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Abstract We consider a standard model for incompress-
ible two-phase flows in which a localized force at the in-
terface describes the effect of surface tension. If a level set
(or VOF) method is applied then the interface, which is
implicitly given by the zero level of the level set function,
is in general not aligned with the triangulation that is
used in the discretization of the flow problem. This non-
alignment causes severe difficulties w.r.t. the discretiza-
tion of the localized surface tension force and the dis-
cretization of the flow variables. In cases with large sur-
face tension forces the pressure has a large jump across
the interface. In standard finite element spaces, due to
the non-alignment, the functions are continuous across
the interface and thus not appropriate for the approxima-
tion of the discontinuous pressure. In many simulations
these effects cause large oscillations of the velocity close
to the interface, so-called spurious velocities. In [6] it is
shown that an extended finite element space (XFEM) is
much better suited for the discretization of the pressure
variable. In this paper we derive important properties of
the XFEM space. We present (optimal) approximation
error bounds and prove that the diagonally scaled mass
matrix has a uniformly bounded spectral condition num-
ber. Results of numerical experiments are presented that
illustrate properties of the XFEM space.
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1 Introduction

In two-phase incompressible flow problems with surface
tension the pressure typically is discontinuous across the
interface. In interface capturing methods (for example,
level set techniques) the approximation of the unknown
interface is not aligned with the grid used for the dis-
cretization of the flow problem. Due to this standard
polynomial finite element spaces (FPp-discontinuous or
P;-continuous) have very poor approximation quality when
used for the discretization of the pressure variable. In a
previous paper [6] it is shown that an extended finite
element space (XFEM) is much better suited for the ap-
proximation of the pressure. In this paper we study this
XFEM space and introduce a modified XFEM space that
has better LBB-stability properties when combined with
a standard P»-finite element space for the velocity ap-
proximation. In this introduction we briefly explain a few
major issues related to the finite element discretization
of incompressible two-phase flow problems. To simplify
the presentation we restrict ourselves to stationary prob-
lems. We emphasize, however, that the (modified) XFEM
space is appropriate both for stationary and instationary
problems.

We consider a stationary two-phase incompressible flow
problem. Let £2 C R? be a convex polyhedral domain
containing two different immiscible incompressible phases.
The subdomains containing the two phases are denoted
by .Ql and .QQ with Q = .(_21 UQQ and .Ql ﬂQQ = @
We assume that (2; and (2; are connected. The inter-
face is denoted by I" = 21 N {25 and is assumed to be
sufficiently smooth. The standard model for describing
incompressible two-phase flows consists of the Navier-
Stokes equations in the subdomains with the coupling
condition

[on]r = 7Kn

at the interface, i.e., the surface tension balances the
jump of the normal stress at the interface. We use the



notation [-]r for the jump across I', n = nr is the unit
normal at the interface I" (pointing from (21 into (2), 7
the constant surface tension coefficient, IC the curvature
of I' and o the stress tensor defined by

o = —pl+ uD(u), D(u) = Vu + (Vu)7,

with p = p(x) the pressure, u = u(x) the velocity and
v the viscosity. We assume continuity of u across the
interface and use homogeneous Dirichlet boundary con-
ditions, i.e., u = 0 on 0f2. For a weak formulation of
this problem (as in, for example, [3,10,11,13,14]) we in-
troduce the spaces

V = H(%(‘Q)Sv
Q= 13(2) = {g e ()| /qux — o).

The standard L?(§2) scalar product is denoted by (-,-)o
and for the Sobolev norm in 'V we use the notation || - ||1.

The weak formulation is as follows: determine (u,p) €
V x @ such that for all ve V and all ¢ € Q

/Q pD(u) : D(v)dx + (pu-Vu,v)o + (divv,p)o

= (ngv)o + fl"(v);
(divu,q)o =0

(1)

holds, with

fr(v) ZZT/ Knr-vds (2)
r

the localized surface tension force and D(u) : D(v) =

tr((D(u)D(v)). The functions p and p are strictly pos-

itive and piecewise constant in §2;, i = 1,2, with values

W= i, p=p;in £2;. For I sufficiently smooth we have

sup,er [K(2)] < ¢ < oo and

(3)

lfr(v)] < CT/ nr-vlds <cl|[vlzr) < cflvil
r
for all veV.

Thus fr € V' holds and hence (1) is well-defined. Un-
der the usual assumptions (cf. [4]) the weak formulation
of the Navier-Stokes equations as in (1) has a unique
solution. Due to the Laplace-Young law, typically the
pressure has a jump across the interface, when surface
tension forces are present (7 # 0), cf. Remark 1 below.
In numerical simulations, this discontinuity and inade-
quate approximation of the localized surface force term
often lead to strong unphysical oscillations of the veloc-
ity vector at the interface, so called spurious velocities.
In [6] it is shown that these spurious solutions can be
avoided to a large extent if a modified Laplace-Beltrami
discretization, as explained in [6] (and analyzed in [7]),
is used and if for the Galerkin discretization of the pres-
sure an extended finite element space (XFEM) is used.

Such extended finite element spaces are introduced by
Belytschko, cf. [1,9] in the context of elasticity prob-
lems. This XFEM space is also used in [9,8] for interface
problems.

In this paper we derive important properties of this
XFEM space related to its approximation quality and
stability of the basis used in this space. Furthermore,
we introduce a modified XFEM space that is obtained
from the XFEM space by deleting finite element basis
functions which have a “very small” support. We will
quantify what we mean by “very small”. This modified
space has the same approximation quality as the original
XFEM space but better stability properties. As far as we
know the approximation and stability properties of the
(modified) XFEM space that are derived in this paper
are not known in the literature. We also briefly address
the issue of LBB stability of the P,—XFEM pair, i.e. ve-
locity is discretized by piecewise quadratics and pressure
is taken from the (modified) XFEM space.

To present the main ideas and the motivation for the
use of an XFEM space we further simplify (1) and con-
sider a Stokes problem with a constant viscosity (u; =
to = p in £2). We emphasize, however, that the methods
that we present are not restricted to this simplified prob-
lem but apply to (instationary) Navier-Stokes equations
(1) as well. We introduce the following Stokes problem:
find (u,p) € V x @ such that

forallveV,

a(w,v) +b(v,p) = (pg, V)o + fr(v) (4)

b(u,q) =0 forall ¢ € Q,

where
a(u,v) ::/ uVuVvdx, b(v,q):/ qdiv v dzx,
0 0

with a viscosity p > 0 that is constant in 2 and p = p;
piecewise constant in 2;, ¢ = 1,2. The unique solution
of this problem is denoted by (u*,p*) € V x Q.

Remark 1 The problem (4) has a smooth velocity solu-
tion u* € (HQ(Q))3 NV and a piecewise smooth pressure
solution p with p|, € H'(£2;), i = 1,2, which has a jump
across I'. These smoothness properties can be derived as
follows. The curvature K is a smooth function (on I).
Thus there exist p1 € H'(£21) such that (p1);r = K (in
the sense of traces). Define p € L2(£2) by p = p; in (24,
p =0 on (2. Note that for all ve V,

fF(V)ZT/]Cnp'VdSZT/ﬁlnF'VdS
r r

Vpi-vdr
(o2

ZT/ ﬁdivvdx—i—T/ g-vdz,
¢ Q

ZT/ prdivvde + 7
(o2



with g € L?(£2)? given by § = Vp; in 21, § = 0 on §25.
Thus (u*, p* —7p) satisfies the standard Stokes equations

a(u*,v) +b(v,p" —1p) = (pg+78,v)o forallveV,
b(u*,q) =0 forall g€ Q.

From regularity results on Stokes equations and the fact
that (2 is convex we conclude that u* € H?(£2) N H(£2)
and p* — 7p € HY(£2). Thus [p* — 7p]r = 0 (a.e. on I')
holds, which implies

p*lr = 7[plr = —7K,
i.e., p* has a jump across I" of the size T/C.

Example 1 A simple example, that is used in the nu-
merical experiments in section 5 is the following. Let
2:=(—1,1)3 and §2; a sphere with centre at the origin
and radius r < 1. We take g = 0. In this case the curva-
ture is constant, K = %, and the solution of the Stokes
problem (4) is given by u* = 0 in £2, p* = 7'% + ¢ on {2y,
p* = ¢g on 25 with a constant cg such that fQ p*dxr = 0.

We apply a Galerkin conforming finite element discretiza-
tion to the problem (4). Let {7, }r>0 be a stable family
of consistent (i.e., no hanging nodes) nested triangula-
tions, consisting of tetrahedra. In our experiments these
triangulations are locally refined close to the interface I,
cf. section 5. Let Vi, C V, Qp C @Q be a stable pair of
finite element spaces. We assume that a piecewise planar
surface I}, is known, such that

dist(I, I,) < ch?, (5)

with hp the size (diameter) of the tetrahedra in the lo-
cally refined region that contains the interface. This as-
sumption is reasonable if one uses piecewise quadratic
finite elements for the discretization of the level set func-
tion, cf. [7]. Note that in general the faces of Iy, are
not aligned with the faces in the tetrahedral triangula-
tion 7y. The induced polyhedral approximations of the
subdomains 2, and {2; are denoted by (2, 5 and (25 p,
respectively. Furthermore, we define the piecewise con-
stant approximation of the density p, by pn = p; on
£2; . We assume that for v, € Vj, the integrals in

(Png; Vn)o = Pl/

21.n

g-vhdaz—i—pg/ g - vpdx

22n

are computed exactly. Let fr, (vj,) be a numerical ap-
proximation of fr(vy,). The standard Galerkin discretiza-
tion of (4) is as follows: determine (up,pp) € Vi X Qn
such that
a(up, vi) + b(va, pn)
= (Phg, Vh) + th, (Vh)
b(up,qn) =0 for all g, € Qp.

for all v, € Vi,  (6)

Using standard finite element error analysis (Strang
lemma) we get a discretization error bound, cf. [6]:

Theorem 1 Let (u*,p*), (up,pp) be the solution of (4)
and (6), respectively. Then the error bound

pllun —afly + llpn — p*[| 2
< inf Lk inf s
- C(Mvr}th ”Vh v ”1 + Qh,ngh ”qh b HL2

|(pg, Vi) — (png, vh)l (7)
[vallx

|fr(vh) — th(Vh)|)

Vel

+ sup
vRLEV)

+ sup
VREV)

holds with a constant c independent of h, p and p.

We comment on the terms occuring in the bound
in (7). As explained above (Remark 1), the solution u*
of (4) is smooth and thus with standard finite element
spaces Vy, for the velocity (e.g., Py or P;) we obtain
infy, ev,, [[vh — u*||1 < ch. Due to (5) we get |vol(§2;) —
vol(£2; n)| < ch%, i = 1,2, and using this we obtain

(pg,vi)o — (P8, Vi )ol

2
< pi/g'Vhdaj—/

< c(p1 + p2)hrlvhll,

g vpdx

i,h

and thus an O(hr) bound for the third term in (7). The
remaining two terms in (7) are less easy to handle. In
[7] it is shown that a (not so obvious) approximation
method based on a Laplace-Beltrami representation re-
sults in a functional fr, () with an O(hr) error bound
for the last term in (7). This functional fr,(-) is de-
scribed in section 5. The second term in (7) is discussed
in section 2. It is easy to show (cf. [6]) that standard
finite element spaces Qy, (e.g., Py or P;) lead to an er-
ror infy, e, |lgn — p*||L2 ~ Vhr. This motivates the use
of another pressure finite element space, namely an ex-
tended finite element space as explained in section 2,
which has optimal approzimation properties for functions
that are piecewise smooth but discontinuous across I7,.

2 Extendend finite element space

In this section we describe a modified finite element method
(for discretization of the pressure variable) that is based
on an extension of the standard linear finite element
space. This XFEM space has optimal approximation prop-
erties for piecewise smooth functions, as is shown in sec-
tion 3.

In practice the interface I is often approximated by
an interface capturing method like, for example, a level
set method. The level set function is discretized and (an
approximation) of the zero level of this discrete level set
function is used as an approximation I, of I'. Clearly, in
general this I}, changes if the mesh is refined. To avoid
many technicalities caused by this variation of I} we



Fig. 1 Planar intersections of I" and T'.

assume that I, = I for all h. Furthermore, we assume
that for all T' € 7}, the intersection I, NT is either empty
or a planar segment that does not contain any vertices
of T. In the latter case only two situations can occur,
namely I, NT is either a triangle or a quadrilateral, cf.
Fig. 2.

A two-dimensional case in which such simplifying as-
sumptions are fulfilled is shown in Fig. 2. For m > 1 let
H™(£, U §25) denote the Sobolev space of functions, for
which u|o, € H™(£2;), i = 1,2, holds. We use the nota-
tion [|ull?, 0,00, = lullf o, + lull?, o, for we H™ (21U
§25). The L?(§2) scalar product and corresponding norm
are denoted by (+,-)o and || - |lo, respectively.

We introduce the standard linear finite element space

V=W={vel2)|vlr € P, forall T € Tp}.

For the approximation of functions in H™(£2;U{22), m >
1, that are discontinuous across I" (in trace sense) the
finite element space V is not suitable. In general, for
u € H™(£2, U £22), one can not expect a better bound
than

inf [lu—vllo < VA |[ullm,200:
veV

cf. [6]. To improve this poor approximation quality we ex-
tend the space V' by adding functions that can represent

0 * 1

Uniform refinement: hj, = 2%
I" located at x = z* with z* irrational.

Fig. 2 2D example of a family of triangulations and interface
that satisfy the assumptions.

discontinuities across I'. For this we first introduce some
further notation. To simplify this notation we do not ex-
press the dependence on h in our notation (for example,
V instead of V},). Let V = {xk}trez, T = {1,...,n}, be
the set of all vertices in the triangulation 7;. Note that
due to the assumptions on I" we have zj, £1" for all k. The
nodal basis in V is denoted by {¢r trez. Let 21 be the
collection of all tetrahedra that are intersected by I, i.e.,
Qr=U{T €T, | TNT #0}. Let R; : L*(2) — L*(02),
i = 1,2, be restriction operators:

v, on
Riv = :
v { 0

on 0\97
(in L2-sense). We define
Q20 =U{T | TN #0}, i=1,2,
Ve ={veCWU) |vrecPforal T € 25}, i=1,2.

We need extension operators E; : R,V — V¢ i = 1,2,
given by
EiRiv=vqe for veV, i=12

The standard nodal interpolation operator is denoted by
I: C(02,)uC(22) =V, (Iv)(zk) = v(zk) for all z, € V.
We introduce subsets of Z for which the corresponding
basis functions have a nonzero intersection with I

Il :={keT |z, € and supp(dp) NI #0}
IV :={keT|a, € and supp(pp) NI #0}.
Corresponding spaces are defined by

V.l i=span{ Ri¢y. | k€ I}, i=1,2.

The extended finite element space is given by
V= RV @ R,V. (8)
The following propereties will be useful in our analysis:
RiRjv=0 forall v and i # j, 9
R;Riv=Ryv forall v,i=1,2, (
Riv+ Roww=v foral veV’l, (
RVI =RV, i=1,2, (12
EiRiv =vjge if vge €V, (
v(zg) =0forallv e VI i=1,2, and all z,, € V. (



We derive another characterization of V1.

Theorem 2 The following holds:
vi=vevieVl.

Furthermore, in the decomposition

v=w+ Z B R + Z B Rod, (15)
kezl kel

with v € VF, w €V, we have

w=TIv, B = (ERw)(zr) — v(zs) (16)

forallk € IV, i =1,2.

Proof From V' € RV, V C RV @ RpV and (8) it
follows that V + Vi{{" + VJ/" ¢ VI holds. We now show
that each v € V! can be decomposed as

v=w+ol ol with we Vol eV, (17)
and that this decomposition is unique and has the form
(15), (16). We use as ansatz a decomposition as in (17).
Due to v} (x1) = 0 for all z; € V we obtain w = I'v. From
v—1Iv eV =RV @R,V and supp(v — Iv) C 2 it
follows that v—Iv € Vi + V4" and thus a decomposition
as in (17) exists. We get

v=Riv+ Ryv
= RiIv+ Ralv
+R D 8¢ | + R > 8P |,
kez! kel

with suitable coefficients ﬂ,(;) Thus

EiRiv = E;RiIv+ ERi( Y B¢r), i=12,
kezl

must hold. Using (13) this yields

EiRw=(I0)jo: + ¥ B (6)ars i=1,2.

kel

Substitution of a vertex x; with k € IZ.F yields ﬂl(:) _
(E;R;v) (k) — (IU)IQ,? (zx) = (E;R;v)(zx) —v(xg ), which
completes the proof.

We derive an optimal approximation error bound for
the XFEM space V.

Theorem 3 For integers 0 < I < m < 2 the following
holds

inf |Ju— 0,02, < ch™ Hullm. 00, (18)
vev T

for allw € H™(£21 U (2).

Proof We use extension operators " : H™(§2;) — H™(12),

i = 1,2, with (£"w)|o, = w and [|E]"w|m < cl|w||m, o,
cf. [12]. For m = 1,2, let @™ : H™({2) — V be a
(quasi-)interpolation operator such that ||w — Q™w||; <
ch™ Y wl|,, for all w € H™(2),0 <1 < m < 2 (for
example, Clement quasi-interpolation). Let m € {1,2}
and v € H™(§2, U {25) be given. Define v* € VI by

v* = RQME Riu+ RaQMES Rou. (19)
For this approximation we obtain
HU' - U*| 12,(21U(22
2 2
=D llu=v"llfq, = llu—QmEM Rullf o,
i=1 i=1
2
=Y I&MRiu— QEM Ruuli g,
i=1
2
<€ Riu — QT E" Rul |}
i=1
2 2
< kDN T EN Riulf;, < e RN | Roulfy, o,
i=1 i=1
= Ch2(mil)||u||72”n,701U.Qg’

which proves the result.

In [8] related approximation results for the XFEM
space are derived in a mesh dependent norm in which,
for u € HY(2) N H?({1 U £2), a control of the error
across I is included.

3 A modified XFEM space

In general there are basis functions R;¢y, € Vi with very
small support in the sense that

|supp(Ri¢r)|/|supp(or)| < 1.

It is clear that if functions with “very small” support
are deleted from the space V. this will not influence the
approximation quality of VI significantly. In this section
we introduce and analyze a smaller space in which basis
functions from V" with very small support are deleted.
Avoiding very small supports has advantages, for exam-
ple if the contributions are dominated by rounding er-
rors. We will explain how we chose the maximal size of
these “small supports” in order to maintain optimal ap-
proximation properties of the resulting reduced XFEM
space.

Let o > 0, ¢ > 0 be given parameters. Let Z] C I}
be the index set such that for all k € Z}'\ Z}:

Pkl o,

<c¢hg forall T C (supp(dr) N {2r). (20)
[[drlle



Remark 2 Note that for a function R;¢, € VI (k €
T!') we have ||R;¢x|ir = HqSkHleQ for all T € Tp.

Furthermore, because ||¢x |7 ~ ch 5= ,for 1 =0,1, the
condition (20) can be replaced by the followmg one:

111
| prllirno, < éhg

(21)
for all T C (supp(qék) N Qp).

The constant ¢ may differ from ¢ in (20).

We define the reduced spaces V,' C V" by

V7 :=span{ Ri¢r | k€ ]}, =12,

and a modified XFEM space V! := V@V @V, For this
space the approximation property in Theorem 4 holds.
In the analysis we use a global inverse inequality and
therefore we need the additional assumption that the
hierarchy of triangulations is quasi-uniform.

Theorem 4 We assume {7 }p>0 to be quasi-uniform.
For 0 <1 < m <2 the following holds:

< C(hmil + hail) ”u”m,thQz

inf ||
vev?!
for allu € H™({21 U (2).
Proof Take u € H™ (21 U (2) and 0 <[ <m < 2. Let
v* = RIQMETRiu + RoQmE Rou € VI (22)
be asin (19). From Theorem 2 we have the representation

2
=T+ 3 S B Rign,

i=1 kel

with ﬂk as in (16). Given this v* and these coefficients,
we define * € VI by

2
7" =Iv* + Z Z ﬁ;(:)Riﬁﬁk-

=1 keI}
Note that

inf [ju—2v,0,ue <llu—71"L0,u0,
vev T

<u=v* 200, +[[v° =000, (23)

< Chmil”u”m,ﬂlu»oz
For the last term on the right hand-side in (23) we have
2

lv" — 0" ||1,0,u0, < Z

=1

Z 5;(:)Ri¢k

r Y
keII\T; LU

We take ¢ = 1 (the case i = 2 can be treated in the same
way):

Z 5;(61)R1¢k

r Y
kEII\T] L2102

= Z Z 5;(61)1%1%

Te2r ||kezI\T]

2

1, TN,

P> lelirna

TEQr keIl \T}

12 _
<c¢ max |ﬁ,(C )| E h?,f’”'g 2
keZT\TY ol

|5;(€1) |2h2a+1—2l.

<3 max 6
keZI\Z? | k

<c

< (24)

max
keZ{\T]

In the last inequality we used that Y .., 3 < cmeasy(I")

holds. For ,(Cl) we have from (16)
O (B Rio™)(a2) — v*
16, | = [(BaRiv*) () — v* ()|,

and using (22) we get, for k € 7},

(ElRl'U*)(xk) = (ElRlngianu)(xk)
= (Q"E" Ryu)(wy),
v (k) = (Rov™) (1) = (Q™ES" Rou) (k).

Hence, using ||w]|z~ < ch™ 7 ||lw||; for w € V (cf. [2]), we
obtain

0 < max Q€] Ruu — &5 Ryu) ()|

1<k<n
= Q™ (&7 Riu — & Rou) || 1
< ch7H|Q™ (&7 Rau — &5 Rou)|[§
< chT (1€ Ruul|? + [1€5 Raull7)
*1(H5mRWIl2 +[1€5" Raull7,)
IRl o, + 1 R2ull, 0,)

= Ch 1HuHm,91UQQ'

I/\ I/\I

Using this in (24) we obtain

* ~ % —1
[v* = %117 0,00, < ch@ )HU’H?n,QlU.Qg?
which combined with (23) completes the proof.

From this theorem we conclude that the order of
approximation of the modified XFEM space V! is the
same as that of VI if we take & = m in the criterion
(20) (or (21)). In practice one has to chose the constant
¢ in (20) (or é (21)). In our applications the modified
XFEM space is used for the discretization of the pres-
sure p € HY(£21 U (), i.e., we take « = m = 1.



4 L2-Stability of a basis in the XFEM space

In this section we analyze the stability of the basis
{ort1<kcn U{R1drtrerr U {Redrtperr

in the space VI'. We prove that the diagonally scaled

mass matrix is uniformly (w.r.t. k) well-conditioned. This

holds independent of the size and the shape of the sup-

port of the basis functions R;¢y. This immediately im-

plies a similar result for the reduced XFEM space V1.
We start with an elementary lemma.

Lemma 1 Let T be a nondegenerated tetrahedron with
vertices A,B,C,D. Let v,w : R? — R be linear functions
with v(A) = o # 0, v(B) = B, v(C) = v(D) = 0 and
w(D) =0 # 0, w(4d) = w(B) = w(C) = 0. Then the
following holds:

1 (a+5)2 2
|(va)0,T| = \/5 (05""6)2 +062 +62 HU”O,THU}”O,T
< L jollorlwl (25)
NG v|lo,T||w|o,T-

Proof By a scaling argument we can assume § = 1. Let
M;, i = 1,...,6 be the midpoints of the edges of T
We use the quadrature formula Qr(f) = |T|(55 (f(A) +
f(B)+f(C)+ f(D)++ 2?21 f(M;)), which is exact for
all f € Py. A simple computation using this quadrature
formula yields

(v, wor = IT|op(a + )

1
[0l 7 = ITI5 (0% + 5 + af)
1
or=T|—.
lwl = I7T]
Hence
(v, wo,r| 1 la+ B

Telo.rlwlor V2 y/a+B) +a?+ 3

which proves the desired result.

This lemma shows that a strengthened Cauchy-Schwarz

inequality holds. Note that if 5 = 0 the constant can be
improved from \/Li to %

We also derive a strengthened Cauchy-Schwarz in-
equality between the spaces V and V' @ Vi, For this we
introduce the following technical assumption. For each
vertex © € V let w, be the set of all tetrahedra that have
x as a vertex. Define 2p = 2\ 2p. Assume that
we NP #D forall zeV. (26)

For h sufficiently small this assumption is satisfied.

Lemma 2 Assume that (26) holds. There ezists a con-
stant cog < 1 independent of h such that

(v,w)o < coslvlollwllo  for all veV, we Vlr @ VQF.

Proof We use the notation W = ViI' @& Vi, Let Py :
L?(£2) — W be the L?-orthogonal projection on W. Let
V(T') denote the set of vertices of T'. Transformation to
a unit tetrahedron yields the norm equivalence

alolir <ITI Y (@) < elolfr
zeV(T)

(27)

for all T € 7;, v € V, with constants ¢; > 0 and ¢y
independent of h. Due to (26) we have that for each

x € V(T) there exists a tetrahedron T € w, N 2 with
x € V(T). Using this we obtain for v € V and T € 2r:

lolgr < elTl Y via)?

zeV(T)

DS

zeV(T) Tew,NN2r

<e Y IR wnen-

7] Y v(y)?

yeV(T)

zeV(T)

Hence,

lolg.er. = Y Iolir <cllvlf o, veV.
Ter

holds with a constant ¢ independent of h. This yields
[0ll§ = 0113 o, VI3 0, < €llvllf e, With ¢independent
of h. Using this and (Pyv) o, = 0 we get, for v e V,

lo = Pwollo > llv = Pwollo,aq = [0

0,2r = éH'UHo,
with a constant ¢ > 0 independent of i. Thus we get
[Pwollg = w3 —llv—Pwolld < (1=&)lvll§ =: c&sllvll3
forallve V,and, forve V,we W,
(v,w)o = (v, Pww)o = (Pwov,w)o < [|Pwollolwllo

< cesllvlloflwllo,
which completes the proof.

The spaces Vj and V4" are (due to disjoint supports
of functions from these spaces) L2?-orthogonal. Thus we
conclude that in the decomposition

VF:VGBVlF@‘/QF

we have a strengthened Cauchy-Schwarz inequality be-
tween V and Vil @ V4" and even orthogonality between
VI and V4.

Forv:w+w1+w2EVF,WithwEV,wieViF,
we have

[0ll§ < 2(lwlg+ w1 +wallg) = 2(lwlF+[lwilIg + [lw2][?)
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Fig. 3 Three different cases for U; =T N, j=1,2,3.

and

[Vl = llwl§ + llws + wallg + 2(w, w1 +w2)o
> [Jwl§ + llwr + wallg — 2ccslwlollwr +w2llo
> (1= cos)(lwllg + lwllg + llwall5)-

Hence we obtain

(1= cos) ([wlf§ + [lwrll§ + llw25)

(28)
< [loll§ < 2(Iwl§ + llwsl[§ + llw2l5)-

We now turn to the conditioning of the mass matrix. A
function v € VI is represented in the basis {¢ }1<r<n U
{Ridntrerr U{R20n}perr as

n 2
v= Zak% + Z Z ﬁl(cz)RiQﬁk = w+w; +wsz, (29)
k=1

i=1 kezl

where w € V, w; € V.I', i = 1,2. It is well-known (cf.
also (27)) that for w =Y, _, asdr we have

n n
e ) ailldnlls < llwlf < e2 ) afllonl3,

k=1 k=1

(30)

with constants ¢; > 0 and co independent of h, i.e.,
the basis {¢r}1<k<n is uniformly in h well-conditioned
(wrt. || - |lo)- We prove a similar result for the basis
{Ri¢k}kezf of V.

Lemma 3 For w; = ), cor ﬂ,(:)RiqSk, i = 1,2, the fol-
lowing holds:

vV2-1 (1)\2 2
> (87) IRl
2v2 kel

< w2 <3 57 (87)% 1 Rige 12

kez]

(31)

Proof We take ¢ = 1 and write wy = ZkeI{ Bk R1¢k.
For each T € Qr there are at most 3 k-values in Z}'

with (Ry¢x)r # 0 and thus

2
lwillg=">" || > BrRid
Ter ||kezl ot
2
<Y BllRigrllor
Tef2r \kezf
<3 ) D BLIR G r
Ter kezl
=3 > Bl Rugxll3,
keZ!

which proves the upper bound in (31). We now prove the
lower bound. For a given T' € 2p we consider

= Z Brdr

kezl

Z BrR1¢x

kezl

0,7 0,7

For T'N {21 there are 3 different cases, as indicated in
Fig. 3, namely TN =Uj, 5 =1,2,3.

For T'N 21 = U; there is only one k € Ilp with
(ér)rne2, # 0 (namely the one corresponding to vertex
A). Hence in this case we have

2
Z Br Pk

r
kezj 0,72

= Z Billokll3 rne, -

kezl

We now treat TN{2; = Us. Note that Us is a tetrahedron.
There are three k-values in Z{ with (¢y)7ne, # 0, say
kg, kc,kp, corresponding to the nodal basis functions
¢ at the vertices B, C, D, respectively. Using Lemma 1
we get

> Bron

kez!

2

07N
= 1Brs Pks + (Bre e + Bro D)o 70002,
> (1-1/v2) (B, 198518 100,

+ [|Bre ke + B ko 1,100, )
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Fig. 4 Pentahedron Us, subdivided in three tetrahedra
Ty, T2, Ts5.

and, again with Lemma 1 (with 8 = 0), we obtain
”5kc¢kc + ﬂkD ¢I€D)||(2),Tﬁ(21

1
2> §(ﬁﬁc|‘¢kc||(2)jmrzl + ﬁ/ﬁDHﬁﬁkD”(Q),Tle),

and thus

> Brow >

r
kel 0,TN

5k||¢1<”0 TN,

2\/_ kezz:l“

Finally we consider 7' N {21 = Us. In this case there are
two k-values in Z{ with (ér)rn0, # 0, say ka, kg, cor-
responding to the nodal basis functions ¢y, at the vertices
A, B, respectively. The pentahedron Us has the form as
indicated in Fig. 4 and can be subdivided into 3 tetra-
hedra T} = adcC, Ty = acCh, Tz = aCbD (see Fig. 4).

We consider T;. The basis function ¢y, has nonzero
values at the vertices a and d of T and is zero at the
vertices ¢ and C. The basis function ¢, has a nonzero
value at vertex ¢ and zero values at a,d and C. Thus
Lemma 1 can be applied and results in

1
(Pkas Prs o1 < ﬁ”(bkAHO,ﬂHﬁkaHO,Tl-

It can be checked that the same argument can be applied
to Ty and T3. Using this we get

2
> Bron

Ir
k€L 0,72

=18k ®ka + Brs s I§ 12,

3
_ Z 185 0ka + Bros Bres 3.7,

>(1-1/v2)) (8,

Jj=

= (1-1/v2)(87, llox
=(1-1/V?2) Zﬁknm

keZ!

0.1, + Bis l0rs 116 1,)

)

+5kBH

We conclude that for all three cases T'N 1 = Uy, j =
1,2,3, we have

2

Z BrR10x >

kezl

V2 —
2v/2

Z »31<||R1¢k||0 T
0,7 kezt

Summing over T € {21 we obtain the lower bound in
(31).

Using the norm equivalences in (28), (30) and (31)
we derive a spectral result for the mass matrix using
standard arguments. Let m := n + |Z{'| + |Z'| be the
dimension of V' and P : R™ — V! the isomorphism
defined by (29):

Pz=P(a,p,3?) =0

The mass matrix M € R™*™ ig given by

(Mz,z) = (Pz,Pz)y forall zeR™.
Here (-,-) denotes the Euclidean scalar product. Define
diag(M) =: Dy with
D 0
Dy = D, , Dpr=lorla, 1<k<n,
0 Dy
(Di) i = IRigIE, k€I

Theorem 5 There are constants ¢c; > 0 and co indepen-
dent of h such that

c1{Dyz,z) < (Mz,z) < co(Dpypz,2)  forall z € R™.
Proof From (28), (30) and (31) we get

(Mz,2) = |vllg < 2(llwl§ + llwallg + ||w2||2)

< 2(c22ak||¢k||o +3 > (B) I Ragel3
kezl
+3 % (87) ||R2¢k||o)
keZl
< c((Da, @) + (D1BY), BW) + (D22, 3?)))
=c(Dpyz, z),

with a constant ¢ independent of h. Similarly, due to

(Mz,z) = oll§ = (1= ces)(lwl]g + lwi[|§ + [lw2[[5)
and using the lower bounds in (30) and (31) we obtain
(Mz,z) > ¢{Dpz, z) with a constant ¢ > 0 independent
of h.
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The result in this theorem proves that the matrix
D;}M has a spectral condition number that is uniformly
(w.r.t. h) bounded. Note that the constants in the spec-
tral condition number bounds are also independent of
the supports of the basis functions R;¢r, k € Z}". In
other words, a simple scaling is sufficient to control the
stability (in L?) of the basis functions with “very small”
supports. Furthermore, we note that in the analysis we
did not assume quasi-uniformity of the family of trian-
gulations.

Corollary 1 Let VI' = V@ V) @ V; be the modi-
fied XFEM space introduced in section 3. Let M be the
mass matrix w.r.t. the basis {¢g b1<k<n U {R1¢k}keIf U

{R2¢k}rery in this space and Dy = diag(M). From the
analysis it trivially follows that the matrix DJE;]\;[ has a

uniformly (w.r.t. h and size of T'N (2;) bounded spectral
condition number.

5 Numerical experiments

In this section we present results of numerical experi-
ments. In section 5.1 we compute approximation errors
for a given piecewise smooth function using the approxi-
mation spaces V, V" and V. The behavior of these ap-
proximation errors confirms the results of the theoretical
analysis in the sections 2 and 3. In section 5.2 we con-
sider a very simple Stokes two-phase flow problem (static
bubble) to demonstrate the impact of an improved pres-
sure space. In section 5.3 for the XFEM space V;I' we
present results for the spectral condition number of the
scaled mass matrix. Finally, we briefly address the issue
of LBB-stability of the (P,)3 — V;I' pair by means of a
numerical experiment. In all our experiments we use the
cube 2 = (—1,1)3.

5.1 Approximation of a function that is discontinuous
across a planar interface

We take a planar interface I" = {(z,y,2) € 2 | y +
z =005} and 1 = {(2,y,2) € 2 | y+ 2z < 0.05},
25 = 2\ {21. Let u be given by

in .Ql
in QQ.

$2+y2+2’2
u =
322 +y? + 222+ 2

We use a uniform triangulation of (2 with tetrahedra,
resulting in a family {7, };>0 with mesh size parame-
ter h="h; =2"'1=0,1,2,.... The interface I" and the
triangulations are such that I" is not aligned with the tri-
angulation. Let V; be the space of continuous piecewise
linear functions on 75, and V}F , V}F the corresponding
XFEM and modified XFEM spaces, respectively. For the
space V|I' the parameter é in the criterion (21) has to
be chosen. Below we consider different values for ¢. We

1| Wi=W | order || Wy =V;¥ | order
0] 2.14e+0 - 5.14e — 1 -

1| 1.60e+0 | 0.42 1.44e — 1 1.83
21 120e+4+0 | 041 3.7le — 2 1.96
3| 888e—1| 043 9.37e —3 | 1.99
41 6.27e—1 0.50 2.35e — 3 1.99
5| 4.52e —1 | 0.47 5.89¢ —4 | 2.00

Table 1 Approximation errors e; and numerical order of con-
vergence for Vi, V/I'.

l ¢ =10 | order c=1 order | ¢ =0.1 | order
0 2.14e + 0 - 2.14e + 0 - 1.44e 4+ 0 -

1 1.60e + 0 0.42 1.60e 4+ 0 0.42 1.77e — 1 3.03
2 1.20e 4+ 0 0.41 2.69¢ — 1 2.57 4.01e — 2 2.14
3 8.88¢ — 1 0.43 4.72¢ — 2 2.51 9.37¢ — 3 2.10
4 1.37e — 2 6.01 8.98¢ — 3 2.39 2.35¢ — 3 1.99
5 || 260e—3 | 240 | s5.89e—4 | 3.93 5.80c —a | 2.00

Table 2 Approximation errors e; and numerical order of con-
vergence for V/T'.

present approximation errors in the L2-norm and there-
fore in (21) we take [ = 0, & = 2. Note that for ¢ = 0
we have f/lF =V, (all discontinuous basis functions are
kept) and for fixed ! and a sufficiently large ¢ we have
V" =V, (all discontinuous basis functions are deleted).
For W; € {V}, WF, f/f} We compute u; € W; such that

|l —willo = inf ||u— wlo-
w;eW;

Results for the approximation error ¢; := |lu — wlo
are given in Table 1, Table 2. In the latter table we
use the construction of the reduced space V}F based on
the criterion (21) with @ = 2 and different constants
¢ = 10, 1, 0.1. One-dimensional profiles of u; € V; and
w € VI are shown in Fig. 5 and Fig. 6.

The observed numerical order of convergence is con-
sistent with the theoretically predicted improvement from
p = 0.5 to p = 2. In Table 2 we see that for [ = 5 the
same level of accuracy can be reached if we use the re-
duced space V' instead of the full extended space Vi
and that this is not very sensitive with respect to the
choice of the parameter ¢.

3+ &
s
,/f
21 W
/ o

1T d

) I

. |
01 NNW«‘AC,N |
) VV%’*"()«:%L
1 -
-1 -0.5 0.0 0.5 1.0

Fig. 5 1D-profile of u; € V; at x =y =0 for [ = 4.
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U — Uy — —

3+ 7
//
24 s
1AV
o,
04 e
- 000 0000
1 —

-1 —0.5 0.0 0.5 1.0

Fig. 6 1D-profile of u; € V; at 2 =y =0 for [ = 4.

The dimension of the space ‘N/ZF depends on the value
for ¢. These dimensions corresponding to the spaces used
in Tables 1 and 2 are given in Table 3.

l|| é=00 | ¢=10 ¢c=1 | ¢=01| ¢=0
0 27 27 27 34 o1

1 125 125 125 186 205
2 729 729 872 954 1017
3 4913 4913 5730 6001 6001
4 || 35937 39008 39103 40161 40161
5 || 274625 | 290878 | 291005 | 291005 | 291005

Table 3 Dimension of the space \N/lr.

Note that for not too small [ the dimension of the
(modified) XFEM space is only slightly larger than that
of the standard finite element space V.

5.2 A static bubble problem

In this section we consider a Stokes problem of the form
(4) as described in Example 1. We take a uniform initial
triangulation 7, where the vertices form a 5 x 5 x 5
lattice and apply a local refinement algorithm presented
in [5]. Local refinement of the coarse mesh 7, in the
vicinity of I" yields the gradually refined meshes 7p,, | =
2,...,5, with local mesh sizes hy = h; = 27 close to the
interface.

For the discretization of the velocity u we choose the
standard finite element space of piecewise quadratics:

Vi = {v e C(R)?|vlr € Py forall T € Ty, vipg =0}

We describe the approximation of I by a piecewise
planar manifold I7,. In level set techniques for two-phase
flows the interface I' is characterized as the zero level of
an (approximate) signed distance function, denoted by
d. In this test problem, an exact signed distance function
d is known. For the construction of I}, we approximate
d by a continuous piecewise quadratic approximation dj
(in applications this is the solution of a discretized level

set equation). Here we take the piecewise quadratic in-
terpolation of the known function d. Let 7, be the trian-
gulation obtained from 7} after one global regular refine-
ment and I(dy,) the continuous piecewise linear function
on 7, that interpolates dj, (and thus, in our example,
also d) at the vertices of all tetrahedra in 7,/. The ap-
proximation of I" is defined by

Ih={xeQ|I(d)(x)=0}

Using this approximate interface I, (with dist(I", I',) <
ch?) the discretization of the localized surface tension
force fr(v) is as follows. Define

~ th (X) ~ - - T

n,(x) i= —————, Pp(x) :=1—np(x)np(x)
[Vdn(x)|

where x € I},, X not on an edge. Let e; the i-th basis

vector in R? and (vy,); the i-th component of v;, € V.

The discrete surface tension functional is given by

3 ~
fph(vh):TZ /F Ph(x)e; - Vi, (V)i ds. (32)

In [7] it is shown that under reasonable assumptions we
have the error bound

—frva) = fr,(va)]

sup
vrEV ”VhHl

S Chp.

(33)

We use this discrete surface tension functional in our
experiments and consider the Galerkin discretization as
in (6), withg=0and u=1, Qy € {V3,,V,l'}.

In this test case the errors in velocity and pressure
are influenced by two error sources, namely the approxi-
mation error of the discontinuous pressure p* and errors
induced by the discretization of the surface force fr, cf.
(7). Note that the first term in the upper bound in (7)
vanishes due to u* = 0.

We consider the effect of the improved pressure finite
element space VhF as compared to V;. We compute the
errors

lleallm = [[0* = up|lm = [[Un|lm, m=0,1,
and

lepllo = [lp™ = prllo,

with Vy,, I, fr, as explained above and with two differ-
ent choices for the pressure space, namely V;, and VhF .
Table 4 shows the decay of the pressure L?-norm for the
two different pressure spaces. The results improve signif-
icantly if we use the space V;I'. Results for the velocity
discretization error |ley||m, m = 0,1 with the XFEM
pressure space VhF are given in Table 5.

In Fig. 7 and Fig. 8 a cross section of the discrete
pressure solution for the two different pressure spaces is
shown.
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U\l llepllo, pn € Vi | order || llepllo, pn € VX' | order
1 1.60e + 00 — 1.71e — 01 —

2 1.09¢ + 00 0.55 5.77¢ — 02 1.56
3 8.17¢ — 01 0.42 1.73e — 02 1.74
4 5.66¢ — 01 0.53 6.28¢ — 03 1.46
5 4.05¢ — 01 0.49 2.91e — 03 1.11

Table 4 Pressure errors for the P> — Vj, and P> — Vhr finite
element pair.

l lleullo order lleu]l1 order
1 || 6.48¢ — 03 — 1.02e — 01 —

2] 1.32e =03 | 2.30 3.50e — 02 | 1.54
3] 2.53e —-04 | 2.38 1.32e — 02 | 1.40
4 || 4.64e — 05 | 2.45 4.52e — 03 | 1.55
5 | 9.3le—06 | 2.32 1.62e — 03 | 1.48

Table 5 Velocity errors and numerical order of convergence
for the Py — VhF pair.

5.3 Stability issues

We consider the XFEM space ViI' (I = 1,...,5) used
in the static bubble example from section 5.2. For this
space we determined the mass matrix M;. With D; :=
diag(M;) we computed the spectral condition number of
DMy, e, (D] M) = Amax (D) M) [ Amin (D] M;).
The results are given in Table 6.

x(D; ' M)
16.16
11.24
12.08
12.93
12.98

Table 6 Spectral condition number of the scaled XFEM
mass matrix.

U WO N =~

These results clearly show the uniform boundedness
of the spectral condition number of the scaled mass ma-
trix, as proved in section 4.

We finally briefly address a topic of current research.
The standard Vj — V;, Hood-Taylor pair is known to
be LBB stable. An obvious question is what happens
with stability if for the pressure instead of V}, we take
the (larger) V;I' space. We do not have a satisfactory
theoretical analysis of this stability issue, yet. Here we
only present results for the static bubble example from
section 5.2. Let

_ (A Bf
Ki= (Bl 0
be the matrix representation of the discrete Stokes (static
bubble) problem, described in the previous section, for
the P, — ViI' pair on the locally refined triangulations

75, with mesh sizes hp = hy =27, 1 =1,...,5 close to
the interface. The Schur complement matrix is given by

K SR T
O ATV A
S AN
TR RERERR
N HRSXRERS
SOV
A AV oY, SYAV,

N
RS

I

Vi

N
D

[
‘\‘ N L rﬂl l ‘! ‘“
i

i
o
=5

A\ “Xw
R

A,

Fig. 7 Finite element pressure solution p; € V4 on slice of
7. at 2=0.

5

S
SRR TR
N A
SR ‘é‘:

85X

K
RS
“ AV
RS
%,

AR

A
S

<
A =
IR

o

Fig. 8 Finite element pressure solution p, € Vi on slice of
T, at z = 0.

S; = BlAl_lBlT. The LBB-constant for the Vy, — f/hF pair
with h = h; is given by

di

inf  sup (div v, pr)o 7

pnev* vevy, [IVVallollpallo

Crsa(l) =

where f/hr’* contains all functions from f/hp that are L%-
orthogonal to the constant. Let M; be the mass ma-
trix in V[ and m; = dim(V}]"). Define R™* = {y €
R™ | (y, Mje) = 0}, with e := (1,1,...,1)T. The LBB
constant can also be represented as

<Sly7 y>

, 34
vl iy, ) (34)

C%BB(Z) =

and thus C? 5 5(1) is the smallest nonzero eigenvalue of
lelSl. Due to the fact that M, is uniformly spectrally
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1 ¢ =00 ¢c=10 c=1 ¢=0.1 ¢=0.01 | ¢=0.0001
1] 953e—2 ] 953e—2]953e—2 | 465e—2 | 1.43e —2 | 1.43e—2
2 ]| 283e—2 | 2.53e—2 | 253e —2 | 2.53e —2 | 1.53e —2 | 6.49e —3
3] 322e -2 | 3.22e—2 | 3.22e —2 | 297e—2 | 1.07e —2 | 1.97e —4
4 || 2.58e—2 | 2.58¢ —2 | 2.58¢ —2 | 2.16e —2 | 3.17e —3 | 3.3Te =5
5| 917 —2 | 9.17e —2 | 59le —2 | 1.12e —3 | 1.60e —3 | 1.32¢ —5

Table 7 Estimates of smallest nonzero eigenvalue of preconditioned Schur complement.

equivalent to its diagonal D; it makes sense to consider

_1 1
the smallest nonzero eigenvalue of D, *S5;D; * which is
denoted by A% (D;1S;). This eigenvalue can be approx-
imated accurately using, for example, an inverse power

iteration. In each iteration of this method the linear sys-

1 1

tems with matrix D, 25;D, ? can be solved using a CG
method. We implemented this and computed (with suffi-
ciently high accuracy) this smallest eigenvalue for differ-
ent values of the parameter ¢ used in the definition of f/hr
and for several mesh sizes. The resulting values are pre-
sented in Table 7. Note that ¢ = oo corresponds to the
space V. The rather irregular behavior in the columns in
table 7 could be caused by the fact that we compute the
smallest nonzero eigenvalue of D;” 16, and not of M flSl.
It is clear from these results that with respect to LBB
stability it is important to use the modified XFEM space
with a not too small parameter ¢. Investigation of this
stability issue is a topic of current research.
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