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Abstract

In this paper we consider a reaction-diffusion boundary value prob-
lem in a three-dimensional thin domain. The very different length
scales in the geometry result in an anisotropy effect. Our study is mo-
tivated by a parabolic heat conduction problem in a thin foil leading
to such anisotropic reaction-diffusion problems in each time step of an
implicit time integration method [7]. The reaction-diffusion problem
contains two important parameters, namely € > 0 which parameterizes
the thickness of the domain and p > 0 denoting the measure for the
size of the reaction term relative to that of the diffusion term. In this
paper we analyze the convergence of a multigrid method with a robust
(line) smoother. Both, for the W- and the V-cycle method we derive
contraction number bounds smaller than one uniform with respect to
the mesh size and the parameters € and p.
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1 Introduction

In this paper we study a reaction-diffusion boundary value problem on the
domain Q. := [0,1]2 x [0,¢] with 0 < ¢ < 1. We use the notation (.,.)o
and ||.|lo for the standard scalar product and norm in Lo(£2.). The scalar
products and corresponding norms in H*(€.), k = 1,2 are denoted by (.,.)x
and ||.||x, respectively. Let the Dirichlet and Neumann boundaries of Q. be
denoted by

I'p = {(x?ya Z) | (xvy) € [0> 1]2>Z € {075}}7
'y := {(l‘,y, Z) | (xvy) € {0>1}2>Z S [0>5]}’

and define U, := {v € H'(Q.)|v =0 on I'p}. For p > 0 we introduce the
bilinear form

(1)

a(u,v) := (Vu, Vo) + p(u,v)y  for all u,v € U..



This bilinear form is continuous and elliptic on U.. For given f € Ly(€2;)
we consider the following problem: find u € U, such that

a(u,v) = (f,v)o for all ve U.. (2)

For the discretization of this problem we use standard linear conforming
finite elements on a nested family of uniform tetrahedral grids. To obtain a
bound for the discretization error we use the Céa-lemma and a suitable inter-
polation operator. In a two-dimensional domain one can apply the standard
Lagrangian interpolation operator even for such anisotropic problems. For
the three-dimensonal case, however, this operator is not satisfactory. Instead
we use a modified Scott-Zhang interpolation operator which is introduced
in [1]. This operator conserves Dirichlet boundary conditions only on the
upper and lower faces of the domain 2.. As far as we know there is no vari-
ant of this operator that handles the problem with pure Dirichlet boundary
conditions. Therefore we restrict our considerations to the combination of
Dirichlet and Neumann boundaries as in (1). Based on the modified Scott-
Zhang interpolation operator we derive a finite element discretization error
bound in which the dependence on the parameters € and p is explicit. To
solve the discrete problem we consider a multigrid method with a symmetric
z-line Gauss-Seidel smoother. The main topic of our paper is a convergence
analysis of this method. For the multigrid W-cycle we analyze the conver-
gence in the framework of the approximation and smoothing property. We
prove robustness of the multigrid W-cycle method in the sense that (for suf-
ficiently many smoothing iterations) its contraction number in the Euclidean
norm is bounded by a constant smaller than one independent of all the pa-
rameters. On the basis of [11] and [12] we also prove a robustness result for
the V-cycle multigrid method. Finally, we present numerical experiments
that illustrate these robustness properties.

In the literature the convergence of multigrid methods for anisotropic
pure diffusion problems, i.e. a problem as in (2) with 1 = 0, has been studied
in [4, 10, 11, 12] and [13, 14]. In the latter papers the robustness of smoothers
is studied, whereas in the former the convergence of W-cycle and V-cycle
algorithms is analyzed. These convergence analyses of multigrid methods
are based on the standard Lagrangian interpolation operator and (thus) are
restricted to the two-dimensional case. In [2] a finite element method for
the Poisson problem on three-dimensional domains with anisotropic mesh
refinement is studied. For a multigrid scheme in which semicoarsening and
line smoothers are combined, robust convergence of the V-cycle is shown.
In all these analyses only the case p = 0 is considered. In the present paper
we treat the three-dimensional case and consider the additional (reaction)
parameter > 0.



2 Finite element discretization

From the Lax-Milgram lemma it follows that problem (2) has a unique
solution. Note, that the very different length scales in the (x,y)- and the
z-direction (for € < 1) result in an anisotropy effect.

Remark 1 Instead of (2) we could also consider the weak formulation of the
following anisotropic reaction-diffusion problem on the unit cube Q2 := [0, 1]3:

—Ugy — Uyy — AUz, + pu = f in €,

u=0 onlIp, (3)

9u =0 only,

with a parameter A = 1/ g2 > 1. The discrete versions of both formulations
(2) and (3) lead to operators that have very similar anisotropy properties. In
this paper we consider (2) because our research is motivated by a parabolic
heat conduction problem in a foil, which is a domain of the form 2. with
e < 1 (cf. [7]). Animplicit time integration method applied to this parabolic
problem leads to a problem of the form (2) in each time step.

For the discretization we apply a standard finite element method based on
a uniform family of nested triangulations. The uniform subdivision of the
domain is based on Kuhn’s triangulation, as illustrated in Fig. 1. A stable
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Figure 1: (a) Initial Kuhn triangulation 7y and (b) first refinement 7;.

regular (red) refinement strategy results in a family of consistent, nested
triangulations (see [3]), which is denoted by {7 }r>0. With 7} we associate
the mesh size parameter hy = (3)*. Note that for all T € 7}, we have

hy = diam(T) = V2hy,
pr = sup{diam(S)|S is a ball contained in T} ~ chy,.

Thus, this family of triangulations is regular in the sense that

T
O (= sup sup — < 00
keNTeT, PT



holds. However, 0 ~ ¢! and thus ¢ — oo for ¢ | 0. In Fig. 2 we show
one particular hexahedron on level k and a typical tetrahedron T" € 7. Due
to the degeneracy of the given domain 2., inside the elements T" arbitrarily
small angles appear for € | 0. On the other hand the maximum angles that
occur are right angles meaning that a mazimum angle condition is satisfied
uniformly w.r.t. k£ and e.

Ehk
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Figure 2: (a) Hexahedron on level k and (b) typical tetrahedron 7" € 7.

For the discretization of (2) we use conforming finite elements and piece-
wise linear functions (Pj-elements) with respect to the sequence of nested
triangulations {7 }r>0. This results in a hierarchy of nested finite element
spaces

UE,O C U571 c...cU..

The discrete problem on level k is: find u;, € U, j, such that
a(ug,vr) = (f,vg)o forall v, € Ugy. (4)

Due to the fact that a maximum angle condition is satisfied the spaces
U. 1. are suitable for the spatial discretization of the parabolic problem from
which (after implicit time integration) problem (2) originates.

3 Interpolation bounds

In our convergence analysis of the multigrid method we need finite element
discretization error bounds. If we apply the standard approach based on
the Céa-lemma then a key ingredient for obtaining such bounds is a suitable
(quasi-)interpolation operator

I H*(Q.) —» U, k=0,1,...

This operator Ij, should be such that for all u € H?(€2.) the following error
bounds hold

cihilula, (5)
Cghk‘ub, (6)

lu — Iyullo

[l = Trully

B



with constants ¢1, co independent of € (and, as usual, also of k, u). We refer
to [1] for an extensive treatment of interpolation operators for anisotropic
finite element spaces. Here we briefly discuss a few issues that are relevant for
the analysis in this paper. For the two-dimensional case uniform bounds as
in (5)-(6) hold for the standard nodal Lagrangian interpolation operator (cf.
corollary 2.1 in [1]). For three-dimensional problems the nodal Lagrangian
interpolation operator still satisfies the uniform bound (5), but a result as
in (6) does not hold in the anisotropic case (see example 2.1 together with
example 2.6 in [1]). However, for this operator the result in (6) “almost”
holds, in the following sense. For any p > 2 an estimate of the form

||lu — IkuHWI}(QE) < cphk\u|wg(95) for all u € WS(QE),

holds, with ¢, independent of ¢ (cf. corollary 2.1 in [1]). Here W;"(€)
denotes the usual Sobolev space of functions whose weak derivatives up to
order m belong to Ly(€).). For the Clément and Scott-Zhang interpolation
operators the uniform bound (5) holds but again (6) does not hold (cf.
example 3.1 and further comments in [1]). Thus, there is a need for other
(better) interpolation operators for anisotropic finite element spaces. Such
operators are presented in [1]. In particular a modification of the original
Scott-Zhang operator is introduced which can be shown to satisfy, for the
three-dimensional case, both uniform bounds (5) and (6). This operator is
needed in the finite element discretization error analysis in the next section
and therefore we describe how this operator is defined. A detailed discussion
of this operator and its properties can be found in [1] (section 3.4).

For the description of this modified Scott-Zhang operator we need some
additional notation. Let {X;}i<i<s, denote the set of vertices of the tri-
angulation 7 including those on the entire boundary (i.e. in particular on
the Dirichlet boundary) and {¢;}1<i<s, the corresponding standard nodal
basis which generates the finite element space V. ;.. Note that we consider 7,
vertices while nj denotes the dimension of the original finite element space
Ue 1. For an element T' € 7}, we introduce the patch of surrounding elements

Sp=H{T e T | T'NT +# 0}.

To each node X; we associate a planar subdomain o; C €2, with the following
properties:

(P1) oy is parallel to the z,y-plane.
(P2) X; € &,

(P3) There exists a face E of some element T' € 7}, such that the projection
of E on the x,y-plane is identical to the projection of o;.

(P4) If the projections of any two points X; and X; on the z,y-plane coin-
cide then so do the projections of o; and o;.



In the triangulation 7}, all the vertices are contained in planes z = [ £(1/2)*,
1 =0,...,2%, which are subdivided into faces (triangles). Such a subdivision
and the corresponding degrees of freedom are shown in Fig. 3 for the case
k=1,1=1

/y n 5 7
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Figure 3: (a) 7; with plane z = 5 and (b) corresponding subdivision into

faces.

One possibility to select the subdomains o; is to assume a lexicographical
numbering of the faces (see Fig. 3 (b)) which should be the same in all the
planes and to associate to each node X; the face with maximum number.
In this way the properties (P1)—(P3) are obviously satisfied (cf. shaded
face in Fig. 2 (b) for (P3)). Due to the refinement strategy used, on each
fixed level k the corresponding subdivisions into faces are identical for all
the planes and thus (P4) is fulfilled, too. Given these subdomains o; the
modified Scott-Zhang type interpolation operator £y, : HY(€:) — Ve from
[1] is based on the local Le-orthogonal projections on o;:

=Tyt o) = min o= vllLyo), =17, for ue HY(Q.).
1

For u € H'(€.) we define
g
Lyu = Zaigbi, with a; = (I, u)(X;). (7)
i=1
In theorem 3.3 from [1] the following local stability and approximation prop-
erty of the operator Ly, is given.

Theorem 1 The modified Scott-Zhang operator Ly defined in (7) satisfies
the following estimates for all T € Ty, and all u € Wé(ST):

‘,Cku‘qu(T) < c(meass T)l/qfl/p|u‘W£rL(5T), (8)
lu — Eku\qu(T) < c(measg T)/a71/P Z hLa‘€O‘3|Dau\W;L(5T), (9)
|a|=l—-m

with 0 < m < [, 1 =1,2. For (9) the numbers p, q € [1,00] must be such
that W}ﬁ(T) — W/ (T). The constant c is independent of k and ¢.

6



Here ||y (1) denotes the seminorm in the Sobolev space Wi"(T'). Note

that the term h';“ga3 represents the product of the length scales of the
edges of T' in the three coordinate directions. Due to the different length
scales being exploited in (9) estimates of this kind are called anisotropic
estimates. Theorem 3.3 in [1] is more general than the result formulated in
theorem 1. The former gives a similar result for more general (for example,
higher order,) polynomial finite elements in d-dimensional spaces, with d =
2,3.

Corollary 1 The modified Scott-Zhang operator Ly defined in (7) satisfies
the following estimates

clh%\ub, (10)
Cghk‘ub, (11)

|lu— Lyullo <
|u — Eku|1 S

for all u € H*(Q.) N U, and with constants c1, co independent of k and .
Moreover, Ly, : H*(Q:) N U. — U, holds.

Proof: 1If in (9) we take p = ¢ = 2,1 = 2 and m € {0,1}, and sum
over all T € 7; we obtain (using ¢ < 1) the results in (10) and (11).
Take u € H?*(Q:) N U, ie. wr, = 0. From the construction of the
modified Scott-Zhang operator Ly : H'(Q.) — V. in (7) it follows that
a; = (Ily,u)(X;) = 0 if X; is a vertex on the Dirichlet boundary I'p. Thus
(Lru)r, = 0 holds. Using U.y = {v € Ve | vjp, = 0} we conclude that
Liu € Ue,k- <o

4 Finite element discretization error bound

In this section, using a standard approach, we derive a finite element dis-
cretization error bound that is uniform w.r.t. the parameters p and e.

Remark 2 Due to the special geometry of the considered domain 2. one
can use the so-called Schwarz reflection principle (see [5] page 143) to show
that the solution u of (2) lies in H?(f.) taking into account the mixed
boundary conditions. The idea in applying this principle is to get the original
problem in a larger domain Q. o> Q. with an extended right-hand side
f that belongs to Ly(2.). This can be realized by even extension over
the Neumann boundaries and odd extension over the Dirichlet boundaries,
respectively. Using the inner regularity of the extended problem solution
finally leads to the desired result u € H?(f2.). Similar results for cases with
pure Neumann or Dirichlet boundary conditions can be found e.g. in [6].

We proceed with an elementary lemma.



Lemma 1 For all u € H*(Q.) N U, the identity
|ulz = [[Aullo (12)
holds.

Proof: 1t is sufficient to prove (12) in the dense subset C*°(Q.) N U.. For u
from this space we have

lu|3 = / ur, + uzy +uZ, + 2u§y +2uZ, + QuZZ dx dydz. (13)

€

The unit outward pointing normal on the boundary I'; := 0f). is denoted by
n = (ng,ny,n,)7. On the sides of Q. with normal n = (0,0,+1)7, i.e. the
Dirichlet boundary, we have the identities u; = uz, = 0 and uy, = uy, = 0.
On the sides with normal n = (0, £1,0)7 we have u, = 0 and thus u,, = 0.
Similar relations hold on the remaining Neumann boundaries. Integration
by parts yields

/ uiy dedydz = / UgUgyNy dle — / UgUgyy dr dy dz
Q e S~ Qe

€

=0

= —/ Ug Uyy Mg dF5+/ UggUyy dx dy dz.
e S Qe
=0

Similar expressions can be derived for the mixed derivatives u,, and u,. in
(13). This yields

\u|§ = / ufm + uzy + uzz + Uy Uy + 2Uga Uz + 2y, do dy dz

€

= Ugpy + U +uzz2d3:dydz: Aquxdydz: Au)|?
vy 0

€ €

and thus the lemma is proved. o

Lemma 2 Let u be the solution of the continuous problem (2). Then the
inequalities

IN

1
[[ullo =l o; (14)
"

2[| fllo, (15)

IN

|ul2

hold.



Proof: Setting v = u in (2) gives

pllulld < alu,u) = (f,u)o < || £llollulo,
and thus (14) holds. Since the solution u of (2) lies in H?(£2.) (see remark 2)

we can write —Au = f — pu. Using lemma 1 we get

lulz = [Aullo = [|f = pullo < [fllo + pllullo < 2[flo,

which proves the result in (15). o

Theorem 2 Let u be the solution of the continuous problem (2) and uy, the
solution of the discrete problem (4). Then

. 1
= wllo < ¢ min {;,hi} 1£lo (16)

holds, with a constant c independent of f, e, u and k.

Proof: We use the notation e, = u—uy. Since a(eg,vi) = 0 for all vy, € U,
we get
pllexlls < aler,ex) = alu,er) = (frex)o < [ fllollexllo
and thus 1
lerllo < ;Hf\lo' (17)

Now we apply Nitsche’s duality argument and use the interpolation results
from corollary 1. Let w € U, be such that a(w,v) = (e, v)o for all v € U..
From lemma 2 we get

[wls < 2llexlo. (18)

We also have (due to the Céa-lemma)

u— Lyult + pllu — Lyl

(c3hi + peihi)lul3

c(1+ phi) hi |l £15- (19)

lex|? < alex,ex)

VARRVANVAN

Thus we get (with a constant ¢ independent of k, ¢ and p)

lerlls = a(w,er) = a(w— Lrw,ep)
< Jw = Lywlileg|r + pllw — Lywlo|lexlo
< (cahnlexls + perhilexllo) wl2
(17),18) ,
< c(hwlexlr + il fllo)llexllo
e (1 B o+ R ) Nl

1
e (14 s + 1) B2 fllolew o

9



Hence, for h% < % we obtain

lexllo < chZlflo-

Combining this estimate with the one in (17) proves the theorem. o

5 Multigrid convergence analysis

In this section we investigate the convergence behaviour of a multigrid
method applied to the discrete problem (4). We use the approach introduced
by Hackbusch (see [8]) based on the approximation and smoothing property.
It is well-known that the anisotropy in the discrete problem (4) causes stan-
dard pointwise relaxation methods as the damped Jacobi method or the
(symmetric) Gauss-Seidel method to smooth the error only in the direction
corresponding to the strong couplings. This causes a (strong) deterioration
in the rate of convergence of a multigrid method with such smoothers for
€ | 0. One possibility to deal with this problem is to keep pointwise re-
laxation but to adapt the strategy of grid coarsening e.g. by doubling the
mesh size only in the directions in which the error is smooth. An alternative
approach, which is used in this paper, is to modify the smoothing procedure
from pointwise relaxation to linewise relaration meaning that the unknowns
belonging to a line are updated simultaneously. Hackbusch (cf. [8]) intro-
duced the notion of a “robust smoother” for anisotropic problems. Such a
smoother should be a fast iterative (or even direct) solver for the discrete
problem in the limit case € | 0. In the problem that we consider in this pa-
per we do not only have the anisotropy parameter € but also the parameter
w in front of the reaction term.

In this section, using a fairly standard approach, we derive an approxima-
tion property, theorem 3, and a smoothing property for the symmetric z-line
Gauss-Seidel method, theorem 4, in which the dependence of the bounds on
g, i and k is explicit. Combination of these results immediately yields a
uniform bound (< 1 for sufficiently many smoothing iterations) for the con-
traction number of the two-grid method and of the W-cycle iteration.

We introduce the isomorphism

n,
Py Xy :=R"™ - U, Pyr= leqbl
i=1

In order to establish the norm equivalence

cfl||:L‘H6 < ||Przxllo < cllz|le for all z € X, (20)

10



with a constant ¢ independent of € and k we use the scaled Euclidean scalar
product

ng
og)e = ehdS w12 = (e
i=1

Standard arguments yield that for this scaled norm indeed the uniform norm
equivalence (20) holds. Let the corresponding matrix norm (which is inde-
pendent of €) be denoted by || - ||. Note that the adjoint P} : U — X
satisfies (Pyx,v)o = (x, Pjv)e for all x € Xy, v € U, .. The stiffness matrix
Ay on level k is defined by

(Apz,y)e = a(Pyx, Pry) for all z,y € Xj. (21)

In an interior grid point the discrete problem has the stencil given in Fig. 4.
Note that for a point on the Neumann boundary only certain off-diagonal

777777 1/?3(3”” 1/20
—1/e? 1/20 e
PSSR CoEE - 1/30

X —le °_1

k

1 4+2/e?

—1/€?
1/20 1/30

Figure 4: 3D difference stencil.

stencil entries in the x,y-plane change which does not affect the further
analysis. For the prolongation and restriction in the multigrid method the
canonical choice

Pk Xgo1— X, pr=P, Py (22)

e e hi \°
e o Xp— Xp—1, =P (P) 1:<hkk1> Pk, (23)

is used. We use stationary linear iterative methods as smoothers and thus
these are of the form

phew — xold . W*l(Akl,old . b)
= f )
The corresponding iteration matrix is denoted by
Sp=1— W, 4. (24)

We consider the damped z-line Jacobi method and the symmetric z-line
Gauss-Seidel method as smoothers. For the matrix representation of the

11



discrete operator (see the stencil notation in Fig. 4) we assume a z-line
ordering of the grid points, i.e. within each line of unknowns in z-direction
(the z-lines) the vertices are numbered from bottom to top while the z-lines
themselves are ordered lexicographically in the z, y-plane. Let Nj := 2% —1.
The stiffness matrix can be decomposed as

Ay = Dy — Ly, — LE,

with the block-diagonal matrix Dy, = blockdiag(Dy,) € R™*" and diagonal
blocks

4
I + L= tridiag(1,8,1) € RV=>N_ (25)

Dy = —— tridiag(—1,2,—1) + h_% 20

1
e2h3
Note that the upper and lower faces of ). are Dirichlet boundaries. The
matrix Ly is strictly lower block-triangular. The choice
Wi :=w Dy, we(0,1],
defines a (damped) line Jacobi smoother, and
Wy, := (Dy, — L) Dy ' (Dy, — L) (26)

yields the symmetric line Gauss-Seidel method. In the convergence analysis
and in the numerical experiments below we only consider the symmetric
line Gauss-Seidel method. Similar results, however, can be obtained for the
damped line Jacobi method if we use a damping factor w = w(e, u, k) such
that w™'Dy > Ay, holds.

Based on these components a standard multigrid algorithm with v, pre- and
vy post-smoothing iterations can be formulated (see [9]) with an iteration
matrix that satisfies the recursion

Moy(vi,12) =0,

v - v (27)
Mk(lll,yg) = Sk2(I —pk(I - Mlzfl)AkfllrkAk)Skl) k= 1,2, e

The choices v = 1 and v = 2 correspond to the V- and W-cycle, respec-
tively. Results of numerical experiments with this method are presented in
section 6.

We now turn to the convergence analysis of this multigrid method. All
constants (denoted by ¢ or ¢;) that appear in the analysis are independent
of ¢, p and k.

The following lemma gives a result on the scaling of the stiffness matrix.

Lemma 3 Let Ay be the stiffness matriz from (21). Then the inequalities

1 1
- < < -
a (hk ) < A <o (hk ) (25)

hold with constants c¢1 > 0, co independent of €, pu and k.

12



Proof: Let e; denote the ith basis vector in R™ and S; := supp(¢;) the
support of the nodal basis function ¢;. Then we have

(Ar)i = szflh;ﬁa(@,(bi)

<6i7€i>5
= ' (eli + plleallp)

_ 133 N2 2
= ¢ hy </Q€(qul) dQE—l—u/QaqbldQE>

1 2
~ e th? (/ (—) dQ€+u/ 1dQE>
S; €hk S;
~ 71h—3 h3 1 h3 o 1
e k g k% + HENE | = % + -

Thus, we have ||Ag|| > (Ag)i > c1 (1/(e?h2) + p) with ¢; > 0, yielding the

left inequality in (28). Using the inverse inequality
|Pexlt < ce™? | P (29)
we get

(Apz,2). = a(Pyx, Pyx) = |Pexli + pl| Pex|§

1 2 1 2
< oz +n) 1Rl <o (g +u) ol

Finally, we note that all the constants used in this proof are independent of
e, wand k. o

Theorem 3 (Approximation property) Let Ay be the stiffness matriz
from (21) and py, i the prolongation and restriction from (22) and (23),
respectively. Then the approrimation property

_ _ 14 e2uh? | 1 _
HAk1 —pkAkE1Tk|| <c = kE min 0 s 1o [ Akl 1 (30)
k

holds with a constant c independent of €, i and k.

Proof: We consider an arbitrary vy, € Xj. Let w € Ug, wy, € U,y and
wg—1 € Ug p—1 be such that

a(w,v) = ((P) 'yg,v)o forallve U,
a(wg,v) = ((PF) lyr,v)o forall v € U, (31)
a(wi_1,v) = (PF) tyr,v)o forallv e U gy (32)

13



Setting v = Pyyx € U, in (31) we get the identity

_ 21
(AP g, yi)e = a(wg, Pryr)

= ((P5) 'y, Pevr)o = (Y, Y )e-

Thus we obtain wy = PkAglyk. Using the same line of argumentation it
follows that wy_1 = Pk_lA,:_llrkyk. We use theorem 2 with f := (P}) "y, €

Ly(€:) and obtain

. J1 o —
||lw — willo < ¢min {;,h%} I(PE) tyrllo for 1€ {k—1,k}.

Using a triangle inequality and hy_1 = 2h; we get

. 1 s
= we_illo < cmin {;,hi} 1P il

Due to the norm equivalence (20) we have

1A = oA re)uelle <0 cllPedy 'ye — Pepe Ay meukllo

= cl|lwp —wi_1lo

IN

IN

. 1
cmin {—,hi} ol
1

1
1A = peAit 7]l < ¢ min {—,h%}
L

and thus

.1 -
cmm{;,hi}H(Pg) 1?JkHO

(33)

holds. Using the scaling property from lemma 3 one easily derives the bound

in (30).

<&

We now turn to the smoothing property of the symmetric line Gauss-Seidel
method for which the matrix W}, in (26) is symmetric positive definite. We

start with an elementary lemma.

Lemma 4 Let Dy, = blockdiag(f)k.) be the block-diagonal part of Ay. The

smallest eigenvalue of Dy is bounded from below by

1 1
)\min D > ) 7o .
( k) C1 <€2 + h% + ,U'>

For the lower block-triangular part L of A we have

The constants ¢; > 0 and co are independent of €, p and k.

14
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Proof: Consider the diagonal blocks Dy of Dy, in (25). For the third term
in this representation we have

u o 3
%)\min(trldlag(l,& 1)) > Eu.

Furthermore, for the smallest eigenvalue of the first summand in (25) we
have

&2 Ain (briding(—1,2, 1)) = e 2 %sin? (S(Ne+1)7")
= 4e2n;? sin?(72 %1 > ce7?,

with ¢ > 0 independent of ¢ and k. Since all three terms in (25) are sym-
metric positive definite we get the lower bound in (34). We now prove (35).
From Fig. 4 we see that the matrix Ly does not contain any entries depend-
ing on € and that || Ly, < ¢ (h,,*+p), for p = 1, 00, holds with ¢ indpendent
of k and p. Thus we obtain

ILEl1? < Lkl | Lklloo < e (hy? + p)?,

which completes the proof. o

For the symmetric line Gauss-Seidel method we have
Wy, = Ay + LD, 'L > Ay, (36)
The following result can be found in [9].
Lemma 5 For all symmetric matrices B with 0 < B < I, the inequality
IB(I = B)"[l2 <no(v) (v>0)

holds, where the function no(v) is defined by

no(v) == v /(v + 1)+ <

ev+1°

Theorem 4 (Smoothing property) For the symmetric z-line Gauss-Seidel
smoother Sy defined by (24) and (36) the following property holds

et (1+ ph3)?
v (h +e2(1 + phi)) (1 + 2uh3)

| LSy < A, v=12... (7)

with a constant ¢ independent of €, k, p and v.

Proof: The symmetric block Gauss-Seidel method corresponds to the split-
ting Ay = Wy — Ry, with Ry := L;D; LY. Note that R, = RF, W), =
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WTI >0 and Wy > R > 0 holds, and thus (W, 'Ry) C [0,1). Moreover,
1
R} is well-defined and

1 1
0<Cpi=RIW,'RZ <.
Using the identity (for v > 1)
1 1
ASy = (W — Rp) (W, 'Ry)” = RZCy (I — Cy) R}
and lemma 5 with B = I — 'y, we obtain
y c
1ARSEN < [[Billno(v — 1) < — || B

with ¢ being independent of all the parameters. Using the result in lemma 4
we get

1Rl < L&D IR = 1Lkl Amin(Di) ™

el N (A N
=\t \ @

. e2(1+ phi)?
O R(e2+ R+ 2uhd)

(38)

In combination with the scaling property of || Ax|| in lemma 3 we obtain the
bound in (37). o

As a direct consequence of the approximation and smoothing property we
obtain the following main result.

Theorem 5 For the two-grid iteration matriz with vy = v pre- and vy = 0
post-smoothing iterations with the symmetric z-line Gauss-Seidel method we
have

Cr e*(1+ phi)

_ Cr
I —pr A rc AR Sy < == < = =1,2,... (39
||( PeAr 1Tk k) kH =7, h%—i—sQ(l—l—,uh%) = ; v ) &y ( )

with Cr independent of €, p, k, and v.

Proof: From theorem 3 and theorem 4 we obtain

(I = pe Aty Ar) SY |

145" = e Ayl AR SE

cl—l—f-:Quhi min{i 1}§ (1+ ph3)?

- 2 ph? v (h} +e2(1+4 ph?)) (1 +e2phi)

IN

g
c X1+ uh3) 1
= = 1 + phi) mi {—1}
uhg+e2(1+uhz)( phi;) min uh?

Finally, note that (1+ z)min{2,1} <2 for all z > 0. o

For the multigrid W-cycle we can apply theorem 10.6.25 from [9] and thus
obtain the following result.

16



Theorem 6 For every fized 1 € (0,1) there exists vy > 0 independent of
€, b and k such that for the iteration matriz My of the multigrid W-cycle
(v =2 in (27)) with symmetric z-line Gauss-Seidel smoothing we have

| My (v,0)|| <1 forallv > vy.

From the first bound in (39) we see that for fixed k& and p the norm of the two-
grid iteration matrix tends to zero for € | 0. The same holds for the iteration
matrix of the multigrid W-cycle. Thus we expect very fast convergence of
the multigrid method for ¢ < 1. This is confirmed by numerical experiments
in the next section.

We now derive a convergence result for the multigrid V—cyc}e, ba,sled on
the analysis given in [12]. We use the energy norm ||B|| 4 := ||A? BA, ?|| for
B € R™*"_Note that this norm depends on the parameters k, p and €.

Theorem 7 Let My, = My(v,v) be the iteration matrix of the multigrid V-
cycle (v =1 in (27)) with symmetric z-line Gauss-Seidel smoothing. There
exists a constant ¢ independent of €, pu and k such that

[ My |la < ° for all v>1.
c+v
Proof: From theorem 2.1 in [12], with o = 1, v = 1, it follows that

o
M, < — ith
[ Mg]la < 1+6 wi (40)
8= p(Ay" = oAt ) p(AR(T = S) 1 = 1)),
Theorem 2.3 in [12] yields
p(Br)
v

p(ARl(I =S¢~ = 1)) <
Using the bounds in (33) and (38) we obtain
Lo —1
5< oo A7t — it | B

c 1 e2(1+ ph?)?
< —min<{ —, h? k
- 2 mln{'u k} hi (g% + hi + 2ph?)

! 1
< %min{ﬂ—h%,l} (14 ph}) < o max [mm{g,l} (1 ”)} -

v x>0
Substitution of this result in (40) yields
c/lv ¢
+e/lv c+v’

and thus the theorem is proved. o

M, <
IMlla < 5

A very similar result holds for the V-cycle method with v; pre- and vy post-
smoothing iterations (with the symmetric z-line Gauss-Seidel method), if
v1 + vo > 0 but not necessarily v = vy (cf. [12]).
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6 Numerical experiments

In this section we present results of some numerical experiments using the
multigrid method with a symmetric z-line Gauss-Seidel smoother. The re-
sults confirm the robustness of the W- and the V-cycle multigrid algorithms
w.r.t. variation in the discretization parameter h; and the problem param-
eters € and p.

We consider a linear system with stiffness matrix Ay as in (21) and a
random right-hand side vector. The zero vector is used as starting vector.
For the stopping criterion we take a reduction of the relative residual by a
factor 10°. The block problems arising within the smoother are solved with
a tridiagonal LU decomposition.

First we study the smoother without coarse grid correction (tables 1 and
2). In these and all other tables the numbers between the brackets give the
average residual reduction per iteration. In the tables 1 and 2 we observe
convergence phenomena as expected for the symmetric z-line Gauss-Seidel
method (GS).

For fixed parameters ¢ and p (not too large) the rate of convergence
decreases with increasing refinement level. For fixed values of p and k the
rate of convergence increases if € decreases.

Table 1: Number of GS iterations and average reduction for p = 1.

hy,
e 1/8 1/16 1/32 1/64
1 82(0.85) 279(0.95) 988(0.99) -
lel 3(0.1le-1) 6(0.1) 14(0.43)  42(0.77)

le-3 1(0.5e-10) 1(0.27¢-9) 1(0.15e-8) 1(0.85¢-8)

Table 2: Number of GS iterations and average reduction for € = 0.1.
hy
[ 1/8 1/16 1/32 1/64
le-3  3(0.11e-1) 6(0.1) 14(0.43)  42(0.77)

le+3 3(0.52e-2) 3(0.1le-1) 8(0.2)  23(0.61)
le+6 8(0.18)  8(0.16)  7(0.14)  7(0.12)

We now turn to the W-cycle multigrid algorithm with 1 = 2 pre- and
vy = 0 post-smoothing iterations. Table 3 shows very fast convergence for
¢ < 1 which is consistent with the first bound in (39). Furthermore, we
clearly observe a uniform upper bound < 1 for the reduction number w.r.t.
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variation in all three parameters.

Table 3: Number of W-cycle iterations and average reduction for p = 1.
D,
€ 1/8 1/16 1/32 1/64
1 7(0.13) 7(0.11) 6(0.11) 6(0.98¢-1)

le-l 2(0.54e-4)  3(0.21e2)  4(0.17e-1)  4(0.27e-1)
le-3 1(0.36e-15) 1(0.52e-15) 1(0.86e-15) 1(0.11e-13)

Table 4: Number of W-cycle iterations and average reduction for ¢ = 0.1.
h,
0 1/8 1/16 1/32 1/64
le-3  2(0.55e-4) 3(0.21e-2) 4(0.17e-1) 4(0.27e-1)

le+3 2(0.22e-4) 2(0.72e-4) 3(0.45¢-2) 4(0.21e-1)
le+6 4(0.2le-1) 4(0.19¢-1) 3(0.12e-1)  3(0.86e-2)

Finally, in the tables 5 and 6 we show results for the V-cycle multigrid
algorithm with v; = 2 pre- and v5 = 0 post-smoothing iterations. These
results show no significant differences compared to those for the W-cycle
algorithm.

Table 5: Number of V-cycle iterations and average reduction for p = 1.
I
€ 1/8 1/16 1/32 1/64
8(0.15) 8(0.15) 8(0.15) 8(0.15)
le-1  2(0.54e-4)  3(0.21e-2)  4(0.17e-1)  4(0.3e-1)
le-3 1(0.36e-15) 1(0.52e-15) 1(0.86e-15) 1(0.11e-13)

Table 6: Number of V-cycle iterations and average reduction for € = 0.1.
hu,
0 1/8 1/16 1/32 1/64
le-3  2(0.55e-4) 3(0.21e-2) 4(0.17e-1) 4(0.3e-1)

(
le+3 2(0.22e-4) 2(0.72e-4) 3(0.45¢-2)  4(0.2¢-1)
le+6 4(0.22e-1) 4(0.19¢-1) 3(0.12e-1)  3(0.86e-2)
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