GRAD-DIV STABLILIZATION FOR STOKES EQUATIONS

MAXIM A. OLSHANSKII* AND ARNOLD REUSKEN 1

Abstract. In this paper a stabilizing augmented Lagrangian technique for the Stokes equations
is studied. The method is consistent and hence does not change the continuous solution. We show
that this stabilization improves the well-posedness of the continuous problem for small values of
the viscosity coefficient. We analyze the influence of this stabilization on the accuracy of the finite
element solution and on the convergence properties of the inexact Uzawa method.
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1. Introduction. This paper provides an analysis of the effects of a particular
stabilizing term that can be added to the Stokes equations. We consider the variational
Stokes problem: given f € H~(Q)? find (u,p) € Hg () x L»(Q) with [, p(z) dz =0
such that

v(Vu, Vo) + a(u,v) + £(divau,dive) + (dive,p) = f(v) for v e H(Q)Y,
=0

(div u, q) for g€ Ly(Q), (1.1)

with parameters v € (0,1], @ > 0, £ > 0, where (-, -) stands for the L, scalar product.
To simplify the presentation, we restrict ourselves to the two cases « = 0, a = 1. In
this paper we study the effects of the term (div u, divv) on the numerical solution of
the Stokes problem. In the strong formulation this term is represented by the differ-
ential operator Vdiv and, as we will show, adding this term has a stabilizing effect
for small v values. This explains why we call this a “Vdiv stabilization”. Note that
the unique solution of the problem (1.1) does not depend on £. Adding the consistent
Vdiv term to the Stokes equations is not a new idea. This stabilization term is con-
sidered at several places in the literature. In [9] it is proposed and analyzed in the
general framework of augmented Lagrangian methods. Indeed, in the saddle point
formulation of the Stokes problem, adding the Vdiv term results in an augmented
Lagrangian. In [9] it is shown that this in general improves the rate of convergence of
descent type iterative methods for solving the saddle point problem. In [4], [10] the
influence of the Vdiv term on the convergence of iterative solvers for the Stokes and
Navier-Stokes problems is studied. In [10] it is demonstrated that for the incompress-
ible Navier-Stokes equations with high Reynolds numbers the additional Vdiv term
improves the performance of nonlinear iterations. The analysis in [4] shows that for
block-diagonal and block-triangular preconditioning of the Stokes problem this term
does not lead to convergence improvement if it is used in the residual calculation
only, while not affecting the preconditioner. We note that in this paper we consider
a preconditioner for the Stokes problem which depends on &.

In [21] it is shown that using this stabilization in the mixed formulation of the
Poisson equation improves the rate of convergence of a suitably preconditioned MIN-
RES method.

In the literature on the finite element method for incompressible Navier-Stokes
equations this term sometimes occurs in an error analysis of the streamline diffusion
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or Petrov-Galerkin finite element method (e.g. [15], [20]). From the analysis, however,
it is not clear whether this term plays a key role or is introduced for technical reasons
only.

In the papers mentioned ([9, 4, 21]) the effect of the Vdiv stabilization on the
rate of convergence of iterative methods for solving the discretized Stokes equations
has been studied. We observed that there are also interesting effects concerning the
continuous problem and the quality of the finite element discretization and, to our
knowledge, there is no theoretical explanation for this known in the literature. This
paper tries to fill this gap. In practical implementations £ = 0 is the usual choice. In
this paper we try to make clear when £ > 0 leads to a (significant) improvement.

We analyze the influence of the Vdiv term on the continuous problem, the finite
element discretization and the iterative solution of the discrete problem. Concerning
the continuous problem we show that although taking £ > 0 in (1.1) does not change
the continuous solution it has a clear positive effect on the stability of the bilinear
form corresponding to (1.1). We will show that for £ > 0 the continuous problem is
uniformly (w.r.t. v) well-posed in the natural energy norm. This is not true for the
case £ = 0. The main new result presented in this paper concerns finite element error
bounds for the problem (1.1). We use LBB stable conforming finite element spaces
for discretization and show that for v | 0 the discretization error bounds become
significantly better if a Vdiv stabilization is used. Numerical experiments show that
the theoretical upper bounds predict the correct behaviour. We also analyze an Uzawa
type iterative method for solving the discrete problem and draw a similar conclusion
as in [9], namely that the rate of convergence of the outer iteration for solving the
Schur complement equation for the pressure in general increases due to the Vdiv
term. However, for v | 0, the inner velocity problem becomes more stiff if we use
Vdiv stabilization.

We will present results of numerical experiments which confirm our theoretical
analysis. Based on the theory and the results of the experiments our conclusion is
that by adding the Vdiv term the Stokes problem with » <« 1 can be solved up
to a prescribed accuracy with significantly lower arithmetic costs. We note that
numerical experiments (in e.g. [12]) have shown that similar positive effects of the
Vdiv stabilization occur in (linearized) Navier-Stokes equations with high Reynolds
numbers.

As usual for a stabilization method a proper value of the stabilization parameter,
£ in our case, is important. In the present paper we only briefly address this issue.
Results of numerical experiments related to this parameter choice can be found in
[12].

Finally we have two remarks on scaling arguments. First, for the case a =
0,¢ = 0 a common scaling argument using p = v~'p, f = v~ f leads to a parameter
independent Stokes problem with a new pressure variable and righthand side. One
can then use known results for this Stokes problem (in (u,p)) and transform back to
the (u,p) variables. For example, a typical discretization error bound of the form

llu = unlly + 115 = Prllo < Ch(||ullz + [|pl]1)
immediately yields
1 1
llu = unll + ~llp = prllo < Ch(llull + —lpllL) (1.2)

with a constant C that is independent of v. If, however, we take £ > 0 there are two
parameters and the problem can not be reduced to a parameter independent standard
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Stokes problem by a simple scaling argument. One could use a scaling to eliminate
one of the parameters. This then results in a parameter dependent problem with
scaled variables. We found that the analysis is most transparent if one does not apply
a scaling but considers the problem (1.1) in the original variables (u, p). Therefore we
will not use scaling arguments.

Secondly, another scaling argument relates the problem (1.1) with « = 1 to a transient-
like problem. Let (u,p) be the solution of (1.1) with o = 1. Define & := A%, U=,
and @ := Atwu. Then the pair (@, p) satisfies

P(Vil, Vo) + 4¢(0,0) +&(div i, dive) + (dive,p) = f(v) for ve HYQT, o
-0 '

(div a, q) for g € Ly(Q2) .

For the case £ = 0 this type of problem occurs if one applies an implicit time integra-
tion method (with a time step At) to a standard unsteady Stokes problem. Results
for the problem (1.1), like for example finite element discretization error bounds, im-
mediately yield corresponding results for the problem (1.3) (cf. remark 4). These
discretization error bounds are fairly sharp if one considers arbitrary f € H~1(Q)?
and show a clear stabilizing effect due to the Vdiv term. If, however, the problem
(1.3) corresponds to a time-discretized unsteady Stokes problem the righthand side f
has a special structure and our general bounds are too pessimistic. For such discrete
unsteady problems other techniques for analyzing the discretization error which take
into account the evolutionary nature of the problem (as in [19], [7]) should be used.
Our analysis does not yield satisfactory discretization error bounds for the unsteady
case with a time step At tending to zero. The results we obtain concerning the ef-
ficiency of the inexact Uzawa iterative solver for the finite element discretization of
(1.3) are satisfactory, even for the case At tending to zero (remark 6).

The paper is organized as follows. In §2 we present two simple linear algebra
results that will be used further on. In §3 we consider the variational formulation
of the Stokes problem and show that adding the Vdiv term leads to a uniformly
(for v | 0) well-posed problem in a natural norm. Finite element discretization error
bounds are presented in §4. The convergence of the inexact Uzawa iterative method
for solving the discrete problem is discussed in §5. Finally in §6 some numerical results
are presented that illustrate important effects of Vdiv stabilization.

2. Preliminaries. We first derive two elementary linear algebra results related
to a matrix A of saddle point type:

_ A BT nxn _ T
A—<B 0), R 3A=A" >0,

B € R™" m < n, rank(B) = m.

(2.1)

We use the notation (-,-) for the euclidean scalar product. The euclidean norm is
denoted by || - ||. We define the energy scalar product (z,y)a = (Az,y) and energy
norm ||z||% = (z,z) 4. The spectral condition number of a regular matrix C' is denoted
by &(C) = ||C||||C~!||. The following quantities will play an important role

VT = sup 7<B$’y> V7= inf sup (Bz,y)

BCAiL A (2.2)
yerm, zer |[|lallyll ’ veR™ pern ||zl allyll

Here and in the remainder we always take inf, or sup, over nonzero elements. The
following elementary result is known in the literature (see [22]). For completeness we
also show a proof.
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LEMMA 2.1. Let Apin(BA™'BT) and Apax (BA™'BT) be the smallest and largest
eigenvalues of the Schur complement BA™' BT . Then the following holds:

¥ = Amin(BA™'BT), [ = Amax(BA7'BT) .

Proof. Note that

qup BT (BA wy)? (e A 2By
o llelBllyll? e llzlPllyl? e =Pyl
_[[A=B"y|? _ (BAT'B"y,y)
> (v, y) '
Hence
BA'BT
vzt BB YU L (paipTy
v (v,y)
BA-'BT
' =sup (BAB yy) = Amax(BA7'BT) .
0

Using this lemma we derive an elementary result concerning the spectral condition
number of a preconditioned version of the matrix 4. Similar results are known in the
literature (e.g., the equality (2.5) can be found in [1]).

LEMMA 2.2. Define

(A= 0 A"t 0\ _( I A=BT
7:._(0 I>A<O I>_<BA_é . ) (2.3)
Assume that v > 0 holds. Then P is invertible and
1
IP|| = 5(\/1 +4I'+1) (2.4)

P =

2
min{2, T +4y -1} °

Proof. With C := BA~% we obtain
I cT
P= (c 0 > :

Note that C has a nontrivial kernel. For v € Ker(C), v # 0, we have P <g> = <g>,

hence 1 € o(P). For p € o(P), u # 1, we have

r cr :
<C 0 ) <z;> =u (z;) , with vy #0 .

This holds iff u(p — 1) € o(CCT). Let Ay < Ay < ... < Ay be the eigenvalues of
CCT = BA7'BT. We then obtain
1

oPIN{I} ={ 50 V1+4)) [1<j<m}.
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Hence the largest eigenvalue of P is given by

|7>||_ (I4++/144)\,) =1+ V1+44D).

[\DI—l

Due to lemma 2.1 and the assumption v > 0 we have that A\; > 0 holds. Hence P is
invertible and the largest eigenvalue of the inverse is given by

max {1, max 21+ /T+4y| !

<j<m

= max {1, 2[1 - \/1+4/\1‘_ }

P

2
min{2, T +4y -1}~
a

These results show that the quantities v and I’ completely determine k(BA~!BY)
and k(P). Note that the former depends only on the quotient I'/~y, whereas for the
latter this is not the case. The result in lemma 2.2 will be used below.

3. The continuous Stokes equations. We consider a standard variational
formulation of the Stokes problem in a domain 2 in d-dimensional Euclidean space
(d =2,3). We use the notations

X:=Hy(WY M:={fecL*Q) | /Qf(x) dr =0}, (3.1)

The L? scalar product and associated norm are denoted by (-,-), || - ||, respectively.
Before we turn to the Stokes problem in (1.1) we first consider a more general setting.
We introduce two continuous bilinear forms:

a(h): XxX oR b)) XxM-R.

We assume that a(-, -) is symmetric and X -elliptic and that the bilinear form b satisfies
the infsup condition:

inf sup ——— b(v a)

>8> 0. (3.2)
1€M yex [|Voll||g]]

We consider the standard saddle point problem: Given f € X' find (u,p) € X x M
such that

{ a(u,v) + b(v,p) :(})”(v) for ve X, (3.3)

Using the bilinear form ¢: (X x M) x (X x M) - R,
¢(u, p;v,q) := au,v) +b(v,p) + b(u,q) ,
the problem (3.3) can be rewritten as: Find (u,p) € X x M such that

¢(u,p;v,q) = f(v) forall (v,q) € X x M . (3.4)
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On X we introduce the norm induced by the bilinear form a: ||ul|x := a(u,u)? for
u € X. On M we use the L2-norm || - || and on the product space we use the norm

1w )l = (lulle + llpl)? -

We introduce the notation

\/f;: sup M ﬁ:: inf sup b(v,q)

A4 (3.5)
vex,gem [vllxllall €M yex ||vllx|lgll

Note that I", v are used in (2.2) to denote similar quantities. Below the symbols ',y

always refer to the quantities in (3.5). The infsup condition (3.2) implies v > 0. We

emphasize that if the bilinear forms a(-,-) and b(-, -) correspond to the Stokes problem

(as in (3.9) below), then the infsup constant 8 from (3.2) does not depend on any

parameters, whereas I' and v depend on the parameters v, « and £. The quantities I’

and ~ completely determine the continuity and stability of the bilinear form ¢:
THEOREM 3.1. For all (u,p), (v,q) € X x M we have

6, 250,0)] < S(VIFAT+ D), DI o, )] 36)

and
$u,piv,g) 1 . o 57
e SOV 1] R R &0

Proof. We define 6 := £(v/1+ 4T + 1) and note that
|¢(u, p; v, 9)| = |a(u,v) + b(v,p) + b(u, )|
L 1
< lullxllvllx + T2 ol x ([Pl + T2 {Jullx g
1
3

T 1 T
< (% + 5|Iull?x +6lpl1%) (loll% + 5|Iv||§( +6l1/1%)
= 0|(|(w, I (0, DI -

This proves the result in (3.6).
For (f,g9) € X' x M' let (u,p) € X x M be the solution of

d(u,p;v,q) = f(v) +g(g) forall (v,q) € X x M .

The mapping (f,g9) — (u,p) is bijective. A standard analysis (e.g. in [8] §4.1, [14],
§7.4.1) yields the following sharp bounds on the norms of u and p:

_1
lullx <Ifllx+2y"2|lgllm
1 1 1
ol < 7= ([1fllx + lullx) < 2y 2 (I fllx + 7 2 llgllar) -
Hence

—1 —1
[, pll] < flullx + [Ipll < 2(1+772) (1 fllx +7=lgllar)

:2(1+77%)(Sup f(v) +} sup Q(Q))

vex [lvllx qem ||l

_1 _1 f(v) +g(q)
<4(1+~2)max{l, vy 2 sup Tt
(472 max{l, 72 | sup Tl + Tl

§4(1+’y_%)max{1 ,’y_%} sup M
waexxm |, alll
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Let z = 7_% € (0,00). A simple computation yields

L > 1 = 1min{l 2z %}
4(1+ z)max{1, z} = 8max{l, 22} 8 ’ '

This proves the result in (3.7). O

The result in (2.4) shows that the bound in (3.6) is sharp. The inverse of the
infsup constant in (3.7) behaves like O(y~!) for ¥ — 0. The same behaviour ||[P71|| =
O(y1) for v — 0 is observed in (2.5). In this sense, the result in (3.7) is sharp, too.

The results in Theorem 3.1 show that the condition number

C(vy,T) = 4(—'1.+4F+1) (3.8)
min{1, v}

can be used as a measure for the well-posedness of the continuous problem (3.4) in
the norm ||| - |||

We now consider the Stokes problem (1.1) with a € {0,1}. Note that the unique
solution of this problem does not depend on &, since dive € M for all v € X.
Continuity and stability results for the problem (1.1) are known in the literature (e.g.
[8]). However, in the literature the parameters v and £ are then treated as fixed
constants (usually £ = 0). Here we allow these parameters to vary and analyze the
the dependence of the condition number (i.e. the well-posedness) on the parameters
v and £. Hence, for the bilinear forms a and b in (3.3) we now take

a(u,v) == v(Vu, Vo) + a(u,v) + {(divu,dive) for u,v € X ,

3.9
b(u,q) := (divu,q) for ue X, g€ M . (3.9)

Note that b satisfies the infsup condition (3.2) and a is symmetric and X-elliptic.
The norm || - ||x depends on the parameters v, a, . In the next theorem we describe
the dependence of the condition number C(v,T') on the parameters v,«,{. We use
[|[divu|| < ||Vu|| for v € X and the Friedrichs inequality

[lul]| < cp||Vul] forall uwe X .

THEOREM 3.2. The following holds

4(V5+1) max{B>, v+ &} . ~
7wl Jogg o8 i a=0, (3.10)
Vo + 1) max{f®, v+cp +& o
EE {1, vorg Owd  Fa=l G

with B defined in (3.2).
Proof. We take « € [0,1]. From

C(v,T) <

C(v,T) < 4

lullk < (v + ack + &) Vull? (3.12)
and the infsup property (3.2) we obtain

ﬂQ

V25 -
v+oack +¢§

Using

llullk > (v + €)l|div ul|*
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and the Cauchy-Schwarz inequality yields

1
v+E&

T < (3.13)

Using the inequality /1 + 4z + 1 < (v/5 + 1) max{1, \/z} we obtain
V144l +1
Ak PIVEY
min{1, v}

_ 4(V5+ 1) max{B?, v+ ack + ¢}
B 32 min{l, /v + &}

Taking a € {0,1} yields the bounds in (3.10) and (3.11) . O

1
max{1, Tz} <4(V5+1) max{1, m}

N R P)
mln{l ) 7} mln{l y H#%%}

COROLLARY 1. We consider a few interesting cases.
e a=0, £ =0. The function v — Cy(v,0) behaves like v~=3 for v | 0 and hence
is unbounded for v | 0.
e a=0, £ =& > 0. The function v — Cy(v, &) is bounded for v | 0, hence
the problem is uniformly well-posed in the norm

1w, Il = (I Vull® + &olldivul* + [Ipl]*) * - (3.14)

e a=1, £ =0. The function v — C1(v,0) is unbounded for v | 0.
e a=1, £ =& > 0. The bound is controlled for v | 0, hence we have uniform
well-posedness in the norm

1
2

11w, )l = IVl + [Jull® + &lldivul* + [|plI*) * . (3.15)

From these results we see that adding the term (div u, divv) in the variational Stokes
problem makes the problem well-posed in the corresponding natural norm |||(-,-)||
uniformly for v € (0,1]. Although adding the (div u,divv) term does not change the
solution of the Stokes problem it yields robust (i.e. uniform w.r.t. v) stability bounds.

REMARK 1. For @ = 1 and v | 0 the Stokes problem is singularly perturbed.
As a well-posed limit (v = 0, = 0) problem one can take the mixed formulation
of the Poisson equation with Neumann boundary conditions. This limit problem in
variational form uses the space H(div) x M (M as in (3.1)), with norm

1
(w,p) = (llull® + lldivul* +[p]*)* - (3.16)
In the analysis of the Stokes problem we use the norm
1
(w2l = (vIIVall? + llull® + €lldival* + [Ip]*)* . (3.17)

Note that in the limit case v = 0 the latter norm is equivalent to the norm in (3.16)
only for £ > 0. In this sense the Vdiv term is a natural stabilizing term for the Stokes
problem if v | 0.

REMARK 2. For the case a« =0, v | 0, £ = 0 uniform well-posedness with respect
to a special norm can be proved. It is well-known that the standard Stokes problem,
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(1.1) with v =1, £ = a = 0, is well-posed in the norm (u,p) — (||Vul|> + ||5]|>)2 on
X x M. A scaling argument as discussed in the introduction then immediately yields
uniform well-posedness in the (anisotropic) norm

1 1
1l (w, Il == (IVul® + ;IIPIIQ) . (3.18)

It can be shown, using a similar analysis as presented above, that for the corresponding
conditon number Cy(v,I") the uniform bound

V1+4t +1
() <4 Y <0 f 1], 1
C.i(7,T) < {1, o] <C for v€]0,1] (3.19)

holds. The norm ||| - |||« in (3.18) has a stronger anisotropy than the norm in (3.14),
and using the latter results in a better control of the velocity variable as v | 0.

4. Finite element discretization using grad-div stabilization. We now
consider the discretization of the variational Stokes problem using a family of pairs of
LBB stable finite element spaces X; C X, M, C M indexed by some mesh size pa-
rameter h. In this section we use standard arguments to derive a sharp discretization
error bound and we show that for v | 0 taking £ = & > 0 instead of £ = 0 has a clear
stabilizing effect.

Before we turn to the discrete Stokes problem we first consider the Galerkin
discretization of the more general variational problem (3.3) or, equivalently, (3.4).
We assume that the finite element pair (X, M}) is LBB stable with a constant B
independent of h:

inf  sup _b0vn,an)_ >3>0. (4.1)
€M v, e X, [IVonllllgnll

The discrete problem is as follows: find (up,pr) € X5 x M}, such that

(uh, pr;vn, qn) = f(vn) for all (vn,qn) € Xp x My, . (4.2)

We introduce the discrete analog of the quantity ~ :

. b(vn, qn)
Vyn = inf sup ————— .
€My, ex, ||vnllx|lgnll

From (4.1) it follows that v, > 0 holds. For the analysis below we introduce the
formulation of the discrete problem as a linear system in R*™™. For this we assume
standard bases in X}, and M}, and corresponding isomorphisms

Jx : R? —>Xh, n .= dlm(Xh), I R™ — Mh, m = dlm(Mh) .

Let the stiffness matrices A € R*™", B € R™*" and the mass matrix M € R™*™ be
given by
(Az,y) = a(Jxz,Jxy) forall z,y e R",
(Bz,yy = b(Jxz,Jyy) foral zeR*, yeR™, (4.3)
(Mz,y) = (Juz, Juy) forall z,y € R™ .

We now prove an infsup property of ¢ on Xy x Mp:
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LemMA 4.1. The following holds:

. P (un, pr; On, qn)
inf sup
(unpn) €Xn X Mn (w0 )€ Xn x My, || (@, | (VR gn) ]

1
= 5min{2,\/1—|—47h—1}

Proof. With B := M~%B we obtain

. (Bx,y)
VR = inf sup =
T R e (Ax,2)5 (My, y)3
B (4.4)
= inf sup ({Bz,y) .
yer™ gern [lz]] allyll
_i1AiT
Let L:= | ~ I_l A=B . Note that
BA™z 0
. P (un, pr; vn, qn)
inf sup
(unpn) €X0 X My (v, g )€ Xp x M;, || (wr, )| (11 (0n5 an)
I A=2BTM~:
\ar-+pa 0 #10)
= inf sup
ZERMH™ et [12][[]w]]
L L
= inf sup {Lz,w) = i IE2] =Lt
zeRmtm et |2]l[Jw]] - zermm [|2|

We now apply lemma 2.2. O

Due to the continuity result (3.6) and the infsup result in the previous lemma we
can prove a discretization error bound using standard arguments.

THEOREM 4.2. Let (u,p) be the solution of the continuous problem (3.4) and
(un,pr) be the solution of the discrete problem (4.2). The following holds:

- Y <1 é 7F i - N )
= wnp =)l < (14 Cn D)) | _min_ [l = on,p — an)l|

with ClopT) o VTTAL 41 (4.5)
Tt {2, T s — 1)

Proof. For arbitrary vy € Xy, qn € M}, define e := u — vy, e, = up — vp, g 1=
P — qn, gr ‘= Pr — qr The Galerkin orthogonality property yields

d(en, gn;wn, ) = d(e, g;wp,rp)  for all (wp,rp) € Xp x My .

Using this in combination with the continuity and infsup results we obtain, for suitable
(wh,rh) € Xp X My:

lenamlll < — 2 Pen, gni wh, )
w2,V T 1) [ (wn )]l
_ 2 P(e, g;wn,n)
= wmin(2, VT B — 13 (G )]l
VI+Ar +1

< e vyl
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Now combine this with the triangle inequality |||(uv — up,p — pr)lll < |ll(en, gn)lll +
lll(e;9)lll. O

We now consider the Stokes problem, i.e., in the remainder of this section the
bilinear forms a and b are as in (3.9). Note that the bilinear form a(-,-) depends
on ¢ and that opposite to the continuous problem the discrete solution in general
depends on &, unless divwv, € Mj, for all v, € Xj. Thus if one uses a space Xj of
divergence free finite elements, the discrete solution does not depend on £. For the
Stokes problem we have, for all (u,p) € X x M

1 1., 1 1 1
5 wElIVull + &2 lldivul] + a{ull + [pl]) < [ll(u, p)lIl < (= +&2)[[Vull + o= lull +[p]]
Using this in combination with theorem 4.2 yields the discretization error bound

V3|V (u— up)|| + €2 |div (u — un)|| + @ u — unl| + [|p — pal] < (4.6)
A . 1 1 1 .
201+ Cln, 1)) ( min {(w% + €IV (w = vn)]| + 0 [ju—wall} + min |lp—aul)

We now analyze the dependence of the factor C(y,') on the parameters v, o, ¢ and
the mesh size parameter h.
THEOREM 4.3. The following holds:

,max{f?, v+ ¢} A . -
Zm = Co(,§) if a=0, (4.7)

2max{,327y+c%+§} A . -
min{l, Vo +& Ci(r,§) if a=1. (4.8)

A 1
C(y,T) < 4—32(\/5+ 1)

m%n<£;ﬁ+n

Proof. We take a € [0, 1]. Note that for > 0:

VI+dzr+1< (V5+ 1) max{1,yz}
V1itdr—1>(V5—-1)min{l,z}.

Hence,
A 1 ,max{l, VT}
Nn<- 1y —2"7 4.
C(r)/ha )_ 4(\/5_'_ ) min{l, ’Yh} ( 9)
holds. Using the Friedrichs inequality we obtain
lunllx = vI[Vunll® + allunll® + €lldivunl® < (v + ack + || Vunl* .
From the LBB property it follows that
32
Vp > — . 4.10
v+ack +¢§ (4.10)
From (3.13) we have the bound
1
r< (4.11)

<
+
Iy
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Using the results (4.10) and (4.11) in (4.9) and taking a € {0, 1} yields the results in
(4.7), (4.8). O

The bounds for C(y;,T) in theorem 4.3 are of the same form as the bounds for
C(v,T) in theorem 3.2. Hence the results in corollary 1 apply here, i.e., C'O(V, 0) and
C1(v,0) are unbounded for v | 0, whereas for & > 0 the factors Co(v, &) and Cy (v, &)
are uniformly bounded for v | 0. Due to theorem 4.2 this has direct consequences for
the discretization error bounds. To make this more clear we consider a concrete finite
element pair. As an example we take the LBB stable pair of conforming P1isoP2/P0
finite elements (piecewise linear velocity on a refined grid / piecewise constant for the
pressure). We use standard approximation properties of these spaces and assume that
the solution (u,p) of the Stokes problem is sufficiently regular. We use the notation
Il - || for the norm on the Sobolev space H*(Q2) (k = 1,2). The results in (4.6) and
theorem 4.3 yield the following discretization error bounds for v € (0, 1]:
e Fora=0,¢(=0:

vE(|V (= up)|| + [lp = pall < Cv~ Eh@E[fullz + [|pll:) - (4.12)

e Fora=0,¢({=1:
V3|V (= up) || + [Idiv (w = up)[| + [lp = pall < Ch(|[ullz + lpll) . (4.13)

e Fora=1,¢=0:
vE||V (u—up) ||+ |Ju—unl|+[lp—pall < Cv™ERWE |Julla+llull +Ipll) - (4.14)

e Fora=1¢=1:
V3|V (u—g) |+ |div (u—up) |+ [Ju—un ||+ lp=pall < Ch(llullz+]lplh) - (4.15)

Note that for small v the bounds for the case with Vdiv-stabilization ({( = 1) are
significantly better than for the case £ = 0. These bounds indicate that the larger
the H'-norm of the pressure is compared to the H?-norm of the velocity, the more
important the stabilizing Vdiv term is. Also note that for the case with Vdiv-
stabilization the term ||div (v — up)|| is controlled, wheras for £ = 0 this is not the
case.

REMARK 3. For the case o = 0, £ = 0 the scaling argument discussed in the intro-
duction immediately yields a (sharp) discretization error bound. For the P1lisoP2/P0
finite elements this results in (cf. (1.2))

IV (w = un) || + v~ [p = pall < Ch(llull2 + v~ |pl1) - (4.16)

For small v values this bound is better than the one in (4.12) but worse than the
result for the problem with Vdiv -stabilization in (4.13).

REMARK 4. Using the scaling £ = %, v = %3, & = Atu the results for « =1 in
(4.14) and (4.15) immediately yield corresponding results for the transient-like Stokes
problem in (1.3). Let (4p,pn) be the discrete solution that results from the Galerkin
discretization using P1lisoP2/PO0 finite element spaces applied to (1.3). The results in

(4.14), (4.15) can be reformulated as

1
VAL
CAe (@2]alls + SAcllalh + VALpll) ,  if =0,
Ch(gllallz + VAtlpll) if £=1.

~1 ~ ~ ~ ~
72| V(@ — an)l| + & — [l + VAt|lp — pl| <

(4.17)
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From the numerical experiments in section 6 it can be seen that the results in (4.14)
and (4.15) are fairly sharp and hence the results in (4.17) are sharp, too. These results,
however, are too pessimistic for At < 1 in the context of unsteady problems. As was
pointed in the introduction, to obtain more reliable error bounds other techniques
which take into account the evolutionary nature of the problem should be used.

REMARK 5. Clearly if we introduce the Vdiv term we have to chose a reasonable
value for the parameter £. Numerical experiments have shown that the effect of the
stabilization is not very sensitive with respect to this choice, although ¢ should not
be too large. An indication for a reasonable value can be obtained as follows. Assume
that min,, cx, ||V (v —vp)|| ~ ming, ear, ||p — gnl| (for our example of P1lisoP2/P0 FE
this is the case if [|ullz ~ ||p]|1), and assume that o = 0 and v is sufficiently small
(actually v < 3 already suffices). Then the balance between velocity and pressure
terms in the righthand side of (4.6) is preserved if £ = O(1). The constant C in
(4.6) also depends on &. The choice £ = 32 minimizes C. Moreover, under certain
assumptions on the domain 2 and triangulation it is known that 32 = O(1) holds
(cf. [6]). Therefore, with the above assumptions the choice £ ~ (2 is reasonable.
Numerical experiments presented in [12] with common benchmark problems ( driven
cavity and backward facing step) show that for £ € [0.1,0.2] one obtains good results.
Note that for a unit square and P1lisoP2/P0 FE we have B ~ 0.44.

5. Preconditioning the discrete problem. In this section we discuss the
iterative solution of the discrete problem (4.2). We restrict ourselves to iterative
methods of inexact Uzawa type. For this class of methods applied to the stationary
Stokes problem convergence analyses are known (e.g., [1], [3]). Also for other iterative
methods based on conjugate or minimal residual techniques there are convergence
analyses available (cf. [16], [18] and the references therein). In all these analyses
one assumes fixed values for v and &, usually ¢ = 0, and one does not analyze the
dependence of the convergence behaviour on variation in these parameters. Below, for
the inexact Uzawa method we study how the rate of convergence depends on variation
in the parameters v, ¢ and a.

The effect of adding the term (div u,divv) on the convergence speed of gradient

type of methods for solving the saddle point problem associated to (4.2) is analyzed
in [9]. In the terminology of [9] the addition of the term (divw,divv) yields a cor-
responding augmented Lagrangian. In [9] it is shown that gradient type of methods,
like the exact Uzawa method, have a higher rate of convergence when applied to the
problem with an augmented Lagrangian. In this section we will draw a similar con-
clusion for the inexact Uzawa method.
Finally note that for the case v = 1, £ =0, a > 0 (the transient-like Stokes problem)
robustness results concerning the convergence of Uzawa type of methods are given in
2], [11].

We consider a linear system of the form

(5 %) () =) 2

with stiffnes matrices A and B as in (4.3). We consider a method of an inexact
Uzawa type as analyzed in [3],[23]. For this we assume symmetric positive definite
preconditioners @ 4 of A and Qg of the Schur complement S := BA~! BT, We assume
that Q4 and Qg are scaled such that Q4 — A and Qg — S are positive semidefinite.
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Furthermore, let constants 04, og € [0,1) be such that
(Az,z) forall z € R",

(Sy,y) forall y e R™ .

(1 -o0a)(Qaz,z) < (5.2)
(1 - US)(QS?J;ZJ) S

Note that since Q4 and Qs are positive definite such o4 and og always exist. The
inexact Uzawa method is as follows: for g € R*, yo € R™ given, (z;,y;), i = 1,2,...

is determined by
wip1 =z + Q4 (f — (Azi + BTyy)) (5.4)

Yir1 = Yi + Q5 (Brit1 — g) -

In [3] it is shown that for the error e; := (?j B i’) the inequality
—Yi

[|el|] szHeOH for i :071727

holds, where [| - |] is a suitable problem dependent norm and

(5.5)

05(l —04)++/02(l—04)2 + 404 1

p= ( ) \/S( ) Sl——(l—Us)(l—O’A).
2 2

From these results we see that one obtains fast convergence of the inexact Uzawa

method if one uses good preconditioners Q4 and @s.

For our analysis we introduce the discrete analog of the quantity I':

b
JTr=  osyp  man)
uneXn.aneMy |[Vnllxlgnll

LEMMA 5.1. Let My, be the mass matriz as in (4.8) and Qs = LMy, then
Qs — S is positive semidefinite and for og :=1 — l?—’; the inequality (5.3) holds.

Proof. Note that with B := M~%B:
B
VI = sup ( 1£U,]{> -
zeRmyer™ (Az,x)z (My,y)?
. (5.6)
(B, y)
sup

 wermyerm |lollallyll

The relations (4.4), (5.6), and lemma 2.1 imply
ypl < BAT'BT <T',1,

and thus for QS = Fth
Qs < S < Qs.
h
Thus @s — S is positive semidefinite and (5.3) holds with o5 =1 — £2. 0
The results in lemma 5.1 and (5.5) show that for fast convergence of the Uzawa
method it is favourable to have small og values, i.e., small values for 'y, 1. We now
consider the Stokes problem, i.e., in the remainder we assume that the bilinear forms
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a and b are as in (3.9). We analyze, for o € {0,1}, the dependence of Fhv,jl on the
parameters &, v, h. We assume that the finite element spaces X} are such that the
inverse inequality

IVor|| < erhHvgl] for all v, € X, (5.7)

holds, with a constant ¢y that does not depend on h.
LEMMA 5.2. The following holds:

1B ~

L <p? ifa=0, (5.8)
Yh

r . 2

_Sﬂ—szrf ifa=1. (5.9)
Yh v4c *ht+¢

Proof. Using the inverse inequality it follows that
llunllx = vIVurll* + allunll® + Elldivugll® > (v + acy*h® + ) [|div unl® -

Hence we get, due to b(vs, qrn) < [|divosll||gnll,

1
T, <

. 5.10
T vtac?h?+¢ (5.10)

A lower bound for 7y, is given in (4.10). Now combine these bounds for T, and 7y
and take o € {0,1}. 0

From the results in (5.8) and lemma 5.1 it follows that for & = 0 and for all &
values the scaled mass matrix Qg = Fth is a good preconditioner for the Schur
complement. For this choice we have 1 —og > ¢g > 0 with a constant ¢g independent
of v and h.

For the case @ = 1 the result in (5.9) yields
r
7—" =0(h%) for h10, v<h® £€=0, (5.11)
h

hence a rapid growth for h — 0 and sufficiently small v. In this case a simple scaled
mass matrix is not appropriate and one needs special preconditioners for the Schur
complement as discussed in [2], [11], [5]. For @« = & =1 we have

Ty 246
“hoe S foral we (0,1, (5.12)
Yh 2+c;°h?

and thus for the scaled mass matrix we have (as for the case a =0) 1 —og > ¢ > 0
with a constant ¢g independent of v and h.

REMARK 6. We apply the robustness result for the case a = £ = 1 to the
transient-like problem (1.3) using the scaling argument discussed in the introduction.

Let
A BT
e=(5 %)

be the finite element stiffness matrix as in (5.1) corresponding to the original problem
(1.1) for the case @ = £ = 1. Its Schur complement is denoted by S. From the analysis
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above we have that, uniformly for h,v € (0, 1], the scaled mass matrix Qg is a good
preconditioner for S (lemma 5.1). }
The same finite element discretization applied to the problem (1.3) with £ = it, V=

2 vields the stiffness matrix
A BT
— [ At
=)

with Schur complement S; = AtS. Hence, uniformly for h,v € (0,1] and At € (0,1]
the scaled mass matrix AtQgs is a good preconditioner for S;.

Besides a good preconditoner Qg for the Schur complement one also needs a pre-
conditioner @4 of A. The stiffness matrix A is given by

(Az,y) =v(VIxz,Vixy) + a(Jxzx, Jxy) + {(div Jxz,div Jxy) for all z,y € R" ,

with Jx : R® — X} the finite element isomorphism. For the case £ = 0 one can
use a multigrid method as a preconditioner for A. It is known ([13]) that a standard
multigrid method results in a precondioner Q 4 of A with (1—04)Qa < A < Q4 with
a constant o4 < 1 independent of h, v € (0,1], a > 0. Hence, for the case £ =0 (no
stabilization) a good (i.e., robust w.r.t. variation in the parameters) preconditioner
for A is known.

Opposite to this, a robust preconditioner Q4 of A for the case with Vdiv -stabilization
(¢ = 1) is an open problem. For £ = 1 additional stiffness is introduced due to the
div operator which in general has a large kernel. A suitable robust preconditioner
for this case is a topic of current research. Techniques as presented in [17] may be
applicable in this setting.

Summarizing, we have the following results concerning the convergence of the in-
exact Uzawa method. For fast convergence one needs good (robust w.r.t. varia-
tion in parameters) preconditioners of S and A. We restrict ourselves to the cases
£e€{0,1}, a € {0,1}:

e ¢ = a = 0: the scaled mass matrix (g is a good preconditioner for S.
Multigrid is a good preconditioner for A.

e ¢ =0, a =1: the preconditoner Qg is not robust (for v < h? | 0). More
sophisticated preconditioning techniques which lead to robust preconditoners,
like the methods in [2, 11], should be used. Multigrid is a good preconditioner
for A.

e ¢=1,a¢€{0,1}: the scaled mass matrix (s is a good preconditioner for S.
A robust preconditioner for A is not known, yet.

6. Numerical experiments. As a test example we take the Stokes equations
(3.3) on 2 = (0,1) x (0,1). The right handside f is taken such that the continuous
solution is:

uy (z,y) =42y — Dz(1l — z),
us(z,y) = —4(2z — Dy(1 —y),
p(z,y) = 3(x> +y° — 0.5).

Note that the continuous solution is independent of the parameters v,«a. For the
discretization we use a uniform triangulation with mesh size h. For X, x M) we
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take P1isoP2-PO0 finite element pair (piecewise-constant pressure and piecewise-linear
continuous velocity on a once refined triangulation). This pair is known to be LBB
stable, i.e. condition (4.1) holds.

The discrete problem is solved using the inexact Uzawa method from the previous
section. For the Schur complement preconditioner Qs we take the pressure mass
matrix (indentity in our case) scaled by (v + ¢; *h2a + &) 7!, cf. (5.10). Here h, = £
is the size of velocity element. We take c; = 2v/2 for the constant from (5.7). This
value can be found from a spectral upper bound for the discrete Laplacian in a unit
square. If a reasonable bound for ¢y is not available, the term c;2hia can be ignored.
This will result in a smaller value of 1 — og in (5.3).

For the preconditioner Q4 we use a standard multigrid V-cycle method. The
prolongations and restrictions are the canonical ones. We used 2 pre- and 2 post-
smoothings with a symmetric block-Gauss-Seidel iteration.

For the stopping criterion in the inexact Uzawa iteration (5.4) we take a reduction
of the relative residual by at least a factor 10°. To illustrate the performance of the
solver we show in tables 6.1-6.2 Njt.,, the total number of inexact Uzawa iterations
required to satisfy the stopping criterion. As was discussed in the previous section,
the quantities 04 and og form (5.2)- (5.3) characterize the rate of convergence of
(5.4). An estimate for og was obtained in lemma 5.1. The value of o4 depends on
the performance of the multigrid method for the velocity problem, which defines @) 4.
The values 1.4 in the tables are estimates for the contraction number of the multigrid
method. Since we use two iterations of the multigrid method for solving the velocity
problem we have o4 ~ 92,

TABLE 6.1
Dependence onv: h=1/32, a =0

viscosity
Parameter  Quantity 1 1072 10
IV(u—up)|| 5.0e-2  4.4e-0  4.0e+2
lu—up||  4led 37e2  3.7e0
£=0 lp—pull  35e2  3.5e3  3.5e-3
Niter 38 38 38
Ve 0.06 0.06 0.06
V(u—up)| 4.7e2 381  55el
lu—up|| 384 34e3  5.0e3
£=0.1 llp — ool 3.8¢-2  3.8e-3 3.4e-3
Niter 36 13 312
Ved 0.06 0.30 0.96

Niter- total number of inexact Uzawa iterations,
eq - convergence factor in the MG-preconditioner for A.

Tables 6.1 and 6.2 present error norms and convergence data for the problem
with o = 0 solved on meshes with h = 55 and h = ¢;, respectively. For the problem
without Vdiv-stabilization (¢ = 0) the O(v~!) dependence of the error in velocity
as predicted by our theory is clearly seen. For the stabilized problem (£ = 0.1) this

dependence is much milder (analytical estimate was O(v~2)). Note that the error in
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TABLE 6.2
Dependence on v: h=1/64, a =0

viscosity
Parameter  Quantity 1 1072 10
IV(u—up)l| 2502 2000  2.0e+2
lu—wupl|  1.0e-4  9.5e-3  9.5e-1
=0 llp — prll 1.7¢-2  1.2e-3 1.2e-3
Niter 39 36 34
Ve 0.06 0.06 0.06
IV(uw—mup)|| 2.4e-2 1.8e-1 2.5e-1
lu—upl| 98¢5 8504  5.0e-3
£=0.1 [lp — pnll 1.9e-2  1.9e-3 1.7e-3
Niter 37 12 414
Ve 0.06 0.34 0.98

Niter- total number of inexact Uzawa iterations,
eq - convergence factor in the MG-preconditioner for A.

pressure is insensitive both to viscosity and stabilization, which is in agreement with
(4.16) (for & = 0) and with (4.13) (for £ > 0). Comparing results from tables 6.1
and 6.2, we observe approximately O(h) convergence in velocity gradients and in
pressure and O(h?) in velocity, as expected from theory. The slow convergence of the
Uzawa method for stabilized equations with small v is caused by the poor convergence
of the multigrid method for the velocity problem (see the values of 1.4). It is clear
that in practice (for small v values) this multigrid solver should not be used. An
efficient alternative for this multigrid solver is a topic of current research.

In the table 6.3 we show results for « = 1. In this case, as predicted by the
results in (4.14), (4.15), for small v values due to the Vdiv term one obtains much
smaller discretization errors both for pressure and velocity. We also observe a strong
deterioration of the convergence of the inexact Uzawa method for the case £ = 0.
This is probably due to the fact that for v — 0, h — 0 the scaled mass matrix is
not a good preconditioner for the Schur complement (cf. (5.11) and the discussion in
secton 5).

Concluding remarks. We summarize the effect of Vdiv stabilization. For the
continuous problem the stabilization does not change the solution but enhances the
stability of the corresponding bilinear form. For the case £ = & > 0 the problem is
uniformly (for v | 0) well-posed in the natural norm (3.14).

For the finite element discretization the stabilization changes the discrete solution
and results in better error bounds. For example, for the P1isoP2/P0 finite elements
we have (with a = 0) the sharp bound ||V (u — u)|| < Ch(||ull2 + v |p|1) for € =0
and ||V (u —up)|| < Cv—zh(|Jullz + ||p|]1) for € = 1. Our analysis does not yield sharp
discretization error bounds for a time-discretized problem as in (1.3) if A¢ | 0.

The Vdiv stabilization influences the convergence behaviour of the inexact Uzawa
iterative solver. The main results are summarized at the end of section 5
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TABLE 6.3
Dependence onv: h=1/64, a =1

viscosity
Parameter  Quantity 1 1072 10
IV(u—up)l| 2502 2000 1.7e+2
lu—un]|  1.0e-4 9.3e-3  7.6e-1
¢=0 llp — prll 1.7¢-2  2.8e-3 1.6e-1
Niter 39 124 3829
Ved 0.05 2.6e-2 1.7e-3
IV(uw—up)|| 2.4e-2  1.9e-1 3.6e-1
lu—un| 98¢5 8.de-d  1.6e-3
£=0.1 [lp — pnll 1.9e-2  1.9e-3 1.7e-3
Niter 37 20 217
Ve 0.05 0.34 0.97

Niter- total number of inexact Uzawa iterations,
eq - convergence factor in the MG-preconditioner for A.
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