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SUMMARY

We consider a generalized Stokes equation with problem parameters £ > 0 (size of the reaction term)
and v > 0 (size of the diffusion term). We apply a standard finite element method for discretization.
The main topic of the paper is a study of efficient iterative solvers for the resulting discrete saddle point
problem. We investigate a coupled multigrid method with Braess-Sarazin and Vanka type smoothers,
a preconditioned MINRES method and an inexact Uzawa method. We present a comparative study
of these methods. An important issue is the dependence of the rate of convergence of these methods
on the mesh size parameter and on the problem parameters £ and v. We give an overview of the main
theoretical convergence results known for these methods. For a three dimensional problem, discretized
by the Hood-Taylor P> — P; pair, we give results of numerical experiments. Copyright (©) 2006 John
Wiley & Sons, Ltd.
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1. Introduction

Let Q C R3 be a bounded polygonal domain with a Lipschitz boundary I' = 9Q. We consider
the following generalized Stokes problem:

Given f, find a velocity u and a pressure p such that
Ei—vAT+Vp =f in Q,
V-i =0 in Q, (1)

4 =0 on TI.
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EFFICIENT SOLVERS FOR GENERALIZED STOKES EQUATIONS 1

The parameters v > 0 (viscosity) and £ > 0 are given. Often the latter is proportional to the
inverse of the time step in an implicit time integration method applied to a nonstationary
Stokes problem. Note that this general setting includes the classical (stationary) Stokes
problem (£ = 0). This problem is discretized on a tetrahedral grid with a pair of conforming
finite element spaces that is inf-sup stable. In our experiments we use the Py — P; Hood-
Taylor pair. The resulting discrete problem is of saddle-point type with a symmetric indefinite
matrix. In this paper we study efficient iterative solvers for this linear system. In particular the
efficiency (robustness) of the solvers with respect to variation in the mesh size parameter and
in the problem parameters ¢ and v is studied. We consider a multigrid method with Vanka and
Braess-Sarazin smoothers, a preconditioned MINRES method and an inexact Uzawa method.
In the latter two methods multigrid preconditioners are used for the scalar problems for each
velocity component. A comparative study of the preconditioned MINRES and inexact UZAWA
method with other preconditioned Krylov subspace methods for this problem class is given
in [22]. Numerical studies on the performance of coupled multigrid problems for (generalized)
Stokes and Navier-Stokes can be found in, for example, [13, 14, 15, 16, 26]. We do not know
of any literature in which a systematic comparison between coupled multigrid, preconditioned
MINRES and inexact Uzawa type of methods for this class of generalized Stokes equations is
given. In this paper we present such a comparative study. We give an overview of the main
theoretical results that are available for these methods. From this it follows that concerning
theoretical convergence results the state of affairs is much better for the preconditioned
MINRES and the inexact Uzawa method than for the coupled multigrid method. We pay
special attention to the case £ = 0, v > 0 variable. In this case variation of the parameter v
corresponds to a rescaling of the velocity unknowns. We show that for all methods considered
here the rate of convergence is essentially independent of this rescaling.

We also investigate the efficiency of the different methods by means of numerical
experiments. It turns out that all methods show good robustness properties with respect to
variation in the mesh size and in the parameters £ and v.

The paper is organized as follows. In section 2 the weak formulation and the finite element
discretization are given. In section 3 the coupled multigrid method with Braess-Sarazin and
Vanka smoothers is desribed. For the method with Braess-Sarazin smoother a convergence
analysis known from the literature is presented in a different form. In section 4 we discuss the
preconditioned MINRES and inexact Uzawa methods. We recall known convergence results for
these methods. A comparison of all these methods from a theoritical point of view is given in
section 5. In the final section 6 a numerical study of these methods is presented and conclusions
are drawn.

2. Weak formulation and finite element discretization

The weak formulation of (1) is as follows:
Given f € L2(Q)3, we seek @ € HE(Q)? and p € L2(Q) such that
&(@,7) +v(Va, Vo) — (diva,p) = (f,5)  forall 7€ H}(Q)3,

2
(div @,q) = 0 for all ¢ € L3(Q). ®

Here (-, -) denotes the L? scalar product.
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2 M. LARIN AND A. REUSKEN

For descretization of (2) we use a standard finite element approach. Based on a quasi-uniform
family of nested tetrahedral grids 7y C 73 C ... we use a sequence of nested finite element
spaces

(Vi1,Qi—1) € (Vi,Qy), 1=1,2,....

The pair of spaces (V,Q;), I > 0, is assumed to be stable. By h; we denote the mesh size
parameter corresponding to 7;. We assume that h;_1/h; is uniformly bounded in I. For the
theoretical analysis we assume that the pair has the following approximation property:

Jnf [li—vll+ inf llp—qllz2 < chi(||@2+pllh), ¥ e (H(QNH(Q))?, p € H (QNLG(Q).
v i L

We use the notation || - ||, k = 1,2, for the norms in H*(£2). In our numerical experiments we
use the Hood-Taylor Ps —P; pair. The discrete problem is given by the Galerkin discretization
of (2) with the pair (Vi,@;). We are interested in the solution of this discrete problem on a
given finest discretization level [ = L. To solve this discrete problem we introduce the standard
nodal bases in these finite element spaces. The representation of the discrete problem on level
[ in these bases results in a linear saddle point problem of the form:

T
Aix;=b; with A = (gi Bol ) , X = (Ei) . (3)

The dimensions of the spaces V; and @ are denoted by n; and m;, respectively. The matrix
A; € R™m*™ ig the discrete representation of the differential operator £I — A and is symmetric
positive definite. Note that A; depends on the parameters £ and v. The matrix A; depends on
these parameters, too, and is symmetric and strongly indefinite. In the remainder of the paper
we consider iterative solvers for the system (3) on the finest level L.

Remark 1. The matrix 4; is singular. Below we always consider .4; on the subspace R™ x 1+,
where 1+ is the subspace of R™ of vectors for which the corresponding finite element functions
q € @ satisfy fQ qidz = 0. The mapping A; : R™ x 1+ — R™ x 1+ is invertible.

3. A coupled multigrid method

We consider a multigrid method for the coupled system in (3). Below we discuss the components
of this multigrid solver.

The grid transfer operations. For the prolongation and restriction of vectors (or corresponding
finite element functions) between different level we use the canonical operators. The
prolongation between level [ — 1 and [ is given by

_(Py 0
= ( 0 PQ) ’
where the matrices Py : R™-! — R™ and Pg : R"™~! — R™ are matrix representations of the
embeddings V;_1 C V; (quadratic interpolation for Ps) and Q;—1 C @; (linear interpolation

for P1), respectively. For the restriction operator R; between the levels [ and [ — 1 we take the
adjoint of P, (w.r.t. a scaled Euclidean scalar product).

Copyright (© 2006 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2006; 00:0-0
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EFFICIENT SOLVERS FOR GENERALIZED STOKES EQUATIONS 3

Coarse grid operators. In the multigrid solver for the problem on the finest level L we need
operators on the coarser levels L — 1,...,0. We use the matrices A; in (3). These result from
the finite element discretization method applied on level [. For these matrices the Galerkin
relation A;_; = R;A; P, holds.

The smoothers. In this paper we consider two popular smoothers for Stokes type of problems,
namely the Braess-Sarazin smoother and a Vanka-type smoother. These smoothers and their
properties are discussed in the following two subsections.

8.1. Braess-Sarazin smoother

This smoother is introduced in [7]. With D; = diag(A;) and a given o > 0 the smoothing
iteration has the form

(02 L )@
plj plj Bl O Bl 0 pl‘] 0

Each iteration (4) requires the solution of the auxiliary problem

aD; BT (w) _ ( )
B 0 f)l Blul(j)
with rl(j) = Alul(j) + BlTpl(j) — f;. From (5) one obtains

Biu, = Blul(j),

and hence, ' '
Bul™ = Bu? —a)=0 forall j>0. (6)

Therefore, the Braess-Sarazin method can be considered as a smoother on the subspace of
vectors that satisfy the constraint equation B;u; = 0.
The problem (5) can be reduced to a problem for the auxiliary pressure unknown p;:

Z1pr = BlDflrl(j) — ozBlul(j), (7)
where Z; = B;D; ' B}

Remark 2. The matrix Z; is similar to a discrete Laplace operator on the pressure space. In
practice the system (7) is solved approximately using an efficient iterative solver [4, 5, 7, 28].

Once p; is known (approximately), an approximation for ©; can easily be determined from
aDa; = rl(j) — BI'p;. The iteration matrix of the smoother (4) is denoted by S;. For a two-grid
method, with 14 pre- and v, post-smoothing steps, applied to (3) the iteration matrix is given
by

My =8I = RAZ Ri A S (8)

We derive a convergence result for this multigrid method with the Braess-Sarazin smoother.
A multigrid convergence analysis is given in [7], however, only for the case where D; is replaced
by the identity matrix. In that paper the reduction of the velocity error ul(j ) —1u; in the subspace
of vectors that satisfy the constraint equation Bju; = 0 is analyzed. The pressure error does not

Copyright (© 2006 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2006; 00:0-0
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4 M. LARIN AND A. REUSKEN

play a role. In the present paper, due to the parameters contained in the left-upper A;-block
we are interested in the dependence of the multigrid convergence behaviour on the scaling of
the A;-block. This dependence can be analysed very easily (Lemma 3 below) if we present
the analysis from [7] in a different form in which both the errors in the velocity and pressure
components are taken into account. In this modified analysis we consider the smoother as in (4)
and not the one (as in [7]) in which D; is replaced by the identity. The analysis is formulated

in terms of a smoothing- and approximation property. We use the following norms. By || - || we
denote the Euclidean norm on R¥. On R™+™ we also use the following norm:
ug\ 2 2, 12 2 w\ oo I, 0
= ||lw||*+h =||A with A; := ! . 9
() 1 = ol 2t = 1 (3 = (5 ) o
Corresponding matrix norms are denoted by || - ||, || - ||n, too. For the Braess-Sarazin smoother

we have the following result.

Lemma 1. For the method (4), with iteration matriz S;, the following holds:

1% Inz O 1%
AS) = ( 0 o) A (10)
V1 1% « . —
ATl = AT S g WP 4 2 Amae( D] P A, 1 22 (1)

Proof: The result in (10) follows from Bju; = 0 and (6). Introduce A; = D;1/2A1D;1/2,
B = BlDfl/ 2 A simple computation shows that for the iteration matrix we have

s_[(Di* o <(Im — BI(BiBT) "' By)(In, — a1 A)) 0) DE 0

0 I, (BB ) "' Bi(alyn, — Ay) o/)\o o
The operator o ~
T,:=1, — B (B,BI)"'B,

is an orthogonal projector on Kern(Bl), thus BT, = 0. With M, := Ti(I,, — a’lfll)Tl, we
obtain, for 11 > 2,

S =818

_ (D7 0 ( o Mt 0) Ti(Ln, — o~ A)DF 0
0 I, ) \BB) " Billy, —a A)M 7?0 0 0

Note that ) ) R }
bt o7t o) (a o
0 Iy, 0 I, B 0)°

Combined with (12) this yields

(Dz_ 0 )Alsl"l
0 I,

(A e i e AVTMETE ) (Tz(fm o lA)D} 0)
O .

=

0 0 0
(13)

Copyright (© 2006 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2006; 00:0-0
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¢From this and (10) it follows that A A;S;” Afl = A;S;" and thus the identity in (11) holds.
;From (13) we obtain for & > Aax(D; ' A1) = Amax(A;) and vy > 2,

1 1
IAS | < |IDE | <D62 IO ) A
my

<UDFIAM ™ + ally, — T) (I, — o~ " A)TMY 2| Tl Ly — o~ Al DF |
< NAMP ™+ ally, = T)(In, — o~ AT M 72|[|| Dyl (14)
Note that M; is symmetric positive definite with o(M;) C [0, 1]. Using this and T, AT, =
a(T; — M;) we obtain
|AMP ™ 4 (Lo, = T) (I, — o ANTiMP 72| = |[(AMy — ATy + (T — My)) My 2|
= [[(Ay = aln,)(M; — Ty) M 2|
<A = aly, [[|(M; = T) M2
14 = ol [[[[(My = L) M2
a

< — .
“e(rn—2)+1

Using this in (14) we get the inequality in (11). [ |

This analysis of the smoothing property applies only if the problem (7) is solved exactly.
In [28] a similar smoothing property is shown for the case that the problem (7) is solved
approximately. We further comment on this in remark 3.

We now consider the approximation property.

Lemma 2. Take £ = 0 and v = 1 in (2). Assume that Q is such that the problem (2) is
H?-reqular. Then there exists a constant C4 independent of | such that

I,

e - i (%

0 _
o) < Calloil (19)

holds.
Proof: Let {¢; b<i<n, s {qgihgigm, be the nodal bases in V; and Q; and

ny my
Fu:=> w¢; and Fp:=> pii
i=1 i=1
the finite element isomorphisms R™ — V; and R"™ — @y, respectively. On R™ we use a
scaled Euclidean inner product (v,u); = h} >, v;u;, and similarly on @;. The norms |ul,
(Ilpll;) and ||Fyul|.> (||Fip||z2) are uniformly (w.r.t. u, p and [) equivalent. Let A; (and 4;_;)
be scaled such that

(Aja,v); = (VEu, VEv), (Bu,p); = (divFlu,I:"lp) for all u,veR™, peR™ (16)
For fi € V) let @ € HL(Q)3, p € L2(Q2) be the solution of

(Vi, Vo) — (div 7,p) = (f1,7) for all 7 € HA(Q)?, an
(div @,q) = 0 for all ¢ € L3(Q).
Copyright (© 2006 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2006; 00:0-0
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6 M. LARIN AND A. REUSKEN

Let (@, p1) be the Galerkin solution of this problem in the pair of spaces (V;, @;). The matrix
A; is the matrix representation of the finite element discretization of the problem (17), cf.
(16). Using this, the approximation property of the spaces (V;, Q;) and standard finite element
techniques (duality argument) we obtain

_ - I, 0 i — Uz + hillp — .
||(AH—BAZ_11Rz><o" 0) < sup 1=tz thlp=pilie < gy 1y
fIEV, I fillz2

Using the scaling of A; as in (16) and standard properties of the finite element nodal basis we
obtain || Dy|| > ch; ? with a constant ¢ > 0. Thus we obtain the bound in (15). [ |
In the approximation property it is important to have the projection factor ( 6” 8) in (15).
Without this factor one has to consider the Stokes problem in (17) where in the second equation
the right handside 0 is replaced by (gi,q) with a g; € @;. The regularity properties of such a
problem are in general less favorable as for the case with a 0 right hand side. In particular, for
H?2-regularity one has to assume certain compatibility conditions on g; that are not satisfied
for all g; € Qy, cf. [10]. We further comment on this in remark 3.

Combination of the smoothing- and approximation property yields a two-grid convergence
result.

Theorem 1. Take £ = 0 and v = 1 in (2). Assume that Q is such that the problem (2) is
H?2-regular. For the iteration matriz of the two-grid method with vo = 0 the following holds:

C
|Milln < =5

m f07" 11 2 2,

with a constant Cy independent of 1.

Proof: Due to (10) we have
1 -1 In 0 v
M, = (Al — PlAl_lRl) ( 0" 0) A5

The desired result follows from (11) and Lemma 2. [ |
In [7] such a result is proved for a two-grid method in which an additional projection step
is used in the coarse-grid correction. In [6], however, it is noted that this projection step is
superfluous.
Using this two-grid contraction number bound one can derive a multigrid W-cycle
convergence result using techniques from [11, 12].

The numerical experiments in section 6 clearly show that the multigrid W-cycle method with
Braess-Sarazin smoother is robust with respect to variation in the problem parameters v and &.
We do not know of any analysis in which such a robustness property is proved. An elementary
scaling argument can be used to derive a robustness result for the (less interesting) case £ = 0,
v > 0 arbitrary. For this scaling argument we introduce the notation

(L, 0 - (6L, 0
Il,é - < 0 5Iml) b Il,é - ( 0 Im,) (19)

Copyright (© 2006 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2006; 00:0-0
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EFFICIENT SOLVERS FOR GENERALIZED STOKES EQUATIONS 7

with I, the identity matrix in R*. For § # 0 let M s be the iteration matrix of the two-grid
method with vy pre- and vo post-smoothing iterations (4) applied to the matrix

§A, BT
Ars = <Bll K ) . (20)

Note that M; 1 = M; as in (8). The effect of the scaling on the two-grid iteration matrix is
given in the following lemma.

Lemma 3. For § # 0 the relation
Mis =11 s M1 I[(;l
holds.

Proof: Let S5 be the iteration matrix of the Braess-Sarazin smoother applied to A; 5. The
following relations hold

As=TDs ALy, Ss=nhsSaly, I3 Plhas=hP, IZ\;Rls=R. (21)
Using these we get
Mys =S50 — PlAf_lL(;RzAl,a)SZj; =1 s M1 Il;;l
and thus the result is proved. [ |

Corollary 1. Introduce the norm

2
w2 -1 (W) 2 _ 2 Iy 2
(R o= Har ()12 =l + S5l

with a corresponding matrix norm denoted by || - ||5,s. Then we have
[Misllns = Mialln = [[Milln,

and thus the convergence result in Theorem 1 immediately yields an analogous result for the
multigrid method applied to the scaled system.

The Braess-Sarazin smoother has also been analyzed in the setting of a cascadic multigrid
method for Stokes problems in [4, 5]. In this analysis it is assumed that the problem (7) is
solved exactly.

Remark 3. The analysis presented above applies to the case in which the problem (7) is solved
exactly. In [28] the smoothing property of the Braess-Sarazin method (and other methods of
inexact Uzawa type) with an inexact solve in (7) is analyzed. The results from that paper
can be combined with a suitable approximation property as derived in [9, 29] that differs
slightly from the one in (18). We outline the main results of this analysis and present the
approximation and smoothing properties in our notation. The analysis in [29] can be used to
derive the following approximation property (with A; the scaling matrix from (9)):

| (A7 = PATL R)AD|, = [[M (A = PAT R Ay || < b (22)

A proof of this result is given in the appendix. We introduce the scaled matrix

- A, h'BF
A=A AN = L)
l 1 143 hl 1Bl 0
Copyright (© 2006 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2006; 00:0-0
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8 M. LARIN AND A. REUSKEN

Let S; be the iteration matrix of the smoother applied to A; instead of A;. For most smoothers,
in particular those of Braess-Sarazin type, cf. 28], we have §; = AlSlAl_l. We assume that the
latter relation holds. For the two-grid iteration matrix we get

IMlln = IA(AT = PLAZ ROMAT ASP A
< M(ATY = PAZ ROM AS | < chif |l AS .
The scaling in the matrix A; is the same as in [28] (cf. (5) in that paper) and results from [28]

can be used to derive smoothing properties. For example, from Lemma 2 and Theorem 2 in
[28] we obtain

[AS | <

c
h2, v > 2,

vl — 1 1 1=

for a Braess-Sarazin smoother with an inezact (but sufficiently accurate, cf. [28]) inner solve

in (7). This leads to a two-grid convergence result as in Theorem 1 also for the case of an

”inexact” Braess-Sarazin smoother. Note, however, that such a result can be shown only for

problem parameters £ = 0, ¥ = 1 (or some other fixed positive constant).

Remark 4. In [3] a modification of the Braess-Sarazin smoother for the case in which the
problem (7) is solved approximately is suggested. The starting velocity ul(o) is usually not
in or close to the kernel of By, i.e., Blul(o) can be “large”. This may have a significant
(negative) influence on the pressure correction term p; in (7), in particular if the paramater «
is chosen relatively large (cf. numerical experiments in section 6). To avoid this, the following
modification is suggested in [3]. Suppose that a sequence of v pre- or post-smoothing iterations

have to be performed. After the first of these v iterations only the velocity update ul(o) — ul(l)

is computed but for the pressure one keeps the old value, pl(l) = pl(o). In the subsequent v — 1

iterations the standard method without this modification is applied.

3.2. Vanka smoother

The Vanka-type smoothers, originally proposed by Vanka [27] for finite difference schemes,
are block GauB-Seidel type of methods. If one uses such a method in a finite element setting
then a block of unknowns consists of all degrees of freedom that correspond with one element.
Numerical tests given in [16] show that the use of this element-wise Vanka smoother can
be problematic for continuous pressure approximations. In [16] the pressure-oriented Vanka
smoother for continuous pressure approximations has been suggested as a good alternative. In
this method a local problem corresponds to the block of unknowns consisting of one pressure
unknown and all velocity degrees of freedom that are connected with this pressure unknown.
We only consider this type of Vanka smoother. We first give a more precise description of this
method.

We take a fixed level [ in the discretization hierarchy. To simplify the presentation we

drop the level index [ from the notation, i.e. we write, for example, ; € R™™™ instead of
<;l) € Rutme, Let rg) : R™ — R be the pressure projection (injection)
1

rg)p:pj, j=1,...,m.

Copyright (© 2006 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2006; 00:0-0
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EFFICIENT SOLVERS FOR GENERALIZED STOKES EQUATIONS 9

For each j (1 < j < m) let the set of velocity indices that are “connected” to j be given by
Vi={1<i<n| (@ B)#0}

Define d; := |V;| and write V; = {i1 < iz < ... < iq,}. A corresponding velocity projection

operator rg) :R™ — R% is given by

(4)

ry'ua= (uil,uh,...,uidj)T

The combined pressure and velocity projection is given by

()
RO a7 0] e R +Dxsm
0 rp

Furthermore, define pl¥) = (r(j))T. Using these operators we can formulate a standard
multiplicative Schwarz method. Define

. AT
AD) = D) 4y =, (AEJ; BY) > ¢ RE@+DX(d+1)
BY 0

Note that BY) is a row vector of length d;. In addition, we define

PG (diag((él)(j)) B(j)T> _ (')' D) p@x@n
BU 0 :

The full Vanka smoother is a multiplicative Schwarz method with iteration matrix

Sranl = H (I —pW (AW)~1r () A). (23)

j=1

The diagonal Vanka smoother is similar, but with D) instead of AU):

Sdiag = H (I _p(j) (D(J))ilr(J)A) (24)

j=1

Thus, a smoothing step with a Vanka-type smoother consists of a loop over all pressure degrees
of freedom (j = 1,...,m), where for each j a linear system of equations with the matrix A0
(or DY) has to be solved. The degrees of freedom are updated in a Gauss-Seidel manner.
These two methods are well-defined if all matrices AU) and D) are nonsingular.

The linear systems with the diagonal Vanka smoother can be solved very efficiently using
the special structure of the matrix DY) whereas for the systems with the full Vanka smoother
a direct solver for the systems with the matrices AY) is required. The computational costs for
solving a local (i.e. for each block) linear system of equations is ~ d; for the diagonal Vanka
smoother and ~ d}o? for the full Vanka smoother. Typical values for d; are given in Table 2.

As far as we know there is no convergence analysis of a multigrid method with a Vanka
smoother applied to two- or three-dimensional Stokes problems. In [18] a convergence analysis,
based on Fourier transformations, is given for a model one- or two-dimensional Poisson problem

Copyright (© 2006 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2006; 00:0-0
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10 M. LARIN AND A. REUSKEN

in the mixed finite element formulation. Note that in this case the finite element spaces are
different from the ones used for Stokes problems. In [25] an additive version of a Vanka method
is studied. It is shown that, under reasonable conditions on the velocity and pressure projection
operators, this method indeed satisfies a smoothing property. The analysis, however, does not
apply to multiplicative Vanka methods, which are the ones that are used in practice, cf. (23),
(24).

Recently, in [17] convergence for certain Vanka-type iterative methods applied to Stokes and
Navier-Stokes problems has been proved. Smoothing properties, however, are not considered
in that paper.

We discuss the effect of a rescaling of the system as in (20) on the behaviour of the two-grid
method with a full- or diagonal Vanka smoother. Let Sy, be the iteration matrix of a Vanka
smoother as in (23) or (24) with A = A; replaced by As = A; s as in (20). Let My 5 be the
iteration matrix of the corresponding two-grid method (on level {):

Mys = Sys(1 — 131/4;711,51%1«41,5)3\126'

For this method the same scaling result as for the two-grid method with Braess-Sarazin
smoother in Lemma 3 holds.

Lemma 4. For § # 0 the relation
MV,(S = Il,é MV,l I[T(;l (25)
holds.

Proof: We consider the full Vanka smoother. The same analysis, with obvious modiﬁcat‘ions,
applies to the diagonal Vanka smoother, too. We write As instead of A;s. Define Agj ) =
r@) As pl9). Using the relations

POIs = Tap®, pOIE = I3pD, 1 Ohs = hgr®, FOIE = T30,
we obtain ' 4 ' ' 4 o
p(J)(A((SJ))_l PO = Il,(;p(” (Agj))—l @ IzT51~
Thus we get ' '
1= pD (AT Ay = I (1= pD (AP) 11D A 1

This yields Sy,s = ;5 Sv,1 { fél. In combination with the properties in (21) we obtain the result
in (25). [ |

4. Other coupled iterative methods

In this section we consider a preconditioned minimal residual (PMINRES) method and an
inexact Uzawa method for solving the discretized Stokes problem. We drop the level index [
in the notation, i.e., the system matrix is denoted by

A BT
AZ(B 0)'

Copyright (© 2006 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2006; 00:0-0
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EFFICIENT SOLVERS FOR GENERALIZED STOKES EQUATIONS 11

Both methods require preconditioners for the matrix A € R™*" and for the Schur complement
S = BA7'BT € R™*™. Note that both A and S are symmetric positive definite (S: on 11).
Let Q4 and Qs be symmetric positive definite preconditioners of A and S, respectively. Let
¥4 >0, vs > 0, 'y and I's be spectral bounds such that

Ya4Qa < A<T4Q4 (26)

and
vsQs <5 <TI'sQs. (27)

Below we first specify the choice of @ 4 and of Qg for the discrete generalized Stokes problem.
Then we discuss the PMINRES and inexact Uzawa method.

4.1. Preconditioners for Q4 and Qg

The matrix A has block diagonal form with identical blocks. Such a block corresponds to the
finite element discretization of a scalar reaction-diffusion problem of the form —vAu+&u = f.
For Q4 we use one iteration of a symmetric V-cycle multigrid method (for each of the blocks
in A). In [19] it is shown that for this preconditioner the inequalities

74Qa < A< Qa (28)

hold with a constant v4 > 0 independent of [, v and £. Note that the upper spectral constant
is T4 = 1. For typical multigrid methods the spectral constant v, is close to one (typically
74 > 0.85).
We now discuss the choice of Qg. For this we introduce an auxiliary Neumann problem in
the pressure space, with a given g € L?(Q):
Find w € HY(Q) N LE(Q) such that
(Vw,Vo) = (g,9) forall ¢ € H'(Q)NLF(Q).

Let N = Nj be the stiffness matrix resulting from a finite element discretization of this problem
in the pressure finite element space @;. Let M = M; be the mass matrix for the pressure space.
Let Qn a preconditioner of N induced by one symmetric V-cycle multigrid iteration applied
to the discrete problem with stiffness matrix N. The (Cahouet-Chabard) Schur complement
preconditioner Qg is given by

Q' =M ' +£Q%, T=max{y,hi}. (29)

In [8, 20] it is shown that under certain regularity assumptions for the Stokes problem this
preconditioner has corresponding spectral bounds ys > 0, I's in (27) that are independent of
the parameters 1, £ and v.

4.2. The preconditioned minimal residual method

In the preconditioned minimal residual (PMINRES) method used for solving a linear system
with matrix A4 we use a block diagonal preconditioner defined by

M= (QOA C;s> . (30)

Copyright (© 2006 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2006; 00:0-0
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12 M. LARIN AND A. REUSKEN

For a discussion and an efficient implementation of the PMINRES method we refer to the
literature [2, 21]. In an efficient implementation one needs per PMINRES iteration one
evaluation of Q;‘l, one evaluation of le and one matrix-vector product with A4 (and a few
other inexpensive operations).

Let r®) be the residual in the k-th iteration of this method. The convergence of the
PMINRES can be analyzed based on the well-known residual bound

¥ s
7 ST M. 31
T s = eyt a4 PO (3D

For the spectrum of the preconditioned matrix M~1A the following result is given in [23, 24]:
o(M™tA) C [% (’YA -3+ 4FSFA) . (’YA -V + 4’YS’YA)}
U [’VA,%(FA+\/’YIQ4+4P5PA)]

This general result implies that the rate of convergence of the PMINRES method is robust
with respect to variation of parameters (in our case: [, v and &) if the spectral constants in
(26) and (27) do not depend on these parameters. For our choice of the preconditioners this is
indeed the case and thus the PMINRES method with @4 and Qg as explained in section 4.1
has a rate of convergence that is robust with respect to variation in the parameters I, v and &.

(32)

Remark 5. Consider the special case of only a rescaling of the A;-block in the matrix
A; as in (20). The multigrid preconditioner and the Cahouet-Chabard Schur complement
preconditioner automatically take this scaling into account. Let M be the block preconditioner
as in (30) for As = A;s. Then M(S_lAg = L;Ml_lAllé_l (with I5 = I; 5 as in (19)) and thus
o(M5'As) = (M Ay) for all § > 0.

4.8. The inexact Uzawa method

For the derivation of the inexact Uzawa method we consider the exact block factorization of

the matrix A N I oaoipr
0 _
A= (B —I) (o S ) (33)

An approximate Schur complement is given by
S=BQ,'BT. (34)

Using the block factorization (33) and substituting A~! ~ Q;‘l and S~—! ~ S~ we obtain the
approximate inverse of A

_ I —Q3'BS-! 1 0
A 1z<0 Q%_l )(—géﬁ —1>' (35)

In general the application of @) 4 is feasible, but S~1w can not be determined with acceptable
computational costs. Therefore we use S~'w ~ W(w) with ¥(w) the result of a PCG method
with zero starting vector and preconditioner Q)g applied to Sz = w such that

W (w) -zl < 0|z 4 (36)
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EFFICIENT SOLVERS FOR GENERALIZED STOKES EQUATIONS 13

holds for some prescribed tolerance 6 < 1.
Based on this, the inexact Uzawa method is as follows. Let x(9) = (u(® p(®)T be an initial

approximation, and r(® = f — Ax(©) = (rq(LO), r}()o)) the initial residual. For k =0, 1, ... :

Compute v = ul®) + Q;‘qu(f).

Solve Sz = Bv approximately: z = ¥(Bv) as in (36).

Update the approximation for the velocity u**+?) =v — Q;‘lBTZ.
Update the approximation for the pressure p*+1) = p*) 4z

Compute the residual r*+1 = f — Ax(*+1D) with x(k+D = (uF+D pk+),
Check stopping criterion.

Remark 6. We briefly comment on the computational costs per iteration of this method.
These costs depend on the number of PCG iterations needed to satisfy the tolerance
requirement in (36). Assume that this number is ¢. In [22] it is shown that per iteration we
then need ¢ + 1 evaluations of Q;‘l, q evaluations of le, g + 1 matrix-vector multiplications
with B, ¢ matrix-vector multiplications with BT and one matrix-vector multiplication with A.
Moreover, in [22] it is also argued that in general a value for the tolerance parameter 6 ~ % in
(36) is close to optimal (w.r.t. efficiency) resulting in very low values for ¢ (typically ¢ = 1 or
q=2).
We give a convergence result for this inexact Uzawa method that is proved in [22].

Theorem 2. Assume that (26), (27) hold with T' 4 = 1. Define
pa=1=74, g(pa,0) =2ua+0(1+ pa).
Consider the inexact Uzawa method with ¥ such that (36) holds. For the error we have

max { el g, el } < g(1ua, 0) max { ]e® |, el }

and

k
7 (9(pa,0) + /g(pa,0)* — 4p40
leflqa + llef]lg < 3 < V. 5 (leqa + e 5)-

Note that the assumption I'y = 1 is satisfied for the multigrid preconditioner @ 4 that
we use, cf. (28). For ug — 0 we obtain the contraction factor of the exact Uzawa method:
9(0,0) = 6. We also have g(pa,0) > % (9(pa,0) + /9(pa,0)> — 4pu46) and

. 1—2p4
<1 iff 0<0 < —, 37
9(pa,0) i 0<6< o~ (37)
1
§(g(,u,4,9) + \/g(,uA,H)? —4[[4,49) <1 iff 0<0<1—2uy. (38)

Hence, for a4 < % and 6 sufficiently small (as quantified in (37), (38)) we have a convergent
method. Moreover, these bounds for the contration number are independent of parameters
(in our case: [, v and &) if pa and 6 are independent of these parameters. For the multigrid
preconditioner we have s ~ 0.15, independent of [, v and &, cf. section 4.1. A reasonable
parameter value is 6 =~ %, cf. remark 6. Due to the fact that the Schur complement
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14 M. LARIN AND A. REUSKEN

preconditioner g discussed in section 4.1 has spectral constant ys and I'g independent of [, v
and £, an approximate solution that satisfies (36) can be computed with a low and uniformly
(w.r.t. parameters) bounded number of PCG iterations. This implies that this method is
optimal in the sense that the amount of work per iteration is proportional to that of a few
matrix-vector multiplications and the rate of convergence is robust w.r.t. variation in the
parameters [, v and £.

Remark 7. Consider the special case of only a rescaling of the A;-block in the matrix A;
as in remark 5. The multigrid preconditioner and the Cahouet-Chabard Schur complement
preconditioner automatically take this scaling into account. One may check that the result of
the inexact Uzawa method are not influenced by this scaling.

5. Comparison of methods

Before we turn to numerical experiments in the next section, we compare the methods discussed
in the sections 3 and 4 from a theoretical point of view. Three issues are relevant here, namely
the arithmetic work per iteration, the rate of convergence and the dependence of this rate of
convergence on parameters. We consider the following four methods: multigrid with Braess-
Sarazin smoother (denoted by BS-MGM), multigrid with diagonal Vanka smoother (denoted
by V-MGM), preconditioned MINRES with preconditioner as explained in section 4.1 (denoted
by PMINRES) and the inexact Uzawa method given in section 4.3 with preconditioners as in
section 4.1 (denoted by MGUZAWA).

Arithmetic work per iteration. For the methods V-MGM, PMINRES and MGUZAWA the
arithmetic work per iteration is bounded by ¢(m; 4+ n;) with a constant ¢ independent of I. For
the BS-MGM such a bound only holds if the linear system in (7) is solved approximately, cf.
remark 2.

Convergence analysis. We consider fized values for the problem parameters £ and v. For the
BS-MGM there is a convergence result as in theorem 1, provided the linear system in (7) is
solved exactly. For the case with an inexact inner solve, the theory outlined in remark 3 can be
applied to prove that the method converges with a rate independent of [. For PMINRES a rate
of convergence independent of [ follows from (31) and (32). For the MGUZAWA method such
a convergence result follows from theorem 2. A convergence analysis of the V-MGM method
is not known to us.

Robustness w.r.t. variation in parameters. First consider the special case of a rescaling of the A;
block of the matrix with a parameter § as in (20). For all four methods the rate of convergence
can be shown to be essentially independent of ¢ (cf. corollary 1, lemma 4 and the remarks 5
and 7). For the general case of variable problem parameters £ > 0 and v > 0 there are no
robustness results on the convergence of BS-MGM or V-MGM. The rate of convergence of
the PMINRES and MGUZAWA methods is robust w.r.t. variation in these parameters. This
follows from the results presented in section 4.

Summarizing, we conclude that concerning theoretical convergence results the state of affairs
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is much better for the PMINRES and MGUZWA methods than for the coupled multigrid
methods.

Parameters in the methods. The V-MGM and the PMINRES methods are parameter free. In
the BS-MGM method one has to choose a value for the parameter « in the smoother, cf. (4).
In the MGUZAWA method the accuracy parameter ¢ in (36) occurs.

6. Numerical experiments

We consider the generalized Stokes equation as in (1) on the domain = [0, 1]3. The right-hand
side f is taken such that the continuous solution is

sin(mz) sin(7y) sin(mwz)
u(z,y,z) = = | —cos(mz)cos(my)sin(nz) |,

2 - cos(mx) sin(my) cos(nz)
p(z,y,z) = cos(mx) sin(my) sin(rz) + C

with a constant C' such that prdx = 0. For the discretization we start with a uniform
tetrahedral grid with hg = % and we apply regular refinements to this starting discretization.
For the finite element discretization we use the Hood-Taylor P»-P; pair. In Table 1 the

dimension of the system to be solved on each level and the corresponding step size are given.

ho = 2-1 hi1 = 2-2 hy = 2-3 hs = 2-1 hy = 2-5
ny 81 1029 10125 89373 750141
my 27 125 729 4913 35937

Table 1. Dimensions: n; = number of velocity unknowns, m; = number of pressure unknowns.

In all tests below the iterations were repeated until the condition

=]
[

< 10719,

with r®) = b— Ax(*) | was satisfied. The methods are implemented in the DROPS package [1].
All calculations were performed on AMD Opteron (2390 MHz, 8 Gb) in double precision.

We first consider an experiment to show that for this problem class the multigrid method with
full Vanka smoother is very time consuming. In Table 2 we show the maximal and mean values
of d; on the level [. These numbers indicate the dimensions of the local systems that have to
be solved in the Vanka smoother, cf. section 3.2.

h() = 2_1 hl = 2_2 hg = 2_3 h3 = 2_4 h4 = 2_5
mean(d;)/ max; d; | 21.8 / 82 | 51.7 / 157 | 88.8 / 157 | 119.1 / 165 | 138.1 / 166

Table 2. The maximal and mean values of d; on different grids.
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16 M. LARIN AND A. REUSKEN

We use a multigrid W-cycle with 2 pre- and 2 post-smoothing iterations. In Table 3 we show
the computing time (in seconds) and the number of iterations needed both for the full Vanka
Stanl and the diagonal Vanka Sgiag smoother.

£=0 Strait, b3 =271 | Saiag,hs =271 | Spun, ha =277 | Sqiag,ha =27°
V=1 287 (4) 19 (10) 3504 (5) 224 (13)
v=10"1 283 (4) 19 (10) 3449 (5) 238 (13)
v=10"2 284 (4) 19 (10) 3463 (5) 238 (13)
v=10"3 356 (5) 20 (11) 3502 (5) 238 (13)

Table 3. CPU time and number of iterations for multigrid with the full and the diagonal Vanka smoother.

As can be seen from these results, the rather high dimensions of the local systems lead to
high computing times for the multigrid method with the full Vanka smoother compared to the
method with the diagonal Vanka smoother. In numerical experiments we observed that the
multigrid W-cycle with only one pre- and post-smoothing iteration with the diagonal Vanka
method sometimes diverges. Further tests indicate that often for the method with diagonal
Vanka smoothing the choice 14 = vy = 4 is (slightly) better (w.r.t. CPU time) than v; = vp = 2.

Based on numerical experiments, in the multigrid W-cycle with Braess-Sarazin smoother we
use v1 = vo = 2 and « = 1.25. For other values « € [1.1, 1.5] the efficiency is very similar. The
linear system in (7) is solved approximately using a conjugate gradient method with a fixed
relative tolerance ecg = 1072,

Remark 8. In remark 4 a modification of the the Braess-Sarazin smoother is discussed. In
Table 4 we give the computing time and the number of iterations needed for the “standard”
and “modified” versions of the Braess-Sarazin smoother, for the case a = 2.0 (relatively large
compared too the close to optimal value o = 1.25) and ec¢ = 0.2 (inaccurate solution of inner
system). We use a multigrid W-cycle with 2 pre- and 2 post-smoothing iterations.

ecg =0.2 hys =22 hy =270

I3 v standard mod. standard mod.

£€=0 v=1 23 (27) 14 (9) div. 173 (11)
v=10"1 | 23(27) 14 (9) div. 173 (11)
v=10"2 | 16 (14) 14 (8) div. 164 (11)

E=10 |v=1 22 (26) | 15 (10) div. 155 (10)
v=10"1 | 19 (19) | 15 (10) div. 162 (11)
v=10"3 14 (6) 14 (6) 172 (8) 175 (7)

=100 | v=1 19 (13) 15 (9) div. 164 (11)
v=10"1 | 16 (11) 14 (8) | 218 (21) | 166 (10)
v=10"2 | 13 (5) 13 (5) | 163 (5) | 155 (5)

Table 4. CPU time and the number of iterations for W(2,2)/BS-MGM method (o = 2.0).

The results show that the modified version of the Braess-Sarazin smoother indeed improves
performance (compared to the standard one) if the inner systems (7) are solved with low
accuracy and the value for the parameter « is relatively large. The modification is not needed
if we use the close to optimal value o = 1.25.

Results for the four methods with respect to variation in the problem parameters [, v and
¢ are given in Table 5 and Table 6. In the MGUZAWA method we use the parameter value
6 = 0.1. ;From these results we conclude the following:
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(1) Not only the PMINRES and MGUZAWA methods are robust with respect to variation
in the parameters £ and v (as predicted by theory), but also both multigrid methods are.

(2) For & = 0 variation of v is the same as rescaling of the A; block as in (20). The results
show that for all four methods the rate of convergence is essentially independent of this
scaling parameter v, as predicted by theory.

(3) In most cases V-MGM is the most efficient method and PMINRES has the lowest
efficiency.

(4) The parameter free PMINRES method shows a close to constant behaviour (only
relatively small changes in CPU time and number of iterations) if the parameters v

and £ are varied. In this sense this method is the most robust one.

5 =0 hs = 21

v MGUZAWA | V-MGM | BS-MGM | PMINRES
v =1 39 (13) 19(5) | 20(11) | 49 (74)
v=10"1| 38 (13) 19(5) | 20(11) | 52 (79)
y=10"% | 43 (14) 19 (5) | 17 (8) 53 (80)
£=10 fiy = 21

v MGUZAWA | V-MGM | BS-MGM | PMINRES
v =1 17 (15) 19(5) | 20 (1) | 57 (79)
y=10""| 34(11) 17(4) | 20(11) | 61 (89)
y=10"%| 34 (13) 15(3) | 21 (7) 1 (74)
€ =100 hy =21

v MGUZAWA | V-MGM | BS-MGM | PMINRES
V=1 36 (12) 17(4) | 20(11) | 51(73)
vy=10"1| 29 (10) 15(3) | 19 (7) 49 (69)
v=10"3 | 38 (15) 15(3) | 19 (6) 58 (85)

Table 5. CPU time and the number of iterations for MGUZAWA, PMINRES, BS- and V-MGM methods.

f =0 hy = 275

v MGUZAWA | V-MGM | BS-MGM | PMINRES
v =1 361 (14) | 198 (5) | 274 (14) | 445 (75)
v=10"1| 315(12) | 199 (5) | 276 (14) | 476 (81)
y=10"% | 310(12) | 108 (5) | 241 (11) | 441 (74)
£=10 Ty =27

v MGUZAWA | V-MGM | BS-MGM | PMINRES
V=1 419 (15) | 190 (5) | 244 (13) | 538 (32)
v=10"1| 321(12) | 189 (5) | 224 (10) | 548 (87)
v =103 | 265 (11) | 145(3) | 238 (7) | 540 (87)
=100 Ty =277

v MGUZAWA | V-MGM | BS-MGM | PMINRES
v =1 305 (11) | 190 (5) | 241 (13) | 484 (75)
v=10-1 | 261 (10) | 167 (4) | 243 (13) | 488 (77)
y=10"3 | 320 (14) | 122(2) | 282 (9) | 441 (68)

Table 6. CPU time and the number of iterations for MGUZAWA, PMINRES, BS- and V-MGM methods.
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APPENDIX

We use the ideas from [29] to derive the approximation property in (22). The Stokes problem
in (17) can be reformulated in another standard form using the symmetric bilinear form

k((@,p), (¥,9)) = (ViI, V) — (div #,p) — (div @,q) on (V x@Q)x (VxQ).

with V. = H}(Q)3, Q = L3(Q). For given (,r) € V x Q there exists a unique projection
S(wW,r) = (S1W, Sar) € V| x @Q; such that

k((S1d, Sar), (1, @1)) = k((,7), (G, @) for all (G, q) € Vi x Q.

Note that
[ — Syadf]|y + ||r — Sarllz < (@]l + 7] z2)

holds. A duality argument, in which the H?-regularity of the Stokes problem (17) is used,
yields

||U7 — S1U7HL2 < chl(Hu_f — S1U7H1 + H?” — SQTHLz).
For f e L2(Q)3, g € L2(Q) let (@, p) € V x Q be the solution of:
k((@p), (7.9) = (f,8)2 + (9,9)r2 forall (#g) €V xQ.
Galerkin discretization of this problem in V; x @ results in an approximate solution (i, p;) =

S(u,p) = (S11, S2p). Note that ||@ — @2 < chl(Ha’ — |l + llp — leLz) holds. Using the
inf-sup property of the Stokes operator we obtain:

k((@— @, p—m), (@,7))

|@— a1+ lp—mpillrz < ¢ sup

(B,r)EVXQ [@][x + [l 2
— ¢ sup k‘((ﬂ: — Slﬁ,p — Sgp), (u‘i — Slw,r — 527”))
(@,r)EVXQ [[@]lx + [l 2
k((ﬂ', p), (W — S1W,r — Sgr))
=c sup -
(@,r)EVXQ @1 + (7]l 2
(f,18 = Svi)r2 + (9,7 — Sor) 2
=c¢ sup =
(B,r)EVXQ @1 + 7l 2

[ fll2 |0 = S1| 2 + [lgll2]lr — Sor| 2

<c sup

T (@r)evxo l@ll1 + 7l 2
<¢ s £ 22 P (|81 + ||7:||L2) + llgll 2 (lwllx + lI7llz2)
(B, EVXQ @1 + [l L2

=c(m fllz + llglz2).

Thus for the discretization error we obtain the L2-error bound
@ — i@l g2 + hillp = pill g2 < eh(ll@ — @il + |p = pillez) < ehZ(1Flz2 + by Mlgllze)-
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Note that for g = 0 this reduces to the one used in (18). Using standard arguments we obtain
the following approximation property (with scaling matrix A; as in (9)):

(A7 = BAZ R)AT]], = [[A(AT = PAZ R A|

<. I — |2 + hallp — pull
(firg0)EVIXQ I fill 2 + g2l
201l f; 2 —1 2
- Uil + A Weigle) _ o
(fi00)EVIXQ [ fill 2 + [lg2l >
This proves the result in (22).
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