ANALYSIS OF AN XFEM DISCRETIZATION FOR STOKES
INTERFACE PROBLEMS

MATTHIAS KIRCHHART*, SVEN GROSST, AND ARNOLD REUSKEN?

Abstract. We consider a stationary Stokes interface problem. In the discretization the interface
is not aligned with the triangulation. For the discretization we use the P; extended finite element
space (P1-XFEM) for the pressure and the standard conforming P» finite element space for the
velocity. Since this pair is not necessarily LBB stable, a consistent stabilization term, known from
the literature, is added. For the discrete bilinear form an inf-sup stability result is derived, which
is uniform with respect to h (mesh size parameter), the viscosity quotient p1/pu2 and the position
of the interface in the triangulation. Based on this, discretization error bounds are derived. An
optimal preconditioner for the stiffness matrix corresponding to this pair P;-XFE for pressure and
P>-FE for velocity is presented. The preconditioner has block diagonal form, with a multigrid
preconditioner for the velocity block and a new Schur complement preconditioner. Optimality of
this block preconditioner is proved. Results of numerical experiments illustrate properties of the
discretization method and of a preconditioned MINRES solver.
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1. Introduction. In this paper we treat the following Stokes problem on a
bounded polygonal domain € in d-dimensional Euclidean space (d = 2,3): Find a
velocity u and a pressure p such that

—div (p(z)D(uw)) + Vp = f in Q,
divu=0 1in Q, (1.1)
u=0 on 0f,

with D(u) := Vu + (Vu)T and a piecewise constant viscosity p = p; > 0 in ;. The
subdomains Q7, s are assumed to be Lipschitz domains such that Q; N Qs = @ and
Q =0, UQ,. By I' we denote the interface between the subdomains, I' = 891 N Q5.
For a corresponding weak formulation we introduce the spaces V := H}(Q)? and

L@ = {pe 2@ | [ wlpla)da =0}, (1.2)

The scaling with u in the Gauge condition in (1.2) is convenient for obtaining estimates
that are uniform w.r.t. the jump in the viscosity, cf. [16]. The variational problem
reads as follows: given f € V' find (u,p) € V' x L2 () such that
%(/U’D(u)a D(v))O,Q - (diV’U,p) Q= f(’l)) for all v e ‘/7 (1 3)
(divu,q)oa =0 for all ¢ € L2(9). '

Here ()0, denotes the L? scalar product on 2. This is a well-posed weak formula-
tion [9].
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An important motivation for considering this type of Stokes equations comes from
two-phase incompressible flows. Often such problems are modeled by Navier—Stokes
equations with discontinuous density and viscosity coefficients. The effect of interface
tension can be taken into account by using a special localized force term at the inter-
face [12]. If in such a setting one has highly viscous flows then the Stokes equations
with discontinuous viscosity are a reasonable model problem for method development
and analysis. A well-known technique for capturing the unknown interface is based on
the level set method, cf. [22, 5, 17] and the references therein. If the level set method
is used, then typically in the discretization of the flow equations the interface is not
aligned with the grid. This causes difficulties with respect to an accurate discretiza-
tion of the flow variables. Recently, extended finite element techniques (XFEM; also
called cut finite element methods) have been developed to obtain accurate finite el-
ement discretizations, cf. for example [8, 13, 12]. Concerning theoretical analysis of
XFEM applied to such Stokes interface problems little is known. In fact, the only
two papers with rigorous analysis of XFEM applied to Stokes interface problems we
know of are [13, 4]. In these papers XFE-spaces are used for both the pressure and
velocity spaces; weak continuity of the velocity across the interface is enforced using
a Nitsche method. Zahedi et al. [13] use the isoP>-P; pair as underlying spaces, and
to avoid instabilities due to “small cuts” the ghost penalty stabilization [3] is applied
in a neighborhood of the interface. Cattaneo et al. [4] consider the P,bubble-P; pair,
and apply the Brezzi-Pitkdranta stabilization [2] in the vicinity of the interface. They
also consider the case of an underlying unstable P;-P; pair and apply the Brezzi-
Pitkéranta stabilization on the entire domain. Both in [13] and [4], for the discrete
bilinear forms inf-sup stability results are derived which are uniform with respect to
h (mesh size parameter), the position of the interface in the triangulation and, in the
case of [13], also with respect to the viscosity quotient u/pe. Based on this, optimal
discretization error bounds are derived. Furthermore, in [13] a uniform (w.r.t. the lo-
cation of the interface) condition number bound for the stiffness matrix is derived with
the help of a further stabilization of the velocity space. In [4] results on conditioning
of the Schur complement are given.

In this paper we analyze an XFEM that differs from the ones considered in [13, 4].
In the discretization that we consider, the pressure variable is approximated in a
conforming P;-XFE space (as in [13, 4]), but the velocity is approximated in the
standard conforming P»-FE space. In the discretization we use the same ghost penalty
stabilization technique as in [13]. For the discrete bilinear form we derive an inf-sup
stability result. Similar to [13], a key property of this result is that the stability
constant is uniform with respect to h, the viscosity quotient p1/uo and the position
of the interface in the triangulation. Based on this result and interpolation error
estimates, discretization error bounds are derived. Due to the use of the standard Ps-
FE velocity space the error bound is not optimal if the normal derivative of the velocity
is discontinuous across the interface (which typically occurs if 1 # ps). However, the
uniform stability result also holds if the P>-FE velocity space is replaced by a larger
conforming P»-XFE space with better approximation properties, cf. Remark 1 below.
The reason why we consider the standard P»-FE velocity space is that in realistic
two-phase flow applications, with small viscosity jumps, the pair P;-XFE for pressure
and P>-FE for the velocity has shown to work satisfactory [19, 7]. It turns out that
the poor asymptotic approximation quality of the velocity in the P-FE space does
not dominate the total error on the meshes used in practice. We will illustrate this in
a numerical experiment in section 8.



Apart from the different spaces considered in this paper (compared to [13, 4]) we
mention the following other two main new contributions of this paper. The first one
is related to the linear algebra part. In [13] a condition number bound of the form
c(ftmax/ min)>h 2 is derived for the stiffness matrix. In [4] an h-independent bound
on the condition number of the Schur complement is derived. The dependence of this
bound on the viscosity ratio is not studied. In both papers the topic of how to con-
struct a good preconditioner for the stiffness matrix is not addressed. In this paper
we derive an optimal preconditioner for the stiffness matrix corresponding to the pair
P-XFE for pressure and P»>-FE for velocity. The preconditioner has block diagonal
form, with a multigrid preconditioner for the velocity block and a new Schur com-
plement preconditioner. Optimality of this Schur complement preconditioner w.r.t.
h, p and how the interface intersects the triangulation is proved. This optimality
is illustrated with results of numerical experiments with a preconditioned MINRES
solver.

The other new contribution is a certain uniform LBB stability result. In our
analysis, and also in the papers [13, 4], an LBB stability result is needed that has
a certain uniformity property with respect to the varying (for A | 0) subdomain
consisting of the triangulations that are strictly contained in a physical subdomain
(cf. section 4 for precise explanation). In [13, 4] such a uniform LBB stability result
is introduced as an assumption. In this paper, for the P»-P; Hood-Taylor pair, we
prove such a uniform LBB stability result. We expect that the analysis that we use
can be extended to other LBB stable pairs, in particular the ones used in [13, 4].

2. The XFEM space of piecewise linears. We assume a family {75 }n>0 of
shape regular quasi-uniform triangulations of the domain €2, consisting of simplices.
The triangulations are not fitted to the interface I'. We assume that the triangulation
is sufficiently fine such that the interface is resolved. In particular the following generic
intersection assumption should be satisfied: if T NT # () for a T € Ty, then I'NOT
consists of exactly two points (if d = 2) or of a closed curve (if d = 3). We introduce
the subdomains Q; p, :={T € T, | T C Q; or measy_1(T’NT) >0}, i=1,2, and
the corresponding standard linear finite element spaces

Qi,h = {’Uh S C(Ql’h) ‘ Uh|T eP, VT € Qi,h}a 1= 1,2.

We use the same notation €Q; ;, for the set of tetrahedra as well as for the subdomain of
) which is formed by these tetrahedra, as its meaning is clear from the context. For the
stabilization procedure that is introduced below we need a further partitioning of 2; 5.
Define w; j, := {T € Q. p, | measy—1(TNT) =0}, i=1,2and T, := T\ (w1 nUwa ) =
{T € T), | measy_1(T'NT) > 0}. Note that 7, = w1 Uwa, UT,L holds and forms
a disjoint union. Corresponding sets of faces (needed in the stabilization procedure)
are given by F; ={F C 0T | T € TF, F ¢ 0}, i=1,2 and F) := Fy UF>.
For each F' € Fj, a fixed orientation of its normal is chosen and the unit normal with
that orientation is denoted by npr. These definitions are illustrated in Fig. 2.1.

A given pr, = (p1,n,p2,n) € Q1,0 X Q2. has two values, p1 5(z) and pa p(z), for
x € TF. We define a uni-valued function p}, € C(£; UQs) by

ph(z) = pin(z) for z€Q,.

Using the generic intersection assumption we obtain that the mapping p; — pg is
bijective. On Q1,5 X Q2 we use a norm denoted by ||ph||g,£h,huslz~,h = lp1allga, , +
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FI1G. 2.1. Set of faces F1 (in red) and subdomains wy p, (light-blue) and Q p, (light- and darker
blue triangles) for a 2D example.

||p27h||g792‘h. The XFEM space of piecewise linears is defined by

Qh = (Qu.n X Q2n)/R={pn € Qun X Qo | (0 'pj, o2 =0} (2.1)

The space {p}, | pn € Q) } is a subspace of the pressure space Li(Q), cf. (1.2). Note
the subtle, but important, notational difference between p;, € Qg and pg. The former
is a pair which corresponds to a multi-valued function in 7'hr, whereas the latter is
a uni-valued function. In the analysis we need the following decomposition of this
XFEM space into two orthogonal subspaces. We introduce the piecewise constant
function p, € Q}:

2.2
_M2‘92|71 in Q. ( )

L {u1|911 in €y,
[
Using the one-dimensional subspace My := span{p,} C Ql,:, the XFEM space is
decomposed as Q}, = M ® Mg, with Mg~ == {py, € Q| (pﬂ,ﬁﬂ)o,n =0}. We derive
an elementary property:
LEMMA 2.1. p, € Mg has the property (pin,1)oq, =0 fori=1,2.
Proof. From pj, € Q}: it follows that (,u_lpg, 1)o,0 = 0, hence #fl(pl,m Do, +
113 (P2, 10,0, = 0 holds. From (pf,ph)oe = 0 we get pu1|Q| ™ (p1ns o0, —
p2|Q2| " (p2.n, )0, = 0. These two relations imply (p;n,1)oq, = 0 for i = 1,2.
0
For the stabilization we introduce the bilinear form

2
J(Pnan) ==Y 3iPin:Gin)s Phrdn € Qun X Qan,
i1 (2.3)

with §i(pin, gin) == " > BE(VPin - ne), [Vain - nre))or,
FeF;

which is also referred to as a ghost penalty term, cf. [3]. Here [Vp; ;, - nr] denotes the
jump of the normal component of the piecewise constant function Vp;j across the
face F'. All constants used in the results below are independent of h and p, and of
how the interface T' intersects the triangulation Tp,.

LEMMA 2.2. The following holds (Lemma 3.8 in [15]):

i pinll 0, < e(ui Npinli§ o, + 3i@in,pin))  for all pin € Qin, i=1,2.
4



Proof. Note that

>

TeQ; n\wi,n

ik

T € Qi \ wip. We write p = p;p, which is
a piecewise linear function on ;. Take Tp =T € Q; p, \ w;n, and z € Tp. There is
a sequence of simplices T, ..., T}, with faces F; = T; N Tj_1 € F;, j = 1,...,k, and
Ty, € wi,p. The number k is uniformly bounded (often, £ = 1 holds). The barycenter
of F; is denoted by m;. With an appropriate orientation of the jump operator ||z

we have the relations Z?Zl[Vp]pj = Vo1, — VD1,

k
Z Vplr, - mj = p(m1) — p(mg) + Vpr, - mi — Vpig, - m1.
Jj=1
Using these, for z € T,y one obtains

k
pla) = p(ma) + Vpir, - (2 = m1) = p(mi) + Yoz, - (@ = mi) + D (Vple, - (m; ).

Because the tangential component of Vp is continuous along the faces we have [Vp|r, =
[Vp - ng;]rnr,. Using an inverse mequahty IVpllor, < chp Hp||0 1., the estnnate
|z —my|| < chp, and |To| ~ [T}, j = 1,...,k, we get

2 |T0|

7))

c(llplg,z, + ZhF IVp - ng]l3,

i ) :
We sum over Ty =T € ;5 \ w;,, and use a finite overlap argument, resulting in

»)

Yo el < cllpinllbe., + D BEIVoin - nrlls

TEQi,n\wi,n FeF;
C(||pz',h||(2),wi,h + ,Uiji(pi,hapi,h))a
which completes the proof. O

3. Discrete problem. We introduce the usual bilinear forms
1 .
a(u,v) = 5/ uD(u) : D(v)dz, blv,p) =—(divy,p)o.q,
Q

with D(v) := Vv + (V)T For discretization of the pressure we use the XFEM space
Q},- Note that for p, € Q}, we have p; € L2(Q). For the velocity discretization we
use the standard conforming Ps-space

Vi i={vn € C(Q* | opr € Py VT € Th, vjoo =0} C Hy ().
5



The discretization of (1.3) that we consider is as follows: determine (up,py) € Vi, x Q}
such that

k((uhaph)a (Uhth)) = f(vh) for all (Uhaq}L) € Vh X Qlf;‘v

3.1
k((un,pn), (Vn, qn)) = alup,vp) + b(vh, Ph) — b(un, i) + €p (Phs an), 31)

with a (sufficiently large) stabilization parameter £, > 0. Note that the XFEM space
@}, which is used in the analysis below, will be replaced by Qih for the numerical
experiments in section 8 due to implementation reasons, where I';, is a piecewise planar
approximation of T.

4. A uniform inf-sup. In this section we prove an inf-sup result for the Ps-
P; Hood-Taylor pair that is uniform with respect to a variation of the domain (as
explained below). We need such a result in our stability analysis in section 5. Closely
related uniform inf-sup results are used in other recent analyses of unfitted finite
element methods. For example, in [4] (Theorem 1) a uniform (w.r.t. domain variation)
inf-sup assumption for the Pibubble-P; pair is used. A similar assumption (for the
isoP,-P; pair) is used in [13]. We expect that the technique that we use for the Py-P;
pair in this section is also applicable to other LBB-stable mixed FE pairs.

We start with formulating this uniform inf-sup result. For this we consider a
situation with a subdomain €2;, ¢ = 1,2, as in the previous section, where part of
its boundary (or the whole boundary), which is denoted by T, is not aligned with
the finite element triangulation. The results derived in this section hold for both 24
and 5. To simplify notation, we will consequently drop the subdomain index 4 for
the remainder of this section and write €, Qp,, and wy, instead of Q;, Q; 5, and w; p,
respectively. Note that the domain wy varies with h. In this section we do not assume
that the family {7}, }r>0 is quasi-uniform, but will use its shape regularity. We assume
that each T' € wy, has at least one vertex in the interior of wy,.

Let Vi o(wn) C Vi, be the space of continuous piecewise quadratics on wy, that
are zero on Owy, and let Qp(wy) be the space of continuous piecewise linears on wy,.
On the subdomain wy, which is Lipschitz, the following LBB inf-sup property holds:
there exists ¢ pp(wp) > 0 such that

div v, p)o,w, .

sup ( Jou > crpB(wn)Pllow, Vp € Qn(wn) with (p,1)o.w, = 0. (4.1)
veVio(wn)  [0l1wn

Here and in the remainder, | - |1, denotes the Sobolev H!-norm on the Lipschitz

domain w. The main result of this section is formulated in the following theorem.
THEOREM 4.1. For cppp(wp) as in (4.1) the following holds:

inf . 4.2

jnf crp(wn) >0 (4.2)
We outline the main idea of the proof. We need the inf-sup property for the pair
Hy(Q)% > L§(9),

div v, .
3550:  sup  VBPIL S g vy 12(Q) with (p, 1)og = 0. (43)

vEHE (Q)d [v]l1,0

In the analysis we need the following scaled norms for g, € Qn(7), with 7 C T, a
subset of simplices:

-2
lanl2 s = hp?lanlBr,  lanlip, =D W3 Vanl3 -
Ter Ter




We use the so-called weak inf-sup property for the P,-Py pair on wy. There exists a
constant 3 > 0, depending only on the shape-regularity of {75 }n>0, such that

diVUh h ~
sup (div 0, 9h)o.on > Blanli,nw,  Van € Qnlwn). (4.4)
VR €Vi,o(wh) ||Uh||17wh

This result is proved in Lemma 4.23 in [6] (the result is essentially Proposition 1
in [1]). Take g, € Qn(wp) with (gn,1)ow, = 0. We introduce a suitable extension
(Lemma 4.2 below) g5 € Qp,(€2,) such that certain norms of ¢f can be controlled by
the corresponding norms of g,. We shift ¢f by a constant and apply the result (4.3),
which yields a “suitable” v € H}(€;)9. Of this v, extended by zero, we take the Scott-
Zhang interpolation wy = Iszv € Qh70(Qh)d. Finally we use a unique decomposition
wp = vp + rp, with v, € Qh,o(wh)d C Wholwn) and a 1, € tho(Qh)d which has
nonzero nodal values only on dwy,. It turns out that norms of both v, and rj, can be
controlled by the corresponding norm of wy,. This v, can be used in a perturbation
argument as in [23] (“Verfiirth’s trick”), where we use (4.4). All details are given in
the proof of Theorem 4.1 below.

All constants hidden in the < and ~ notation below depend only on the shape
regularity of {75 }r>0.
Define f‘h := Owp, and V(f‘h) the set of its vertices. We need suitable extension
operators, which are treated in the next lemma.

LEMMA 4.2. There exists a linear extension operator Ej : Qn(wr) — Qn(Qp),
with (Eh qh)|w, = Qh|w, Such that

1En anllo.cn < llanllows

|En anline, S lanlnw,

for all qr, € Qn(wn)-
Proof. For T € Ty, let V(T') denote the set of its d 4+ 1 vertices and define

Qr :={T € Ty: V(T)NV(T) # 0}.

For T € T} let yr C I', be the smallest set of connected (d — 1)-simplices such that
Qr NIy C yp. For each vertex v; € 771F we define a connected vertex vj € I'p by

v§ =v; if vy € f;“ otherwise v := vy for a fixed vertex vy € ', with Vi,V € V(T)

for some T € T,'. Note that v§ € yr holds for all v; € V(T).
Let qn € Qh(wh) and define (Eh qh)\wh = Ghw,- On T € 7;5 = Qy \wh the
extension Fj, is defined by (Epnqn)(v;) := qn(v§) for all v; € V(T'). Then

VB~ Y (B By
(1)

’Uj,’Uk,Gv hT
Loy (2D wbDy,
- - 4

’Uj,’Uk:EV(T)

S hrlIVanl§ 4p S 1Vanll6 wrs

where wr C wy is the set of all T € wp, which have a face in yp. With the finite
overlap property we conclude |Ep qnl1n,0, S |Ghl1,hw,- A similar argument can be
applied for the estimate w.r.t. the scaled L? norm. O
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Let Thr’e C Qp be the set of all T' € Q, with at least one vertex in V(I';). Note that
Tr C EF’E. Furthermore, we define

Qno(Th):={peC(T,): pr €Prforall T €T, p=0on o},
QhaO(ThF’e) ={pe C(ﬁ?ﬂ :pr €Prforall T € Er,e’ p=0on (97;?’6}.

Note that pj € Qh’o(ﬁf) as well as py, € Qh’g('ﬁf’e) is completely determined by its
values at the vertices on I',. The following lemma and corollary give norm equivalences

for such functions.
LEMMA 4.3. The following holds for all g, € Qno(T}Y):

d—
||Qh||gyh7177-hr ~ Z hT 2 Z Qh(mi)2 ~ |Qh|i7-h1“- (45)
TETT z,eV(T)NV(T'y)

Proof. Take qj, € Qpo(T;"). Then

lasl s 7 = 3 07 [ ahda

TeTr
~ D0 hPITE DD @)= Y0 et X ()
TET, z; €V(T) TeTr VTNV ()

For each vertex z; € V(T') N V(') there exists another vertex ; € V(T)) with Z; ¢
V(T'y), i.e., qn(Z;) = 0. Hence,

(Vanir)?* 2 (qh(zi)_%(fi)) = h7” qn(2i)?,

hr
and thus
Yoht Y a@)? S Y] h(Vanr)®
TeT, 2 €V(T)NV () TeTE
~ Z /(VQ}L)Q dr = |qh|i7_hp.
reTr T

From the inverse inequality ||[Var |3 7 < h7:%(|qn |3 7 we obtain |qh|i7_hF < th||(2)7h,177_hr.
This completes the proof. O

COROLLARY 4.4. From Lemma 4.3 it follows that the results in (4.5) also hold
for qn € th(ﬁf’e) with T,' replaced by 775’6. Furthermore it follows that for qn €
Qh’o(’ThF’e) we have

lanllo 1,70~ lanllop-r 70~ lanli e~ lanly 7re. (4.6)

Proof of Theorem 4.1. For the inf-sup constant cppp(wp) in (4.1) we have to study
lim infh_>0 CLBB(WIL)~

Take 0 < h < hg (with hg specified below) and ¢, € Qp(wn) with (gn,1)0w, = 0,
llgnllow, = 1. Define gf, := Ep gn € Qn(2,) and let ¢;, € R such that (¢f +cp, 1)o,0 =
0. Note that ¢, = —|Q| 7 (g5, 1)o,0\w, and, hence,

_ 1 1 1
lenl <1971\ wal? llgf o0, < ch® [lanllow, = ch®,

8



where the constant ¢ > 0 depends only on  and the shape-regularity of {73 }n>0.
1
Take ho > 0 sufficiently small such that chg < %\Q|_%. Thus we get

oon — lenllQF =1 —ch2|Q[2 > _. (4.7)

DN =

1
g, + cnlloe > llghllo. — lenl[2]2 > [lgn

Using (4.3) for p = ¢§ +¢p, € L?(Q)/R, it follows that there exists v € H} (Q)d with
[lv|l1, = 1 such that

o, . 1. 1
(divw, g5 + cn)oo = (divo, ¢f oo > 55”% + cpllo,0 > 16' (4.8)

Extending v by zero outside  we obtain v € Hg(23,)¢. Let wy, = Isz v € Qpno(Qn)?
be the component-wise Scott-Zhang interpolation of v € H}(Q,)¢, cf. [20]. Here
Qn,0(2p,) denotes the set of all functions from @ (€2;,) which are vanishing on the
boundary. For the Scott-Zhang interpolation wy the following holds,

l1.0 = é1, (4.9)
l1,0 = é2, (4.10)

v —whnllon-1,0, <éillvllie, =élv

lwnll, < éllvllie, = éflv

with constants é;,é; > 0 only depending on the shape regularity of {7 }rs0. We
can uniquely decompose wy, = vy + 1, with v, € Qh’o(wh)d C Violwy) and 7y, €
Qh70(77lr’e)d. Note that wy, and 7, coincide on 7;!'. Using this, (4.10) and Corollary 4.4
we get
lonllnen < lwnlliwn +lrallie, < o+ llrally, A7re
S ¢ + ”T}L”O,h*l,ThF’e ~ Cg + ‘Th|1¢7'h1" = ¢ég + |wh‘1’7—hr
< &+ |wrll1a, S éo- (4.11)

Furthermore, again with Corollary 4.4, we have

”Th”O,h—l,T{’e ~ ‘Th|1’ThF = "wh|1)7—hr S ég. (412)

We introduce the notation &, := cLpp(wn) = SUPsev;, o (wn) W From (4.4)
Lo (wn Tiwr,

we have |qn|1hw, < % Using (4.11) and v, = 0 on Q4 \ wy we get

div g, gn)o .
W Z (le Uthh)O,w;L

En >

1Lwp

. . 1 . c
= (divup, q5,)o,0, > Zﬂ + (div (vn, — v), g1 )0,00 (4.13)

where in the last inequality we used (4.8). Since v, —v = 0 on 9}, we have

= |(vn — v, Va3 )00,
<lqp

S lan

|(div (v —v), qh)o.s

Lo lvn = vllon-1,0,

Livwn (1o — wallon-1 .0, + llwn —vllon-1.0,)

using Lemma 4.2 in the last inequality. Due to (4.9) and (4.12) we conclude

e 0= o) )0 S 5 (ralloncr oy +01) £ E e +0)

9



Hence, in (4.13) we get

1
thi _57}17

B

which implies &, > &, > 0 with £, only depending on (3, 3 and the shape regularity
of {Th}r>0. This completes the proof. O

5. Stability analysis. In this section we derive a discrete inf-sup result for the
bilinear form k(-,-) w.r.t. the space V}, x QE, cf. Theorem 5.4. Such a result also
holds if we replace Vj, by a larger H'-conforming space Vi, D Vj,, cf. Remark 1. The
analysis is along the same lines as in [13, 16].

We will use the fact that the Taylor-Hood P,-P; pair is uniformly stable on the
subdomains w; p, cf. Theorem 4.1. In the next three lemmas we derive lower bounds

r
v %. We first consider p, € My (Lemma 5.1), then p, € My

(Lemma 5.2), and then combine these results to obtain an estimate for p;, € Q}
(Lemma 5.3). The constants used in the estimates are independent of h, u and of
how the interface I' intersects the triangulation.

LEMMA 5.1. There exist hg > 0 and ¢ > 0 such that for all h < hg:

for sup,,

b(vhvﬁg)
on€Vi [|l12 Vono

1, ~
>l 2prllo,0, u0s, for all pn € My.

Proof. 1t suffices to consider p, = p, as in (2.2). Define p = p~'p, =
(17", =1Q2™") € Qua X Qz.n. The relation [|u~2phllo0 = C(u, )2 |p"||o.o holds,
with

Q]! 0]~
C(%Q):Mﬂ 17! 4 2|

. Q]!
> e
QT [t e R [T 4 [

= cl”’maX7

With fimax = max{pi, pa}. For v, € Vi, we have 0 = [, divo, do = le div vy, do +
fs22 div vy, dz, and using this one derives the relation

b(’l]h,]j}:) = O(M? Q)b(’(}h?ﬁF% Vp € ‘/}L' (51)

Let ¢, € C() be the continuous piecewise linear nodal interpolation of p''. Then
llgn—p"|lo.o < ch? holds. Define a = ﬁ(qh, 1)o,0 and g}; = gn—a;, hence, (¢, 1)0.0 =
0. Note that |a| = Wll\(qh, ool = ‘ﬁlll(qh — ", Dol < cllgn —p oo < chz holds.
This implies [|g; — p' o0 < chz. From the LBB stability of the standard P,-Py
Taylor-Hood pair on 2 it follows that there exists o5, € V}, with ||o]]1 =1 and ¢ > 0

such that b(0n,q;) > c|lgf]loq holds. Using this we obtain, with suitable constants
c>0:

A ~ ERTEN _
b(on,p") = b(on, 1) — d= |[onl|1llgr — P llo.c

1 _ 1 _
> cllgillo.e — ch? > cllp" [lo,o — ch? > cl|p" [0,

provided h is sufficiently small. Combining this with the result in (5.1) yields
b(0n,7,) = C (1, Db(vp, ") = ¢ C (1, D8 [lo.0

1, _1 1 1
=cC(p, Q)2 | 2p, llo.e > cpbaxlli™ 2Py ]l0.0-
10



Finally note that [|u~2p,llo., u0., < (1+ ch)|n 2pklloe < cllu 25500 and
1 . 1
1143 Vinllo < pdax|onlli = prhax hold. O

LEMMA 5.2. There exist hg > 0 and c1,co > 0 such that for all h < hg:

b(vy,, pr - | (Dh, D
(;h’ph) > Cl”/”’_%thO,Ql,hUQZh —C2 7;]~(ph,ph)
vp €V (w1, Uwa, 1) H,uzvvhHO HPJ 2ph||0,Q1,hU92,h

for all p, € Mg\ {0}, with Vi, (w1.h Uwap) = {vn € Vi, | supp(vh) C @y Uwgp )

P?”OOf. Take ﬁh = (ﬁl,h:ﬁlh) € MOL’ ﬁh 7é 0. Define Q; = |w1h|(pl hyl)O Wi,k
and p;;, = pi,n — i, hence, (p}},1)ow,, = 0. Using (4.2) it follows that there exist
Vi € Vi, with supp(9;.5) C @i p, ||vz7h| 1= ||p2’h||0,(,%h7 and a constant ¢ > 0 such
that b(vin, 0} 5,) > cllp} 13, , (With p};, extended by zero outside ;). Using that
05 = 0 on Ow; p, and p; p, —pfh = q is constant we get that b(0; p, pl,,) = b(Din, Pin)
holds. Since pj = (p] ,, P} h)7€ Q1,5 X Q2,5 we can apply Lemma 2.2 and thus get,
with constant ¢y, ¢y >70: 7

by Bins Bin) = bt Bins 05 0) = ey 15018 o

—1 * 2 R * (52)
2> C1iy ||pi,h||O,Q7;)h — c2j(ph, Ph)-

Since j(pn,pr) depends only on Vp;, we have j(p},py) = j(Pn,Pr). From Lemma 2.1

we get (Din, 1)o,0; = 0. Using this we obtain
1 -

T—11Bin, Dowinl =

|winl

1

|wi,

lo;| = | Dih de’

|wlh| Qi\wi,n

1.
< |92 \ win 2 |P:,

$dine

Thus, for h sufficiently small there exists ¢ > 0 such that

~ ~ 1
7 pllo.c; > 1Pinllog, — cleil > lpinllog,, (1 —ch?) >

Adine

Using this in (5.2) we get
_1 o
(i Oin, Bin) > eallp 2P¢,h|\(2),gw — 25 (PhsDn)s
and thus, with 0 := Hl_lffl,h + /L2_11727h € Vi(wi,n Uwap):

(B, By) = b(uy O1n, Brn) + b(ks Dok, Po.n) (5.4)
2 ClHM_EPhHo,QLhuQQ,h — c2J(Pn Pn)-

Using (5.3) we get ||T;n]1 = ||P and thus

) +C‘O¢i <S

ik

1~ _ . -1, _1.
12 Vonlg => i IVEinls < el 2Binld o, = clln™2Bull5 0, 00,
i=1 i=1

holds. Combining this with the estimate in (5.4) completes the proof. O

11



LEMMA 5.3. There exist hg > 0 and c1,co > 0 such that for all h < hg:

b(U}uPD > CIHM—— j(phvph)

oneVi |12 Vonlo =2 prllo.gy .,

¥ pn € Qp, \ {0}

Proof. Take pp, = (p1.h,p2s) € QF \ {0}. We use the decomposition p; =
Ph + P, Pn € My, pr € My-. From the lemmas above it follows that there exist
in € Vi, B € Vi(win Uwi ), with |2 Vonllo = |1 2pnllo.0, ,u0s,» 12 Vinlo =
|l zp such that

N ~ 1 ~ ~ 1 _ o~ ~
b(0n, py,) > el w0 0O D) > collw™2Bnlld 0, ua., — €35 (Phs Br),

with ¢; > 0, j = 1,2,3. Note that ¢, = 0 on Ow; j and ﬁl}: is constant on w; p,, hence

b(on, Ph) = — Sy (div dn, Pl )o.w: , = 0 holds. Take vy, := o, +~, € Vi, with v > 0.
We then get

b(vn, ph) = b(0n, Br,) + Yb(Tn. Br,) + b(0n, B,

1, 1 _ e/~ ~ ~ ~
> cilp +yc2llw” 2 Bnll 0y o, — V¢33 (Bry Br) + b(0n, B,)-

Since py, is constant on €; , we have j(pp,Pr) = j(pn,pp). Furthermore:

1 _ 1, _1_
HM thHO,Ql,hUQQ,hHM 2ph||0791,hU92,h

~ ~ 1 1 ~ _ 1
|b(in, )| < d2 |2 Vol 2 B,

1 1 1 9y —1.
S 561”/1’ zph||(2),911hU921h + Edcl 1||M 2ph||375217hU5227h'

c24d

261 Cc2

For v =

we thus get, with a suitable constant c:

1 1 1 .
b(v}”pg) Z 501(”” 2ph||3791‘hUQz‘h + H:u' 2ph||(2)791,hUQ2,h) - C.](p}wph)’

and combining this with |~ 2pn |13 o, 0, . < 2007 2Pnl3 0 o0, FI1H 2881 0, 00 1)
we obtain

b(vn, p},) S 101||u_l . J(phspn) . (5.5)

1 _1
HNJ 2ph||0,521,h,UQz,h, 4 ”:u‘ 2ph||0,91,hU92‘h

From 0 = (3}, p})o.2 = 3i—y (Pih: Pih)o,0, We obtain

2

2
’Z(pzhapzh (]Q7h szhapzh OQ
i=1

=1

2
25 pinllos, 15in o0,
=1

) i,h)'

2

Z 17i.0 15,0,

w\»-A

12



Using this we get

1
||N 2ph|(2),QlyhUQQYh
2 2
= ui M bin + Bl o, = > m 1Binld o, + IBinld 0., + 20in bin)oc,.)
i=1 i=1

2
> (1—ch®) Y pi (lpin

g,Qi,h + ||ﬁi7h||379i,h)

K3
1 1, 1.
= (1 —ch2)(lu2pnllg ., una, + 107250l
1

= (1= ch®)([n* Vou|3 + |2 Von|3).

0 )
0,921,,UQ2 1

Hence, for h sufficiently small there exists ¢ > 0 such that

_1 1., 1. L1 . _ 1
=2 pnllo. 0 noes, = e(llp? Vonllg + w2 Vonlg) * = 5 min{1, v~ }ellnz Vouo,
and combining this with (5.5) completes the proof. O

For the main result in the next theorem we introduce a mesh- and p-dependent norm
on Vi, x QF:

1L _1 .
I Cuns o)l = |12 D(un)lIg + 114~ pullS 0, oo, +3(@ns ph)- (5.6)

From Korn’s inequality it follows that this defines a norm on Vj, x Q}.
THEOREM 5.4. There exist constants hg > 0, €9 > 0 and cs > 0 such that for all
h < ho, €p > € the following holds:

sup k((unspn)s (vhyqn))

> el (un,pr)lln - for all (un,pn) € Vi x Q).
(01,01 EVi X QT Il (vrs @)l

The constants are independent of u and of how the interface T intersects the triangu-
lation.

Proof. Take (up,pn) € Vi x Q}. From Lemma 5.3 it follows that there exists, for
ho > 0 sufficiently small, wy, € Vi, with |2 Vws|lo = [|u™ 2 pa

|0,Ql,hU92,h and
_1 .
b(—wn,pr) = crlln”2pulld ) 0., — €20 (Phs D)

Take (vp,qn) = (up — qwp,pp), with o > 0. Note that |2 D(v)|o < ¢|uz Voo for
v € H'() holds. We then obtain, with suitable strictly positive constants,

k((uhaph)a (Uhaq}L))
= a(un, up) — ca(up, wy) + ab(—wp, pr) + €pJ (Pr, Pr)
> ||2 D(up)|[§ — éal| w2 D(un)llolln™ 2 pallo,oy oo,

_1 .
+aci|n”2pnllf 0, hus, + (0 — @2)i(ph, pr)

1. 1 1. _1 )
> §||M2D(uh)||g +aler — 5620)”# 2pnllo.0y oo, + (Ep — @C2)j(Phs ph).-

We take « such that ¢; — %6204 = %cl holds, and ¢, such that e, — acy > 1. Thus we
obtain, with suitable ¢ > 0,

k((un,pn), (0n,qn)) > cll(un, pu) 13-
13



Combining this with

1 _1 .
I wns a5 = 1= D(un — awn)§ + ln™=pald o, Lo, +(@0n,Pr)
1 _1 .
< 2]z D(un)§ + (co® + Dl 2pullg o, o, +3(Prspn) < cll(un, pu)ll3

completes the proof. O

6. Discretization error analysis. We introduce the space Qg = H?(21,,) X
H?(Q24). The norm in (5.6) is well-defined also for (u,p) € H'(Q)? X Qreg. Let
& H2(Q;) — H*(Q45) be a bounded extension operator. Hence, there is a constant
¢, independent of h, such that [|€pll2,0,, < clpllz,o, for all p € H*(Q;). For p €
H?(Q1 U Q) we define Ep := (E1P10, > E2p)0,) € Qreg- Note that for such extensions
the stabilization term vanishes: j(£p,gy) = 0 for all p € H2(Q;UQ») and g, € Q1 i.e.,
we have a consistent stabilization. Based on this observation we obtain the following
Cea-estimate.

THEOREM 6.1. Assume that the solution (u,p) of (1.3) has the regularity property
p € H*(Q UQy). Let hg > 0 and €, be as in Theorem 5.4. Take h < hy and let
(un,pr) € Vi x Q}, be the solution of the discretization (3.1). There exists a constant
c > 0, independent of h and p and of how the interface I intersects the triangulation,
such that

I(w —un,€p—pr)lln <c¢  min  l(u—wvp, Ep—qn)lln-
(Uh,,Qh)€Vh><Q£

Proof. For A € R¥*4 we have tr(4)? = 1 tr(A+AT)? <
for w € C1(Q)? we get |[divw|? = |tr Vw|?> < tr (Vw+ (V

Hence, for (w,q) € HY(2) X (Qreg + Q%) the estimate

((A+AT)?) and thus

%tr
w)T)?) = 4D(w) : D(w).

1. 1 1 1 _1
b(w, ¢")| < [|pz divw|ollp™2¢" [lo.0 < 5‘/a||u2D(w)||0||u 2qllo,0, pue,,,  (6.1)

holds. From this, the definition of the bilinear form k(-,-) and the Cauchy-Schwarz
inequality one obtains boundedness w.r.t. || - ||x:

[k ((w, ), (v,0)] < ell(w, )l @, )l ¥ (w,7), (v, q) € HY(Q)? % (Qreg + Q)

with ¢ depending only on ¢, and d. For p € H?(2; U Qs) we have j(Ep, g,) = 0 for
all g, € Q},. Using this and the conformity property, i.e. Vi, C Hg(2)?, g, € L2(Q)
for qp, € QE, we obtain consistency,

k((u,€p), (v, qn)) = k((un,pn), (vn, qn)) for all (vn,qn) € Vi x Q},

and, hence, k(U — Wy, Rp,) = k(U — Wy, Rp,) holds for all R, € Vi, x Q) with
U= (u,Ep), Uy = (un,pr) and Wy, € Vi, x Q}. The proof is easily completed using
the standard Cea-argument, cf., for example, Lemma 2.28 in [6]. O

REMARK 1. The results in Theorem 5.4 and 6.1 also hold if instead of V}, one
takes a larger velocity space V, D Vj, which is conforming, i.e, V}, C H} ()4 holds.
An obvious possibility is to extend the velocity space by additional basis functions to
account for the kink of u at the interface. In [14] a kink enrichment is presented, which
leads to an XFEM space Vi, = Vj, @ span{v; - U | j € Jr}. Here v;, j € Jr, denote
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basis functions with supp v;NT" # @ and ¥ is a special enrichment function with a kink
at I', and which has a support only on tetrahedra cut by the interface. Theorem 5.4
also holds for the pair Vi X Q}: It is clear that V}, has better approximation properties
for functions with kinks than the standard space V}, but it is not known whether an
optimal approximation result inf, .y, lu — vnlli < ch? holds for this space. The
results on conditioning of the stiffness matrix, derived for the pair V} X QE in the
next section, do not hold for the pair Vj, x Q-
Bounds for the approximation error

min u—vn,Ep—qp 2 o
(v}L7q}L)ev}L><Q}1: ”l( )mh ( )

. 1 _1
= wmin (D= o) I3+ I Ep - @)l

+3Ep—qn,Ep — h)
(Vh,gn)EVR X QJ, 22, J(Ep = an.Ep = an)

can be derived using standard interpolation error bounds. We first consider the terms
related to the pressure approximation.

LEMMA 6.2. There exists a constant ¢ such that for all p € H?*(Q1 U Q2) the
following holds:

. (6.3)

. _1 . _1
min (1l (Ep — ), o+ 5E— an €0 = an)) < e
an &y,

Proof. Take p € H?(Q; UQy). For Ep = (p1,P2) € Qreg let Ip; be the standard
nodal interpolation on the vertices of €; ;. Hence,

19i = Inpilles,,, < ch® “lpillze,, < ch® “lplag, €=0,1, (6.4)

holds. For ¢ = (q1,q2) € Qreg + Q}, and F € F;, with F =Ty N Ty and T1, T € Q; ,
we have

2

2
IVas - nelle < Y0 IValdr, < ey (b IValliz, + 2IValld s, )-
j=1 j=1

Using this we get

Z > w WV anr]lE <CZM (P?IVailli o+ Y IV

i=1 FcF; i=1 TeQ n

2) )

We take ¢ = Ep — qn, qn = (q1,h,q2,n) € Ql,:, and noting that qu%th = 0 we thus
obtain

J(Ep —qn,Ep — qn) <CZ# (R 1VBi = a3 o, + DIVl 0, )

=1

2
<ch®> IV (i — ain)

i=1

2 4 —=
., Teh

We take g, = (Inp1, Inp2), and using the interpolation error bounds in (6.4) we obtain
the bound in (6.3). O

For the velocity term in (6.2) we obviously also have the optimal error bound

min [u# D(u — o)} < crmachullfq for w e HY(9), (6.5)
Vh
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with fimax = max{u1, ue}. In our applications, however, we typically do not have the
regularity property u € H3(Q). The velocity u is smooth in the interior of ;, but has
a discontinuity in its first derivative across the interface I". Hence, globally, the best
one can have is an asymptotic error bound of the form ||u — v, ||? < ch. To improve
on this one might use an XFEM velocity space, too, for example Vj, as explained in
Remark 1. It turns out, however, that in many applications the suboptimal velocity
approximation using standard P, finite elements does not dominate the total error
for realistic mesh sizes. This is illustrated by the numerical example in Section 8.3.
As far as we know, rigorous regularity results for the Stokes interface problem (1.1),
e.g., u € H?(QUN), pe HY(Q UQy) are not known in the literature.

Using a duality argument one can derive an L? error bound along the same lines as
for the standard Stokes equation.

7. Schur complement preconditioner. We introduce a matrix-vector rep-
resentation of the discrete problem (3.1). In Vj, we use the standard nodal basis
denoted by (¢;)1<j<m, i€, Vi 2 up = Z;":l x;4;. The vector representation of
up, is denoted by x = (xl,...,zm)T € R™. In @;, we have a standard nodal
basis denoted by (¢s;)i<j<n,, @ = 1,2, ie, Qin X Q2 3 P = (PLh,D2,n) =
(Z?;l y1,j¢1,j,Z§‘il yg’j(bg’j). The vector representation of pp is denoted by y =
(Y115 YLy, Y215+ - > Y2mp) L € RMF72. Using the quasi-uniformity of the triangu-
lation we conclude that there are strictly positive constants ¢;, independent of h, such
that

ethyl? < lpvnlld e, + P2l 0, = P8l ) oo, < c2h®lyl?, (7.1)

for all p;, € Q1,5 X Q2,5. Here, || - || denotes the Euclidean vector norm. We use (-, -)
to denote the Euclidean scalar product. The bilinear forms a(-,-), b(:,-), j(:,-) have
corresponding matrix representations, denoted by A € R"*™ B ¢ R(mitn2)xm j ¢
R(m+n2)x(m+n2) yegpectively. The matrix A is symmetric positive definite. The
matrix J is symmetric positive semi-definite. Define 1 := (1,...,1)T € R"**"2, From
b(up,1) = 0 for all up, € Vj, and j(1,qp,) = 0 for all g, € Q1,5 X Q2 it follows that
BT1 = J1 =0 holds.

Finally we introduce two mass matrices in the pressure space:

M = blockdiag(My, Ma),  (M;)ig := (11; ' bies bi)o. s 1<kl <mg, i=1,2,
M = blockdiag(My, Ma),  (My)ki = (17 $igs $i)o0s 1<kl <, i=1,2.

For these mass matrices we have the relations

1 1
(QJ,QM + 1o 2P27h||(2),92,h = [|lp 2ph||%,91,hu92,ha

_1
(My,y) = |l *p1,n

1
2|

2
. _1 1 _1 B
(My,y) =l *prald o, + s *p2nlS o, =Y i *phlig o, = lu 0.0
i=1

The matrix-vector representation of the discrete problem (3.1) is as follows. First note
that (u='p},1)0.0 = 0 iff (My, 1) = 0. The discrete problem is given by: determine

(x,y) with (My,1) = 0 such that

A BT b ‘
(‘B EpJ) (;) - <0>’ bj = (f:¥j)o0, 1 <j<m.
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For the iterative solution of this system it is convenient to use the following equivalent,
symmetric formulation: determine (x,y) with y € 1+ such that

f(3)-(0) =G 2) 72

Note that K has a one-dimensional kernel, spanned by (0 1)7. The Schur complement
of K is denoted by S = BA™'BT +¢,.J. We consider the block diagonal precondi-
tioner,

0 Qs

In our applications, cf. section 8, we use for @4 a symmetric multigrid iteration
applied to A. The symmetric positive definite Schur complement preconditioner Qg =
M + epJ is analyzed in section 7.1.
When solving the linear system (7.2) we have to satisfy the consistency condition
y € 1+x. The following lemma shows that for a Krylov subspace method applied
to the preconditioned matrix Q'K this condition is automatically satisfied. We use
the properties J1 = 0, hence, Q51 = Ml, ie., leMl =1.

LEMMA 7.1. Define Y = {(x y)T e Rmtmtn2 |y e 1tu}. Then Q71K : Y —
Y is a biection.

Proof. The space Y forms a direct sum with the kernel span{(0 1)7} of the matrix
K. Hence, the range of K : Y — R™¥™1+n2 hag co-dimension 1. For (x y)T define
x ¥ =Q 'K(xy)T. Fory we have

(My,1) = (Bx — £,Jy,Q5'M1) = (Bx — £,Jy, 1) = (x, BT1) — ¢,(y, J1) = 0.
Hence, (x y)T € Y holds. O

As we will see in the next section, the matrices M and M +¢&pJ are spectrally equiva-
lent. If we would use Qs = M as the Schur complement preconditioner, it is not clear
how to satisfy the consistency condition y € 1. This is the reason why besides the
mass matrix M we also need the mass matrix M.

Q= (QA 0 ) . Qs=M+ epd, Qa symmetric positive definite. (7.3)

7.1. Analysis of the preconditioner. We analyze the quality of the block
diagonal preconditioner @ given in (7.3).

We start with a main result, which shows that the weighted mass matrix M is
uniformly spectrally equivalent to the Schur complement.

THEOREM 7.2. Take €, > 0. There exist constants c1,ca > 0, independent of h,
p and of how T intersects the triangulation, such that with S = BAT'BT 4 ¢,J we
have:

a(My,y) < (Sy,y) < co(My.,y) forall y €1+, (7.4)

Proof. Take y € 115, We use the relation

B b r
(BA™'BTy,y)? = max ABxy) y>1 = max 7(uh’ph)l. (7.5)
x€R™ (Ax,X)2  un€Vi a(up,up)?

We use the estimate (6.1) and thus get

b r 3D i T
max (Uh,ph)l < ¢ max [l 122 (Uhl)|O,QH.U 2ppllo.0
up €V a(u;“uh)i up€Vhy HMED<uh)

0,0

1
0,1 ,UQ2 , = C<My, Y> 2.

_1 _1
=cllp™2phllo.a < cllu” 7 pal
17



Hence (BA™'BTy,y) < ¢(My,y) holds. Using an inverse inequality we get

(Jy,y) = j(pn:pn) Zuz > BElVin - nelld

FeF;
2
< CZNJi_l Y WlVpialsor <edonwt Do WElIVeislis  (7.6)
i=1 TEQ 1 i=1 TEQ; h
_1
< czul Z 2ph||(2),91,;,,u§22,h = C<My’y>'
TEQZ h

Hence, (Sy,y) = (BA™'BT +¢,J)y,y) < ¢(1 + ¢,)(My,y) holds for all ¢, > 0,
which proves the second inequality in (7.4).
Using (7.5) and Lemma 5.3 we get, with suitable constants c;, ca,

B j(phvph)
_1
HM zphllo,ﬂl,hUQQ,h

1 (Jy,y)
=ci(My,y)? —co——+.
(My,y)2

This yields (BA~'BTy,y)* (My,y)? + c2(Jy,y) > c1(My,y).
Using (BA~'BTy, y> (My, y>2 <1 5C1 YBA-'BTy,y) + 01<My y) we thus get

(BA™'BTy,y)* > c1|lu" 2 pn

. I3
<Sy,y>20?mm{l,2 P (My,y),
C1C2

which proves the first inequality in (7.4). O

As can be seen from the proof, the constants ¢; in (7.4) depend on the value of the
stabilization parameter ¢,,.

As noted at the end of the previous section, in view of the consistency condition
y € 1141, it is more convenient to use the matrix Qg = M + epJ instead of M as a
preconditioner for the Schur complement S. In the next lemma we show that these
two are uniformly spectrally equivalent.

LEMMA 7.3. Take €, > 0. There exist constants c1,ca > 0, independent of h, 1
and of how T intersects the triangulation, such that

ci(My,y) < (M +¢e,J)y,y) < ca{My,y) forall y eR" ™ (7.7)

Proof. From [~ 2pj o < 1 2pullog e, we obtain (My,y) < (My,y).
Combining this with the result in (7.6) proves the second inequality in (7.7). Using
Lemma 2.2 we get,

_1 _1 .
(My,y) =" 2pulld 0, noasr < (2P 8 01 0wsn +3(PnyPR))
<c(llu2pp i(Pn,pn)) = (M +e,0)y,y),

and thus the first inequality in (7.7) holds, too. O

The results above yield that the spectral condition number of QEIS is uniformly
18



bounded on 1+ . Finally we show that linear systems with matrix Qg can be solved
(approximately) with low computational costs. In [18] it is proved that for ;3 = ps =1
the diagonally scaled matrix D=*M, with D := diag(M) is uniformly (w.r.t. h and
w.r.t. the position of the interface in the grid) well-conditioned. Due to the possibly
small support of some extended basis functions, without the diagonal scaling the
condition number of the mass matrix M is not uniformly bounded. Here, we have to
study the conditioning of Qg = M + epJ. We benefit from the stabilizing term ¢,J,
and a conditioning result is easily obtained, as shown in the following lemma.
LEMMA 7.4. Take €, > 0. Define D := diag(M + €,J). There exist constants
c1,c2 > 0, independent of h, u and of how I intersects the triangulation, such that

c1(Dy,y) < (M +¢,J)y,y) < c2(Dy,y) for all y € R™*"2, (7.8)

Proof. By A ~ B we denote uniform spectral equivalence of the s.p.d. matrices
A and B. Define Dy := diag(M). If in (7.7) for y we take the standard basis vectors
we obtain D ~ Djs. From the definition of M and the result in (7.1) it follows that
Dy ~ M. Thus we get D ~ M. Using (7.7) we conclude D ~ M +¢,.J. O

As a direct consequence of this Lemma, we can see that the Jacobi method applied to
M+ epJ is a good preconditioner for the Schur coplement. Now we apply a standard
analysis as in e.g. [21, 15], to derive results on the spectrum of the preconditioned
matrix Q'K. From the results in Theorem 7.2 and Lemma 7.3 it follows that there
are constants yg > 0 and I'g, independent of h, p and of how the interface intersects
the triangulation, such that for the Schur complement preconditioner Qg as in (7.3),
with a fixed €, > 0, we have the following spectral equivalence:

75(Qsy,¥) < (Sy,y) <T's(Qsy,y) forall ye 1+, (7.9)

For Q4 we take a symmetric multigrid preconditioner. Thus there exists 74 > 0
independent of h and of how the interface intersects the triangulation such that

va(Qax,x) < (Ax,x) < (Qax,x) forall x € R™. (7.10)

In the upper bound in (7.10) we have a constant 1, because the iteration matrix of
a symmetric multigrid method for the diffusion equation is positive definite. The
spectral constant v4 may depend on the quotient u;/ps.

COROLLARY 7.5. All nonzero eigenvalues of Q'K lie in the union of the inter-
vals

[ya,1] U [%(%4 + \/m), %(1 +1/1+4Tg)]
U2~ VAFATS), 504 — o+ 1a35)].

Proof. Follows from (7.9), (7.10) and the analysis in [15] (Lemma 5.14). O

This shows that @ is an optimal preconditioner for K. Systems with the Schur
complement preconditioner Qg can be solved (approximately) with acceptable com-
putational costs, cf. Lemma 7.4.

8. Numerical experiments.
19



10 E 4

3

10—8 i 1 | | | ]
0 1 2 3 4 5
Distance § = 0.1-27%

Fic. 8.1. Values of the stability constant Csiay, for different values of ep as the interface’s
distance to the x-y-plane is decreased.

8.1. The sliver experiment. In our first experiment we want to investigate
the influence of the parameter ¢, on the stability of the resulting discretizations.
To this end, we introduce the so-called sliver experiment. Praxis has shown that in
unstabilized discretizations the stability problems seem to arise from those XFEM
functions which have a tiny support. In this experiment we deliberately create such
functions and repeatedly shrink their support by defining a sequence of planar inter-
faces I'y, := {(m,y,z) Y ’ z=0.1- 2_’“}, k > 0, approaching the z-y-plane. We
choose a uniform grid of the domain Q = (—1,1)3, consisting of 4 x 4 x 4 equally
sized cubes. Each of these cubes is then sub-divided into six tetrahedra. We take
pu1 = p2 = 1. As a measure of stability, we want to estimate

. k((un,pn), (v, an))

inf sup ,
(n ) EVRX QY (v qm)eVixQF | (tns Dr) [ (vns an) | (8.1)
12

where || (un, pr)|1* = [lun | + [l 13-

Using Lemma 7.3 and the coercivity of the bilinear form a, it can be shown that this
can be estimated by the smallest non-zero eigenvalue of the following matrix:

A+M, 0 \ /A BT -

( 0 M+5J> (B epJ>’ (82)

where M, is mass matrix in the velocity space. We denote this smallest non-zero
eigenvalue by Cgiab-

Figure 8.1 shows the values of Cgap, for the two choices €, = 1075 and ep = L.
Even though there are five orders of magnitude between them, the stability results
are almost identical. The same holds for choices of ¢, in between those values, which
we did not plot here for the sake of a better visualization. For the unstabilized
discretization, we remark that due to numerical instabilities the computed values
for Cstap might be inaccurate. However, the value of Cgia, seems to deteriorate
approximately as O(4%), where § is the distance of the interface to the x-y-plane. It
appears that already “tiny amounts” of the stabilization suffice to restore the method’s
stability. Furthermore, variation of the parameter e, seems to have a very mild
influence on the stability of the method.

8.2. Experiments with a smooth velocity solution. In this section we want
to investigate the convergence properties of the method. To this end, we prescribe
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Dirichlet boundary conditions and an external force f = fo+ fr, fr(v) =0 Jpv-mds
with ¢ := 10 for v € V, such that the analytical solution is:

Y
wz,y,z)=a(r)e™™ | = |, wherer =22+ y2 + 22,
0
{Mll for r < rr, 8.3
a(r) = —1 -1 1N 2,2 (8.3)
bt b g e forr >

€y,
pley,z)=ad+7 =
0 else,

where the domain is Q := (—1,1)* and Q; := S,/ the sphere of radius rp := 2/3
around the origin. Note that the function «(r) is continuous and has a kink at
r = rp in case of non-matching viscosities ;. Note also that the velocity vectors are
tangential to the interface, i.e., u - np = 0 with nr the outer normal to €2y, which is
necessary for the assumption of a stationary interface.

For simplicity, as a first test case we choose p; = po = 1, while a more realistic
setting will be examined in Section 8.3. For this choice we have a = 1 and thus the
functions u,p can be ideally approximated by the ansatz spaces while not being a
part of them. For the discretization of fr we use fph (vp) = Ufrh vy, - Np, ds, which
is second-order accurate. Here I'j, is a piece-wise planar approximation to I' with
dist(z,T) < ch? for all z € 'y, cf. [11], which is also used in the construction of the
XFEM space Qgh.

In a first step, we want to investigate the sensitivity of the discretization error
with respect to €,. We therefore choose a fixed grid of 16 x 16 x 16 cubes which are
each subsequently subdivided into six tetrahedra. Afterwards we change the value
of ¢, and compute the discretization error. For the solution of the linear system
of equations a preconditioned MINRES method was used, with the preconditioners
defined as in the previous section. The MINRES iteration was stopped when the
residual fell below the threshold of 10~°.

Table 8.1 shows the resulting iteration counts and discretization errors for var-
ious values of €,. One can clearly see that for £, < 1, its magnitude is virtually
insignificant for the properties of the resulting discretization. Note that the error in
the pressure variable is only about half of the corresponding value for the unstabilized
discretization. For €, = 1 the errors increase only very slightly. Also note that for
ep = 0 the MINRES iteration did not converge to the target residual due to the poor
stability properties. For all other choices of €, the introduced preconditioners show
to be effective with iteration counts around 100. We can therefore conclude that ¢,
only has a very mild influence on the properties of the resulting discretization. Note
that without using any Schur complement preconditioner (i.e., Qs = I) the residual
did not fall below 102 within 1000 MINRES iterations. This shows that the Schur
complement preconditioner is crucial for the iterative solution of the linear systems.

After having established the discretization’s small sensitivity with respect to ¢,
we want to inspect the convergence behavior with respect to h. To this end we
choose a fixed value €, = 1 and start with a uniform grid of 4 x 4 x 4 cubes which
are subsequently each divided into six tetrahedra. We then perform uniform mesh
refinements and look at the influence on the discretization error and the iteration
counts.
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Ep lenllo llewlls Iterations

0 1.82-1072 4.90-10"%® > 1000
107 9.64-1073% 4.87-1073 97
1072 9.49.1073% 4.86-1073 96
107 9.76-107% 4.97.107% 102

1 1.33-1072  6.41-1073 95

10  3.01-1072 1.43-1072 102
10> 9.34-1072 4.61-1072 97

TABLE 8.1

Discretization errors and iteration counts for various values of €p. For e, = 0 the residual did
not fall below 106,

100 I 3 100
i o feals bz
N A TSR
07 e T o) o 107 e TSRl E
= ~ -
= = 5 o lew]h T
1025 -=-+-=-lllo o
E o) 4
[| - - o
10—3 | |
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Refinements Refinements

F1G. 8.2. Discretization errors for different
refinement levels of the mesh for e, = 1 using

F1c. 8.3. Discretization errors for different
refinement levels of the mesh for e, = 1 using

an artificial surface force term fr. a surface tension force term fr.

Figure 8.2 shows the discretization errors for the different refinement levels. As
predicted by the analysis, we have a second order convergence behavior. The iteration
counts varied between values of 95 and 102, confirming the optimal behavior of the
preconditioners introduced. Note that for the second order convergence behavior, the
use of the P;-XFE space for the pressure is essential. If one uses the standard P;-FE
space instead, the rate of convergence drops to (’)(h%), cf. [12].

8.3. Experiments with more realistic parameter settings. In two-phase
flows the pressure jump at the interface is induced by surface tension. To incorporate
the effect of surface tension we consider the same test case as in Section 8.2, but we
replace the artificial surface force fp by the surface tension force fr(v) = fF TKU -
nds. Here 7 > 0 is a constant surface tension coefficient and k(z) denotes the local
curvature of I'.

Choosing 7 = ? we have 7/ = 7.= = 10 = o, thus for the continuous setting both
surface forces coincide, i.e., fr = fr. This, however, does not hold for the discrete
case, i.e., fr, # fph, which is due to the fact that for fr, the curvature has to be
evaluated from the approzimate interface I'y,. For the discretization fr, of the surface
tension force we use a Laplace-Beltrami technique described in [11] and analyzed in
[11, 10] which has a discretization order of 1.5. Due to the first Strang lemma the

same convergence order is expected for the sum of the velocity error (in || - ||;) and
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FiG. 8.4. Ezact and discrete velocity and pressure solutions along the x-axis for ep =1 on grid
refinement level 3 and a realistic parameter setting corresponding to an air bubble in water.
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FiGc. 8.5. Discretization errors for different refinement levels of the mesh for ep = 1 and a

realistic parameter setting corresponding to an air bubble in water.

pressure error (in || - |lo). We take €, = 1 and apply grid refinement as in the previous
experiment. The error plot given in Figure 8.3 shows that the velocity error has an
O(h?) behavior and the pressure error converges with second order.

Finally, we consider an experiment which mimics a two-phase flow water/air sys-
tem with non-matching viscosities. The solution is chosen as in (8.3) with py = 1073,
p2 = 107! and 7 = 700. These values for viscosity and surface tension coefficient
7 correspond to the dimensionless formulation of the two-phase Stokes equations for
an air bubble with radius %mm in ambient water, assuming a characteristic length
L = 1073m and a characteristic velocity U = 1072m/s. Figure 8.4 shows a plot
of the velocity and pressure along the z-axis on the finest grid (refinement level 3).
Note the large scaling of the pressure and velocity solution, yielding ||p|lo = 2.15- 103
and |lull; = 2.97 - 103, whereas in the previous examples both norms are of order 1.
Due to the kink of the velocity at the interface (see ug in Figure 8.4), which is not
aligned with the triangulation, for the standard velocity space without enrichment one
expects a poor convergence order of 0.5. Figure 8.5 shows the convergence behavior
for different grid refinement levels. We observe a convergence order of 1.5, showing
that the surface tension discretization error dominates the error induced by the ve-
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locity kink. A reduced order of 0.5 is expected on fine enough grids, which, however,
could not be tested in this experiment due to memory limitations. The results in this
experiment are in accordance with our experience that for the simulation of realistic
two-phase flows usually the pressure jump enrichment and the discretization of the
surface tension force are essential, whereas the velocity kink enrichment (often) seems
to be of minor importance. A similar experience is reported in [19].
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