(cf-(5-6))

= -ro7<vVvr

=0" AW I -
Combining this with (5.8) yields the following equations for the unknowns
ai,a2,q3, d4:

1 1 1 1" " a 1

1 -1 1 -1 a2 i- '{-Ht

1 1 -1 -1 a3 - Ty

T Li- @

The matrix above has orthogonal columns. Inverting the matrix yields

L a. ré- gpj\’&wiégs)l) 1

a2 1 |
59) R R

¥ L m)+r(2) @ I

The Fourier transformation yields

d7
dr
AT =[0 IJAp2e7 =[1111]
dr
="NeT
with eigenvalue N g, Using (5.9) we get

No=TAN O FT7T7TTHT)MT -0 +er”

+37-(3r("r+~* D -« M+0 ) -

02
a3

. a4 .

<N

Finally, note that the last term in the right hand side is equal to zero due to (3.3).

O

Expressions for the rJM j = 1,2, used in Lemma 5.3 are given in Lemma

5.4 below.



Lemma 5.4. If [An A\i] is obtained by a “discretization” process as in (4.12),
(4.13) then thefollowing holds. With

f(5.10) 77 :=1- cos(virh)cos(pnh) =2(sfcl +$*cj) € [0,1]

we have thefollowing expressionsfor G =12):

(5.11a) = {4ah(sl +s~cfal -sfy +aip,
+1 - a)OlV +710 - A} (2a; + )

(511b)  THY) = {4al,(* +j2c2(c2 _ *2))
+a0/v +7<lfi0 _ Vi) + (1 - a)"M/(2Q,, + 1) .

Proof. The result in (5.11b) is a direct consequence of the definition of A”u as
in (4.12) and the following equalities:

‘'-1/8 0 -3/4 0 -1/8 °
0 2 0 < M=A4(sl+s2ul(cl-sl))en
. -1/8 0 -3/4 0 -1/8 _

o
o

m-1/4 0 -1/4 0 0°
0 0 1 00 ZOU+7A(1 ~ ,
-1/4 0 -1/4 0 O
o O'
0 1 0 gf =guB{Y. AW22=diag(2ah+1).
0 -1 0

Using similar arguments the result in (5.1 1a) can be proved. 0O

In Lemma 5.1 and Lemma 5.3 we derived expressions for the eigenvalues of

and respectively. The influence of the discretization approach, i.e. replac-
ing [An A12] by [An A1 is expressed through the eigenvalues j - 12,
in Lemma 5.3. In Lemma 5.4 expressions for these are given that corre-
spond to our particular discretization strategy as in (4.12), (4.13). As is shown in
Lemma 4.1, there is a direct relation between o(.9?~[.9a) and the convergence
of our two-grid method. Clearly, expressions for the eigenvalues of .9?~].9a are
obtained by combining the results of Lemmas 5.1, 5.3, and 5.4. Estimates con-
cerning cr(.97~.9%) will be given in the next three sections. In Sect. 6 and Sect. 7
we consider special cases, namely pure diffusion (Sect. 6) and pure convection
(Sect. 7). In Sect. 8 we consider the general situation.



6. cr(<5? 1-5M): the special case of pure diffusion

In this section we analyze the case with e = oo (cf. (2.3)). So the parameters a
and £ vanish and only the mesh size parameter h remains. Moreover, we have
a symmetric operator Ah, corresponding to the standard 5-point stencil of the
Laplacian, and thus a real spectrum.

In Lemma 6.1 below we derive expressions for + (cf. (5.11)) that are
valid for the general case of convection-diffusion, i.e. e G (0, 00). We will use
the following rescaled real eigenvalues (cf. (3.2)):

(6.1) XA:=X"ah j=1.234.

Lemma 6.1. For rf~ as in (5.11) the following holds (7,,Mas in (5.10)):

629 +rp ={dr+ i K m

(6.2b) =-i7,Md? - d""- i(A" - A")}(2a, + 1) .
Proof. From (5.11) we have that

(6.3) \(2ah+ D(r@+r$) =2ah{si + +jIcI(cE - ) + N
+(1 - a)Vv + 57%af(1“ a)u ~ +a(l - Vu}
= " K" +2a*{5jcj(cj - sb +slcfrl - si)}

+ ~a)d - Vv)+a0O ~ Vu)} -

Straightforward computations show that
(i-a)i-~j+a(i - U=\("r- £7)
and
2ah{sfcl(cl ~ Si) +slcI?l - j)} = |7 "m(AMM~ AN) '

Using these two equalities and d » = Xr + in (6.3) yields the result in
(6.2a). With respect to (6.2b) we note that

i(2a* + D(T¢ - r%) =2ah{sl - jd+~(c* - jJ) -

+ |tIm{(1- <00 - Vv) “ <*0 ~ Vu)} ,
and that

(@ - ) - M ~ <*0 ~ Vu) = “ <F3M) i

2ah(sl - si +slclfcl - si) - slclicl - s'-)) = ~77 wQd



: For £ —»00 we have d * /(2ah+ 1) " D AD (2ah+1) AN and for
fal 0 we have dj V(2af, +1) — X7 [(2al, + 1) —0. Using this in Lemma
6.1 results in

Corollary 6.2. From Lemma 6.1 we derive the following results on e —co and
fore 10:

(6.4a) ton \(r” +r%) = J(A"N +\lu,(x7 ~xD) =D
(6.4b) Ahm, \(TQ) ~ t$) = - X7) 2mT™
(6.4c) Hm {(rtf + %) =77 +7 ~ 7 ~</>Darg

(6.4d) hm \(r™ - r%) =-\lv» (77 ~*7) =maXT m

In the remainder of this section we consider cr(.9? '.5"") for the case e =o00. For
convenience we rescale the eigenvalues d27 with a factor a 7]; then eﬂf& d] =

X7 holds (A" as in (6.1)). From Lemma 5.1, 5.3 we have that e7 ((u, /i) f
(0,0)) is an eigenvector of .5* and of .9f with eigenvalue

(652) H(\7,\77x77x7) and

(650) X7 +7 A7 - AD+ - AD

respectively. Here D , are defined in (6.4a, b) and we recall that A™ -
4U3 +jl), \7 =4(c2+jl), AjiM=8- AD A*=8- AD

Lemma 6.3. The Fourier mode (u, /i) f (0,0), L an eigenvector of 5%
with eigenvalue

(6.6) tf(ADADDW tf(ADAD-tf(ADAD) =

Proof. Substitution of (6.4a, b) in (6.5b) yields the following expression for the
eigenvalue:

(6.7) D +|(D +D D 7 - ADXA7 - AD - - AT)2
=AT +AT(AT - A7) +hu, B(AT- ad2- (AT- A ) e

Note (cf. (3.12a, b)) that

(6.8) H(\7 ,A7 )=A7 +|AT(AT - AN,

and also //(AD x7) =\X7 X7> H&71i X7) = 7X7 X7- Therefore

(6.9) A(AT - AT)2- (A7 - AD2)+(H(X7,X7) - H(X7,XT7))

=+ ((\u» + J. _n ,UG, ~ cm



Combination of (6.7), (6.8), (6.9) yields the result in (6.6). 0O

We see that the approximation of by .j/f corresponds, in terms of eigenval-
ues, to the approximation of the harmonic mean H ( A”, A", A™N by the
eigenvalue as in (6.6). Note the similarity between (6.6) and the expression for
the harmonic mean in (3.12c). An alternative approach would be to approximate

by the discretization of the differential operator on the coarse grid (=: Ah).
In the setting here this yields the standard 5-point star of the Laplace operator,
with eigenvalues 2(sin2("7r/z) + sin2(Li7r/z)) = 8(s"cl +52c2).

Summarizing we have the following relevant eigenvalues, denoted by £"+(¢):
(6.10a) £"%%) = # (AfM AN AN

(6.10b) AN, AN + AT7\L) - H(X\\ AN))
(6.10c) C fl(AH) = Z(slci+slel) .

and we are interested in £Uf( S and * M.SM)/I*"MAW) (#, 12) f (0, 0)).
The strengthened CBS inequality as in [11] yields the following:

(6.11) [1,2] .

Theorem 6.4. For (Z,[2) f (0,0) £W65")/EMWS5*Q £ [1, |] holds.

Proof. We take (u, /F) f (0, 0) and introduce the notation 7 = 7,M= 2(52c2 +
slel)i P o= ~{slcl +s2c2). Note that 0 < [3< 7 < 1 holds. Also Ay =
(AN, AjM) = \ XX ™. A straightforward calculation shows that /z]4 = 2(7 +
1?), [23- h\4 =4(1 - 7) and /?4/(/zB +h\4) = +1)/(P + 0- Using the results
in (6.10a. b) and f3.12c> we pet



r'Gso/rosjoO =t+((*»&o -

An elementary analysis shows that for 0 < /2 < 7 < 1, 0 <f(rf,(3) </(7,7) <
I holds. O

With optimal damping we have that p(7 - u gtAfl'j~") < | and p(7 —u;,0pt.N'_17)
<1 and these bounds are sharp for h J 0. In Fig. 2 we show o{AH\9f) and
0(S?~1.599 for h = 1/32, ie. NH=16 and -15 < u,p < 16 ((zpp) f (0,0)).
From the results above we conclude that is more favourable than
o{ Af,x9f) in two respects. Firstly, p(7 —ujop@?~'1.9%9 ~ 1/7 is (significantly)
smaller than p(7 -uZoptA~1”) ~ 1/3 and secondly, we observe a clustering of the
eigenvalues in cr(.9?~,.%) close to 1 This can be seen from Fig. 4, too. For the

eigenvalues in Fig. 2 we have mean{cr(.S" _15")} = 1.07 and m&xt\[a{Af{1-9a)} =
1.42.

7. or(5N the special case of pure convection

In this section we analyze the case with e =0, h € (0, 1], a € (0, 1) (cf. (2.3)).
We will prove a robustness result for with respect to variation in h
and a. Also, to give some further indication of the quality of .5" as a precondi-
tioner for .9f, we have computed a(57—1 ) for h = /32 and for several values
fl€ (0,1).

We start by noting that for e j. 0 we have From Lemma 5.1,
5.3 and Corollary 6.2 we see that e  ((zqp) »~ (0,0)) is an eigenvector of .%
and of .9f with eigenvalue

(7.13) 77(tp/Mzp'™ (p”, 4V and

(7.1b) BT 7y s\ e(vT - vT)

respectively. Here rf and rO are as in (6.4c, d).

Lemma 7.1. The Fourier mode ef”, (zgp) ~ (0,0), L an eigenvector of ,9f
with eigenvalue

Proof. Substitution of (6.4c, d) in (7.1b) yields the following expression for the



V2+W7+b N7 -gTW ?-V7)- ~77.

|
=77 +{77(77 - 77)+b "W 7 ~77)2- (77 - \)2).
Note that (cf. (3.12a, b))

h(77,77) =77 +\T7(77 - 77),
H(V7,v7) =7777 , h™\777)=T7777 .
and
i((*r-"d 2- ("r-v™M)2)+ (*>r.*0 -~ r, 777

=\((77 +~D 2- (77 +~3M2)=0 (use (3.3)) . O

Note the similarity between the expressions in (6.6) and in (7.2).

Below we compare £"%9%) :=Hp7, 77, 4%, 77) with
7w~y =H{7VT) +h "H{v7 T) - h (7777)) -

We are interested in estimates for £y% S£)/7 M-"D that are uniform in h and a.
Such estimates are given in Theorem 7.2 below, where (for ease) we consider
the inverse eigenvalues £/M-S*()/EIP65E).

Theorem 7.2. Thefollowing holdsfor (u, /i) f (0, 0):

(7.33) Re(r% ~)/r% "~0) > 5

(7.30)  \A(AN)/TAA)N <2,

Proof. If we substitute H(</77,¢~) ~t7 t7 = € {(2,3),(1,4)}, in the
expression for £"%5£) above, then we get

e _ 4 A
<= =l - VAT,
7=
Note that <>7 + </?7 = =2, 7,,M€ [0,1]; using (3.7c) we see that
ReO?*"*) = iRe{((l -
-KMV 2D D}

=iRe{l +(1 - 7TM)7777(717777
INTTT7(77777)
=i+in - +1m m}

+17 "R e {7 (/N7 + U< N}>i ..
This proves (7.3a). We now consider (7.3b):



o\ =iKtf'vr +
h $?2<p? + (i - - ANM3IM)(MNNM3IM_LL
<|+ - s7on\ ITFVIT L
(I - \7\ 67 v7 - v7<7\ W77\

(7.4)

Also we have
(75 =\>7&- €d - sa*- <M

=2 (M-r) (- M)

= |4a(l - a)(l - ~)@Q - W)l =4al - a) .
For the denominators in (7.4) we use that
(7.6) [<AVTI = |tfM 171 > Re(<FrMRe(™"N)

=4@"+ (1 - a)s2)(ac2+ (1 - a)c2)

> 4a(l - a)(sle* +s*cl) =2a(l - d)"X,
and

7.7) [<2MF3M > Re("2MRRe(F3M = 4(ac* +(I -a)s*)(asl+(1- a)c2)

> 4a(l - a)(clcl +5252) =4a(l - a)(l - 577) .
Using (7.5), (7.6) and (7.7) in (7.4) yields the result in (7.3b). O

From Theorem 7.2 it follows that cr(.5™_1.S") lies in a bounded domain in the
complex right half-plane away from the imaginary axis. Moreover, this domain
is independent of the parameters h and a, i.e. we have a robustness result w.r.t.
variation in h and a.

In Fig. 3 we show a(.9?~1.9X), in the complex plane, for h = 1/32 and for
several values a e (0, 1); due to symmetry it is sufficient to consider a e (0, 4],
With respect to the results in Fig. 3 we remark the following. Because

is real there is symmetry w.r.t. the real axis. For a = \ eigenvalues coincide due
to symmetry. From the results in Fig. 3 it is clear that the estimate in (7.3a) is
sharp.

We briefly comment onthe two clusters of eigenvalues for a small (@ -
10~3,10~2). Fora = 0 has kernel span{e”M| fi = 0}, and it is easy to
verify that for fi ~ 0 wehave "(.S'f) = For a small the cluster of
eigenvalues with real part ~1 (~ 2) corresponds to the eigenfunctions e *
with fi ~ 0 (fi = 0). As might be expected, the approximation of £'M.5<0 by
N M.57) is worse for the eigenvalues which are perturbations (for a J 0) of the
zero eigenvalues of .S"u=0.



Fig. 3. £ = 0. Top left: = 0.001, top right: a = 0.01; middle left: a =0.1, middle
right: a = 0.2; bottom left: a = 0.3, bottom right: a = 0.5

Finally we note that in all cases in Fig. 3 we observe a clustering of eigen-
values in some (small) neighbourhood of 1 (as in Sect. 6). Further calculations
show that for a = 0.3, 0.4. 0.5 about half of the eigenvalues lies in the domain
[0.85,1.2] x [—0.2,0.2] with area 0.14, whereas the convex hull of cr(-9"~].5X)
has an area 1.1.

8. cr(.9"~1.%): the general case

In this section we analyze the general situation with Q/, e (0, 0oo), h € (0,1], a €
(0, 1). In principle we follow the approach as in Sects. 6, 7. However, the anal-
ysis is more technical because our estimates here have to be uniform in three
parameters.



Also, to illustrate the dependence of cr(5" 1.5%) on the convection/diffusion ra-

tio we have computed 5%) for h = 1/32, a =0.4 and for several values
ah € (0) 00).
From Lemma 5.1, 5.3 we see that , (0,9) f (0,0), is an eigenvector of

% and of %% with eigenvalue

(8.1a) and

(8.1b) =dr + +r¢ )« - < M+EA -rM)(N - )
respectively. In (8.1b) we have + as in Lemma 6.1.

Based on the expressions for + we define the following:

(8.2) 9o =\rr + . j=u23,4.

Then we have
(8.33) I(r¢® +rg*) = (<" +K m<T ~~rM)/(2» +D

83b)  A(Mjl- r@) ~ ~\IVM r - 53N)/(2a/, + 1) »

We use (8.2), (8.3a, b) to rewrite the expression in (8.1b). A straightforward
calculation then yields the following expression for £"M.1A():

(8.4a) r M-") =7, +72+ 73, with
(8.4b) 7, =H(gr,gr)+ h"H (gr,97) ~# (tf~*D )
(8.4c) 72= +1(1 - - AMNI(2a,, +1)
(8.4d) 73= + 1)(A7 - AN)

SI(AT-AA) (M-} I(2a g+ ).

The term T\ is of the same form as in Lemma 6.3 and in Lemma 7.1. For ah [ 0
the term 7, is 0(1) whereas 72,73 are 0 (g;,). In the Lemmas 8.2, 8.3, 8.4 below
we will prove that for (u, ty) f (0, 0) we have Re(7y/£,u\(/Sa)) > 0, j =2, 3, and
R&(TV/"(.9a)) > |. Therefore we state the following

Theorem 8.1. For (o,q) f (0,0) the following holds:

(8.5) ReK”"OSS)/?""7)) > | .

Proof. Direct consequence of (8.4a) and Lemma 8.2, 8.3, 84. O
Lemma 8.2. With 72 as in (8.4c) we have the inequality

(8.6) Rem/~0SjO) > 0 for (i/,n) f (0,0) .



Proof. First notice that Re(l/d”~) > 0 and therefore Re(I/*tM.5%) > 0. Alsol

we have A"M> 0, (A™M- AN >0, (1 - > 0. From this we see that for
proving the result in (8.6) it is sufficient to prove that
(8.7) Reig”djI) > 6or; = 1,2,3,4 .

The inequality in (8.7) follows from
Re(";M = Re((iA*+")(AT +7))
> R >0 (cf(3.72)) . O
Lemma 8.3. With 73 as in (8.4d) we have the inequality’
(8.8) Re(73/ r M™)) > 0 for (u:p) f (0,0) .
Proof. We begin with rewriting 73 as 73= ~7,M7%) + 73))/(2a, + 1),
78) :=2a,(A™ - AMN) - I(AN - A3M2

7f = (AN - AN - - AIMXrfM- 73Mm -
Because Re(I/"t/#(.5")) > 0 holds it is sufficient to prove
©9)  YM>o

@89%) Rel'@ >0 .
I 3 M
Using the definition of A"Mand introducing p :=c2— J:=¢2—s2 (/2,9 6

[0. 1]) we get:
78) =8a2(p+9)- 4aj(p - M2

> 4a;{2(p +q) - (p+0)2} =4ach(p +0)(2 - (>+q)) >0 .
So (8.9a) holds. For 73 we have

159 =da*(p+9)- 2a(p-q){p-p")
=2ahp(2 - U2M- 73N) +2ahq{2 - (BM- <2N)

= 4a,(/?7</?23M+ (use 72M+PT - 2) »
So for (8.9b) to hold it is sufficient to prove

(8.10) Rer~rI1/™Mjj>0 for; =2,3.

For k € {1,2,3,4} we have
Re A O = j<"|-2Re(w;"“(A M+ 1Y)

> |rf(*]- 2Re(ip,""'~ ') > 0 (use (3.7a)) .



From this it follows that the estimate in (8.10) holds. O

Lemma 8.4. With T\ as in (8.4b) we have the inequality>
(8.11) Re(r,/e"(.\%)) >j M (y,n)f (0,0) .

Proof. First note that H = (20, +1 for <j,k) e {(2,3), (1,4)}
and thus
Ti=(d - +1) -
Using \/d" +\/d” =2(4ah+2)(d*d"*)~\ (j,k) € {(2,3).,(1,4)} we get
' g ne
- 9\ 9a \%
TI1A i 5771 {(1- Lt w2 a2
(18

UL
(qT qT 2 B
+r/N \d»d™ +

So for (8.11) to hold it is sufficient to prove

@120) Re P %K s for (k) e {(23) (14) , and
v Ul I A

(812) Re(4k%7i1>0, Re( >0,
N J ~

We first consider (8.12a). Take (j k) € {(2, 3), (1,4)} and note thatg = ~(d7"+
ip¥*) and thus

id +ipj~rdr+vr)

Re ( = gRe dndA
(8.13) =J iae (W ) +R e (W )
kUl
+Re Vi <k
dndn
Now use that for i € {1,2, 3,4}
Reo”Ao=WN-2 +D) > \N2\ae> o

and

- ANANREefAVY) +>TW " 2Re(<")

+tAri<2R e(~r)+knvn2>o0 "~ (3.7b».
The latter two inequalities and (8.13) together imply the result in (8.12a).

We now consider the first inequality in (8.12b). The second result in (8.12b)
can be proved similarly.



(814) Re (f£C ) =$(o»+1)'1

-

Note that forj € {2, 3} we have

Re(<?r<?r®*T) =Re« KM + A r +¥>rx*r+c »

IANANAN +iANAARE(MN) +IANAjAREN)
/\A/\AI\Re/\)+iA/\R e(/\/\) +/\A/\Re(/\/\)

+tARe("r*r)+R e (~"T7) ,

and all the terms in the right hand side are positive due to A~ > 0 and the results
of Lemma 3.1. Using this in (8.14) we see that the first inequality in (8.12b) is
valid. O

The results in Lemma 8.2, 8.3, 8.4 imply Theorem 8.1 and thus we have proved
that lies in the half plane {z G C | Re(z) > |}. In Theorem 8.6
below we prove that cr(.5%~].5%9 is bounded uniform in h,a,e.
Lemma 8.5. For (is, fi) f (0, 0) the following inequality’ holds:
(8.15) \ "% 9X)/dMN <4 .
Proof We rewrite (8.1b) as follows
rngy = dr+\rA{(d*+d?)~(dr+d")}
+\rr{(dr+d?)-(dr+d")}
= dr +f\) i20Qh(cl - si)+ a(1l- VI)}
+r@{2ah(cl -$*) + ¢ -f1)(1 -Wn)} 1
So
(8.16) H < 1+\T(J)/d) \(2a'i +a) +rig) ld\ K2ai+ 1-a)
We first consider the term | /d r \ mWith A™M:=4af(sl +s*ic | —si)) < A
we get (cf. (5.11a) for r™)

ar + + (i-a)iurx-

@/ Xr +rr (2a; + 1)

\%r+m (i - Q)7iM
|A'+/\ r Re«M

<@L+@- a7 IR e« M)(2a, +1)'1

A similar computation for yields

<

(2a/,+ 1)-1



Fig. 4. cr(" a = 0.4. Top left: at, = 0.01, top right: a>, =0.1; bottom left: a/, = 1, bottom
right: a/, =10

TX/d"\ < (L +a7~ /R e« M)(2al + 1)

Using these estimates in (8.16) results in

+ @ - a)luu\ 2a,, +a

< i+
Re(r/, ) ) 2ah+1
alu,i 2a, +1—a
vl R 2ah+1
(8.17) (LAan+l 2 (a, +a(l - ayylh

2a,, +1 2a, +1 Re(<7, )
Now note that
(arA+a(l - a))yudL= 2ah(slcl+slcl) +a(] - a)(2sjcj+ 2jIcD)
< 4al,(s; +jJ) +2as) +2(1 - a)™ =Re(d,"N .
Using this in (8.17) we get

. dal,+1 6ah +4

0,50
\CWBNYAN <i+p L1 pa vt 2w, 41
Theorem 8.6. For f (0,0) thefollowing estimate holds:

(8.18)  r"(.»)/C"(.SS")| < 2(1 + V2(2+\/2)) .



Fig. 5. cr(AH a=04

Proof. The result in (8.18) is a consequence of Lemma 3.2 and Lemma 8.5:
4

i=1

< jiensjD K'ia +X) K7<"I)
j=2

< ML +2/2(2 +\2) + 1) = 21 + \V2(2 + V1)) . O

From Theorem 8.1 and Theorem 8.6 it follows that cr(.5"_1.5") lies in a bounded
domain in the complex right half-plane away from the imaginary axis. Moreover
this domain is independent of the parameters E,h,a, i.e. we have a robustness
result w.r.t. variation in e,h and a.

In Fig. 4 we show m%), in the complex plane, for h = 1/32, a - 04
and for several values of a/, (= e/h). In Fig. 5 we give analogous results for
<704’ .5") (Ah\ standard coarse grid discretization).

In Fig. 4 we see that the convex hull of cr(S"_1.5") shrinks if a/, increases (i.e.
more diffusion). Also, as in Sects. 6, 7 we observe a clustering of eigenvalues
in a small neighbourhood of 1

Comparison of Fig. 4 and Fig. 5 shows that for a* =0.1 and a/, = 1 the
preconditioner is better than the preconditioner An -

9. Numerical experiments

The analysis in Sects. 5-8 only applies to the model problem (1.1a, b) and yields
a robustness result for the two-grid method. In this section we test the robustness
of the multigrid IT-cycle applied to discrete versions of problems as in-(1.1a),
i.e. we allow Dirichlet boundary conditions and varying coefficients.

We consider the following class of convection-diffusion problems:



f —eAu +a(x,y)ux +b(x,y)uy-f in O =(0,1) x (0,1)
\ u=g ondO .

We use a standard discretization as in Sect. 2. The finest mesh always has h =
1/128, the coarsest mesh size is h = 1/4. For the multigrid method we use the
approach as discussed in Sect. 4. Prolongations (p) and coarse- grid operators
(j/f) are computed in a preprocessing phase (cf. Remark 4.2). A two-grid iteration
on Oh for solving A<, =bh consists of the following steps (we use the notation
Oh := O0h\On):

1 din< = (Ax/, —bh)\ng'. compute defect on Ob .
2. *h =J?MAnN;0;djfic): apply g iterations
of a basic iterative method for solving

Auz =d\nc with starting vector O .

*h

3. xh:=xh- . add correction on Ohb .

4. d\nH:= (Axh - bh)\nH: compute defect on Oh .
5. solve 9xwh =d"H: coarse grid problem .

6. X, :=X, —uph®uVH'- add coarse grid correction .

Note that step 1, 2, 3 correspond to / —P\ in (4.6) and 4, 5, 6 correspond to
[/ —piSr™A in (4.6), with S = We use u for convergence acceleration.
With respect to the choice of * in step 2 we note that in general the matrix An
has a condition number 0 (1) and thus, in principle, any basic iterative method
will work. However, if we have strong alignment (e.g. p = 0 in Experiment 1
below) then cond(An) deteriorates. So, to get a robust method we take a line
Jacobi method in which one iteration consists of a sweep over the “odd” hori-
zontal lines followed by a sweep over the “odd” vertical lines (these odd lines
together form the pattern of J7/\J7//).

As in the standard approach, we use a recursive call in step 5 to obtain a multi-
grid method. Below, we use the W-cycle and we take g =2 in step 2. Based on
Figs. 2, 3, 4 we take au= 1on coarse grids and u = 0.7 on the finest grid. In our
experiments we always take the data such that the exact solution is equal to zero
and we take an arbitrary starting vector. As a measure for the error reduction we
computed r = (201/ 1 1)1 , with ek the error in the k-th iteration.

Experiment 1 (standard test problem as in [16]). We take a(x,y) =cosip, b(x,y) =
sin<p In Table 1 the resulting r are given for different values of pand e.

Experiment 2 (rotating flow). We define I?R := {(;c.y) | (x - ;j)2+0’- }2< 7},



a(x,y)

b(x,y)

sin(#¢' —|) ) cos(fda - j)) if (*,)’) € ftr , and zero otherwise ;

- cos(7r()’ - T))sin(7r(j: - |)) if (x.y) € J?r , and zero otherwise .

The results are given in Table 2.

Experiment3 (as in [20]). We take a(x,y) = (2j-1) (I -x 2), b(x,y) = 2xy(y-1.
The results are given in Table 3. In Table 3 we also show results for the two-grid
method (TG).

Table 1 Table 2 Table 3
£ if 0 /8  2:cs8 3w/8 £ r e TG W-cycle
10u 024 024 024 024 10°  0.25 10u 0.23 0.24
10"2 024 024 024 024 10-2  0.24 10~2 0.22 0.24
104 0.27 030 029 0.30 10-4 0.30 10~4 0.30 0.30
1096 0.30 031 030 031 10-6 0.31 10~6 0.34 0.34

These results show the robustness of our method with respect to both the con-
vection/diffusion ratio and the flow direction.
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