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FINITE ELEMENT DISCRETIZATION ERROR ANALYSIS OF A
SURFACE TENSION FORCE IN TWO-PHASE INCOMPRESSIBLE
FLOWS*
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Abstract. We consider a standard model for a stationary two-phase incompressible flow with
surface tension. In the variational formulation of the model a linear functional which describes
the surface tension force occurs. This functional depends on the location and the curvature of the
interface. In a finite element discretization method the functional has to be approximated. For an
approximation method based on a Laplace-Beltrami representation of the curvature we derive sharp
bounds for the approximation error. A new modified approximation method with a significantly
smaller error is introduced.
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1. Introduction. Let Q C R3 be a polyhedral domain that contains a flow of
two different immiscible incompressible newtonian phases (fluid-fluid or fluid-gas).
At the interface between the two phases there are surface tension forces that are
significant and cannot be neglected. An example is a (rising) liquid drop contained in
a surrounding fluid. The standard model to describe such a flow problem consists of
instationary Navier—Stokes equations with certain coupling conditions at the interface
which describe the effect of surface tension. In this paper we analyze errors that are
due to the discretization of the surface tension force that occurs in the continuous
model. To simplify the presentation and the analysis we assume a stationary flow.

The domains which contain the phases are denoted by €, and Q, with Q;UQy = Q
and 99 N O = (. The interface between the two phases (9Q; N 9Q5) is denoted by
I'. To model the forces at the interface we make the standard assumption that the
surface tension balances the jump of the normal stress on the interface; i.e., we have
an interface condition

[on]r = 7Kn,

with n = nr the unit normal at the interface (pointing from €y in Q5), 7 the surface
tension coefficient (material parameter), K the curvature of I', and o the stress tensor,
ie.,

o =—pl+D(u), D(u)=Vu+ (Vu)’,

with p = p(z,t) the pressure, u = u(z,t) the velocity vector, and u the viscosity.
We assume continuity of the velocity across the interface. In combination with the
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conservation laws of mass and momentum this yields the following standard model
(ct., for example, [23, 22, 26, 25]):

—div(g;D(u)) + pi(u-V)u—Vp=p;g in
(1.1) fori=1,2,
divu=0 in

(1.2) [en]r = 7Kn, [u]r =0.

The vector g is a known external force (gravity). In addition we need boundary
conditions for u at 02. For simplicity we take homogeneous Dirichlet boundary
conditions. The two Navier-Stokes equations in (1.1) and the coupling conditions at
the interface in (1.2) can be reformulated into one Navier—Stokes equation in the whole
domain in which the effect of the surface tension is expressed in terms of a localized
force at the interface; cf. the so-called continuum surface force (CSF) model [5, 6]. We
consider this alternative formulation in a standard weak form (as in [12, 27, 28, 29, 30])
in the spaces

V= H}(Q)?, Q::Lg(Q):{qeL2(Q)| /qux:O}.

For the L? scalar product we use the notation (f,g) := fQ fgdx (and similarly for
vector functions). The standard norm in V is denoted by || - ||1. The weak formulation
is as follows: Determine (u,p) € V x @ such that

(1.3)
/Q %D(u) :D(WV)dz+ (pu-Vu,v) + (divv,p) = (pg,v) + fr(v) forallv eV,

(divu,q) =0 for allg € Q,

with
14 =7 [ Knr-vds,
(1.4) o) =7 [ Ko v

and D(u) : D(v) = tr((D(u)D(v)). The functions p and p are strictly positive and
piecewise constant in €;, ¢ = 1,2. For I' sufficiently smooth we have sup, |K(z)| <
¢ < 00, and thus

(1.5) |fr(v)| < CT/ Inr - v|ds < c|vlL2q) < cl|v|ly forall veV.
r

Here and in the remainder we use the notation ¢ for a generic constant. From (1.5)
we see that fr € V', and thus under the usual assumptions (cf. [13]) the stationary
Navier—Stokes equations (1.3) have a unique solution. We emphasize that the location
of the interface is in general unknown and has to be determined (approximated) before
the Navier-Stokes equations (1.3) can be solved. In this paper we assume that the
unknown interface is captured using a level set technique. For a discussion of level
set methods in incompressible two-phase flow problems we refer to the literature
[6, 14, 21, 24]. We assume that the interface I' is characterized as the zero level of the
level set function d, which locally (close to the interface) is a signed distance function.
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We now turn to the discretization of (1.3). We assume that S is a triangulation of
) consisting of tetrahedra. With this triangulation we associate a mesh size parameter
H. Let Vg C V, Qg C @ be standard polynomial finite element spaces corresponding
to the triangulation S, for example, the Hood—Taylor P»,-P; pair. In practice, the
triangulation S is locally refined close to the interface I' but not aligned with this
interface; cf. Figures 2.1 and 6.1. The Galerkin Discretization is as follows: Determine
(ug,pr) € Vg x Qg such that

/ gD(UH) :D(vy)dx + (pug - Vug,vy) + (divvy, pr)
Q

(1'6) = (pg,VH) + fF(VH), for all vy € Vg,

(divupg,qr) =0 for all gy € Qn.

For this discrete problem, many important theoretical issues are still unsolved. For
example, regarding iterative solvers there is the issue of robustness w.r.t. large jumps
in the density and viscosity coefficients (results for Stokes equations are given in
[20, 19, 18]). A second example is the effect of errors in the approximation of fr(vy)
on the accuracy of the flow variables. In this paper we treat the latter topic.

As mentioned above, the interface I' has to be approximated. Furthermore, to
evaluate the integral in (1.4) the curvature of I has to be approximated and a quadra-
ture rule may be needed. Thus the term fr(vy) on the right-hand side in (1.6) will
be replaced by an approximation f (vi). For the effect of the surface tension force
approximation error on the accuracy of the velocity and pressure variables, the quan-
tity
(17) sup fr(ve) — f(vu)

vevy vl

is crucial (Strang lemma). The two main ingredients in the approximation method
that we use are the following. First, a Laplace-Beltrami characterization of the cur-
vature is used. This technique has been applied in mean curvature flows (cf. [7])
and in flows with a free capillary surface (cf. [3, 4]). Application of this technique in
two-phase incompressible flows can be found in [12, 11, 14, 17]. Second, the unknown
interface I' (zero level of d) is approximated as the zero level 'y, of a finite element
approximation dj, of d. The approximate interface I'j, consists of triangular faces. The
parameter h is the maximal diameter of these faces and is not necessarily of the same
order of magnitude as H. For this approximation technique we derive a sharp bound
for the quantity in (1.7). The main result of this paper is the O(v/h) bound given in
Corollary 4.8. We do not know of any literature in which, for this technique or for any
other technique for approximating fr(vg), rigorous bounds for the quantity in (1.7)
are derived. A numerical experiment (given in section 6) indicates that the O(v/h)
is sharp. Our analysis reveals how the approximation method can be improved. A
modified new approach, resulting in an O(h) bound, is presented in section 5.

2. Approximation of the surface tension force fr(vg). In this section we
explain how the localized surface tension force term, fr(vy) in (1.6), is approximated.
For this we first need some notions from differential geometry.

Let U be an open subset in R3 and I' a connected C? compact hypersurface
contained in U. For a sufficiently smooth function g : U — R the tangential derivative
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(along T) is defined by projecting the derivative on the tangent space of T, i.e.,
(2.1) Vrg=Vg—Vg- -nrnr.
The Laplace—Beltrami operator of g on I' is defined by

Arg :=Vr-Vrg.

It can be shown that Vg and Arg depend only on values of g on I". For vector valued
functions f, g : I' — R3 we define

3
Arf:=(Arfi,Arfo, Arfs)",  Vrof-Vrg:i=Y_ Vrfi-Vrg.

i=1

We recall the following basic result from differential geometry.

THEOREM 2.1. Letidr : I' — R3 be the identity on T and K = k1 + ko the sum
of the principal curvatures. For all sufficiently smooth vector functions v on I' the
following holds:

(2.2) /ICnp -vds = — /(Ap idp) -vds = / Vridr -Vrvds.
r r r

In a finite element setting (which is based on a weak formulation) it is natural
to use the expression on the right-hand side of (2.2) as a starting point for the dis-
cretization. This idea is used in, for example, [10, 4, 12, 14]. In this discretization we
use an approzimation I'y of T.

For the formulation of assumptions on the approximate interface I'j, it is conve-
nient to introduce the signed distance function d : U — R, |d(z)| := dist(z,T") for all
x € U. Thus I is the zero level set of d. We assume d < 0 on the interior of I" (that is,
in ;) and d > 0 on the exterior. Note that np = Vd on I'. We define n(z) := Vd(z)
for all z € U. Thus n = nr on I and |n(z)|| = 1 for all € U. Here and in the
remainder || - || denotes the Euclidean norm. The Hessian of d is denoted by H:

(2.3) H(z) = D%d(z) € R**3 forall z € U.

The eigenvalues of H(x) are denoted by &1 (z), k2(x), and 0. For z € T' the eigenvalues
ki(x), i = 1,2, are the principal curvatures.
We will need the orthogonal projection

P(z) =I—n(z)n(z)? for z €.

Note that the tangential derivative can be written as Vprg = PVg.

Using the distance function d we now introduce assumptions on the approximate
interface I',. In Remark 2 below we indicate how in practice an approximate interface
T, can be constructed which satisfies these assumptions. Let {T', }r~0 be a family of
polygonal approximations of I'. Each T'j, is contained in U and consists of a set Fj,
of triangular faces: I'y, = Upex,T. For 11,1y € Fp, with 17 # T5 we assume that
Ty N'T5 is either empty or a common edge or a common vertex. The parameter h
denotes the maximal diameter of the triangles in Fp: h = maxper, diam(7T). By nj
we denote the outward pointing unit normal on I',,. This normal is piecewise constant
with possible discontinuities at the edges of the triangles in Fj,.
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The approximation I'j, is assumed to be close to I' in the following sense:

(2.4) |d(x)| < ch? forall €Ty,
(2.5) essinfyer, n(z) 'ny,(z) > ¢ >0,
(2.6) esssup,cr, ||P(z)n,(z)]| < ch.

Here ¢ denotes a generic constant independent of h.
Remark 1. The conditions (2.5), (2.6) are satisfied if

(2.7) esssup,cr, ||n(z) — np(z)|] < min{co,ch} with ¢ < V2
holds. This easily follows from

In(z) = np(2)|* = 2(1 - n(z) "0y (2))
and

[P ()0 ()] = [P (2) (n(z) — 04 (2))[| < [n(z) —np(2)].

Remark 2. We briefly explain the approach that is used in [14] (cf. also [9]) for
computing I'y. Let S be the (locally refined) triangulation of €2, consisting of tetra-
hedra, that is used for the discretization of the flow variables with finite elements;
cf. (1.6) (in our approach we use the Hood—Taylor P,-P; pair). The level set equation
for d is discretized with continuous piecewise quadratic finite elements on a triangula-
tion 7. This triangulation is either equal to S or obtained from one or a few regular
refinements of S (the subdivision of each tetrahedron in eight child tetrahedra). The
piecewise quadratic finite element approximation of d on 7T is denoted by d;. We
now introduce one further regular refinement of T, resulting in 77. Let I(dy) be the
continuous piecewise linear function on 7’ which interpolates dj, at all vertices of all
tetrahedra in 7’. The approximation of the interface I is defined by

T, = {zeQ|I(d)(z)=0}

which consists of piecewise planar segments. The mesh size parameter h is the maxi-
mal diameter of these segments. This (maximal) diameter is approximately the (max-
imal) diameter of the tetrahedra in 7’ that contain the discrete interface; i.e., h is
approximately the maximal diameter of the tetrahedra in 7' that are close to the
interface. In Figure 2.1 we illustrate this construction for the two-dimensional case.

Each of the planar segments of I'j, is either a triangle or a quadrilateral. The
quadrilaterals can (formally) be divided into two triangles. Thus T'j, consists of a set
Fp, of triangular faces. For the example considered in section 6, in which I' is a sphere,
the resulting polygonal approximations I'y, for h = % and h = %0, resp., are shown in
Figure 2.2.

We note the following facts related to the assumptions (2.4)—(2.6). If we assume
|I(dp)(x) — d(z)| < ch? for all z in a neighborhood of T', which is reasonable for
a smooth d and piecewise quadratic dj, then for x € T'), we have |d(z)| = |d(x) —
I(dp)(x)| < ch?, and thus (2.4) is satisfied. Instead of (2.5), (2.6) we consider the
sufficient condition (2.7). We assume ||Vd(z) — VI(dy)(z)|| < ch for all z in a
neighborhood of I' (z not on an edge), which again is reasonable for a smooth d and
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Fic. 2.1. Construction of approximate interface for the two-dimensional case.
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Fic. 2.2. Approzimate interface T'y, for the example from section 6 on a coarse grid (left) and

after one refinement (right).

1+ O(h)

piecewise quadratic dj. Due to ||Vd|| = 1 we then also have ||VI(dy)(z)]|

in a neighborhood of T'. For z € T'j, (not on an edge) we obtain

ch,

AIVI(dn) ()| + IVI(dn)(x) = Vd(z)]| <

@

is satisfied (for h sufficiently small).

IVI(dp

Given an approximate interface I'y, the localized force term fr(vy) is approxi-

and thus (2.7)
mated by

vg € V.

th (VH) = T/ Vrh idrh 'VF;LVH dS,
Tn

)

fv

(2.8)

on the family {T';,},~0 in section 4 we will derive

)

2.6

(

)

24

(
a bound for the approximation error

Under the assumptions

with fr, (vg) asin (2.8).

fr(va) — fr,(vu)

sup
vHEVH

(2.9)

[Vl

7 Jp Kv-nds is a bounded

it follows that the linear functional

) =

A%

(

)

Remark 3. From Theorem 2.1, the fact that fr
linear functional on V, and a density argument

(@)’

-Vrvds , v E

fp: v—>7‘/Vpidp
r

(2.10)
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has a unique bounded extension to V. Therefore, for fr : V — R we can use both the
representation in (1.4) and the one in (2.10) (these are the same on a dense subset).
This, however, is not the case for fr,. Because I';, is not sufficiently smooth, a partial
integration result as in Theorem 2.1 does not hold. The linear functional

V=T Vph idph 'thV ds
Tn

is not necessarily bounded on V. For this reason the restriction to vy from the finite
element space Vy in (2.9) is essential.

Remark 4. At many places in this section, for example in (2.2), (2.3) and (implic-
itly) in (2.4), and also in the analysis presented in the next section, the assumption
that I' is a C? smooth interface plays a crucial role. We do not know of any literature
in which smoothness properties of the interface are analyzed for a Navier—Stokes in-
compressible two-phase flow problem with surface tension. In [2] and [1] a two-phase
Stokes flow problem without surface tension, in which the evolution is driven by the
gravity force, is analyzed. In [2] it is proved that if the initial configuration has a C?
smooth interface I' = I'(0), then for arbitrary finite time ¢ > 0 the interface I'(¢) is a
surface of class C27¢ for arbitrary € € (0,2]. In [1] it is shown that if T'(0) is a C%*¢
smooth surface, with £ > 0, then I'(¢) is of class C?**, too, for all t € [0,T] and T > 0
sufficiently small.

3. Preliminaries. In this section we collect some results that will be used in
the analysis in section 4. The techniques that we use come from the paper [8]. For
proofs of certain results we will refer to that paper.

We introduce a locally (in a neighborhood of T') orthogonal coordinate system by
using the projection p: U — I':

p(x) =z —d(x)n(z) forall z e U.

We assume that the decomposition = p(x) + d(x)n(z) is unique for all z € U. Note
that

n(z) =n(p(z)) foral zeU.

We use an extension operator defined as follows. For a (scalar) function v defined on
I' we define

vi(z) == v(x — d(z)n(z)) = v(p(z)) for all z e U;

i.e., v is extended along normals on I'. " We will also need extensions of functions
defined on T'j, to U. This is done again by extending along normals n(z). For v
defined on I';, we define, for x € T'y,

(3.1) vp, ( +an(z)) :=v(x) forall a € R with x4 an(x) € U.

The projection p and the extensions vf, vf, are illustrated in Figure 3.1.
We define a discrete analogue of the orthogonal projection P:

P, (z) := T —ny(2z)ny(x)T for 2 €T}, 2 not on an edge.

The tangential derivative along I'y, can be written as Vr,g = P,Vg. In the analy-
sis a further technical assumption is used, namely that the neighborhood U of I is
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FiGc. 3.1. Ezample for projection p and construction of extension operators. ni and nz are
straight lines perpendicular to T'. For v defined on I we have vf = v(z1) on ni. For vy defined on
T}, we have vﬁh = vp(&2) on na.

sufficiently small in the following sense. We assume that U is a strip of width § > 0
with
(3.2) 5t > max ll5s ()| Loo 1y -

Assumption 1. In the remainder of the paper we assume that (2.4), (2.5), (2.6),
and (3.2) hold.

We present two lemmas from [8]. Proofs are elementary and can be found in [8].
LEMMA 3.1. For the projection operator P and the Hessian H the relation

P(z)H(z) =H(z)P(z) =H(z) forall €U
holds. For v defined on T' and sufficiently smooth the following holds:
(3.3) Vr,vi(z) = Py(z) (I — d(z)H(z))P(z)Vrv(p(z)) a.e. on Ty,

Proof. The proof is given in section 2.3 in [8]. d

In (3.3) (and also below) we have the result “a.e. on I'y” because quantities
(derivatives, Py, etc.) are not well defined on the edges of the triangulation T'p,.

LEMMA 3.2. For x € T}, (not on an edge) define

B4 @) = [y (1 - d@)s(@)]n@) (),
(3.5) A(x) = ﬁP(x) [I—d(z)H(z)| Py () [I - d(z)H(z)|P(z).

Let At, be the extension of A as in (3.1). The following identity holds for functions
v and Y that are defined on Ty, and sufficiently smooth:

(36) - VFhU . thwdS = AA?hVFUFh ' vole“h ds.
h

Proof. The proof is given in section 2.3 in [8]. 0
Due to the assumptions in (2.5) and (3.2) we have essinf,cp, p(x) > 0, and thus
A(z) is well defined.

We now derive two further results that are needed in the analysis in section 4.
LEMMA 3.3. There exists a constant ¢ independent of h such that

IVrog 2y < cl|Vr,lle,) forall ve HY(T,)NC(Ty).
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Proof. Due to Lemma 3.2 we have

”VF;LU

2ac,) = / AL (9) Vo, (y) - Veud, (4) ds(y)

with ds(y) the surface measure on I Take x € I', with p(z) = y. If  does not
lie on an edge, we have A} (y) = A(z) with A(z) as in (3.5). We drop the symbol
x in the notation and write A(z) = A = %P(I — dH)P,(I — dH)P. Decompose

n;, as n, = an + fnt with |[nt|| = 1 and n”nt = 0. From (2.5) is follows that
a>c¢>0and thus 32 <1 —¢? < 1. Take z € range(P) with |z|| = 1. We then have
IPrzll > 2]l — |zTmn| = ||z — |8]|zTn*| > (1 — |B])||z||. Hence, there is a constant

¢ > 0 such that
|[PLPw| > c||Pw| forall we R®.

Using (3.2) it follows that there is a constant ¢ > 0 such that ||(I — dH)w| > c|jw||
for all w € R3. Note that u = u(z) > ¢ > 0 holds. From these results we obtain,
using PH = HP (Lemma 3.1),

1
wl Aw = ;wTP(I — dH)P,(I - dH)Pw

1
= —||P,P(I - dH)w|* > c¢|Pw|?* for all w e R,
u

with a constant ¢ > 0. This yields, using n(z) = n(p(z)) = n(y),

b w-w=wAl@)w > c|[P(x)w]* = ||P(y)w|?,
with ¢ > 0. For w = Vruf, (y) we have P(y)w = P(y)Vrog, (y) = Vrop, (y), and
thus we get

Ve, 0020, = / A% (y)Vivk, () - Vo, (4) ds(y)

> / Vrot, (u) - Vrog, (0) ds(y) = ¢ [[Veok, [0,

with a constant ¢ > 0. |
LEMMA 3.4. The following holds:

ess sup,crl|(Af, (y) —DP(y)| < ch®.

Proof. Take y € T and a corresponding x € T', such that p(z) = y. Assume that
x does not lie on an edge of the triangulation I'j,, which is true for almost all y € T'.
Then we have

(Ar, (y) —DP(y) = (A(z) - DP(2).
We drop the symbol z in the notation and write A(z) = A = LP(I-dH)P;,(I-dH)P.

T on
Note that |u| = pu(z) > ¢ > 0 holds. Decompose ny, as n;, = an+ n’ with |nt| =1
and n”nt = 0. Due to (2.5) we have = n’n, > ¢ > 0. From (2.6) we get

IPny|| = |8] < ch. Hence,

1—a?
1+«

(3.7) n'ny, —1j=1-a= <1-a?=p3*<ch?
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Using this and |d(z)| < ch?, |k;i(z)] < ¢, we obtain |u — 1| < ch?. Thus

1 I —1]
3.8 1
( ) |u | o)

< ch?
holds. We have

(A-T)P = iP(I — dH)P),(I— dH)P — P

_ Ki _ 1) P(I - dH)P;,(I - dH)P] + [P~ dH)P,(1 - dH)P — P

and consider the two terms on the right-hand side separately. For the first term we
get, using (3.8),

H (/i - 1) PI-dH)P,(I—- dH)PH < ‘i - 1’ (L4 ch®)(1+ch?) <ch®

For the second term we obtain, using (2.6),
|P(I - dH)P,(I-dH)P — P|| < |PP,P — P| + ch?
= |Pnun} P| 4 ch? = |Pny||* + ch? < ch?.

Combination of these bounds completes the proof. ]

4. Approximation error analysis. We are interested in the difference between
the terms

T/Vpidevads and T th idrh ‘VFhVHdS for vg € V.
r Tn

Since Vridr -Vrvyg = Zle Vr(idr); - Vr(vg); we consider only one term in this
sum, say the ith. We write idr and v for the scalar functions (idr); and (vg);,
respectively. We write idr, for (idp, );. Note that

VF idp =PV idp = Pei, Vph ith = PhVidph = Phei,

with e; the ith basis vector in R3. We introduce scalar versions of the functionals fr
and fr, defined in (2.10) and (2.8) (without loss of generality we can take 7 :=1):

g(v) = / Vridr -Vrvds, gp(v) = Vr, idr, -Vr,vds.
r

T'n

As noted in Remark 3, g is a bounded linear functional on H*(U). To guarantee that
gn and the extension operator in (3.1) are well defined we assume v € H(T',)NC(Ty,).
Therefore, in the analysis in this section we use the subspace W of H'(U) consisting
of functions whose restriction to ', belongs to H(T';) N C(Ty,).

Remark 5. If we use a Hood-Taylor pair Vg x Qg in the discretization of the
Navier-Stokes equations, then the ith component v € Vi of vy € Vg = (Vy)3
is continuous and piecewise polynomial (on the tetrahedral triangulation §). Thus
v € W holds.
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In this section we first derive, for v € W, a bound for |g(v) — g (v)| in terms of
lvll1,v == ||[v]|g1 @y and ||V, v|[r2(r,). This bound is given in Corollary 4.4. Using
this bound we then derive a bound for

sup g(v) — gn(v)
vevy vl

cf. Theorem 4.7. This immediately implies a bound for the approximation error as in
(2.9); cf. Corollary 4.8.
The analysis is based on the following splitting:

(4.1)

g(v) = gn(v)

= / Vridr -Vyrvds — Vrh id? 'Vrh’l) ds + th (id% — ith> . Vph’v ds
r Fh Fh

@9 / Vridr Vo ds — / AL Vridp -Vrof, ds + / Vr, (idé —idr, ) - Vr, v ds
T T r

h

= / Vridr -Vr(v —vp, ) ds + /(I — At )Vridp -V, ds
r r

+ Vr, (idf —idr, ) - Vp,vds.

T'n

In the lemmas below we derive bounds for the three terms in (4.1). Note that the
first two terms do not involve idp, .
LEMMA 4.1. The following holds:

< ch?||Vr,vllpzr,) for all ve W.

/F(I — A%h)VF idp «VF’UEL ds

Proof. Using the Cauchy—Schwarz inequality and the results in Lemmas 3.3 and
3.4 we obtain

/(I — A?}L)VF idr 'VFUIG“;L ds /(I — A%}L)PVF idr 'VFU?,L ds
r r

<ess sup,crl|(I— AR, (¥)P@) [|Vridr |22 @) [[Vror, 2
< ch? |V, vl

and thus the result holds. 0
LEMMA 4.2. The following holds:

Vr, (idp —idr,) - Vr,vds| < ch||Vr,v|lL2r,) for all ve W.

Tn

Proof. From Lemma 3.1 we get for z € I'j, (not on an edge),
Vr, idf(z) = Py(2) (I - d(2)H(2))P(2) Vr idr(p(z))

=Pp(z)(I— d(z)H(z))P(z)e;.
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We also have Vr, idr, = P, Vidr, = Pje;. Hence,

(4.2) Vph (ld% — ith) . VF,LU ds
Fh
= / (Ph(I — dH)Pei — Phei) . Vrhv ds
'y

< c esssup,cr, [ P4 (@) (I - d()H(@))P(x) — Pu(@)] IV, ol 2qr,)
(13) < cesssup,er, ([Pa(@)P(@) - Py(o)]
(4.4) + |d(@) [P (2)H(2)P(@) )| Vr, vl L2 (ry)-
Note that |d(z)| < ch? for x € T, and

esssup,cr, ||Px(z)H(z)P(z)|| < esssup,cr, [|[H(z)| < c

For the term in (4.3) we have (we drop z in the notation)

[P4P — Pyl = [Ppun” | < [Pyn] < [Py + Pog | + [Po .
For the first term we get, using (3.7),

IPrn+ Py = H(l — nTnh)(n—l— nh)H <2]1- n'n,| < ch?.

From (2.6) we get ||Pny|| < ch (a.e. on IT'y). Thus ||Px(2)P(z) — Pp(z)|| < ch holds
a.e. on I'p. As an upper bound for (4.2) we obtain ch ||V, v||2(r,)- O
LEMMA 4.3. The following holds:

/ Vridr -Vr(v —vp, ) ds
r

<ch|vl1,u for all veW.

Proof. We take v € C'(U). For y € T we have vf, (y) = v(y + 6(y)n(y)) with
a unique §(y) > 0 such that y + 6(y)n(y) € T. Note that 6(y) < ch? holds. Let
U,, C U be a strip around I'" that contains I';, and has width m < ch?. We now have

/Vpldp -Vr(v—uvg,)ds(y ‘

/ Aridr (v(y) — v(y = 6(y)n(y))) dS(y)’

S/IAridr\
T

o(y)
<c//

For x = y + tn(y) with 0 < ¢ < §(y) we use n(z) = n(p(x)) = n(y) and obtain

5(¥) g
/] g+ m(y)) di| ds(y)

(

y £ in(y ))' dt ds(y).

/FVpidp ~Vp(v—v§h)ds(y)‘ < C/U [n(z) - Vo(z)| dx

<c (/ 1dx) (/ (Vv)? dx) <ch|v|1u-
U Um

N|=
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A density argument yields the same bound for all v € W. ]
A direct consequence of the previous three lemmas is the following corollary.
COROLLARY 4.4. The three terms in (4.1) can be bounded by

(4.5) / Vridr - Ve(o - of, ) ds| < chllolho,
r

(4.6) /(I — Af,)Vridr -Vrof, ds| < ¢h? ||V, vl (),
r

(4.7) Vr, (idp —idr,) - Vr,vds| < ch||[Vr, vz,
IV

and thus

19(0) = gn()| < ch [vllw +ch? [ Ve, vllae) + e Ve, ol o, forall ve W

holds.

In view of Corollary 4.4 and the error measure in (2.9), we want to derive a bound
for ||V, v|[z2(p,) in terms of |[v]|; for v from the scalar finite element space V. An
obvious approach is to apply an inverse inequality combined with a trace theorem,
resulting in
(4.8) Ve, olleemn < chpillvllzz,) < chgiglloll for all v e Vi
This, however, is too crude (cf. the bound in Corollary 4.4). To derive a better bound
than the one in (4.8) we have to introduce some further assumptions related to the
family of triangulations {T'; }r,~0. We assume that to each triangulation I'y, = Upec s, T
there can be associated a set of tetrahedra S;, with the following properties:

(4.9) For each T' € F}, there is a corresponding S € S, with T' C Sp.
(4.10) For Ty, Ty € Fy, with Ty # T» we have meas3z(St, N St,) = 0.

(4.11) The family {Sp,}r>0 is shape-regular.

(4.12) coh < diam(St) < ch for all T € Fj, with ¢g > 0 (quasi-uniformity).
(4.13) For each Sy € &}, there is a tetrahedron S € S such that Sp C S.

Recall that S is the (fixed) tetrahedral triangulation that is used in the finite element
discretization of the Navier—Stokes problem in (1.6). Note that the set of tetrahedra
S, has to be defined only close to the approximate interface I';, and that this set does
not necessarily form a regular tetrahedral triangulation of 2. Furthermore, it is not
assumed that the family {T';, },~ois shape-regular or quasi-uniform.

Remark 6. Consider the construction of {I', }p>0 as in Remark 2. The approxi-
mate interface I'y, is the zero level of the function I(d},), which is continuous piecewise
linear on the tetrahedral triangulation 7":

I'y =urT.

Each T is a triangle or a quadrilateral. To each T there can be associated a tetrahedron
St € T' such that T C Sp. If T is a quadrilateral, then we can subdivide T" and
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St in two disjoint triangles T3, T5 and two disjoint tetrahedra St,, St,, respectively,
such that T; C St, C St for ¢ = 1,2. One can check that this construction results in
a family {Sy,}n>0 that satisfies conditions (4.9)—(4.13).

In the following lemma we consider a standard affine mapping between a tetrahe-
dron St € Sp, and the reference unit tetrahedron and apply it to the triangle T' C Srp.

LEMMA 4.5. Assume that the family {T'y }n>o is such that for the associated family
of sets of tetrahedra {Sp}n>o conditions (4.9)—(4.13) are satisfied. Take T € F, and
the corresponding St € Sy,. Let S be the reference unit tetrahedron and F(z)=Jz+b
an affine mapping such that F(S’) = Sr. Define T := F~Y(T). The following holds:

S)

4.14 2 meass( -1
(4.14) 91 ey S
(4.15) ja-yzmeasa (D)

meass (7))

with constants c independent of T and h.
Proof. Let p(St) be the diameter of the maximal ball contained in St and
similarly for p(S). From standard finite element theory we have

diam(St)
(8)
Using (4.11) and (4.12) we then get

EE tonl),

(S

S B i

, measz(S) < diam(S7)? . . .
d <ch
[J] moass(S1) = c meass (Sr) = c diam(St)™" <ch™ ",

and thus the result in (4.14) holds.

The vertices of T = F~ YT) are denoted by Vi, i =1, 2,3. Let V1 Vs be the
longest edge of T and M the point on this edge such that MV; is perpendicular to
V1 V. Define V; := F(V), i=1,2,3, and M := F(M). Then V;, i = 1,2,3, are the
vertices of T and M lies on the edge V71 V5. We then have

N 1 - N N N
nmwﬂZQM—%W%—M\*W V= W) 37V = M)
> La20vs - Vallive = M1 2 ¢ - 2EX ensyr)
2 —  diam(St)? ’
with a constant ¢ > 0. Thus we obtain
”J_1”2mea32(7j) <o diam(S ) dlam(A T)? <e
meass(T) p(St)? p(S)?
which completes the proof. 0

THEOREM 4.6. Assume that the family {T'n}rso is such that for the associated
family of sets of tetrahedra {Sp}n>o conditions (4.9)—(4.13) are satisfied. The follow-
ing holds:

IV, vllLzm,) < ch™2|v|ly for all v € V.
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Proof. Note that

IVeolZamn = Y IVrolliaer.
TEFn

Take T € F;, and let St be the associatgd tetrahedron as explained above. Let S be
the reference unit tetrahedron and F' : S — St as in Lemma 4.5. Define v := vo F.
Using standard transformation rules and Lemma 4.5 we get

IVrolZe(r) = IPaVollZecry < IVolZam) = Y 10%0]Za)

la|=1
<clITHP YD 10%0) 0 F Y Fa
laj=1
measz T N R
<ol PR Z 1060202y < ¢ 3 106102,
‘ =1 |a|=1
2
<ec max |0%0( max |0%0( ,
2 M‘ o e 3 max|orate)

lor|=1 lee]=1

with a constant ¢ independent of 7'. From (4.13) it follows that 9 is a polynomial on
S of maximal degree k, where k& depends only on the choice of the finite element space
V. On P} :={pe€ P, | p(0) =0} we have, due to equivalence of norms,

> max [0%0(x “<e > 10°0]13, 5, forall o€ Py,
laj=1 *€9 lal=1

Because 0% is independent of #(0) for v € Py and |a| = 1, the same inequality holds
for all 0 € Py. Thus we get

IVrolgary < Y 10%0]325 < cllTN? Y 1(0%) o FII7. g

ler|=1 lal=1

o meass(S

cllJ|l Z ||aa’UHL2(sT) <ch” HV'UHLQ(ST)a

\Il

meass(St)

with a constant ¢ independent of T and h. Using (4.10) we finally obtain

IV, vl em,) <ch™ D IVuleisy
TeF,
<ch ! / (Vo)2da < chY[o|2,
Q
which proves the result. O

We now present the main result of this paper.
THEOREM 4.7. Let the assumptions be as in Theorem 4.6. The following holds:

p L0 =)

veVy ||UH1
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Proof. Combine the result in Corollary 4.4 with that in Theorem 4.6. |

As a direct consequence we obtain the following.

COROLLARY 4.8. Let the assumptions be as in Theorem 4.6. For fr and fr, as
defined in section 2 the following holds:

sup fr(va) = fr,(va) < rev/h.

veVa Vel

Proof. Note that
fr(vu) = fr,(ve)

= Ti (/r Vr(idr); - Vr(ve)ids —

and use the result in Theorem 4.7. |

An upper bound O(\/E) as in Corollary 4.8 for the error in the approximation of
the localized force term may seem rather pessimistic, because I'y, is an O(h?) accurate
approximation of I'. Numerical experiments in section 6, however, indicate that the
bound is sharp.

th (lth)Z ) th (VH)i dS) )

IS

5. Improved approximation of the localized force term fr(vy). In this
section we show how the approximation of the localized force term can be improved,
resulting in an improved error bound of the form O(h) (instead of O(Vh)).

From Corollary 4.4 and Theorem 4.6 we see that the v/ behavior is caused by the
estimate in (4.7):

(5.1) < ch|[Vr, ol

/ Vrh (ldle; - idph) . Vr*hv ds
I'n

The term Vr, idr, that is used in g5 (v) occurs in (5.1) but not in the other two terms
of the splitting; cf. (4.5), (4.6). We consider

an(v) = my, - Vp,vds
IS
and try to find a function my, = my(x) such that g, (v) remains easily computable and
the bound in (5.1) is improved if we use my, instead of Vr, idr,. The latter condition
is trivially satisfied for mj, = Vp, idp (leading to a bound 0 in (5.1)). This choice,
however, does not satisfy the first condition, because I' is not known. We now discuss
another possibility that is used in the experiments in section 6.
Due to |d(z)| < ch? we get from Lemma 3.1, for z € T'y:

Vr, idf(2) = Py(2)P(2)Vr idr (p(2)) + O(h%) = Py(2)P(z)e; + O(h?).
In the construction of the interface 'y, (cf. Remark 2), we have available a piecewise
quadratic function dj ~ d. Define
~ th (l‘) ~

ny(z) := TVan@’ P, (z);=1—1,(z)n,(x)T, zeTy.

Thus an obvious modification is based on the choice my(z) = Pp(x)Ppr(x)e;, ie.,

(5.2) gn(v) == / P, (z)Pp(z)e; - Vp,vds = / Py (z)e; - Vp,vds.
Ty Tn
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In this approach the approximate interface I'y, is not changed (piecewise planar). For
piecewise quadratics dj and v, the function Vr,v = P, Vv is piecewise linear and
P).e; is piecewise (very) smooth on the segments of T';. Hence, the functional in (5.2)
can be evaluated easily.

Under reasonable assumptions the modified functional indeed yields a better error
bound.

LEMMA 5.1. Assume that there exists p > 0 such that

(5.3) |Vdn(xz) — Vd(x)|| < ch?  for x€T.

Then the following holds:

/ (Vr, idf fPhlahei) - Vp,vds| < ¢hminip2} IVr,vllL2@,) forall veW.
I'n

Proof. Using ||Vd|| = 1 it follows that |Vdy|| = 1+ O(h?) holds. We can use the
same line of reasoning as in the proof of Lemma 4.2. The term in (4.4) remains the
same. Instead of the term in (4.3) we now get ||Py,(z)P(z) — Py (z)Py(x)||. We drop
z in the notation, and using the assumption we obtain

[Py P — PPy = [Ph(P —Py)| < [nn” — a0

< 100 = )0 | + 1 (m — ) = 20—
Vdy ’
=21|Vd —
H V]

< 21— [|[Vdp || I Vdn| + 2 Vd = Vdy|| < ch?.

Thus we get an estimate |[P,P — P,P,| < ch?. Combined with the inequality
|d(2)||Pr(z)H(z)P(x)|| < ch? for the term in (4.4) this proves the result. 0

If we assume that the condition in (5.3) is satisfied for p = 2, which is reasonable
for a piecewise quadratic approximation dj of d, we get the following improvement
due to the modified functional g;, (cf. Corollary 4.4):

l9(v) = gn()| < chllvliu +ch? | Vr,v

|L2(r,y forall ve W.

Combining this with the result in Theorem 4.6 yields (under the assumption as in
Theorem 4.6)

19(v) — Gn(v)| < ch|fvlru + ch? o]y forall ve Vg.

Hence, using this modified functional g5, we have an O(h) error bound. This significant
improvement (compared to the O(v/h) error bound for the functional gj,) is confirmed
by the numerical experiments in the next section.

6. Numerical experiments. In this section we present results of a numerical
experiment which indicates that the O(v/A) bound in Corollary 4.8 is sharp. Further-
more, for the improved approximation described in section 5 the O(h) bound will be
confirmed numerically.

We consider the domain  := [—~1,1]3, where the ball Q; := {x € Q| ||x|| < R}
is located in the center of the domain. In our experiments we take R =

—

bR
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A"A AAVAVAVAVAVNN“VA;

F1G. 6.1. Lower half of the four times refined mesh Ty.

For the discretization a uniform tetrahedral mesh 7j is used, where the vertices
form a 6 x 6 x 6 lattice; hence hg = % This coarse mesh 7y is locally refined in
the vicinity of I' = 9€Q; using an adaptive refinement algorithm presented in [15].
This repeated refinement process yields the gradually refined meshes 771, 72, ... with
local (i.e., close to the interface) mesh sizes h; = % .27t =1,2,.... Part of the
tetrahedral triangulation 74 is shown in Figure 6.1. The corresponding finite element
spaces V; := V. = (V},,)® consist of vector functions where each component is a
continuous piecewise quadratic function on 7;.

The interface I' = 0 is a sphere, and thus the curvature K = % is constant.
If we discretize the flow problem using V; as a discrete velocity space, we have to
approximate the surface tension force as

2T .
(6.1) friv) == / nr-vds = T/ Vridr-Vrvds, vev,.

R Jr r
To simplify notation, we take a fixed i« > 0, and the corresponding local mesh size
parameter is denoted by h = h;. For the approximation of the interface we use the
following approach (cf. Remark 2). The interface T' is the zero level of the signed
distance function d. In this test problem, d is known. For the finite element approx-
imation dp, € V}, of d we take the continuous piecewise quadratic function on 7; that
interpolates d at the vertices and midpoints of edges. Then I(d},) is the continuous
piecewise linear function on 7; that interpolates dj, at the vertices of all tetrahedra
in 7/; cf. Remark 2 (note that in this test problem, d}, also can be computed by
piecewise linear interpolation of d on 7). The approximation of I is defined by

Ty ={zeQ|I(dy)(x) =0}

and is illustrated in Figure 2.2. The discrete approximation of the surface tension
force is

fr,(v)=71 [ Vr,idr, -Vrvds, v eV,
'n
We are interested in (cf. Corollary 4.8)
v = sup LV = ()
’ vev; HVHl

(6.2) lfo = fr,
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The evaluation of fr(v), for v € V,, requires the computation of integrals on curved
triangles or quadrilaterals I' NS, where S is a tetrahedron from the mesh 7;. We are
not able to compute these exactly. Therefore, we introduce an artificial force term
which, in this model problem with a known constant curvature, is computable and
sufficiently close to fr.

LEMMA 6.1. For v eV = (H}(Q))? define

P T
fr.(v) = — n-vds
: ( ) R Ty

(n;, denotes the piecewise constant outward unit normal on Ty ). Then the following
inequality holds:

(6.3) Ife = frallv: < ch.
Proof. Let Q4 C € be the domain enclosed by I'y,, i.e., 91, = I'y. We define

D;f =W\ Qup, Dy =01, \ Qp, and Dy, = D,‘f U D, . Due to the Stokes theorem,
for v € V we have

A 2
(6.4) fo(v) = fo, (v)] = 22 / divvdsc—/ divv dz
R 931 Q1n
2T . .
(6.5) = / leVdX—/ divvdx
R |/pf Dy,
2T .
(6.6) < — |divv|dz.
R Jp,

Using the Cauchy—Schwarz inequality, we get the estimate

|fr(v) = fr, (V)| < e/|Dull[v]y  for all v e V.

For the piecewise planar approximation I'j, of the interface I' we have |Dy,| = O(h?),
and thus (6.3) holds. |

From Lemma 6.1 we obtain ||fr — fr, |[v: < ¢h with a constant ¢ independent of
j. Thus we have ’

(67) Hth - thHV; —ch < HfF - th”VQ < Hth - thHV; + ch.

The term || fr, — /o, [[v: can be evaluated as follows. Since Iy, is piecewise planar and
v € V; is a piecewise quadratic function, for v € V;, both fph (v) and fr, (v) can
be computed exactly (up to machine accuracy) using suitable quadrature rules. For
the evaluation of the dual norm || - [|y;; we proceed as follows. Let {¢;};=1,...n be the
standard nodal basis in V; and J : R™ — V; the isomorphism J& = ZZ=1 Tr@y. Let
My, be the mass matrix and Ay the stiffness matrix of the Laplacian:

(Mp)ij = /Qﬁbz - ¢; de,
1<, < n.

(Ap)ij = /QquZ- V¢, dz.
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TABLE 6.1
Error norms and numerical order of convergence for different refinement levels.

4 Il fr, — fF,L||v§ order || | fr, — fr, ||v; order
0 1.79 E-1 — 1.32 E-1 —

1 1.40 E-1 0.35 4.43 E-2 1.57
2 1.03 E-1 0.45 1.46 E-2 1.61
3 7.22 E-2 0.51 5.06 E-3 1.52
4 5.02 E-2 0.53 1.78 E-3 1.51

Define Oy, = Ay + My,. Note that for v = JZ € V; we have ||v||? = (O}, T). Take
e € V; and define € € R" by e; :=e(¢;), j = 1,...,n. Due to

o) _ |y

/= sup
lelv: = swp Wy = 52— e
we obtain
(6.8) lelv: = sup —28_ _ycv2a =\ Jic e @),
b zern \/(ChT, T)

Thus for the computation of |le[|v, we proceed in the following way:

1. Compute € = (e((ﬁj))?:l.

2. Solve the linear system CjZ = € up to machine accuracy.

3. Compute [le|lv; = \/(Z, €).
We applied this strategy to e := fph — fr,- The results are given in the second
column in Table 6.1. The numerical order of convergence in the third column of this
table clearly indicates an O(v/h) behavior. Due to (6.7) this implies the same O(v/h)
convergence behavior for ||fr — fr,|v;. This indicates that the O(Vh) bound in
Corollary 4.8 is sharp.

The same procedure can be applied with fr, replaced by the modified (improved)

approximate surface tension force

th _TZghz Uz

with gn,; as defined in (5.2). This yields the results in the fourth column in Ta-
ble 6.1. For this modification the numerical order of convergence is significantly
better, namely, at least first order in k. From (6.7) it follows that for ||fr — fr, v
we can expect O(hP) with p > 1. '

Summarizing, we conclude that the results of these numerical experiments confirm
the theoretical O(v/h) error bound derived in the analysis in section 4 and show that
the modified approximation indeed leads to (much) better results.

Results of numerical experiments for a Stokes two-phase flow problem using both
fr, and fr, are presented in [16].
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