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Abstract

The purpose of this work is to provide qualitative convergence results of a sequence of nu-
merical approximate solutions for the flow of incompressible fluids subject to an implicit
constitutive relation. The constitutive law between shear stress tensor and shear rate tensor
is encoded by a (t,x)-dependent maximal monotone graph with g-growth, ¢ € (1,00). The
resulting framework includes both generalised Newtonian fluids and discontinuous constitu-
tive relations. Existence of weak solutions was established in [BGMS09, BGMS12] for steady
and unsteady flows, respectively, for ¢ > dz—fz.

Due to the generality of the framework, higher regularity results and error estimates are
out of reach. Thus we aim for convergence of a sequence of approximate solutions to a weak
solution based on compactness results. For the finite element approximation, the assumptions
result in a pair of (conforming) inf-sup stable finite element spaces for the velocity and the
pressure.

We formulate the hypotheses on the graph so that the weak formulation is consistent with
the thermodynamic framework. A number of graph approximations, all of which satisfy
sufficient conditions to take the graph approximation limit before and separately from the
discretisation limit are investigated. This includes the generalised Yosida graph approx-
imation, which satisfies a Minty type convergence lemma, allowing us to take the graph
approximation limit and the discretisation limit simultaneously.

Thanks to this, in the steady case we can simplify and generalise the proof in [DKS13al:

2d

by means of a discrete Lipschitz approximation convergence is established for ¢ > 75
2d

when using discretely divergence-free finite element functions, and for ¢ > 7% when using
exactly divergence-free ones. In addition, we take a regularisation approach, allowing us
to show convergence for the whole range ¢ > % by separating the discretisation and the
regularisation limit and using a non-discrete Lipschitz truncation.

For the unsteady problem no results in the context of implicit relations are available and
the ones focused on explicit relations assume a restricted range of ¢, see [Car07, CHP10].
We set up a fully discrete and fully implicit approximate scheme based on finite element ap-
proximation in space and an implicit Euler stepping in time. For the unregularised problem
the lack of a discrete truncation restricts the proof to the admissible range ¢ > ?’dd%;. Under
additional assumptions on the finite element setting all steps apart from the identification
of the constitutive relation are performed for ¢ > dQ—fQ. For the regularised problem, as
in the steady case one can avoid the extra restrictions arising from the discretisation and
show convergence for the full range of existence when taking the regularisation limit sepa-
rately and after the discretisation limit. Additional difficulties arise from the non-continuous
time-dependence of the graph and the discretisation in space requires careful compactness

techniques. This result was established in collaboration with Endre Siili, cf. [ST18].
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CHAPTER 1

Introduction

Since the introduction of the Navier—Stokes equations for incompressible fluids in the 19th
century to describe the flow of Newtonian fluids, various modifications and generalisations
have been proposed. Implicit constitutive theory provides a very general framework to
formulate and investigate such generalisations. In this context we aim to investigate the
convergence of numerical approximation schemes for the flow of implicitly constituted fluids.
To cover a class of fluids as large as possible, very weak assumptions are imposed. Due to the
lack of structure one cannot expect quantitative results in the sense of error estimates, but
merely qualitative results. More specifically, we aim to show convergence up to subsequences
of approximate solutions to a weak solution, the existence of which was shown in [BGMS09,
BGMS12].

1.1. Framework of Implicitly Constituted Incompressible Fluids

In the mechanics of viscous incompressible fluids typical constitutive relations relate the shear
stress tensor to the rate of strain tensor through an explicit functional relationship. In the
case of a Newtonian fluid the relationship is linear, and in the case of generalised Newtonian
fluids it is usually a power-law-like nonlinear, but still explicit, functional relation. Implicit
constitutive theory was introduced to describe a wide range of non-Newtonian rheology
admitting also implicit and discontinuous constitutive laws, see [Raj03, Raj06].

In what follows, we give a formal derivation of the equations describing the motion of a
fluid in the framework of continuum mechanics and thermodynamics.

1.1.1. Derivation of the Governing Equations

The motion of a fluid is described by a collection of balance laws, supplemented by so-called
constitutive relations, which depend on the material properties.

The balance laws of mass, linear momentum, angular momentum and (specific) internal
energy read as follows:

Op + div(pu) =0, (1.1a)
pou + pu - Vu =divT + pf, (1.1b)
T=T", (1.1c)

pore +pu-Ve=T :Du —divy, (1.1d)

in a domain in R? for d € {2,3}, where p is the density, u is the velocity field, T is the
Cauchy stress tensor, f is a given external force, e is the specific internal energy, j is the
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heat flux and Du = $(Vu + (Vu)') is the symmetric gradient of the velocity field; the
latter represents the rate of strain of the fluid flow. For the derivation of these balance laws
in continuum mechanics and continuum thermodynamics we refer to [Sch78, Ch. 4], [MRO5,
Ch. 2] and also to [MP16, Sec. 2]. The entropy inequality, which ensures that the second law
of thermodynamics is satisfied, can be stated as

T:Du+pdivu—%j‘v920, (1.1e)

where # > 0 is the thermodynamic temperature and p is the thermodynamic pressure, see
[MP16, Sec. 2.3.3].

We assume that the fluid is incompressible, i.e., the material derivative dp + u - Vp
vanishes. Additionally we assume that the fluid is homogeneous, meaning that the density
is spatially constant p(t,x) = p(¢). In conjunction with (1.1a) this implies that 0 = divu =
tr(Du), where tr denotes the trace of a matrix. Hence Du is in fact the shear rate tensor.
Furthermore, we assume that the temperature § = 6y > 0 is constant, so the motion is
isothermal. Assuming a constitutive relation for the specific internal energy of the form
e = e(p,0) the homogeneity assumption and the isothermality imply that e is constant.
Then, by the balance law of internal energy, the heat flux j is determined by the Cauchy
stress tensor T and the symmetric velocity gradient Dw, which is why we will not consider the
energy balance equation any further. For simplicity of presentation we choose pg = 0y = 1.
Then, the balance laws (1.1a)—(1.1c) reduce to

divu =0, (1.2a)
Jru +diviu®@u) =divT + f, (1.2b)
T=TT, (1.2¢)

and the entropy inequality (1.1e) simplifies to
T:Du > 0. (1.2d)

For similar derivations and more details we refer to [Liol3, Ch. 1] and [MP16, Sec. 4.2.3].
Since Du is trace-free, we infer that

T:Du= (Ts+ Jtr(T))) : (Du)s =Ts : Du,

where | is the identity matrix in R¥¢ and As = A — étr(A)I is the deviatoric part of a
matrix A € R¥*?, Now, in the entropy inequality one can replace T by its deviatoric part,
the so-called extra stress tensor (or shear stress tensor) S := Ts. The scalar étr(T) is called
mean field stress and its negative m = —é tr(T) is the mean field pressure, hence T can be
decomposed into

T=S—mnl, (1.3)
see also [Sch78, p. 126] and [Liol3, p. 2]. Now (1.2a)—(1.2d) can be stated as

divu =0, (1.4a)

Ou +div(iu @ u) =divS — Vr + f, (1.4b)
S=S", tr(S)=0, (1.4c)

S:Du>0. (1.4d)
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IS| IS| IS| IS|

|Du| |Du| |Du| |Du|

Fig. 1.1: ¢ = 2, Navier Fig. 1.2: ¢ > 2, power- Fig. 1.3:  Herschel- Fig. 1.4: (fictitious)
Stokes (explicit law) law fluid (explicit law) Bulkley fluid for ¢ < 2 fully implicit relation

Note that (1.4a) and (1.4c¢) are constraints on w and S, respectively. The pressure 7 in (1.4b)
has the role of a Lagrange multiplier with respect to the incompressibility condition and can
be determined once uw and S are known.

In order to close the system one has to impose a relation between the unknown extra
stress tensor S and the other physical quantities in a way that (1.4d) is satisfied. Such a
relation is called a constitutive relation and can be derived from material properties in two
ways: Either from the microstructure of the fluid, some examples of which can be found
in [Sch78, Ch. 10, 11], or from the phenomenological behaviour of the fluid, which is the
perspective taken, e.g., in [MP16]. Therein the authors derive constitutive relations starting
from the second law of thermodynamics and assumptions on the specific internal energy and
the specific entropy.

1.1.2. Implicit Constitutive Laws for the Stress Tensor

In the classical literature on thermodynamics it is assumed that the extra stress tensor S
is a function of Vu and, by frame indifference and isotropy, it is deduced that S = S(Du),
see [Sch78, Ch. 9.4] and [Tru91, Ch. 10.2] for details. In this case, the explicit expression
for the extra stress S can be inserted into the balance law of linear momentum (1.4a). In
the following, in situations where we consider the relation between the shear rate and the
stress tensor we will write D instead of Du, and denote by 8 a function such that S = 8(D),
provided that the dependence is continuous.

Examples for models with explicit constitutive relations include the Navier—Stokes equa-
tion and various forms of ¢-fluid models for ¢ € (1,00): For the Navier—Stokes equation
the viscosity vy € (0,00) is constant and the constitutive law is given by the linear relation

8(D) = 2D, (1.5a)
for D € Rg;n‘im where ngﬁg is the space of symmetric d x d matrices and Rg’yxnfio is subspace
of zero trace matrices. The relation of the absolute values of S and D is shown in Fig. 1.1.
For ¢-fluid models the constitutive relation is given by

8$(D) = 21 (5+ \DW) D, (1.5b)

for ¢ € (1,00) and § € [0,00) constant. For 6 = 0 this is the Ostwald—de Waele power law
model, and for § € (0,00) its (non-degenerate) generalisation. The nonlinear relations (for
q # 2) feature a viscosity v > 0 depending on the shear rate; more precisely there exists a
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function v: R>g — R>q such that
8(D) = v(|DI)D,

for D € Rg;ncio. For more examples of explicit constitutive relations and the original references
we refer to [MP16, Sec. 4.5] and the references contained therein.

There are fluids for which the extra stress tensor cannot be described by a (continuous)
function of the shear rate. For the class of Herschel-Bulkley fluids the shear rate is non-zero
only once the Euclidean norm of the extra stress tensor exceeds a given constant yield stress
7. > 0. These fluids belong to the class of activated fluids and for g € (1,00) the constitutive

law is given by

S|<7. o D=0,
(1.6)

S|>7 & S=nB +D?D & D=(S|-n) g,

for D,S € ngxncf’o, see Fig. 1.3, [BGMS12, Sec. 1.1], [MP16, Sec. 4.5] and the references
therein. For ¢ = 2, (1.6) reduces to the constitutive law for Bingham fluids, see [DL76,
Ch. VI.1.2]. Evidently D can be expressed as an explicit continuous function in S, but to
describe S as function of D one has to rely on discontinuous functions or set-valued mappings.

However, the constitutive relation can equivalently be stated as
D|"? (7 + (S| = ) )D = (IS| = ) TS = 0, (1.7)

for D,S € Rg;rio, where (s)" := max(s,0) denotes the positive part of s € R. Note that the
left-hand side of the expression is continuous in S and D. This suggests considering the more

general class of constitutive relations as in [BGMS12|, which can be written as
G(D,S) =0, (1.8)

with a continuous tensor-valued function G. Since this includes constitutive laws, for which
S and D are related in a fully implicit manner, for an example see Fig. 1.4, we refer to such
a relation as implicit constitutive relation.

Implicit Constitutive Theory

Examples of implicit constitutive relations have been known for a long time. In 1845 Stokes
([Sto45]) remarked that the viscosity is independent of the pressure only under suitable
conditions. Indeed, if the viscosity of an incompressible fluid depends on the pressure 7 =
—é tr(T), then the constitutive relation between the Cauchy stress tensor T and the shear
rate D, given by

T = —l+ v(m,D)D = L tr(T) + v (4 tr(T),D) D (1.9)

is implicit, see [Raj03, Sec. 4.1] and [Raj06]. Another situation, in which implicit relations
arise naturally, is the flow of viscoelastic fluids. These constitutive relations, involving both
the stress tensor and certain time-derivatives thereof, were first described by Maxwell in
1867 ([Max67]), see [Rajo3, Sec. 4.3]. Furthermore, if the shear rate D non-monotonically
dependends on Ty for certain fluids, it is not possible to write Ts as function of D, see
[RS16].

A general framework of implicit constitutive theory for fluids was developed in [Raj03,
MRO5, Rajo6, RS08, MP16] to mention just a view. In the situation of (1.2a)—(1.2d), an
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implicit relation of the form
f(T,D,p,0) =0 (1.10)

can be considered. Even more generally, the implicit constitutive law may include material
derivatives of D and T, such that the framework also includes rate-type models. Physi-
cal principles, such as frame-indifference and isotropy (as well as the entropy inequality),
impose restrictions on the constitutive relations, see for example [Raj06]. One advantage
of considering such general relations is that the framework includes a large class of fluids
models with non-Newtonian behaviour. Furthermore, it provides a unified approach to the
derivation of previously proposed constitutive laws, and gives rise to new models. From a
thermodynamical point of view another strength of implicit constitutive theory lies in the
fact that it allows one to derive thermodynamically consistent constitutive laws starting from
the entropy inequality rather than imposing it afterwards, for details see [MP16].

1.1.3. Assumptions on the Implicit Constitutive Relation

Returning to the flow of a homogeneous, incompressible fluid in an isothermal situation and
assuming that the constitutive relation is independent of the pressure m, the relation (1.10)
reduces to the relation (1.8), which is the object of this work.

Following [BGMS09, p. 110] and [BGMS12, Sec. 1.2] we assume that the relation given by
G in (1.8) can be identified with a maximal monotone set A C Rg;rg X Rg;rr‘f as

G(D,S)=0 < (D,S)€ A, (1.11)

in a pointwise sense. Since A can be viewed as the graph of a maximal monotone set-
valued function, we refer to A as a mazximal monotone graph. Furthermore, let us sketch the
assumptions on A, which we will impose:

(i) (0,0) € A;

(ii) A is a maximal monotone set, i.e., for all (D1,S1), (D2,52) € A,

(Dl — DQ) : (Sl — 52) >0,

and A is maximal in the class of monotone sets with respect to inclusion;
(iii) There exists a constant ¢, > 0 and a ¢ € (1, 00) such that

D:S>c.(ID7+S|Y) forall (D,S) € A,

where ¢’ is the Holder conjugate of q.
We postpone the precise assumptions on A used in this work to Assumption 3.11 in Chapter 3.
In particular, accounting for possible extensions where the constitutive relation depends on
more quantities like the temperature 6 ([MZ18]), the pressure = ([FMR05, M(07, Bv15]) or
a concentration, we will consider the case where G and hence also A depends on points in
time and space (¢, x).

If we consider A C ngxrio X Rg;io with the same properties, the trace constraint on S
in (1.4c) is automatically satisfied and considering trace-free matrices suffices when working
with divergence-free functions. Here however, we will adapt the assumptions on A C Rg;rff X
ngxn‘f in a way that the constraints on S are enforced and hence the framework is consistent
with the thermodynamic derivation. By the monotonicity of A and the fact that (0,0),
one has that the entropy condition (1.4d) and thus the second law of thermodynamics is

satisfied. However, the assumptions on A do not include any frame-indifference properties,
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which means that those have to be checked individually for specific models of interest.

The resulting framework includes explicit relations as in (1.5b): Newtonian fluids, where
q = 2 as well as generalised Newtonian fluids with shear-thinning behaviour (¢ € (1,2)), as
for example paint, certain hydrogels, blood and ketchup, and shear-thickening fluids (¢ > 2),
such as a suspension of starch and water, see also Fig. 1.2. Further, relations, where the
stress is a set-valued or discontinuous function of the symmetric gradient, but the symmetric
gradient can be expressed as continuous function of the stress tensor, are included. This is
the case for Bingham or Herschel-Bulkley fluids, such as drilling mud and certain toothpaste.
Fully implicit constitutive relations, for which neither the stress not the symmetric gradient
can be expressed as continuous function of the other (see Fig. 1.4), are included as well, even
though at present we are not aware of any examples.

Models including viscoelasticity (or in fact any rate-dependence of the constitutive re-
lation) and pressure-dependent constitutive relations are not covered by the assumptions.
Furthermore, there are fluids, which do not satisfy the polynomial growth and coercivity
condition with respect to some ¢ € (1, 00), like the Prandtl-Eyring fluid, see [BDF12].

Thanks to the generality of the framework the existence results of weak solutions proved in
[BGMS09, BGMS12] for the steady and the unsteady case, respectively, generalise a number
of previous existence results both on explicit constitutive relations and relations for which
the stress tensor is discontinuous in the shear rate ([DL76, Ser91, FS00, MRS05, ER12] and
[GMSO07]). Furthermore, since the implicit constitutive relation is imposed in a pointwise
sense almost everywhere in the domain, the notion of solution is stronger than notions
based on weak inequalities, where the stress tensor is not a part of the weak solution, see
[DL76, Ser91, FS00].

A Note on Boundary Conditions

The boundary condition on the boundary 99 of the domain  C R? occupied by the fluid
depends on the properties of the materials involved. Thus one can view the boundary
condition as a constitutive relation, see [MP16]. The impermeability of the boundary can
be phrased as

u-v=0 on df, (1.12a)

where v(x) denotes the outward unit normal vector in a point & € 9. Denoting by w, =
w — (w - v)v one specific tangential component of a vector w € R? at € 9Q we impose
the following condition on the tangential velocity

ur = —ky (Sv),, (1.12b)

for K, > 0. In case k. = 0 is constant this reduces to the so-called no-slip (homogeneous
Dirichlet) condition. For constant k, > 0 the resulting condition is called Navier’s slip
boundary condition. More generally, s, could be related to |(Sv),| and |D| in an explicit or
implicit way, which includes also the stick-slip condition investigated for example in [BM16].
This fits in the framework of implicit constitutive relations but will not be subject to inves-
tigation in this work, instead we will focus on the cases when k, is constant.

From a thermodynamic point of view the no-slip boundary condition has for a long time
been the prevailing one and only relatively recently have alternatives been examined, see
[Den04]. Mathematically a Navier’s slip boundary condition or even periodic boundary con-
ditions are preferable since they allow for better regularity, see Subsection 1.2.6 below.
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1.2. Existence of Weak Solutions

Let us state the full problem introduced in (1.4a)-(1.4c) and (1.11) subject to homogeneous
Dirichlet boundary conditions ((1.12a) and (1.12b) with k. = 0).

Let QO C R?, with d > 2, be a bounded Lipschitz domain and denote by Q@ = (0,7) x Q
the parabolic cylinder for a given final time 7" € (0,00). We assume that f: Q — R? is a
given external force, that ug:  — R? is an initial velocity field and that A C deyxn”f X ngxlff
is a maximal monotone graph satisfying the assumptions outlined in Section 1.1.3.

We seck a velocity field u: @ — R?, a pressure 7: Q — R, and a (trace-free) extra stress

tensor field S: Q — R¥X?  satisfying

sym,0
u+diviu®@u) —divS = -Vr + f in Q, (1.13)
divu =0 in Q, ‘

subject to the initial condition and no-slip boundary condition
u(0,-) = up(+) in Q, (1.14)
u=0 on (0,7) x 09, (1.15)

and satisfying the constitutive relation

(Du(-),S(:)) € A(-) pointwise a.e. in Q. (1.16)

In the following we refer to the unsteady problem consisting of (1.13)-(1.16) as (PU).
The corresponding steady problem, such that d,u = 0, will be denoted by (PS). The precise
notions of weak solutions we aim for are introduced in Chapter 2 and the precise assumptions
on A will be postponed to Chapter 3.

1.2.1. Galerkin Approximation

To prove existence of weak solutions of the above problem or of special cases thereof, one
of the common approaches is a Galerkin approximation in . In addition to the Galerkin
approximation in a suitable function space, further approximations may be included in order
to guarantee existence of an approximate solution or in order to simplify the argument. Due
to the properties of A and Korn’s and Poincarés inequality the usual a priori estimates yield
uniform bounds on the velocity in L>°(0, T; L2(Q)4) N L9(0, T; W(l)’q(Q)d) (in the steady case
in Wé’q(Q)d) and on the stress tensor in LY (Q)®*? (in the steady case in LY (Q)?*¢). Then,
by compactness arguments weak (and strong) convergence of subsequences can be obtained.
Finally we have to identify the limiting equation and the constitutive relation, the latter of
which is the key part of the proof.

1.2.2. Nonlinearities and Challenges

The main challenges arise from the two nonlinearities in the problem: the convective term
and the constitutive relation.

The Convective Term and Admissibility

Writing M for @Q or €2, respectively, the weak form of the convective term is given by

/M(u ®@u): Vwdz
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2d
d+2°

then we have that u € Wé’q(Q)d < L%(Q)4, and in the unsteady case without extra condition
on ¢, since u € L>(0,T;12(Q)%).

However, to identify the term in the limiting equation when taking the Galerkin limit,
strong convergence of the sequence of velocities is required. In both the steady and the

for a suitable test function w. This term is well-posed in the steady case if ¢ > because

unsteady case for compactness we require that g > %. For small ¢ € (1,00) the term
causes lack of admissibility. More precisely, if ¢ < ?51%22 in the unsteady case (and if ¢ < %dg

in the steady case), then wu is in general not an admissible test function in the weak form of
the convective term.

Identification of the Constitutive Relation for Explicit Laws

The lack of admissibility caused by the convective term is problematic, because the straight-
forward way to identify the constitutive relation includes testing the equation with the ve-
locity function w. Let us collect the options available for the identification of the constitutive
relation for explicit laws used in the literature (see [FMO03]):

e In the admissible case an energy identity is available and by use of monotone operator
theory (Minty’s trick, see the following subsection) the constitutive relation can be
identified, see [Lad69, Lio69].

e If higher regularity of the velocity can be established this may restore admissibility.
Thus, the constitutive relation can be identified also for ¢ in part of the range in which
admissibility is not guaranteed a priori.

e If u is not an admissible test function, one can recover admissibility by truncation.
Instead of testing with the velocity function, we test with a truncation, which is in a
smaller function space and hence admissible. Such a truncation can be constructed in
a way that it coincides with the original function on a large part of the domain. There
are the following two type of truncation:

— the L*™-truncation, covering the range ¢ > 2?:21) in the unsteady case, ([Wol07]),

and g > ﬁdl in the steady case ([FMS97, Ruz97]).
2d

— and the Lipschitz approximation suitable for the whole range ¢ > % in both
the steady and the unsteady case, see for example [FMS03, DMS08, DRW10]. In
Subsection 1.2.5 we will provide more detail.

For implicitly constituted fluid the situation is a bit more difficult: On the one hand the
higher regularity approach is not available due to the lack of structure of A. And on the
other hand, when applying the Lipschitz truncation technique additional work has to be
done to identify the implicit constitutive relation, using various L' weak compactness results
and a generalised Minty type convergence lemma, see [BGMS12].

1.2.3. Monotonicity and Minty Type Convergence Lemma

Whenever monotonicity (but not necessarily strict monotonicity) of the constitutive relation
is available, the so-called Minty’s trick and its generalisations are a powerful tool to identify
the constitutive relation. Denoting by {Du'¥}yey and {SV} yen the sequences of approxi-
mate shear rates and approximate stress tensors, we assume that (Du’,S?") are related by
the constitutive relation, for each N € N. Furthermore, from the a priori estimates weak
convergence (up to subsequences) can be obtained in the sense that Du” — Du weakly in
LI(M)™? and SN — § weakly in LY (M)%? as N — co. Now we want to show that the

limiting functions (Du,S) are related by the constitutive relation:
(i) If the constitutive relation is explicit such that S = §(Du®) for a continuous mono-
tone function 8, then one can apply the standard Minty trick (e.g., [Roul3, Lem. 2.13]):
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If one can prove that

limsup/ SV :DulV dz g/ S :Dudz, (1.17)
M M

N—oo

then for all A € L¢(M)4*? with values in RL$¢ by monotonicity it follows that

sym

im su ulV) — : (Du® — o

(§ - S(A)) . (Du — A) dz.

Choosing A = Du £ ¢B, for € > 0, and B € LI(M)?*? with values in de;n‘f, dividing by
e and letting € — 0 yields by continuity of 8 that S = 8(Du), which shows that the
constitutive relation is satisfied. Whenever u is an admissible test function in the weak
formulation of the problem, (1.17) can be verified using energy identities for u™ and w.
Otherwise, (1.17) or a local version thereof can be shown by testing the approximate
equation with a truncation of the sequence {u" — u} yen.

(ii) For implicit constitutive relations a generalisation of the above is available which does
not rely on continuity, first proved in [BGMS12] and reproved in [BM16]. This Minty
type convergence lemma states, that if the implicit relation is satisfied pointwise almost
everywhere in the domain, i.e., (Du™(-),SV(:)) € A(-) a.e. in M for the weakly
converging sequences and (1.17) is satisfied, then it follows that (Du(-),S(:)) € A(")
a.e. in M. In fact using the pointwise properties of A the authors prove a local
version for subdomains M C M. This makes the lemma applicable also when using
truncations, see Lemma 3.16.

1.2.4. Graph Approximation for Implicitly Constituted Fluids

For explicit constitutive relations the fact that 8 is continuous suffices to show existence
of solutions to the Galerkin approximate problem. In case 8 depends also on points in the
domain the corresponding assumption would be that 8: M x ngxmd — ngxnﬁl is a Carathéodory
function.

For implicitly constituted fluids A has to be approximated by a sequence of graphs A"
such that (D,S) € A¥(-) if and only if S = 8%(-,D) for a (single-valued) Carathéodory
function 8F: M x ngxlg — R‘Si;nﬁl. There are various ways to achieve this, one of which is
smoothing a possibly discontinuous selection function 8*: M x RZx4 — REX4 of the possibly

Sym sym
multivalued function S: M x R‘si;rff = ngxncf such that (D,S) € A(-) if and only if S € S(+,D),
for D,S € REXY. This approach is chosen in the existence proofs in [BGMS09, BGMS12] by

means of mollification of 8* in the second argument. In the context of systems of divergence-
form equations formulated with a maximal monotone operator in [FMTO04] further graph
approximations have been investigated, see also Chapter 3. The minimum requirement on
such a graph approximation is that one can take the limit £k — oo before taking the Galerkin
limit N — oo. Then, the Galerkin approximate solutions satisfy the implicit relation encoded
by A, and hence one can use a Minty type convergence lemma for the identification of the
implicit relation in the limit N — oo.

However, classes of graph approximations, for which one can show a Minty type conver-
gence lemma itself, are even more attractive. More precisely, instead of (Du®,S") € A(-)
a.e. in the domain one assumes that (Du*" S¥V) € A(-)* a.e. in the domain. If this allows
us to show that (Du,S) € A(-) a.e. in the domain, then one can take the limit in the graph
approximation k — oo simultaneous with the Galerkin limit N — oo, see Lemma 3.31.
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1.2.5. Lipschitz Approximation

As mentioned before the Lipschitz truncation technique is a method to recover admissibil-
ity in the convective term for small ¢ € (1,00) and to verify condition (1.17) on suitable
subdomains. It can be used to approximate a Sobolev function by a sequence of Lipschitz
functions, so that each member of the sequence is an admissible test function in the weak
formulation of the convective term. The construction is based on a truncation at the level of
the Hardy—Littlewood maximal operator of the gradients resulting in a sequence of functions
with increasing Lipschitz constant such that the set on which they differ from the original
function has small (decreasing) measure.

The Lipschitz truncation method first appeared in [AF88] and since then was further
developed and refined in a series of papers, see, e.g., [KL02, FMS03, DMS08, DRW10, BDF12,
BDS13, DKS13a] to mention just a few. In particular there are versions available, which
preserve zero-traces, various forms of parabolic truncations have been introduced for which
an equation is truncated rather than a function. Furthermore, there are truncations which
preserve solenoidality of the given Sobolev function both in the steady and the unsteady case.
This is especially useful if the pressure behaves badly because solenoidality of the sequence
of truncations means that one can work with the pressure-free formulation. Finally, for the
steady case also a discrete Lipschitz approximation is available. For each of these truncations
a sequential version can be obtained, such that the sequence of truncations has improved
convergence properties for a fixed truncation level.

Survey on the Existence Result in the Steady Case

Let us give a brief summary of the existence proof for the steady problem (PS), in [BGMS09].
The authors show existence of weak solutions consisting of velocity, stress tensor and pressure
to the steady problem subject to homogeneous Dirichlet boundary conditions in the natural
Sobolev and Lebesgue spaces for ¢ > f—fz. Additionally to the assumptions on A mentioned
above it is assumed that A is strictly monotone in a generalised sense. They set up an
approximate problem which includes a graph approximation based on mollification of a
selection function, a Galerkin approximation in the space W4(Q)¢NL2¢ (Q)¢ for the velocity
and a regularisation term giving additional L2 -integrability. First they take the Galerkin
limit and then simultaneously the graph approximation limit and the limit corresponding
to the regularisation. In order to identify the implicit constitutive relation they apply a
divergence corrected steady Lipschitz approximation. Further, since the (generalised) Minty
type convergence lemma for implicit constitutive relations was not available at the time,
they employ Young measures combined with weak compactness results in L' to identify the
constitutive law.

1.2.6. Pressure and Boundary Conditions

In the steady case the reconstruction of the pressure as an integrable function can be done
once the velocity and the stress tensor functions are known by means of the de Rham theorem
and Necas negative norm theorem.

In the unsteady case the interaction between the pressure m and the time derivative
OJyu in combination with the homogeneous Dirichlet boundary condition on a Lipschitz do-
main complicate things. Considering the pressure-free equation one can show that dyu €
(LS(O,T;WéZZiV(Q)d))’ for some s > q. Because 0;u is not a distribution in space on the
pressure one obtains initially only that 7 € W~12°(0, T; L2(2)), i.e., it is a distribution in
time, compare [Tem84, Ch. III, § 3, pp. 307, Rem. 3.8] for the Navier—Stokes equations.
On smoother domains the regularity of the pressure can be improved and hence locally one
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obtains m € L (Q) or even better, see [Wol07, DRW10)].

For 092 € CbY! and alternative boundary conditions the pressure can be shown to be
globally integrable, which in turn improves the regularity of d;u. This is the case for Navier’s
slip boundary condition, see [FM03, BMR09, BGMS12] and more recently this was shown
for stick-slip boundary conditions, see [BM16].

For a numerical approximation by means of finite element functions one cannot handle
0Q € CH! without extra difficulty, so none of the above approaches to obtain globally inte-
grable pressure is available. If m € L] (Q) one has two options to identify the implicit con-
stitutive relation: either decomposing the pressure locally and working with a local parabolic
Lipschitz truncation, as done in [DRW10, ER12] and [BGMS12]; or applying the parabolic
solenoidal Lipschitz approximation presented in [BDS13], with which one can stay in the

pressure-free formulation.

Survey on the Existence Result in the Unsteady Case

Since it is the starting point of the convergence analysis let us give an outline of the existence
proof in [BGMS12] for weak solutions to the unsteady problem.

The assumptions on A are even weaker, formulated for an N-function ¢ and giving rise to
an Orlicz—Sobolev space setting (with Ag- and Va-condition) rather than to a Sobolev space
setting. Then, existence of weak solutions (consisting of velocity, pressure and stress tensor)
of the unsteady problem subject to Navier’s slip boundary condition on the boundary 02 €
Cb! is proved for ¢ > %. For the proof a three level approximation is introduced: a graph
approximation based on mollification of a selection function 8%, a Galerkin approximation in
spaces of solenoidal eigenfunctions of a higher order eigenvalue problem and an L2 penalty
term restoring admissibility of the approximate solution. First the graph approximation
limit is taken and since the dimension stays finite, strong convergence is obtained and the
implicit constitutive relation can be identified by the properties of the graph approximation.
Thanks to the regularisation (by means of the penalty term) the approximate solutions
are still admissible after the Galerkin limit. Hence an energy identity is available and the
identification can be shown by the aforementioned Minty type convergence lemma. Before
taking the final limit corresponding to the regularisation, the sequence of pressure functions
is reconstructed in L!T¢(Q) for some e > 0, which is achieved by solving certain suitable
Poisson problems subject to a Neumann boundary condition. Finally, after taking the limit
a Lipschitz truncation method tailored to the Orlicz setting is applied, which - supplemented
by some L' weak compactness results - allows one to verify the assumptions of the Minty
type convergence lemma to show the implicit constitutive relation.

1.2.7. Limitations: Regularity and Uniqueness in the Unsteady Case

For weak solutions to the problem with implicit constitutive law subject to homogeneous
Dirichlet boundary conditions on a Lipschitz domain we cannot hope for more regularity
than the one given by the a priori estimates because A does not have any structure. Also
uniqueness of the velocity in the unsteady problem cannot be hoped for unless one considers
the Stokes problem neglecting the convective term or one assumes a suitable strong mono-
tonicity property of A and further restriction of ¢, see [Lio69, Ch. 11.5.3] and [MNRR96,
Thm. 4.29] for the corresponding proofs for explicit laws. Even if uniqueness of w should be
given, uniqueness of the stress tensor is not clear unless A is strongly monotone.

For comparison let us mention some of the available results for explicit constitutive laws
of the form (1.5b) in the unsteady case: Uniqueness for the non-degenerate version of (1.5b),
i.e., § € (0,00), subject to homogeneous Dirichlet boundary conditions was shown in [Lad67,
Lad69, Lio69] for ¢ > d—JQFQ and later extended to ¢ > % if d = 3 for sufficiently smooth initial
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data, see [BEKP10, BKP18]. For smaller ¢ uniqueness is not known, not even for the special
case of Navier-Stokes equations (¢ = 2) if d = 3.

If § > 0 and one considers the problem subject to homogeneous Dirichlet boundary con-
ditions on sufficiently smooth domains, then global in time strong solutions exist for g > %
if d = 3 ([BadVKR11]), and for ¢ > 2 if d = 2 ([MNRO1]). Furthermore, local in time
strong solutions exist for ¢ > 1 in both cases d € {2,3} ([BP07]). In the case of space
periodic boundary conditions the available results are slightly better. For d = 2 global in
time solutions exist for the larger range ¢ > 1, see [MNRR96] for global and [DRO05] for
local in time existence of strong solutions. In the degenerate case, i.e., § = 0, there are few
regularity results available, see [BJ14] for the Dirichlet problem and [BDR10] for the periodic
problem.

2d 2d_ | 2(d+1) | 3d ~ 3d+2
dll Tz | @1 | vz | a2 qd qd d+2
2 1 | % 3 (14 5) ~ 1.62 1+ g5~ 171 2

6 3 8 9 1 ~ 1 ~ 11
3 2 | 3 : 2 1 +(B+v39) ~1.85 | 15 (11+v61)~ 188 | %

Fig. 1.5: Values of exponents relevant for the steady and unsteady problem

1.3. Numerical Approximation

As we have seen the existence proofs of weak solutions in [BGMS09, BGMS12] are construc-
tive, however, we cannot lay our hands on the finite-dimensional spaces used for the Galerkin
approximation to approximate weak solutions computationally. For this reason we aim to
set up an approximate problem using finite element function spaces in {2 and a time-stepping
in (0, 7). For a discretisation by means of finite element approximation polytopal domains
are the staightforward choice, because this is compatible with triangulation. We choose ho-
mogeneous Dirichlet boundary conditions, since integrability of the pressure is out of reach
anyway.

If higher regularity is available, then error estimates provide convergence of a numerical
scheme with a certain rate. As outlined such regularity results exist for explicit constitutive
relations under suitable conditions on the degeneracy, the boundary conditions and the
range of ¢ at least for short times. The first result concerning error estimates is [PRO1b]
and subsequently, based on improved regularity results, a series of contributions on error
estimates for strong solutions was published, improving the range of ¢ and the convergence
rates: [DPR02, DPR06, BDR09, BDR15]. The most recent result holds for d = 3, g € (3, 2]
and shows optimal convergence rates in both space and time, based on the regularity result in
[BDR10] in the periodic case. This was achieved using the natural quasi-norms suggested by
the constitutive relation, implicit Euler steps for the discretisation in time, and semi-implicit
approximation of the convective term. Note also that in the case of homogeneous Dirichlet
boundary conditions at present only the Stokes problem can be handled, see [ER18].

1.3.1. Convergence to Weak Solutions for Implicit Laws

Since higher regularity results are not available in the more general framework of implicitly
constituted fluids, convergence by means of error estimates is out of reach. The most one can
hope for is a convergence result of qualitative nature, i.e., convergence up to subsequences
to a weak solution based on compactness arguments. How to choose the subsequences or at
which rate the convergence happens cannot be answered in this context.
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1.3.1.1 Finite Element Approximation

The standard inf-sup stable pairs of mixed finite element spaces (V", Q™),en for the velocity
and the pressure give rise to spaces V7; = of discretely divergence-free finite element functions.
Discretely divergence-free means that the divergence is zero in the dual of the pressure
space Q™, but in general not in a pointwise sense. Skew-symmetry of the weak form of
the convective term, however, is in general only given for (exactly) divergence-free functions
though. Hence, the usual approach (see [Tem84]) consists in introducing the numerical
convective term

for suitable test functions w. Note that the first term is added to maintain skew-symmetry.
This extra term causes an additional restriction of ¢, since one can only use the informa-
tion that w is a bounded function rather than a Lipschitz function. Consequently, for the
convergence proof one requires that ¢ > %dl in the steady case and that ¢ > Q(dd:;) in the
unsteady case.

This modification of the convective term and the resulting extra restriction of ¢ are not
needed when working with the less standard finite element spaces, for which V= consists of
exactly (pointwise) divergence-free functions. To ensure this conformity with respect to the
divergence, those finite element spaces tend to have higher local dimension than the ones for
which V7, is only discretely divergence-free. Because of their higher complexity and more
recent introduction exactly divergence-free finite element spaces are less well investigated
both in theory and for practical computations. Aside from the restrictions on ¢ using ex-
actly divergence-free spaces has the advantage that they possess better pressure-robustness
properties than the standard spaces, see [JLM ™17, LR18] for details.

Survey on the Convergence Proof in the Steady Case

To the best of our knowledge the only convergence results available for implicit constituted
fluids are those contained in [DKS13a, KS16] for the steady case.

In [DKS13a] the authors prove the convergence (up to subsequences) of a large class
of mixed finite element methods for ¢ > % for discretely divergence-free finite element
functions for the velocity, and for the larger range g > d2—f2 for exactly divergence-free finite
element functions for the velocity field. The convercence proof builds on the existence results
in [BGMS09] and uses Young measures and a similar set of weak compactness results. Since
no regularising term is used admissibility is lost in the discretisation limit if ¢ < %. Thus, in
order to identify the implicit relation a discrete divergence-corrected Lipschitz approximation
is developed and applied.

In [KS16] an a posteriori analysis is performed for implicitly constituted fluid flow models
using discretely divergence-free finite element functions, for which the finite element spaces
are nested. Furthermore the authors assume that the graph approximation has slightly better
properties than the mollification based approximation possesses and illustrate the construc-
tion for some examples. The use of Young measures can be avoided using a characterisation

for a couple of matrices to be in \A(-), contained in [BGMS12].

1.3.1.2 Time Discretisation

To obtain a fully discrete approximation the time derivative d;u in the equation is replaced
by a difference quotient d; with respect to a time grid. Then the approximate problem
involves solving a steady problem on each time level. Because of its stability properties, we
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choose a backward Euler method. Higher order discretisations in time are not considered
because no additional temporal regularity of weak solutions is available.

In the context of error extimates for explicit constitutive relations it has proven useful to
consider a semi-implicit approximation of the numerical convective, see [DPR06, BDR09,
BDR15], because it has better stability properties than the fully implicit approximate prob-
lem. When proving convergence up to subsequences for implicit constitutive laws the ad-
vantage of a semi-implicit approximation lies in the fact that the approximate solutions are
unique. In the convergence proof not much changes when assuming slightly more either on
the initial data or on the finite element setting.

Additional difficulties arise from the application of the Aubin—Lions or the Simon com-
pactness lemma. The Aubin-Lions lemma requires uniform estimates on the sequence of
time derivatives, which means that if applied in the discretisation limit one requires stability
properties of an L2-projection Pj., mapping to . More precisely, if the linear operator
P3. Y — X is continuous for a suitably chosen Sobolev space X and a Banach space Y, one
can use the approximate equation to obtain

/8tu wdm-/@tu ) - Pii,w eq)/Fn - Piywdz

< JEF" () xe [Pavwlx < e[ F* () lx Jwly

where by F" we denote the right-hand side of the approximate equation. Already for a L2-
projection mapping to continuous, piecewise polynomial spaces the proof of W!P-stability
requires additional restrictions on the finite element setting, see [DDW74, CT87, EJ95,
Bom06]. Initially quasi-uniformity of the mesh was assumed and then stepwise relaxed
to a graded mesh condition. Here V7, is not a space of continuous piecewise polynomial
functions due to the divergence condition, which is why (as in [Car07]) we cannot get around
the assumption of quasi-uniformity of the mesh and the assumption that the local space of
V™ contains polynomials of a certain order.

In this respect applying the Simon compactness lemma, which relies on uniform conver-
gence of certain time increments instead, is favourable. But for the estimates one requires a
certain amount of admissibility, restricting the range of q.

Additional difficulties arise from the time-dependence of A compared to [BDR15, CHP10)].
To set up a fully discrete approximate scheme one has to introduce time-averaged versions of
the (time-dependent) graph approximations, similar to the approach for the external force,
see [Tem84]. This gap between the stress tensor and its time-averaged version has to be
bridged when identifying the implicit constitutive relation.

Survey on Convergence Results in the Unsteady Case

As far as we are aware there is no convergence result available for the unsteady flow of
implicitly constituted fluids. Even those contributions that are focussed on explicit laws
assume additional restrictions on q.

In [Car07] a fully discrete, fully implicit approximation scheme is introduced and con-
vergence (up to subsequences) to a weak solution is shown for explicit laws, provided that
q > ?’dd—j;. For compactness the author uses the Aubin—Lions compactness lemma and sta-
bility of the projector Pj  is obtained under the above mentioned conditions.

In [CHP10] the authors show convergence up to subsequences for a regularised explicit law
satisfying a g(x)-growth condition, with & € . They set up a fully discrete, fully implicit
approximation scheme with regularisation in the convective term and show convergence (up
to a subsequence) to a weak solution of the regularised problem, for continuous ¢(x) > dQ—fQ.
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Further, they show convergence to weak solutions of the non-regularised problem by means
of an L°°-truncation, if ¢ > 2(;:21) is constant. Thanks to the regularisation present in the
discretisation limit there is still full admissibility and hence the Simon compactness lemma

can be applied.

1.3.2. Discrete Truncation and Regularisation

As we have seen before, the modified convective term used for discretely divergence-free finite
element functions imposes extra restrictions on the range of ¢, see Subsection 1.3.1.1.

In Subsection 1.3.1.2 we have discussed that the compactness results in the unsteady
case require either a further restriction on ¢ or additional assumptions on the finite element
setting.

The more severe problem is, however, that in the unsteady case no discrete Lipschitz
truncation is available and its construction can be expected to be difficult. Some of the diffi-
culties occurring are related to the parabolic scaling likely to carry over from the truncation
to restrictions on the discretisation parameters. Furthermore, the divergence constraint and
the lack of regularity of the time-derivative pose a severe difficulty, especially for discretely
divergence-free finite element functions. Without a discrete truncation, in the unsteady case
the implicit constitutive relation can be identified only if ¢ > %d—g.

For this reason in part of this work we will employ a regularisation and take the limit
after the discretisation limit, similarly as in the existence proof in [BGMS12|. This separates
the discretisation limit from the admissibility problem; in the final limit corresponding to
the regularisation term all discrete reminiscence has disappeared such that a continuous
truncation can be used to identify the constitutive relation. Consequently, all the additional
restrictions on ¢ are irrelevant and the whole range of existence ¢ > dZ—fQ can be dealt
with.

1.3.3. Numerical Simulations

For computations and simulations one has to choose a specific constitutive law. There are a
number of contributions devoted to numerical simulations available for the special cases of
Bingham and Herschel-Bulkley fluids, see MKYJ17, MLC16, FKF13, Zhal0, BES0, DGGO07]
for an incomplete list. Let us highlight the numerical experiments for Bingham fluids in
[HMST17] comparing a range of mixed finite element approximations motivated by implicit
constitutive theory. Here we aim to stay in the general setting, for which the lack of rigorous
numerical analysis results in the literature is evident.

1.4. Aim and Outline

The objective of this work is to establish a convergence result for implicitly constituted
fluids for the full range ¢ > %, for which existence of weak solutions is estabilished in
[BGMS09, BGMS12]. More precisely, the aim is to show weak convergence (up to subse-
quences) of the sequence of approximate solutions to a weak solution of the problem. The
main challenges arise from the implicit constitutive relation and the small exponent ¢ in the
coercivity and boundedness assumption on the implicit law in conjunction with the presence
of the convective term. In the unsteady case no such result is available for the general frame-
work of implicit constitutive relations and this is the gap we aim to fill. As a byproduct in the
steady case we will be able to extend the range of ¢ and slightly generalise the assumptions
in [DKS13a).
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Fig. 1.6: Overview of the range of ¢, for which the convergence results hold; the dashed line
represents the special case of exactly divergence-free finite element functions.

1.4.1. Results and Summary

We adapt the framework for implicitly constituted fluids in a thermodynamically consistent
way and so that it enables us to use non-divergence-free functions for the approximation.
This can be done adding a trace condition to the assumptions on A C ngxn‘f X Rglyxnf‘f. Starting
from this we investigate various kinds of graph approximations. In particular we verify a
set of assumptions sufficient to take the graph approximation limit before the discretisation
limit and identify the implicit constitutive relation. Further, we find that the generalised
Yosida graph approximation additionally satisfies a Minty type convergence lemma which
allows us to identify the implicit constitutive relation when taking the graph approximation
simultaneously with the discretisation limit.

Let us give a summary of the convergence results we obtain for the steady and the un-
steady problem (PS) and (PU), respectively, subject to homogeneous Dirichlet boundary
conditions on a bounded polytopal domain, see Fig. 1.6:

In the steady case we revisit the non-regularised case, see Theorem 4.10, where the discreti-
sation and the graph approximation limit can be taken together thanks to the generalised
Yosida graph approximation and the Minty type convergence result. This allows us to cover

the same range of ¢ as in [DKS13al, namely for ¢ > ﬁdl when using discretely divergence-
free finite element functions and g > % when using exactly divergence-free finite element

spaces, but under slightly weaker assumptions and with a simpler proof. In particular we
do not assume (generalised) strict monotonicity, but only monotonicity and the proof does
not require any Young measure tools. For ¢ > % no truncation is required and (global)
WP_stability of a divergence-preserving projection ITI" suffices to take the limit. For ¢ < d3—f2
we rely on the discrete truncation developed in [DKS13a], which requires local W-!-stability
of the projection operator I1".

Additionally, in Theorem 4.2 we consider the regqularised case for the steady problem, where
we first take the graph approximation limit, then the discretisation limit and finally the
regularisation limit, separately and successively. This can be done for a larger class of graph
approximations, it only requires a continuous truncation and thus (global) W!P-stability of
IT" suffices. The regularisation term allows us to obtain convergence for ¢ > % also for
discretely divergence-free finite element functions.



1.4 Aim and Outline 17

The main contribution consists in the convergence proof in the unsteady case, for which
we set up a fully discrete (pressure-free) approximate problem using an implicit Euler time-
stepping and treating the (numerical) convective term fully implicitly.

Theorem 5.2 states convergence of approximate solutions for the reqularised case and the
whole range ¢ > %, where as in the steady case the limits are taken successively and
the assumptions on the finite element setting are the same as before. Here we can take the
limit in both finite element and space discretisation simultaneously without restriction of the
discretisation parameters. Thanks to the regularisation present in the discretisation limit we
have sufficient admissibility to apply the Simon compactness lemma, which does not require
further assumptions on the finite element setting. Furthermore, there is an energy identity
available for the regularised problem for almost all times which allows us to identify the
implicit constitutive relation by means of a Minty type convergence result. In the last limit
a (continuous) solenoidal parabolic Lipschitz approximation is applied. Let us remark that
this is also an existence proof for polytopal domains and homogeneous Dirichlet boundary
conditions.

Finally, in Theorem 5.12 we obtain convergence for the non-reqularised case, provided that
q> Zd—g, i.e., for the admissible range. As in the steady case we employ the Yosida approxi-
mation in order to take the limits simultaneously. For convergence, the additional restriction
q > 2%?2”
finite element functions. If ¢ > gq (and g > qq if the space V7, = consists of exactly divergence-

free finite element functions) there is sufficient admissibility available that the Simon lemma
provides compactness, see Fig. 1.5 for the values of gz and ¢4. Otherwise the Aubin—Lions
lemma is applied, which requires additional assumptions on the finite element setting, namely
quasi-uniformity of the mesh and in some cases that the local velocity space contains all
quadratic functions. The bottleneck for the range of ¢ is the identification of the implicit
constitutive relation, which works if ¢ > %d—ﬁ since no discrete truncation is available and
hence an energy identity is required to apply the Minty type convergence lemma.

Under additional assumptions on the initial data or assuming quasi-uniformity of the
mesh and a restrictions on the discretisation parameters one can set up the corresponding
semi-implicit schemes and show convergence of weak solutions, see Remark. 5.16.

arises from the numerical convective term when using discretely divergence-free

1.4.2. Outline

Let us give a brief overview of the structure of this work.

Chapter 2: We introduce the preliminary results for both the analysis and the numerical
approximation of the problem. These include results on time-dependent function spaces, the
relevant Lipschitz approximation and weak compactness results. Furthermore, we introduce
the finite element setup in a rather general manner as well as the setup for the discretisation
in time. Finally we show a stability result for the L2-projection mapping to the space of
(discretely) divergence-free finite element functions.

Chapter 3: We formulate the precise assumptions for the graph encoding the implicit
constitutive relation and investigate the properties of a range of graph approximations.

Chapter 4: This chapter contains the convergence proofs in the steady case and is in-
tended to showcase some of the ideas used in the following chapter. After introducing the ap-
proximation levels, the regularised case is contained in Section 4.3.1 and the non-regularised
case is revisited in Section 4.3.2.

Chapter 5: This chapter contains the main results regarding convergence in the unsteady
case. The regularised case is treated in Section 5.3.1 and is based on the preprint [ST18].
Furthermore, in Section 5.3.2 we consider the unregularised case.
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Appendix A: For reasons of readability we have moved various technical results concern-
ing the pressure for the steady problem to the Appendix. Also we reproduce the proofs of the
Bogovskii corrections of the continuous and discrete Lipschitz approximation in the steady
case. Furthermore, we investigate a range of examples of finite element spaces and collect
local approximation properties of divergence-preserving projection operators II" sufficient to
satisfy the assumptions in the convergence results.

1.4.3. Discussion and Outlook

Compared to the previous contributions [BGMS09, BGMS12, DKS13a, KS16] by adapting
the assumptions on .4 we obtain notions of weak solutions which are automatically consistent
with the thermodynamic framework for fluids. Also the Yosida approximation has proven
to be preferable over the graph approximation based on mollification as previously used,
because it allows us to take the graph approximation limit simultaneously with the discreti-
sation limits without resorting to Young measures and without assuming (generalised) strict
monotonicity of A. As in [CHP10] we have seen that if there is sufficient admissibility, using
the Simon compactness lemma in the discretisation limit requires less restrictive assumptions
on the finite element setting than using the Aubin—Lions lemma. Using a regularisation term
as was done in the existence proofs in [BGMS09, BGMS12] allows us to recover convergence

for the full range of existence ¢ > d +2 and to avoid the additional restriction to ¢ > d +1 in

the steady case and ¢ > (dd:;) in the unsteady case when using discretely divergence-free

finite element functions. Furthermore, it separates the discretisation limit from the limit in
which admissibility is lost, which means that a continuous Lipschitz approximation method
suffices. This is especially important for the unsteady case, for which no discrete trunca-
tion is available. Let us remark that the regularisation term can be viewed as numerical
stabilisation.

In the steady case our results extend the one in [DKS13a] to g € (

2d
d+2° d+1

discretely divergence-free finite element functions. Furthermore, the assumptions on A are
Weaker and the convergence proof is simpler. Overall one has the following options: if

od  3d
q= d+2’ i di2

discretely and exactly divergence-free finite element functions using a discrete truncation. If

q € ( d2f27 del) one has to choose between using the less investigated exactly divergence-free

} when using

neither regularisation nor truncation is required. If ¢ € ( ) one can use both

finite element functions or using a regularisation term.

The result for the unsteady case is new in the context of implicitly constituted fluids. The
regularised version is a generalisation of the result in [CHP10] both in the range of ¢ from
q > 2(dd:21) toq > d +2 as well as from explicit laws to implicit laws. The unregularised version
is a generalisation of the result in [Car07] from explicit laws to implicit laws. In this case,
clearly a discrete truncation is missing, which would allow us to obtain a result corresponding
to the steady one. For this reason we currently do not enter the range of ¢, for which there

is a difference between discretely and exactly divergence-free finite element spaces. Hence,
if ¢ > %—*22, one does not require a regularisation, whereas for the range ¢ € (%, %) a
regularisation approach is currently the only way to obtain convergence.

In general, whenever one wants more than a qualitative convergence result one should pass
to a special class of constitutive relations providing more structure and the same is true for
numerical computations.

The results presented could be improved by a discrete truncation in the unsteady case,
even though it is likely to impose further restrictions. As a first step one could construct

a truncation in time only for exactly divergence-free finite element spaces and ¢ > g4. For
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a fully discrete Lipschitz approximation it may be beneficial to assume periodic boundary
conditions such that the pressure can be reconstructed globally and the time derivative is
a distribution in space, in order to avoid problems concerning solenoidality. As soon as, by
truncation, one actually enters the range of ¢ for which only the Aubin-Lions compactness
lemma is available, it might be worth weakening the assumptions for the stability result
of the L2-projection mapping to Vi, With respect to numerical simulations it would be
interesting to see how the different types of graph approximation perform and what influence
the regularisation term has, for example for the prototypical example of Herschel-Bulkley
fluids.

Extending the model one could also include additional dependencies (and equations) such
as the temperature into the equations, see [M218] for an existence result in this direction.
Furthermore, it may be interesting to consider implicit boundary conditions of stick-slip type
for convergence of numerical approximations, see [BM16]. Note however, that one has to
deal with C™! boundaries in order to obtain an integrable pressure.

Using a Minty type convergence lemma the methods used in this work crucially depend
on monotonicity. If one drops the assumption of monotonicity, the problem becomes much
harder, and to date very few results are available in this direction, see for example [CR04]
for nonlinear wave equations. Recently in [JMPT18] some numerical experiments have been
performed on a subclass of non-monotone (implicit) relations (and existence of approximate
solutions was shown), but existence of weak solutions is not available to date. Overall,
non-monotone constitutive relations represent a wide field of open problems.
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CHAPTER 2

Preliminaries

In the present chapter we want to introduce and collect the notions, assumptions and re-
sults related to the analysis and the numerical approximation of the problems presented in
Chapter 1. In Chapter 4 and 5 these results will be applied in the convergence proofs.

Section 2.1 includes the analysis framework and results. More specifically, here we intro-
duce the notions of weak solutions, we collect results in time-dependent function spaces, on
the Lipschitz truncation method and on weak compactness in L!.

In the second half of the chapter we present the setting for the numerical approximation in
Section 2.2. This includes the finite element setting, estimates on the numerical convective
term and the time discretisation. Furthermore, we recall and present discrete tools includ-
ing the discrete Lipschitz approximation method in the steady case and the L2-projection
mapping to the space of discretely divergence-free finite element functions.

All results related to the graph A and its approximation are contained in Chapter 3. Since
the steady problem is not our main focus we refer to the appendix for results related to the
pressure in the steady case. Furthermore, some details on examples of finite element spaces
and constructions of certain projection operators will be postponed to the appendix. Note
that except of in cases, where the arguments are contained in a longer proof, we will not
present the proofs of the results available in the literature.

2.1. Analysis

Here we want to recap the definitions and the results for the analysis of fluid flows. First
we set the notation in particular for the function spaces involved. Then, in Subsection 2.1.1
we give the definition of a weak solution in the steady case and the unsteady case. Sub-
section 2.1.2 contains results on time-dependent functions concerning interpolation, com-
pactness and continuity. In Subsection 2.1.3 we collect the Lipschitz approximation results
used for the identification of the constitutive relation. This includes the divergence corrected
version in the steady case and the solenoidal version in the unsteady case. Finally, in Sub-
section 2.1.4 we recall and explain the weak compactness results in L' used to identify the
implicit constitutive relation.

Notation and Function Spaces

For the rest of the thesis we adopt the following notation, see also the list of notation.
By Ny we mean NU{0}. Recall that by RZ*? we denote the set of all real-valued symmetric

Sym

is the subspace of trace-free matrices in R%*?¢. We use the

dxd
R sym *

d X d-matrices, and that R\
: Rdxd

notation : for the Frobenius scalar product in and with |-| the induced Euclidean norm
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on R4, For a matrix A € ngxnﬁl we denote by As = A — é tr(A)l € Rg;io its deviatoric part,
where tr denotes the trace of a matrix and | € ngxnﬁl is the identity matrix. By e; € R¢ we
denote the ith unit vector, for i € {1,...,d} and by conv the convex hull. In the following
we will denote vectors by bold letters and matrices by bold serifless letters.

Furthermore, the tensor product is denoted by ®. For vectors a,b € R? this means that
(@a®b);j = asb;, for i,j € {1,...,d}. Note that in the context of measurable spaces we will
also denote the product o-algebra on the product space by ®.

For a Lebesgue measurable set w C R? we denote by |w| the d-dimensional Lebesgue
measure of w. By 1, we denote the characteristic function of the set w, @ is the closure and
int(w) the interior of w.

In the following, ¢, C' > 0 will denote generic constants, which can change from line to line
depending only on the given data unless specified otherwise.

For spaces of vector-valued and tensor-valued functions we use superscripts d and d x d,
respectively (except for in norms).

For an open set w C R? and p € [1,00) let (LP(w), |l r(.)) be the standard Lebesgue
space of p-integrable functions and the space of essentially bounded functions when p = oo.
For s € N let (W*P(w), ||yysn(.)) be the respective Sobolev spaces and denote by |[ys.(q)
the corresponding semi-norm. By L{(w) we denote the set of functions in LP(w) with zero
mean integral. The space Llloc(w) denotes the space of functions, which are defined a.e. in
w and contained in L'(O) for all open O CC w. Furthermore, if w C R? is measurable and
0 < |w| < o0, then we denote f f(z)dx = ﬁ [, f(x)de.

For a general Banach space (X, |-|x), the dual space consisting of all continuous linear
functionals on X is denoted by X’ and the dual pairing is denoted by (f,g)x/ x, if f € X’
and g € X. If X is a space of functions defined on w then we denote the ‘dual pairing
by (f,9), = (f,9)x x, in case the space X is known from the context. We also use this
notation for the inteéral of the scalar product f - g of two functions f and g, provided that
f-geltw).

For the following let 2 C R? be a bounded Lipschitz domain, with d € {2,3}, and let
C(9) be the set of all continuous real-valued functions on 2. Denote by C5°(Q) the set of all
smooth and compactly supported functions on 2 and by Cgf’div(Q)d the set of all functions in

C5°(Q)4 with vanishing divergence. We define W, () = CSO(Q)llel’p(m, for p € [1,00) and
Wé’oo(Q) = W(l)’l(Q) NW1H°(Q), which coincide with the subspaces of functions in WP (Q)
(p € [1,00]) with zero boundary trace, since 0f2 is Lipschitz. For p € [1, co] we let the Holder
exponent p’ € [1,00] be defined by %4— 1% =1,if p € (1, 00) and with slight misuse of notation
we set 1/ = oo and oo’ = 1. If p € (1,00), L' () is the dual space of L?(Q) and W17 (Q)
will denote the dual space of Wy (2). For p € (1,d) let p* = 7L be the critical Sobolev
exponent, such that the embedding W'?(Q) < LP"(Q) is continuous.

Further, we define the spaces of divergence-free functions: The spaces L3, (2)? and
Wéjgiv(Q)d, for p € [1,00), are the closures of Cgf’div(Q)d with respect to the norms ||z
and ||y (), respectively, and Wé:gfv((l)d = W(l]fﬁv(Q)d NWHeo(Q)d,

Let T € (0,00) and let @ = (0,7) x Q be the parabolic cylinder. Analogously as in the
steady case we define C5°(Q) and CS?diV(Q)d. With C([0,77; X) we denote the space of all
functions defined on [0,7] taking values in a Banach space X, which are continuous (with
respect to the strong topology in X). Similarly, C%!([0,77]; X) is the space of all Lipschitz
continuous functions defined on [0, 7T taking values in a Banach space X. Furthermore, we
define the space of weakly continuous functions with values in X by

Cu([0,T];X) = {v: [0,T] = X: t = (w,v(t,))x x € C([0,T]), Vw € X'}.
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We use the notation ess lim; o, f(t) to indicate that there exists a zero set N(f) C [0, 7] such
that ¢ € (0,T)\N(f), when considering the limit of f(¢), ast — 04. We denote by L”(0, T’; X)
the standard Bochner space of p-integrable X-valued functions. If X is separable and reflexive
and p € (1,00), then LP(0,T; X) is separable and reflexive with (L?(0,7; X)) = Lp/(O, T;X")
(see[Cen92]).

For the (distributional) partial derivatives with respect to time we use the shorthand
notation 0 f := %{ € D'(0,T;X) for f € L}(0,T;X) and X a (reflexive) Banach space.

For simplicity we will refer to the sequential version of the Banach—Alaoglu theorem as
Banach—Alaoglu theorem. Also note that in general we do not relabel subsequences, and we
will mention this explicitly only in theorems.

2.1.1. Weak Solutions

For the following, let ¢ € (1,00) be given and assume that A(-) C Rg;n‘f X Rg;rﬁl is a maximal
monotone graph as introduced in Chapter 1 in Subsection 1.1.3 with respect to g a.e. in )
in the steady case and a.e. in @) in the unsteady case. The more detailed assumptions on
A(-) will be given in in Chapter 3, Assumption 3.11. The weak solution we aim for satisfies
the implicit constitutive relation encoded by A pointwise a.e. in the domain.

Let us present the notion of weak (distributional) solutions to the steady problem (PS)

(see Section 1.2) for which existence was proved in [BGMS09].

Definition 2.1 (Weak Solution to the Steady Problem).
For a given f € W14 (Q)% we call (u,S,7,) a weak solution to problem (PS), if

= nggiv(g)d, Se LY ()™ 1eLlQ),

and
— (u® u,Dv)g + (S,Dv), — (dive, ) = (f,v)q for allv € CF(N)%, (2.1)
(Du(x),S(x)) € A(x) for a.e. x € Q.
Recall, that the convective term is well-defined, provided that ¢ > %, since this ensures

that the embedding W4(2) < L2(Q) is continuous. Note that the pressure can be recon-
structed in a smaller Lebesgue space with exponent depending on ¢ and d, once w and S are
known, see also Definition 2.1.

For the unsteady problem (PU) (see Subsection 1.2), let us formulate the notion of a
distributional solution subject to homogeneous Dirichlet boundary conditions. In contrast,
the existence result in [BGMS12] deals with Navier’s slip boundary condition under the
assumption that 9Q € Ch1.

Definition 2.2 (Weak Solution to the Unsteady Problem).
For a given ug € L2, ()¢ and f € LI (0, T; W14 (2)4) we call (w,S) a weak solution to
problem (PU), if

we LU0, T; Wy (%) NL¥(0,T5 L3, (2)), S e LY (Q)™,
and

~ (u,018) — (u©u,DE), + (S, DE)
= (f,€)q + (u0,€(0,-)q  for all & € C3y, (=T, T) x )7, (2.3)
(Du(z),S(2)) € A(z) for a.e. z€Q. (2.4)
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Note that the convective term is well-defined since w € L>(0, T; L2(Q)%). A stronger def-
inition will be given in Definition 5.1. As we have discussed in Chapter 1, Subsection 1.2.6
the pressure can be obtained as locally integrable function only due to the boundary condi-
tion and the boundary regularity. Hence we choose the pressure free formulation. In fact,
existence of weak solution could be shown for f € L4(0,T; Wo 4. (2)4)), since the pressure
is neglected anyway. But then approximation in spaces of dlscretely divergence-free finite
element functions is not possible.

2.1.2. Results on Time-dependent Function Spaces

Here we want to present some refined interpolation inequalities, recall the Simon and the
Aubin-Lions—Simon compactness lemma and collect some standard results on continuity in
time of Bochner functions.

Interpolation Inequalities

We present some interpolation results, which will be applied to the velocity function u €
L°°(0, T;L2(Q)%) N LI(0, T Wé’q(Q)d) in order to obtain estimates for the (numerical) con-
vective term for the unsteady problem. The proof is based on the following multiplicative
embedding inequality.

Lemma 2.3 (Gagliardo-Nirenberg Embedding Inequality, [DiB93, Thm. 1.2.1]).
For given p,q € [1,00) there exists a constant ¢ = c¢(d,p,q) > 0 such that

[oleay < < IVolTy Ioliny (2.5)

for allv e W(l)’q(Q) NL*(Q), whenever s € [1,00) and v € [0,1] satisfy
_1
2 (2.6)

As stated in [DiB93, Thm. 2.1], for d > 2 the admissible range for p,q,s € [1,00) and
v € [0, 1] satisfying (2.6) is given by:

[p, )
ifgel,d): ~€]0,1], and se¢€ (2.7a)
d p} if pe [d—q oo) :

ifgeld,oo): s€lpoo), and 7€ { (2.7b)

®+pq—®>'

Slightly more general than in [DiB93, Ch. 1.3] but with analogous arguments we can prove
the following interpolation result.

Lemma 2.4 (Parabolic Interpolation).
Let p,q,s € [1,00) and v € [0,1] such that (2.6) is satisfied and assume that s € [p,o0).
Then, there exists a constant ¢ > 0 such that

lolir o zme@) < 101 u@ W10 zam ) (2.8)
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for all v € LI(0, T; W5(2)) N Le°(0, T; LP(2)), with

s (q(p + d) — dp)
ri= € (1, 00]. 2.9
e e (2.9)
Proof. By the assumption on p, ¢, s and v we can apply the Gagliardo—Nirenberg inequality,
in Lemma 2.3 and obtain that

ot Myegey < €IV00 My 10Ny (2.10)
for a.e t € (0,7), with

(s —p)dq
s(q(p+d) —dp)

If s > p, then we have that 0 < v < 1 < ¢, and hence for r as defined in (2.9) we obtain that
r= % € (1,00). Raising the inequality (2.10) to the power r, integrating in (0,7"), pulling
out the L*°-norm of the second factor of the integrand and taking the rth root shows the

claim.

’Y:

If s = p, then the claim follows trivially with r = oo and v = 0 using Holder’s inequality
in Q. O

The special case r = s = (d;p ) is proven in [DiB93, Prop. 3.1] and the case p = ¢ is shown

in [DiB93, Prop. 3.3].

Corollary 2.5.
For given q € [1,00) there exists a constant ¢ = ¢(q) > 0 such that

ol s < 190y o raany (2.11)

for all v € L4(0, T; Wg()) N L®(0, T; LA()), with v = 7%5.
Proof. If ¢ > d+2 we apply Lemma 2.4 with p = 2 and with r = s = q(dfjﬁ), noting that one

has admissibility by (2.7), if ¢ > 2% . Indeed, this is obvious if ¢ € [d,0). For q € [1,d) one

d+2°
can see that s = q(djm €2, 2 7} if and only if g > 24

Ifg € 1, d+2) then we have that r=s= d+2 € (1,2) and hence the claim holds trivially. [

Corollary 2.6.
If ¢ > d+2 > 1, then there exists a constant ¢ = c¢(q) > 0 such that

”U”Lv(o,T;LZ’q’(Q)) <c ||VU||zq(Q) ”U”i:ofy(o,T;p(Q)) ) (2.12)

for all v € L(0, T Wé’q(Q)) NL>®(0,T;L2()), with v = 1 and

vi=q (q(dd—l—Z) — 2> € (1, 00). (2.13)

Proof. We apply Lemma 2.4 with ¢ > 1, p = 2 and s = 2¢ > 2 noting that v corresponds
tor>1 1n thls case. If g € [d, 00) admissibﬂity in (2.7) is clear. If ¢ € (1,d), then we have
that 2 < =, which is equivalent to ¢ > d+2 and s = 2¢ € [2, 5 dg_ ] since g > d+2 O
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Note that:
> - >0,
V> , provided that ) g:lrfz d+2
v q- — mq + d+2 > 0.

Computing the positive roots one can see that

2
d+2 (d+ V/3d2 + 4d ) (2.14)
v>q i g> = e 2)(3d+2+\/5d2+4d+) (2.15)

v>2 if ¢ >qq=

With the values

_ 2
(1+f)~162 qul—l—\gml.?l, (2.16)

1
== (3 n \/39) ~ 1.85, B=15 (11 n ¢6T) ~ 1.88, (2.17)

q2

[l \

it is evident that
for d € {2,3}. (2.18)

Similarly as before, for w as in Definition 2.1 this means that u®w € L"/2(0, T; LY (Q)4x9),
which means that w(t,-) is an admissible test function in €2, if ¥ > 2. The condition that
v > ¢’ will be relevant for the numerical modification of the convective term, as we will see
below.

Compactness

To obtain compactness we have two options: to apply the Aubin—Lions—Simon lemma for
which uniform estimates on the sequence of distributional time derivatives are required; or
to use the Simon lemma, which is based on uniform convergence of time increments. We will
see that depending on the situation one or the other might be preferable.

There are various versions of the Aubin-Lions or Aubin—Lions—Simon lemma available, see
for example[Moul6]. The following version is convenient, because we do not have to specify
the exponent in time, of the Bochner space, in which the sequence of time derivatives is
bounded in.

Lemma 2.7 (Aubin-Lions—Simon, [Sim87, Cor. 6, p. 87]).
Let X, B, Z be Banach spaces such that the embedding X << B is compact and the embedding
B — Z is continuous. Further, let p € (1,00] be given. Let

(i) F be bounded in LP(0,T;B) N L _(0,T;X) and let

(ii) the set of distributional derivatives {Oyf: f € F} be bounded in Li. (0, T; 7).
Then, F is relatively compact in L°(0,T;B), for any s € [1,p).

Lemma 2.8 (Simon, [Sim87, Thm. 3, p. 80]).
Let X, B be Banach spaces such that the embedding X << B is compact. Let F C 1LP(0,T; B)
for some p € [1,00) and let
(i) F be bounded in Li (0,T;X),
(i1) f Nfs+e,)— f(s, )5 ds =0, ase—0, wuniformly for f € F.
Then, F is relatively compact in LP(0,T; B).
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We will apply these compactness results for X = Wh4(Q)? and B = L2(2)? and for the
assumption of compactness of the embedding X << B we require that g > %.

Continuity in Time

Considering only the function spaces a Bochner function and its (distributional) time deriva-
tive are contained in, one can deduce certain continuity properties.

Lemma 2.9 (Continuity I).
Let Z be a reflevive Banach space. Then, any function v € L1(0,T; Z") with distributional
derivative v € LY(0,T; Z') is contained in Cy([0,T); Z').

Proof. The proof follows from [Tem84, Lem. 1.1, Ch. III, § 1]. O

Lemma 2.10 (Continuity II, [Tem84, Lem. 1.4, Ch. III, § 1]).
Let B and Z be Banach spaces and let B be reflexive such that the embedding B — 7 is
continuous. Then one has that

L>(0,T;B) N Cw([0,T]; Z) C Cu([0,T]; B).

Lemma 2.11 (Continuity III, [Serl5, Thm. 2.2] ).
Let X be a reflexive Banach space and let B be a Hilbert space, such that the embedding X — B
is continuous and dense. Furthermore for p € (1,00), let v € LP(0,T;X) N L%(0,T;B) and

the distributional time derivative Opv € Lp/(O, T;X"). Then, (up to a representative) one has
that v € C([0,T]; B).

We will apply these results to show that the initial conditions are attained in a way which
is helpful for the identification of the implicit constitutive relation.

2.1.3. Lipschitz Approximation

For small ¢ € (1,00) weak solutions of the steady and the unsteady problem according to
the Definitions 2.1 and 2.2 are not an admissible test function due to the presence of the
convective term. As mentioned in Chapter 1 the Lipschitz truncation method can be used to
restore the admissibility which is the key to identify the implicit constitutive relation. The
construction is based on a truncation at the level of the Hardy—Littlewood maximal operator
of the gradients resulting in approximations that differ from the original function only on a
set of small measure. In the interest of space we do not go into more depth here.

A sequential version can be applied to sequences which converge to zero weakly in a
Sobolev space and the truncated (double) sequence will have better convergence properties
for fixed truncation level.

In the context of fluid equations the pressure might be existing as integrable function only
locally and the approximating sequence converges weakly only. Hence, it is convenient, if the
sequence of truncations is divergence-free, provided that the original functions are divergence-
free, since this allows us to use the pressure-free equations. Here we will see a Bogovskii
corrected version of the Lipschitz truncation in the steady case (see [DMSO08]), where the
Bogovskii operator is the right-inverse of the divergence operator, see Lemma A.2. This
has motivated a corresponding approach in the discrete situation, developed in [DKS13al,
see Section 2.2.1.2. Futhermore, in the unsteady case we will recall a solenoidal parabolic
Lipschitz approximation, developed in [BDS13].
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2.1.3.1 The Divergence Corrected Lipschitz Approximation in the Steady Case

Let us first state a sequential version for Sobolev functions with zero boundary trace.

Lemma 2.12 (Lipschitz Approximation in the Steady Case, [DKS13a, Cor. 25]).
Let p € (1,00) and let {v'}eny C Wé’p(ﬂ)d be a sequence converging to zero weakly in
Wé’p(Q)d, as | — oo.
Then, there exist: o
e o double sequence {\ j}ijen C R with A ; € [22J,22J+1_1], foranyl,j €N,
e a double sequence of open sets By ; C Q, 1,5 €N, and
e a double sequence of functions {v'} jeny C W(l)’oo(Q)d,
such that
(i) v = vl on O\B,;, i.e., {vhi #£2'} C By foralll,j € N;
(ii) there exists a constant ¢ = c(p) > 0 such that

Mg, oy S €277 for all 1,5 € N;
(iii) there exists a constant ¢ > 0 such that
Hvﬁﬂhﬂmgchd for alll,j € N;

(iv) for any fired j € N we have

v =0 strongly in L°(Q)4,
Vold 20 weakly* in L°(Q)44,

as | — oo.

Here we have denoted B; ; = 0% N Q, where O are the respective (global) super-level
sets of the maximal function, referred to as “bad” sets in the respective references.

For divergence-free functions v’ the truncations v/ are in general only divergence-free on
the set \B; ;. For this reason a modification is required to obtain a divergence-free sequence
of function w"/ with similar convergence properties, which allows to use the pressure-free
equation. With the Bogovskii operator 9 introduced in Section A.1 one considers

whd = oM — B(div o), (2.19)

which is divergence-free by the properties of the Bogovskii operator, see Lemma A.2. Further,
if v! is divergence-free, then w'’ can be shown to have similar convergence properties as v7.
The following lemma can be extracted from the proof of [DMS08, Thm. 3.1].

Lemma 2.13 (Divergence Correction, [DMS08]).

Let p € (1,00) and let {v'}ien C Wé’giv(Q)d be a sequence converging to zero weakly in
Wé’p(Q)d, as | — oo. Furthermore, let {v'}, jen C W(l)’oo(Q)d be the sequence given by
Lemma 2.12.

Then, there exists a double sequence {wl’j}lJeN such that

(i) wh € Wé:giV(Q)d, foralll,j € N and all s € [1,00);
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(ii) there exists a constant ¢ = c¢(p) > 0 such that

Hvz,j _ wz,jH <27 foralll,jEN;

W1p(Q)
(iii) for any fized j € N (up to subsequences) we have that

wh — 0 strongly in L5(Q)4,
whl =0 weakly in W (Q)%,

as I — oo, for any s € (1,00).

Proof. The proof can be found in [DMS08, Thm. 3.1], see pp. 223-224 therein, and is recalled
in the Appendix A in Section A.1 for the reader’s convenience. O

Note that the Bogovskii operator is not a local operator; the correction changes the func-
tion on the whole of Q, which means that w'’ does in general not coincide with v' on a
large set. However, due to the stability of the operator B and because of the fact that v'J
is divergence-free on a large set, the difference v"J — w"J can be controlled.

Alternatively there are solenoidal truncations available, for which the truncation itself is
divergence-free and coincides with the original function on a large set. This was achieved in
[BDF12] using a local Bogovkii correction and in [BDS13] by means of a construction based
on the fact that div(curlv) vanishes. The latter was actually developed for the unsteady
situation and will be stated in the following subsection.

2.1.3.2 Parabolic Solenoidal Lipschitz Approximation

Truncations for evolutionary problems differ from the truncations we have seen for steady
problems in that they involve an equation and the truncation also takes place on the level of
the right-hand side of the equation, see for example [DRW10, BDS13, BGMS12, DSSV17].
Furthermore, they are local in nature because then the boundary conditions do not have to
be met.

As we have seen in Section 1.2.6 for unsteady problems subject to homogeneous Dirichlet
boundary conditions we can only expect locally integrable pressure. Furthermore, a Bogov-
skil correction is not available in the unsteady case, since the distributional time derivative
and B do not behave well for the regularity available. Thus, one has two options: Either the
pressure is reconstructed locally and decomposed, see [DRW10]. Or a solenoidal Lipschitz
truncation is applied, which ensures solenoidality by other means than a Bogovskii correc-
tion. Such a Lipschitz approximation was developed in [BDS13] and relies on the fact that
div curl vanishes. The corresponding result for the steady case is contained in [BDS13] as
well. Note that the sets B; ; in the following Lemma satisfy B; ; = O; j N Qo, where O, ; are
the “bad sets” in the construction in [BDS13].

Lemma 2.14 (Parabolic Solenoidal Lipschitz Approximation, [BDS13, Thm. 2.2, Cor. 2.4]).
Let p € (1,00), 0 € (1,min(p,p')) and let Qo = Iy x By C R x R? be a parabolic cylinder,
for d = 3, for an open interval Iy and an open ball By. For o > 0 we denote by aQq the
cylinder with the same center as Qo but scaled by o. Let {v'};en be a sequence of weakly
divergence-free functions, which is converging to zero weakly in LP(Iy; WHP(Bg)?), strongly
in L7(Qo)? and is uniformly bounded in L>(Iy,L°(Bo)?). Consider a sequence {G}}ien,
converging to zero weakly in LY (Qo)?™? and a second sequence, {GL}1en, converging to zero
strongly in L7(Qo)**?. Furthermore, denoting G' := G} + G, assume that, for anyl € N,
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the equation
l _ /el ) d
(aw'€)  =(6.VE) ~ forall € CFu(Q) (2.20)

1s satisfied. Then, there exists a jo € N,
a double sequence {\;;}1jen C R with A\ ; € {22j,22j+1_1} , forany l,j € N,
a double sequence of open sets By ; C Qo, l,j €N,

a double sequence of functions {'vl’j}l,jeN c LYQo)? and

a nonnegative function ¢ € CSO(éQO) such that ]I%QO <(<1,

§Q0’
such that
(i) v € LS(iIO;WéZZiV(%Bo)d) for all s € [1,00), and supp(v"?) C £Qo, for any j > jo
and any | € N;

(ii) v = vl on éQo\fBl’j, i.e., {vh £} N %Qo C Byj, for any j > jo and any l € N;
(iii) there exists a constant ¢ > 0 such that

lim sup )\f’j 1Bl <27/ for all j > jo;

l—o0

(iv) there exists a constant ¢ > 0 such that

<chy  forallj > jo and alll € N;

7] 300

(v) for any fixed j > jo we have

v 50 strongly in LOO(%QO)d»

vold —~0 weakly in LS(%Qo)dXd for all s € [1,00),

as | — oo;
(vi) there exists a constant ¢ > 0 such that

lim sup ‘<Gl,Vvl’j>‘ <27 for all j > jo

l—o00

(vii) there exists a constant ¢ > 0 such that, for any H € Lp/(%Qo)dXd, we have that

lim sup ‘<(Gll +H), VvlCILBlc >‘ <277 forall j > jo.
=00 d

The lemma is stated for d = 3, but according to [BDS13, Rem. 2.1, p. 2692] the result
holds for all d > 2, with minor modifications of the proof.

For the convergence proof we want to apply the solenoidal Lipschitz approximation for a
regularised problem, for which the regularisation term is not in divergence form. Thus let
us give the following slight modification including a lower order term, which can be proved
by applying an inverse Laplacian.

Corollary 2.15 (Lower Order Term for Parabolic Solenoidal Lipschitz Approximation).

Let p € (1,00), o € (1,min(p,p)) and let Qo = Iy x By C R x R? be a parabolic cylinder,
for d > 2, for an open interval Iy and an open ball By. Let {v'}1en be a sequence of weakly
divergence-free functions, which is converging to zero weakly in LP(Iy; WHP(Bg)?), strongly
in L7(Qo)? and is uniformly bounded in L>(Iy,L°(Bo)?). Consider a sequence {G}}ien,
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/ ~I
converging to zero weakly in LP (Qo)?*¢ and a second sequence, {Gy}ien, converging to zero
strongly in L7(Qo)?™*? and a third sequence {f'}1en converging to zero strongly in L7 (Qq)?.

Furthermore, denoting G' := Gl1 + 62, assume that, for any | € N, the equation
! _ /el ! oo d
(o'6) = (G.ve) +(s'€),  forall€e Ciu(@) (2.21)

~I
is satisfied. Then, the same statement as in Lemma 2.1/ holds for G == G, — VAL£ with
A~ the inverse Dirichlet Laplacian.

Proof. For a.e. t € Iy we wish to find a g'(t,-) € Wé’U(Bo)d such that
<vgl, w> - < Fi(t, -),u> for all v € C5°(Bo)"”. (2.22)
Bo BO

Standard regularity theory for Poisson’s equation (see [Grill, Thm. 2.4.2.5] and [GTOL,
Lem. 9.17] guarantees the existence of a unique g'(t,-) € W27 (By)¢ N Wé’a(Bo)d solving
(2.22) such that

(2.23)

!
¢, H <
Hg ( ) W2,9(By) ¢

)

L (Boy)

since o € (1,00) and 0By is smooth. Viewing g' as a function defined on Qo = Iy x By by
(2.23) one has that
lo

by assumption. Thus, we have in particular that Vg' — 0 strongly in L7 (Q()%*?, as | — oo,
dxd

—0, asl— oo, (2.24)
L7(Qo)

)Schl

LG(I();W2"7(B())

~1
and hence G, + Vg! converges to zero strongly in L7(Q)%*?, as | — co. Applying (2.22) in

(2.21) shows that

~I
<8tvl,E>Q — (G} +6,+ Vg, V) forall € € CF(Q)",
0

Qo

and thus all assumptions of Lemma 2.14 are satisfied and the claim follows. O

2.1.4. Convergence Results in L!

The results collected in this section close the gap between applying a Lipschitz truncation and
a Minty type convergence lemma for implicit constitutive relations, mentioned in Chapter 1,
Subsection 1.2.3, see Lemma 3.16.

Let M be Q or @, respectively. Further, let {u'};cy is a sequence of approximate velocity
functions and {S'};en a sequence of approximate stress tensor functions, such that Du! — Du
weakly in LI(M)#4 and S' — S weakly in L' (M)4*?,

Application of the Lipschitz approximation typically shows that

(Hl)l/2 = ((Sl — 8*(Du)) : (Dul — Du)))l/2 — 0 strongly in Ll(ﬂ), (2.25)

as [ — oo, where M is a subdomain of M and 8* is a selection function representing the
constitutive relation. Here the root stems from using Holder’s inequality which is applied to
control the size of the bad set.

If the constitutive relation is explicit (i.e., S' = §(Du!) and 8*(Du) = 8(Du) for a con-
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tinuous function 8) and strictly monotone, this suffices to identify the implicit constitutive
relation. Indeed, the fact that (H')'2 — 0 strongly in Ll(M ) implies that (up to a subse-
quence) (H')'/2 — 0 a.e. in M and thus also H' — 0 a.e. in M. By strict monotonicity
and continuity of 8 one can show that this implies that Du! — Du a.e. in M , see [DMM98,
Lem. 6]. This suffices to identify the constitutive relation.

Here, however, we consider implicit constitutive relations which are not assumed to be
strictly monotone. To obtain weak convergence in L! one has to pay the price of passing
passing to a sequence of subdomains with increasing measure. This approach was introduced
in the existence proof in [BGMS12] and will be stated here since it will be used several times
in the following both in the steady and the unsteady case.

Lemma 2.16 (Chacon’s Biting Lemma, [BM89]).

Let w C R™ be a an open and bounded set and let {Hl}leN be a sequence, which is bounded
in L1 (w). Then, there exists an H € L*(w) and a non-increasing sequence of measurable sets
E; Cw, i €N, such that |E;| — 0, as i — oo, and a (non-relabelled) subsequence, such that

H' <~ H  weakly in LY(w\E;), asl— oo, (2.26)

for any fized i € N.

If in addition one has convergence of a root to 0 strongly in L'(w), this allows one to
obtain strong convergence and to identify the limit with 0.

Lemma 2.17 (L!-Convergence, [BGMS12]).
Let w C R™ be an open and bounded set and let {H'};cn be a sequence, which is bounded in
LY(w) such that

(HY'? =0 strongly in L'(w), asl— oco.

Then, there exists a mon-increasing sequence of measurable sets E; C w, i € N, such that
|E;| — 0, as i — oo and (up to a subsequence) one has that

H' =0  strongly in LY(w\E;), asl— oo,
for any fized i € N.

Proof. The proof can be found in [BGMS12, p. 2788] and is reproduced for the reader’s con-
venience: The strong convergence of (H')"/? in L!(w) implies that there exists a subsequence
such that (H')'? = 0 a.e. in w and hence also H' — 0 a.e. in w. Furthermore, since { H'};cx
is bounded in L!(w) Chacon’s biting lemma stated in Lemma 2.16 shows the existence of
a further subsequence, a function H € L!(w) and a non-increasing sequence of measurable
subsets E; C w, i € N, such that |E;| — 0, as i — oo, such that

H' -~ H inLYw\E;), asl— oo, foreach fixedieN.

Now let i € N be arbitrary but fixed. By the Dunford—Pettis compactness criterion (see for
example [ET76, Ch. 8, Thm. 1.3]) it follows that the sequence { H'};cy is equi-integrable on
w\F;. By the a.e. convergence of H! to zero in particular in w\F; the Vitali convergence
theorem implies that H' — 0 in L'(w\E;), as | — oo, for any fixed i € N. O]

Note that the localisation effect by Chacon’s biting lemma requires us to use a localised
Minty type convergence lemma, even when using a Lipschitz approximation arguments on
the whole domain (in the steady case).
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2.2. Numerical Approximation

Since the Galerkin function spaces in the existence proof are not available for computational
purposes we want to approximate weak solutions by a numerical approximation scheme.
More specifically, we aim for a finite element approximation in €2 and in the unsteady case
a time-stepping in (0,7"). Here we want to introduce the setting and assumptions used for
the convergence proofs.

Subsection 2.2.1 contains the finite element setting and results relevant for the steady case.
Then, in Subsection 2.2.2 we will focus on the convective term, its numerical modification
and estimates of both. Finally, in Subsection 2.2.3 we will describe the time discretisation
and discrete results relevant for the unsteady case.

2.2.1. Approximation in Space

Here we will first describe the finite element setting. This includes the assumptions the
convergence proofs will be based on and examples of finite element spaces satisfying the
assumptions.

Furthermore we will state the discrete divergence corrected Lipschitz approximation result
obtained in [DKS13a].

2.2.1.1 Finite Element Spaces and Assumptions

The setting for the discretisation in space is similar to the one used in [DKS13a] and the
assumptions imposed result in a pair of inf-sup stable conforming finite element spaces. Note
that for the convergence proof we will assume subsets of the set of assumptions presented,
depending on the case.

The following assumption concerning regularity of the triangulation will be used in the
rest of this chapter without explicitly mentioning it.

Assumption 2.18 (Triangulations 7y, },en)-.

Let us assume that d > 2 and that € is a bounded Lipschitz polytopal domain. Furthermore,
assume that {T, }nen is a family of simplicial partitions of Q (in the sense of [Cia02, Sec. 2.1,
p. 38]) such that the following conditions hold:

(i) Fach element K € T, is affine-equivalent to the closed standard reference simplez,
which is given by K = conv{0,eyq,...,eq} C R?, i.e., there exists an affine invertible
function F: K — I?;

(7i) {Tn}nen is shape-regular, i.e., there exists a constant ¢, (independent of n € N) such
that

ik <o, for all K € T, and all n € N,
where hy = diam(K) and pg = sup{diam(B): B is a ball contained in K};

For n € N we denote the grid size h,, := max{hg: K € T,}. For K € T,,, n € N we denote
the neighbouring patch of elements of K by

wn(K) = int (U{K/ €T, KNK' # @}) . (2.27)

By the regularity of {7,}nen the number of (distinct) elements K’ € T, such that K’ C
wp, (K) is bounded, uniformly in K € 7, and in n € N, i.e., the overlap of the neighbourhoods
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is bounded. Furthermore, there exists a constant cg > 0 such that

1 .
;hk < hg <cphl for all K’ C w,(K), (2.28)
R
for all K € T, and all n € N. Let us inductively define the neighbouring patch of K of level
¢ € N. Let w}(K) = w,(K), and then define

wh(K) = {wn(K'): K’ € Ty and K' Cwy (K)}  for £>2. (2.29)
For fixed £ € N the overlap of w’ (K) is bounded by a constant, depending on ¢, but inde-
pendent of K € 7, and n € N and an estimate analogous to (2.28) holds with constants
depending on /.

For part of the convergence proof in the unsteady case we additionally assume quasiuni-
formity of the mesh so that inverse estimates are applicable, see Lemma 5.14.

Assumption 2.19 (Quasiuniform Triangulations {7, }nen)-
Assume that the family {Tp}nen as in Assumption 2.18 is quasiuniform, i.e., there exists a
constant cq > 0 (independent of n € N) such that

hix > cqhy,  for all K € T, and all n € N.

Finite Element Spaces

Let us introduce the pairs of conforming finite element spaces for velocity and pressure.

Let Py C Wl’oo(l/(\' )¢ and let I@Q C LOO(I? ) be finite-dimensional function spaces on the
reference simplex K (with a slight abuse of notation) as in [DKS13a]. Denoting by P, the
space of all polynomial functions (in d variables) on the standard reference simplex of order
< r € Ny, we assume that ﬁf C Py. Further, let V ¢ C(Q)? and let Q C L>°(2). Then
we define the conforming finite element spaces V" and Q" with respect to the partition 7,

by

V"= {V eV: V|goF! € Py, forall K € 7, and V|sq = 0}, (2.30)
Q" :={Q € Q: Q| oFg! € Py, forall K € T,}. (2.31)

Further, for the choice }/IBV = 73fl, with 7 € N we denote V' := V" which is the space of
vector-valued continuous, piecewise polynomial functions of degree < r in d variables.

The following assumption regarding locally supported basis is not a strong restriction,
since it is satisfied by all relevant finite element spaces, also for V. For spaces with lo-
cally supported bases the stiffness matrix, arising when solving the approximate problem
computationally, is sparse.

Assumption 2.20 (Locally Supported Basis of Q™).
Let us assume, that V™ and Q™ have locally supported bases. In the case of Q™ this means
that for n € N there exists 4, € N and {Qf }icq1,....4,} such that

Q" =span{Q!': i € {1,...,d,}},

and for any basis function QF, i € {1,...,d,} holds: If there exists an element K € T,
such that Q| # 0, then this implies that supp QF C wy(K), with the neighbourhood wy (K)
defined as in (2.27).
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This assumption is used for the proof of the local divergence corrected Lipschitz approxi-
mation developed in [DKS13al.

Let us also introduce the subspace of discretely divergence-free functions of V" and the
subspace of zero integral mean functions of Q™ by

Gy ={V ev": (divV,Q), =0 for all Q € Q"}, (2.32)
% ={QeQ": [ Qdz=0). (2.33)
Q

Note that the functions in Vj, are in general not divergence-free, so in general V}, ¢
Wéﬁfv(Q)d, i.e., Vi, is not conforming with respect to the divergence.

Projectors

For the convergence analysis we require certain projectors to the respective finite element
spaces and suitable assumptions on them. Given a Banach space X and a subspace Y we
call P: X — Y a projection operator (or projector), if

P(y)=vy, forallyeY. (2.34)

For the convergence proof we assume the existence of projection operators mapping to the
respective finite element functions.

Assumption 2.21 (Approximability in Q™ and projector IIf}, [DKS13a, Asm. 5, 7]).
Assume that for all p € [1,00), we have that

Qigén Ih = Qlp) =0, asn—oo0, forall h € LP(Q). (2.35)

Further, assume that for each n € N there exists a linear projection operator H'{é: LY(Q) — Q"
such that, for any p € (1,00), there exists a constant c¢(p) > 0 such that

HH&hHLp(Q) < c|hlipy  for all h € LP(Q) and alln € N. (2.36)

As mentioned in [DKS13b] the approximation property in (2.35) implies that h,, — 0, as
n — oco. The stability in (2.36) and the approximability in (2.35) imply that

|h = T0gh| ) — 0, asn— oo (2.37)

for all h € LP(Q) with p € [1,00).

Assumption 2.21 is satisfied, if Py C Pg and Q = L*°(Q2), i.e., the pressure space contains
discontinuous functions. In this case the projector I can be chosen a local L2-projection
(taking the average integral over an element as value) or more generally a Clément type
interpolation operator, see [Clé75]. Also the approximation property is satisfied for contin-
uous pressure spaces, i.e., Q = C(Q), if 731 C I@Q. Then IIfy can be chosen as a Clément
interpolation operator, see [EG04, Sec. 1.6.1].

The following lemma regarding a local projection operator mapping to spaces of continuous
piecewise polynomial functions is satisfied, e.g., by the Scott—Zhang interpolation operator

([SZ90]) or a variant of the Clément interpolation operator ([EG04, Rem. 1.129]).
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Lemma 2.22 (Projector P").
Let Assumption 2.18 on the domain Q and on the family of triangulations {T, }nen be satisfied
and let V" as defined in (2.30) with 73{1 cPyc WLeo(K)e. Let r € N be mazimal such that
73;? - I/P\)V.

Then there exists a linear projection operator P: Wé’l(Q)d — V! C V" such that for
any p € [1,00), any p € {0,1} and for any s € {1,...,r + 1} there exists a constant ¢ > 0
(independent of K and n) such that

v = Py ) < i 10lwen o (1)) - (2.38)

for all K € T,,, alln € N and all v € WP ()4 N W2 (Q)<,

The approximation property of P’ implies that V™ satisfies a (global) approximation
property corresponding to (2.35) in Wé’p ().

To deal with the (discrete) solenoidality similar as in [BBDR12, DKS13a] we assume that
there exists a divergence-preserving projector with suitable stability properties which will

vary depending on the situations of the convergence proof.

Assumption 2.23 (Projector II").
Assume that for each n € N there exists a linear projection operator I1": Wé’l(ﬂ)d — V"
such that:

(i) (preservation of the divergence in (Q™)") for any v € Wé’l(Q)d one has that

(divw, Q) = (divII"v, Q) for all Q € Q™;

(ii) (global WYP-stability) for any p € [1,00) there exists a constant c(p) > 0 (independent
of n) such that

"0 |\wip) < clvlwing —forallve Wé’p(Q)d and alln € N.

In some cases we additionally assume one of the following stronger stability properties:
(iia) (weighted global WP-stability) for any p € [1,00) there exists a constant c¢(p) > 0
(independent of n) such that

0l < ¢ (9lng) + in [Vl )

for allv € WyP(Q)% and all n € N.
(iib) (local Wt -stability with level £ € N) there exists an £ € N and there exists a constant
c1 > 0 (both independent of K and n) such that

][ [I"v| de < 01][ (lv| + hk |Vv|) de,
K wt (K)

n

for allv e WS (Q)4, all K € Ty, and all n € N.

Operators 11} satisfying Assumption 2.23 (i) and (ii) (for a fixed p € (1,00) and they
need not be linear or idempotent) are sometimes referred to as Fortin operators, compare
[For77, EG04, BBF13, EG16]. For fixed p € (1,00) the Fortin lemma states that, given the
continuous inf-sup condition in Corollary A.3, the existence of a Fortin operator II}} implies
the discrete inf-sup condition, see [EG04, Lem. 4.19], [BBF13, Prop. 5.4.2], and in the same
way the discrete inf-sup condition can be shown to hold here, see Lemma A .4.
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Remark 2.24 (Properties of II").

(1)

(i)

(iii)

The global stability in Assumption 2.23 (i) and approzimation properties of Pl' ac-
cording to Lemma 2.22 with s = 2 and an approximation arqument yield that

v = T"v|y1pq) = 0,  asn— oo, (2.39)

for all v € Wé’p(ﬂ)d with p € [1,00). This property is required for all convergence
proofs in Chapters 4 and 5.

The additional stability property in Assumption 2.23 (iia) is used to derive finer approx-
imation properties, which include rates, see Lemma 2.25 below. The latter is needed
to establish stability properties of a L2-projection applied for a part of the convergence
proof for the unreqularised problem in the unsteady case, see Chapter 5, Lemma 5.14.
The strongest assumption of local W' -stability in Assumption 2.23 (iib) with £ = 1 is
required for the discrete Lipschitz approzimation in Lemma 2.29 used in the (unregu-
larised) steady case, see Chapter j, Section 4.3.2 in order to control the size of the bad
set, compare [DKS13a]. Let us show that the local Wh!-stability with ¢ € Ny indeed
implies both (ii) and (iia). With convezity arguments as in [DKS13a] (iib) implies that
for any p € [1,00) there exists a constant ¢ > 0 such that

][ TP dz < c][ [v|P + hE |Vol? de, (2.40)
K wt (K)

forany K € Ty, alln € N and all v € Wé’p(Q)d. Summing over K € T, and using the
fact that the number of elements in w’ (K) with constant only depending on the fized
¢ € N is bounded, uniformly in K € T, and in n € N we obtain (iia).

To show that (iib) implies (ii) we have to bound the gradients as well. We add and
subtract Vv and VP'v € V" C Wé’l(Q)d and use the fact that II" is a projector,
apply a local inverse estimate, (2.40) and the approzimation property of P according

to Lemma 2.22 with s = 1, which shows that

VI gy < [VIT (0 = B0) |10y + V(B0 = 0) 1o iy
< el | (v = PP0)|pagrey + IV (P =)l

< Chl_(l lv— PZL’U”Lp(wg(K)) +c|V(v— Pf”)HLp(wg(K))

(2.38)
<

(2.41)

IVOlps et -

noting that by the reqularity of {Ty }nen and estimate (2.28), h'y and hi are comparable

(with constant only depending on ¢ for any K' C wh(K)). Then, taking pth powers,
summing over K € T, using the bounded overlap of w1 (K) and taking the pth root
implies together with (iia) that (ii) holds.

To show stability properties of an L?-projection mapping to Vi, we will require global
approximation properties of II" of a certain order. With the following lemma this reduces
to assuming that V" contains continuous, piecewise polynomials of a certain degree.

Lemma 2.25 (Global Approximation Properties of I1").

Let Assumption 2.18 on the domain Q and the family of triangulations {T,}nen be satisfied
and let V" be as defined in (2.30). Let r € N be mazimal such that 73;1 C Py. Furthermore,
assume that T1™: Wé’l(Q)d — V"™ satisfies Assumption 2.23 (i)—(iia). Then, for any p €
[1,00), any u € {0,1} and for any s € {1,...,r+1} there exists a constant ¢ > 0 (independent
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of n) such that
v — HnU|Wu,p(Q) < chy ™ |”|ws,p(Q) (2.42)

for alln € N and all v € Wy (Q)4 0 W5P(Q)%.
Proof. Adding and subtracting P"v = II" P"v and applying the triangle inequality yields

v — Hn”’v&/u,p(g) <|v- Pf”|vwm(g) + [ (v — Pﬁ”)‘ww(g) ‘ (2.43)
On the second term, if = 0 we apply the stability in Assumption 2.23 (iia) to obtain

17 (6 — B20)gq) < [ = Prolpy + ha IV (0 = P0)gqq - (2.44)
And if g = 1, applying the stability in Assumption 2.23 (ii) shows that

IVIT (6 — P20)l ) < 10 — Prolia + IV = PPl - (2.45)
Applying both (2.44) and (2.45) in (2.43) and using Lemma 2.22 shows that

lv — an‘wum(g) <l|v-— P;L'U’wu,p(g) + v - Pﬁ””Lp(Q) + h;_u V(v — P:L”)”LP(Q)
< ChfL_“ |’U|Ws,p(Q) + Chfl |’U|Ws,p(Q)

<ch, " |v|ws,p(g) )

for all s € {1,...,r 4+ 1}, since we have without loss of generality that h, € (0,1). This
finishes the proof. O

In the application we will require this approximation property for s € {2,3}, depending
on ¢ and d, i.e., we require that r € {1,2} which is a rather moderate assumption.

In the same manner, assuming that II" satisfies the local W'!-stability with fixed level
¢ € Nin Assumption 2.23 (iib) one can show the corresponding local approximations property
of level £ 4 1. With this we mean that the estimate has K on the left-hand side and w,(K)
on the right-hand side of the inequality corresponding to (2.42).

The following two approaches to constructing a projection operator II" satisfying Assump-
tion 2.23 can be found in the literature: If the pressure space is of low enough order, then
one can construct II" as (local) divergence correction of a (local) interpolation, see, e.g.,
[BF'13]. For higher order finite element spaces, [GS03, Thm. 2.1] reduces the construction to
the verification of a local inf-sup condition and the construction of a local projection, which
preserves the divergence in the dual of piecewise constant functions instead of Q™.

Let us now collect finite element spaces for which II" satisfies the local W' !-stability in
Assumption 2.23 (iib) for some ¢ € N, see also [BBDR12]. For more details let us refer to
Appendix A.2.2.

Example 2.26 (Finite Element Spaces).

Let us collect pairs of finite element spaces (V*,Q"), for which a projection 11" : Wé’l(Q)d —

V™ exists, that satisfies Assumption 2.23 (i), i.e., it is divergence-preserving, and it is locally

Wl stable with level £ € N as formulated in (iib).

(i) the Pa—Pg element ford = 2, r = 2, see [BBF'13, Sec. 8.4.3] and the projection operator

11" satisfying Assumption 2.23 (i) is constructed in the proof of Prop. 8.4.3 therein.
The proof of a local approzimation property implying (iib) with £ = 1 is contained in
Appendiz A.2.2.1.
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(ii) the first order Bernardi-Raugel element (r = 1) for d € {2,3} introduced in [BR85,
Sec. II]. For d = 2 this is sometimes referred to as reduced Py — Py element or as
2D SMALL element, see also [BBF'13, Rem. 8.4.2] and [GR86, Ch. I1.2.1]. A local
divergence-preserving projector II" is introduced in [BR85] and a local approzimation
result is proved for p = 2. In [GL01] this is extended to p € [2,00). The proof of the
local approximation property for all p € [1,00) is contained in Appendiz A.2.2.1, which
in turn implies the local Wh -stability with level £ = 1.

(7ii) the conforming Crouzeix—Raviart element, for d = 2 and r = 2, introduced in [CR73]
and presented in [BBF13, Ex. 8.6.1] and its generalisations for r > 2, see [CR73,
Man82], [BBF13, Prop. 8.6.2] and [GR86, Ch. I11.2.2]. Forr =2 in [GS03, Thm. 3.3]
it is shown that a divergence-preserving projector 11" exists, that satisfies a quasi-local
approrimation property and it is stated that the proof extends to r > 2. Investigating
the proof of [GS03, Thm 2.1] carefully one can see that the local approximation property
implies (1ib) with £ = 2, see Appendiz A.2.2.2.

(iv) the second order Bernardi-Raugel element (r = 2) for d = 3 as introduced in [BR85,
Sec. IIl], see also [BBF13, Ex. 8.7.2] and [GR86, Ch. 11.2.3]. This element can be
seen as a 3D generalisation of the standard Crouzeix—Raviart element. The projection
11" is introduced in (I11.3) in [BR85] and a local approximation property is shown for
p = 2, which implies local WY2-stability. The proof of the local approximation property
for all p € [1,00) implying the local W' -stability with level { = 1 is contained in
Appendiz A.2.2.1.

(v) the MINI element ford € {2,3} (r = 1), as introduced in [ABF8}] (for d =2), see also
[GR86, CH. 11.4.1] [BBF13, Sec. 8.4.2, 8.7.1]. For d = 3 the projection is constructed
in (4.17) in [GLO1] and a local approximation property is proved for p € [2,00). In
[BBDR12, A.1] local W' -stability with level £ = 1 is shown, see also Appendiz A.2.2.1.

(vi) the Taylor-Hood element due to [TH73] (for d = r = 2), see also [GR86, Ch. 11.4.2],
and its generalisations for r > 2, d € {2,3}, see [BBF13, Sec. 8.8.2]. It is proven in
[GS03, Sec. 3.1, 3.2] that there exists a divergence-preserving projection II" satisfying
a quasi-local approximation property, if r > d and if each element K € T,, n € N
has at least one interior vertex. The quasi-local approximation property formulated for
macro-elements implies the local W -stability of level £ = 4, see Appendiz A.2.2.2.

To summarise, let us note that all the above examples satisfy the global stability properties
in Assumption 2.23 (ii) and (iia) and hence are suitable for the regularised problems and the
unregularised cases for the admissible range, see Sections 4.3.1, 5.3.1 and 5.3.2.

The construction of the discrete Lipschitz approximation in [DKS13a] (see Lemma 2.29
below), is based on the assumption of local W'-!-stability in Assumption 2.23 (iib) with £ = 1.

This is satisfied for all examples except of the family of Taylor—-Hood elements and hence they

are suited for the unregularised problem in the steady case for g € (%, j_’%) , when applying

a discrete Lipschitz approximation, see Section 4.3.2. However, the construction of the
discrete Lipschitz approximation can be adapted, such that the weaker local Wh!l-stability
with some fixed level ¢ € N suffices and then all examples are suited for the convergence
proof in the non-admissible case for the steady problem.

Note that Assumptions 2.20 and 2.21 are satisfied for all the examples of space Q™.

Exactly Divergence-free Finite Element Functions

For some families of mixed finite element space (V",Q") the functions in V}, , the space of
discretely divergence-free finite element functions, are already exactly divergence-free. This
fact simplifies some arguments in the analysis, since it means that the velocity space is
conforming with respect to the incompressibility condition.
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Assumption 2.27 (Exact Solenoidality of V. ).
For (V™,Q"), with n € N, as defined in (2.30), (2.31) and Qf as defined in 2.33 assume that

divV® Cc Qp for alln e N. (2.46)

The condition (2.46) is sufficient to show that the functions in V}, = as defined in (2.32)
are exactly (pointwise) divergence-free, i.e.,

div C W(I]ZS?V(Q)“]’ for all n € N. (2.47)

Examples of finite element spaces satisfying Assumption 2.27 available in the literature
are based on local spaces Py of comparably high dimension to account for the solenoidality
condition. This makes them less attractive from a computational point of view. Also their
complexity makes it more difficult to analyse them theoretically.

However, they do not exhibit some of the shortcomings observed for discretely divergence-
free finite element functions. For example exactly divergence-free finite element spaces have
better conservation properties and pressure robustness properties, see for details [JLM 17,
LR18]. For this reason, recently some effort has been made to investigate such finite element
spaces.

Example 2.28 (Exactly Divergence-free Finite Element Spaces).

The following families of finite element spaces satisfy Assumption 2.27 and there exists a

projection II" satisfying Assumption 2.23 (i), (iib) with some ¢ € N:

(vii) the family of Guzman-Neilan elements for d =3 (r = 1), andd =2 (r > 1), as
introduced in [GN14a, GN14b]. The construction of the velocity space V" is based on
enriching piecewise polynomials by polynomial and rational bubble functions. The ad-
ditional degrees of freedom allow one to verify Assumption 2.27, see [GN14b, GN14a,
Sec. 4] but they also increase the dimension of the local space considerably. The dimen-
sion of the local space for d = 3 is 60 (and there is a reduced version with dimension
16). For d = 2 in the lowest order case (r = 1) the local dimension is 7 (and 4 for
a reduced version). The projection operator 11" is constructed explicitly. For d = 2
[GN14b] contains a local approzimation property for p = 2, which implies local W'2-
stability with ¢ = 1. The proof in [GN1/b] can be extended to p € [1,00), which shows
the Whl_stability in (iib) with £ = 1; see also [DKS13a, Ex. 12] for a direct proof when
d=2,r=1. Ford = 3 local approrimation properties for p € [1,00) are proved in
[GN14a], which implies the local W' -stability with £ = 1.

(viii) the Scott—Vogelius element for d =2 and r > 4, introduced in [SV85], see also [BBF'183,
Sec. 8.8.1] and [GS17], under suitable conditions on the singular vertices of the tri-
angulation {Tp}tnen. The fact that Assumption 2.27 is satisfied is proved in [SV85]
without condition on the mesh, see also [GS17, Lem. 2. In [GS17] the authors show
inf-sup stability without relying on mesh restrictions assumed in the earlier proof in
[SV85]. Based on the work in [GS17] we construct a projection operator II" satisfying
Assumption 2.23 (i). Furthermore, we can verify the local W'!-stability as stated in
(iib) with £ > 2, provided that the singular vertices do not cluster in neighbourhoods
larger than £ — 2; for details see Appendiz A.2.2.2.

Note that as before both examples also satisfy Assumption 2.20 and 2.21, since the respective

pressure spaces consist of discontinuous, piecewise polynomial functions.

The main benefit of exactly divergence-free finite element functions is, that the range
of g, for which the convergence can be shown, is the whole range of existence ¢ > %,
for exactly divergence-free finite element functions when using a discrete truncation in the

steady case.



2.2 Numerical Approximation 41

2.2.1.2 Discrete Divergence Corrected Lipschitz Approximation

The discrete Lipschitz approximation for steady problems was introduced in [DKS13a] and
is used in case admissibility is lost in the discretisation limit. It is constructed as compo-
sition of the continuous Lipschitz truncation of a function in V" see Lemma 2.12 with the
projection operator II" satisfying Assumption 2.23. Since II" is continuous, the convergence
and stability properties carry over. The assumptions of locality of a basis of Q™ and the local
Wl stability of II" are required in order to control that the size of the bad set does not
increase too much by projecting to V. Note that at this stage one could use any projection
satisfying the local Whl-stability. Only for the discrete Bogovskii correction we will require
that II" is divergence-preserving.

Lemma 2.29 (Discrete Lipschitz Approximation, see [DKS13a, Cor. 17]).
Let Assumption 2.18 on Q and the family of simplicial partitions be satisfied. Let V™ be as
defined in (2.30) and assume that Assumption 2.23 (iib) with £ = 1 holds. Let p € (1,00)
and let {V"}en be a sequence such that V™" € V™ for each n € N, converging to zero weakly
in WoP(Q)?, as n — co.
Then, there exist S

e a double sequence {\, j}n jen C R with A, ; € [22 221 for any n,j € N;

e a double sequence of open sets By, ; C 2, n,j € N of the form

B, = int (U{K K e 7%,]}) )

where Tp; C Tn, n,j € N is a subset of elements of the triangulation Ty ;
e a double sequence of functions {V”’j}nJeN C Wé’oo(Q)d such that V™ € V™ for any
n,j €N,
such that
(i) V"I = V™ on Q\B,,j, i-e., {V™ # V"} C B, for alln,j € N;
(i1) there exists a constant ¢ = ¢(p) > 0 such that

< 02_%, for alln,j € N;

H)‘"»J]l%n,j |LP(Q)

(iii) there exists a constant ¢ > 0 such that
}‘VV"’j’}LOO(Q) <chp; foralln,jeN;
(iv) for any fired j € N we have
V™ 0  strongly in LOO(Q)d,
VvV 20 weakly* in Lo(Q)44,
asn — oo.

Note that the analogous construction works for general (fixed) ¢ € N in Assumption 2.23 (iib).

By use of the projection operator I1™ it is possible to construct a discrete Bogovskii operator
B divV" — V" see Lemma A.6, which was proved in [DKS13a]. Then, similarly as in
the continuous situation in Lemma 2.13 a (discrete) divergence correction of the discrete
truncation {V"™7},, jcy is obtained by

Wi = V™ — 8" (div V™). (2.48)

The so defined functions are discretely divergence-free. If the original sequence {V"},cn is
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discretely divergence-free the lemma corresponding to Lemma 2.13 can be shown under the
additional condition that Q" has a locally supported basis.

Since the proof is contained in the proof of the main result in [DKS13a] we reproduce it
in Subsection A.2.1.

Lemma 2.30 (Discrete Divergence Correction, [DKS13a, pp. 1006-1007]).
Additionally to the assumptions in Lemma 2.29 let Vi, = and Q" be as defined in (2.32) and
(2.31), respectively, and let Assumptions 2.20, 2.21 and 2.23 (i) be satisfied.
Let p € (1,00) and let {V"},en be a sequence such that V" € V3, for all n € N, converging
to zero weakly in Wé’p(Q)d, as n — oo. Furthermore, let {V™}, icn be the sequence of
discrete Lipschitz truncations given by Lemma 2.29.
Then, there exists a double sequence {W™}, ;en such that

(i) W3 e Vi for alln,j € N;

(i) there exists a constant ¢ = c(p) > 0 such that

HV"’j — W"’j”WLp(m < 27 v for alln,j € N;
(iii) for any fized j € N we have (up to subsequences)

W™ — 0 strongly in L5(Q)%,
W™ 0 weakly in W (),

as n — oo, for any s € (1,00).

2.2.2. Convective Term and its Numerical Approximation

We have mentioned in Chapter 1 that the convective term represents one of the difficulties in
the analysis of the problem; it causes problems concerning admissibility of the weak solution
as a test function for small ¢ € (1,00). When considering a numerical approximation this
problem is further aggravated by a modification of the convective term required to preserve
some of the properties of the convective term.

Here we want to collect all estimates on the convective term and its numerical modification.
For this we introduce the ranges of ¢ both in the steady and the unsteady case, for which
the estimates hold, and set the notation for Chapters 4 and 5.

Motivated by the form of the convective term in the momentum equation and the term
corresponding to it in the weak formulation, we consider the trilinear form b defined by

b(u,v,w) = — (u®v,Vw)g = (u®w,Vv), — (divu,v - w)q, (2.49)

for u,v,w € W(l)’oo(ﬂ)d, where the second equality follows by integration by parts. Hence
for divergence-free functions u the last term vanishes and b(u, -, -) is skew-symmetric, i.e.,
b(u,v,v) =0 for u € Wé:g?v(ﬁ)d and v € W(l)’oo(Q)d.

As in general Vi, ¢ Wé’giov(Q)d, the second term in (2.49) need not vanish. To preserve the
skew-symmetry of the trilinear form associated with the convective term the usual approach
in the numerical analysis literature (see, e.g., [Tem84]) is therefore to consider instead the
skew-symmetric trilinear form

b(u, v, w) =1 ((u®w,Vv), — (u®v, Vuw)g)

e (2.50)
=—(u®v,Vw)y + 5 (divu,v - w)q,

for u,v,w € W(l]’oo(ﬂ)d.
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Thus WeNhave that Z(u v,v) = 0 regardless of the solenoidality of u. Note that we have
b(u,-,-) = b(u,-,-) for divergence-free functions u, and in particular for functions in V},_,
if Assumption 2.27 is satisfied. Note that the bounds below allow us to extend b(-,-,-) and
b(+,-,-) to the respective Sobolev spaces by an approximation argument.

The Steady Case

In the steady situation we will aim for u € Wé’q(Q)d and we have the Sobolev embed-
ding W4(Q) < L9 (Q), provided that ¢ € [1,d) and otherwise Wh4(Q) < LP(Q) for all
p € [1,00). Hence, when testing with v € Wé’q(Q)d by Hélder’s inequality and Sobolev
embedding we find that

[(u @ u, Vo)g| < [ulfzy o) IVVlLaq) < luliynog) Iolwo) (2.51)

provided that 2¢" < ¢* if ¢ € [1, d) which is equivalent to ¢ € [ d%flz,d), and without

restriction if ¢ € [d,00). For ¢ < d +2 the function space for the test function v is smaller,
and u is not an admissible test function anymore. Again by Holder’s inequality one has

o w, Vo)l < [l o) V0l gy < cluldyae Iolynamr gy (2:52)

for v € WHT/2'(Q)4, provided that % > 1, which is equivalent to q > %. Let us
define

(2.53)

s otherwise,

. {q*:j_qq if ¢ € [1,d),

which coincides with the critical Sobolev embedding exponent for ¢ < d, and g by
« T ifge [27«:! 37d>
2 d+2’ d+2 )
§ = min <q,q'> - e (2.54)
q 1fq€[d+2,oo>,

and note that ¢ > 1, provided that ¢ > deQ Now taking the two cases (2.51) and (2.52)
together, we obtain

(u @, Vo)l < clulfyua [l . provided that g > 24, (2.55)

Similarly, for the first term in (2.50) application of Holder’s inequality and Sobolev em-
bedding yields

(u @ v, Vu)g| < ||u||L2q’(Q) ”’U||L2q’(gz) ”u”WLQ(Q) <c ||U||%v1,q(g) ”v”WLQ(Q) ) (2.56)

for u,v € Wé’q(Q)d, provided that 2¢’ < ¢* if ¢ € [1,d), which is equivalent to ¢ € [%,d),
and Without restriction if ¢ € [d,00). For smaller ¢, note that there exists an s € (1, 00|, such

that L i T T + < =1, provided that ¢’ < ¢* which is equivalent to ¢ > d +1’ and hence

[(u® v, Vu)g| < [l () VL) [elwiaq) < clulyiog) [Pl g - (2.57)

Here the last inequality follows from the embedding W7 () < L*(Q). Again taking the
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two cases (2.56) and (2.57) together one obtains
(u®@v,Vu)g| < c ||u”%vl,q(9) |vlwia(qy, Pprovided that g > d+1 (2.58)

This gives an additional restriction on the parameter range of ¢ when working with the
numerical convective term.
To avoid this, note that by (2.51) and (2.56) we have that

B, 9)| < [l gy Tohwragey + [l o) 100 o) Tl wiay - (259)

for u,v € Wé’q(Q)d N L27' (Q)? without any restriction on q. This motivates the use of a
regularising term giving additional L2 -integrability as long as the numerical modification
of the convective term is present. For the regularisation let us introduce the notation

X(Q) = W4 n L2 () with |-|xq) = I-lwra@) + iz o) (2.60)

and denote by Xgiy(£2) the subspace of solenoidal functions in X(€2).

The Unsteady Case

For the unsteady problem the space L*(0,T;L2(22)%) N Lq(O,T;Wé’q(Q)d) is the natural
function space for a weak solution, and by Corollary 2 5 this space embeds continuously into

L4 (Q)%. Furthermore, by Corollary 2.6, if ¢ > d+27

the space L¥(0, T; L27 (Q)%), with v as defined in (2.13).
By Hélder’s inequality we obtain for v € L1(0, T; Wy(Q2)%) that

this space embeds continuously into

It @ 2 0l oy < Il ) IV9inig) < el sy Vo)~ (260)

provided that 2¢' < q(d+2) , which is equivalent to g > ?’dd—rf.
If ¢ is smaller, then the test function space has to be chosen smaller: If ¢ > 34 the above

d+2
mentioned interpolation result and Holder’s inequality yield that
2
(v ®u, vv)QHLl((QT)) < ”uHLu(o,T;LM’(Q)) ”vv”L('fﬂ)’(o,T;Lq(Q)) ) (2.62)
for v e L/2'(0, T Wé’q(Q)d) provided that v > 2, which is equivalent to ¢ > g4, as defined

n (2.14).
If ¢ > %, we have by interpolation and by Holder’s inequality that

. ap? - . 2.63
[{u®u ”>Q”L1((0,T))—”UHLq(df)(Q)H ’UHL(q(gif)) @ (263)

for all v € L>°(0,7; WH>°(Q)?), since under this condition we have that < (d+2) > 1. Let us

denote

and note that ¢ < oo for any ¢ > d+2 Now taking the two cases (2.61) and (2.63) together
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yields that

[(u @ w, Vo)gli o) < ||U||iq<d;2) © IVUlLag) (2.65)

for all v € LQ(O,T;Wé’q(Q)d), provided that ¢ > %, and the restriction on ¢ is the same
one as in the steady case.

For the modification of the convective term, i.e., the first term in (2.50), we have as in
(2.61) that

[(u® v, VU>Q||L1((0,T)) < HU||L2q’(Q) ||'U||L2q’(Q) IVulpq g

<clu v Vu , 2.66

<elul o ol o | [Vuliogy (266)
provided that g > %—“‘22.

For smaller ¢, if ¢ > %d? there exists an r € (1, 0o] such that % + % + % = 1, provided that

v > ¢, which is equivalent to ¢ > gy, defined in (2.15). Hence, we have that
[(u®w, VU>Q”L1((07T)) < ||u||Lv(o,T;L2q’(Q)) ||’U||Lr(o,T;L2q’(Q)) ”Vu”Lq(Q) ) (2.67)

provided that g > g > d:%'

Furthermore, there exists an s € (1,00], such that % + q(d%‘-lﬂ) + % = 1, provided that
qd < q(dij)’ which is equivalent to ¢ > 2((;1:21). Using this with Holder’s inequality we have

that

[{u®v, V)l < HU||Lq(d+2)

Vs Vu .
42 o [l ) IVe]ieg) (2.68)

We note in passing that this restriction is slightly stronger than the corresponding restriction

q> % in the steady case.

As in the steady case, incorporating a regularisation enables us to relax the restriction

q> 251:21), By (2.61) and (2.66) it follows that

HRU, u,v)

L1((0.T)) < ”“”imﬂ(Q) IVolLag) + ||u||L2q’(Q) ||'U||L2e1’(Q) IVulrag) (2.69)
for u,v € Lq(O,T;Wé’q(Q)d) N L2 (Q)% without any restriction on ¢ € (1,00). For the
regularisation let us introduce

X(Q) = LI(0, T; Wy ()4 n L2 (Q)°, (2.70)

with norm |-|xq) = [-lLao,rwra)) + H~||L2q/(Q) and denote by Xgi,(Q) the subspace of
solenoidal functions in X(Q).

Evidently, in both the steady and the unsteady case the additional restriction on ¢ arises
from the modification of the trilinear form b. Recall that this modification was introduced in
order to reinstate the skew symmetry of b, which is lost when approximating the pointwise
divergence-free solution by discretely divergence-free finite element functions.
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2.2.3. Approximation in Time

To obtain a fully discrete approximate problem we will use a time-stepping based on backward
finite differences in time in Chapter 5.

Here we want to introduce the notation and some basic results on piecewise constant and
continuous, piecewise affine interpolants in time. Furthermore, we investigate the stability
properties of a L2-projection mapping to tivs Which can be used to prove uniform bounds
on the sequence of approximate time derivatives in the discretisation limit, see Chapter 1,

Subsection 1.3.1.2.

2.2.3.1 Time Discretization

For the purpose of time discretisation, let I € N and define the time step by ¢, = T/l — 0, as
I — o0. For | € N, we shall use the equidistant temporal grid on [0, 7] defined by {té}ie{o,...,l}a
where t! := i§;, for i € {0,...,l}. In the following we will suppress the superscript | and
write t;, i € {0,...,1}.

For a Banach space X of functions, [ € N and a sequence {‘Pi}ie{o,...,l} C X we consider
the temporal difference quotient

1 .
dep; = 57(901'_901'—1)7 (S {177l} (271)

Furthermore, for I € N we denote by ]P’é(O,T; X) the linear space of left-continuous piece-
wise constant mappings from (0,7] into X with respect to the equidistant temporal grid
{to,...,t;} € [0,T], and by P! (0,7;X) the space of continuous, piecewise affine functions
from [0, 7] into X with respect to the same temporal grid. Let the piecewise constant and the
piecewise affine interpolants @ € P4(0,7;X) and ¢ € P{(0,T;X) of {®iticqo,...;y be defined
by

@(t) =, for t € (ti—17ti:|7 1€ {1, e l}, (2.72)

~ t—1t;— t; —t .
B(t) = pi— L+ o s forteftintl el 0, (2.73)
l l

so that @, p,0,p € L*>°(0,7;X). Choosing the representative 0;p € IP%(O,T; X), for t €
(ti—1,t;] we have 0;p(t) = dyp; and

B(t) = o(t) = (ti — 1)0rp(t). (2.74)
Furthermore, note that one has
!
1@l 0.7.x) = A, leilx s 1@ 0rx) =0 Z leilk . for p € [1,00), (2.75)
i=1 l
[Pl =, max leilx 1810 0.7:x) < c(P)dr ZZ; leil%, forp € [1,00), (2.76)

where 0 < ¢(p) < 1 by the Riesz—Thorin interpolation theorem (cf. [BL76, Thm. 1.1.1,

p-2]).
For a Bochner function ¢ € LP(0,7;X), p € [1,00), we define the time averages with
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respect to the time grid {to,...,#}, for [ € N, by
t;
i ::][ Gt )dteX, ie{l,...,1}. (2.77)
ti—1

Considering the piecewise constant interpolant 1) of the set of values {Yitieq,..1y> with 9
defined by (2.77), it follows by Jensen’s inequality that

HEHLP(O’T;X) < Ylisrx) —forallpe [1,00], (2.78)
and, for any p € [1,00),

P — 1 strongly in LP(0,T;X), as — oo, (2.79)

thanks to the inequality [|¢) —||rr (0 7:x) < T%(SlH'lpH(jO,l([QT];X) for all v € C%1([0,7T]; X) and
p € [1,00], the density of C%1([0,T];X) in LP(0,T;X) for p € [1,00), which, together with
(2.78) implies (2.79) for p € [1,00).

To simplify the notation we will denote Q' := (s,¢) x Q, for 0 < s <t < T, and Q, = Q3,
for s € (0,T]. Furthermore, let us introduce the notation Q¢ | = Qf:i,l and Q; = @Qy,, for
ie{l,...,1}.

2.2.3.2 L2-Projector to Vi

The L2-projection mapping to 4iv can be used in the unsteady problem in two ways: It is
useful to project the initial data ug € L?hv(Q)d to Vij,,. And it can be used to obtain uniform
estimates on the approximate time derivatives in the discretisation limit to apply the Aubin—
Lions compactness lemma. However, as outlined in Subsection 1.3.1.2, such estimates require
stability properties of II", which we investigate here.

Let us introduce the projector onto V7, , given by

Pr L2 = Ve, and for v € L2(Q)%, (2.80)
(Piyv,V)g=(v,V)q forall Ve Vy,. ‘

Directly from the definition we have L2-stability and optimality of the approximation in
L2(Q)4, i.e., for v € L2(Q2)¢ we have

|PEvvle @) < 1ol - (2.81)
By the approximation property of II" in (2.39) one can show that
PR aw — w strongly in L2(Q)9, as n — oo, (2.82)

for any w € L3, (Q)<.

Since V7, is not polynomial and in general we do not have much information about it,
we cannot expect to obtain stability properties as in the case of L2-projections mapping
to spaces of continuous, piecewise polynomial functions. For such finite element spaces in
[DDW74, CT87, EJ95, Bom06] the authors show W!P-stability of the L2-projection under
weaker and weaker mesh grading conditions. See also [BY14, GHS16] for Wh2-stability and
even weaker mesh conditions.

Here we derive the stability properties of P} from the approximation properties of II"
according to Lemma 2.25. For this we require quasiuniformity of the triangulation so that
inverse estimates are available, which we recall now.
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Inverse Estimates

In order to deduce stability of the L2-projection P} we require global inverse estimates.
If p,g € [0,1] and s, € N such that the embedding W*¢(Q)¢ — WHP(Q)¢ is continuous,
d

which is equivalent to s — g > =5 then on the reference simplex one has that

”6”Wu,p(f€) S c ”6”\]\79,(1([?) fOI’ all i]\ € WSVQ(K)da

If s —g < pu— % and so the embedding does not hold, this inequality is in general wrong. But

if we consider functions in a finite-dimensional subspace P € W#P(K)4 N W*4(K)?, then we
can obtain the estimate

Pl <e|v] . maves
wir(K) wea(K)

with constant ¢ depending on the dimension of @, the reason being that all norms on finite-
dimensional spaces are equivalent. With careful scaling one can deduce that

s—ptd( -1 _ ~
IV lweax) < chge G-3) IVIwuny forall VoFg! eP, (2.83)

and the exponent is negative, see [BS08, Lem. (4.5.3)]. Since this is the interesting case, in
order to deduce a global version, quasiuniformity of the triangulation as in Assumption 2.19
is assumed to bound hg < chyy, for a < 0.

Lemma 2.31 (Global Inverse Estimates, [BS08, Thm. (4.5.11)]).

Let V" C Wé’oo(Q)d be as defined in (2.30), assume that {T,}nen is quasiuniform as defined
in Assumption 2.19 and let p,q € [1,00] and s, € Ny be given such that 0 < s < p and
Py ¢ WeP(K)INW4(K)e. Then there exists a constant ¢ > 0 (independent of n) such that

s—p+d min((),%—%)

”V”WMP(Q) < chn ”VHWS»q(Q) ) (2.84)

for allV e V" and all n € N.

When summing over K € 7T, to show the global inverse estimate, the minimum arises since

the embedding ¢, < ¢, is continuous only for 1 < ¢ < p < co. Otherwise merely Holder’s
1 1

inequality is at ones disposal, which results in the loss of a factor hf ¢ < 1.

Now we are in the position to show the stability results on PJ . Note that the corre-
sponding (approximation) result was obtained in [Car07] for the case p > % > 2 using
approximation properties of a divergence-preserving projection operator corresponding to

Lemma 2.25 with p = 2.

Lemma 2.32 (Stability of P} ).
Let d € {2,3} and p € [1,00) be given and let = [(d,p) € {1,2,3} be minimal, such that
the embedding W52(Q) — WP(Q) is continuous. Then define the space

1, .
Yy = WO,giv(Q)d N W’B’Q(Q)da with ””Yp = ”'HWLP(Q) + ”'HWB,?(Q) : (2.85)

Let {Tn}nen satisfy Assumptions 2.18 and 2.19 and let (V",Q") be defined as in (2.30),
(2.31). Further, assume that ngl C Py and that there exists a projection operator 11"
satisfying Assumption 2.23 (i)—(iia).
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Then, there exists a constant ¢ > 0 such that

| Paivolwre) < clvly, . for anyv €Y, and any n € N. (2.86)

Proof. Let v € Y, C L2(Q)%. Because P} maps to V% C Wé’OO(Q)d C Wé’p(Q)d by
Poincaré’s inequality it is enough to show that

IV(Fiv 0l ) < clvly, -

Since v is divergence-free by the definition of Y, and II" is divergence-preserving in the
sense of Assumption 2.23 (i) we have that II"v € V. . Consequently, since P}, is a linear
projection operator we add and subtract II"v = P} (II"wv) and v to obtain that

IV(Paiv0)lis) < VPG (v =110 |pp ) + [VIT'0 = 0)|q) + VOl - (2.87)

The difficulty lies in estimating the first term, since the third one is fine already and the
second one can be estimated by means of the approximability property of II" in Lemma 2.25
with u=s=1

V(" — v)HLP(Q) <c |’U|w1,p(Q) ) (2.88)

because 73{1 C Py. For the first term in (2.87) we want to use the stability of P} in L*(Q2),
see (2.81). Since P} (v —II"v) € V™ we can use the global inverse estimate in Lemma 2.31,
with =1, s =0 and ¢ = 2 from which it follows that

N _ h—l—&-dmin(O,%—%) T —
|V P, (v v)”LP(Q) = Chin | Paiy (v 'U)”L?(Q)

(2.81) —1+dmin(0,1 -1
< chy <p 2>

(2.89)

[o = T2 ,

assuming quasiuniformity of the triangulations and we have also used the stability of P .
Finally we apply the global approximation property in Lemma 2.25 with © = 0 and p = 2,
which shows that

(2.89) —1+dmin(0,2-1
VB (0 - )iy 2 et 05 7H)

s—14d min (07%,

|v —I"v|
L@ (2.90)

N
~—

”'U”Ws,z(g) 5

for all s € {1,...,} by the assumption that 735_1 - I@V. Let us distinguish the cases p < 2
and p > 2.

If p < 2 we have that min (O, % — %) = 0 and hence choosing s = 1 the exponent is
non-negative. In this case we have that Wh2(Q2) < W1P?(Q) and hence the claim holds with

B=1.

If p > 2 we have that min (0, % — %) = % - % and hence we choose s = [ such that

11
B—1+d p—2>zo. (2.91)

This is the case, if the embedding W52(Q) — WP(Q) is continuous, which shows the
claim. O
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Let us specify the values of 8 depending on d and p and also the corresponding assumptions
on r (depending on ). For p > 2 we can determine 3 and see that § = 2, provided that
p < 2,, which is the case for

[1,00)  ifd=2,
pE .
[1,6] if d = 3.

By the assumption that ﬁf - @V this does not require any extra assumption on @V and
hence on V™. The only situation, for which we need 8 = 3 is if d = 3 and p > 6. In this case
we assume that 7351 C @V, which restricts the choice of finite element spaces slightly. More
specifically, if d = 3 and p > 6 this excludes the first order finite element spaces introduced in
Examples 2.26 and 2.28: the Bernardi-Raugel element for » = 1 and d = 3, the MINI element
for d = 3 and the family Guzman—Neilan elements of exactly divergence-free functions, for
d=3(r=1).



CHAPTER 3

Graph Representation of the Constitutive Law

3.1. Introduction

The implicit constitutive relation, which determines the fluid behaviour, is at the core of the
problem we want to consider. In Section 1.1 we have introduced the general thermodynamic
framework for fluids flows. Here we will be concerned with the mathematical formulation
of implicit constitutive relations. Furthermore we aim for approximations thereof, which
allow us to show convergence of numerical approximation schemes in the subsequent chap-
ters.

3.1.1. Mathematical Description of Constitutive Relations

In Chapter 1 we have introduced constitutive relations, which relate the deviatoric part of the
symmetric stress-tensor S and the symmetric velocity gradient Du. Such a relation is imposed
additionally to the balance laws in order to obtain a closed system of equations.

Explicit Constitutive Laws

Explicit constitutive relations are relations for which there exists a (single-valued) continuous
function 8 such that S = 8§(Dw), see (1.5b) for examples. If the constitutive relation depends
on the point z in the domain M, it is assumed that S = 8(z, Du) for a Carathéodory function
8. This means that 8§ is measurable in the first argument for each fixed value of the second
argument and continuous in the second one for almost every value of the first argument.
Both assumptions on 8 are sufficient to prove existence of a weak solution to an approximate
problem, e.g., by a Galerkin approximation, see Section 1.2. For ¢ € (1,00) the a priori
estimates allow one to obtain weakly converging subsequences {Du”} ey and {SY}ven
with SV := 8§(-,Du’) such that

Du" — Du  weakly in LY(M)™¢ and SY —§  weakly in L7 (M)?*9,

as N — oo, and one has to identify the constitutive relation S = 8(-,Du). In case the
function 8 is strictly monotone in the second argument, this identification can be done by
means of Vitali’s convergence theorem, see, e.g., [DMM9S8] for divergence-form nonlinear
elliptic systems and [FMS03, DMSO08] for fluid equations. In Subsection 2.1.4 we have seen
the argument for the case without z-dependence, but including a truncation.

If 8 is merely monotone in the second argument, Minty’s trick allows one to identify the
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constitutive relation, provided that

lim sup <S(-,DuN),DuN>M < <§, Du>M. (3.1)

N—o0
The proof relies on the monotonicity and continuity of 8§ in the second argument and was
presented in Subsection 1.2.3 in the case when 8 does not depend on z € M. This result dates
back to [Min63] and since then was applied in various contributions. For example in [Lad69]
and [Lio69, Ch. 2.5] existence of weak solutions for fluid equations with g-growth was shown
in the admissible range. By means of truncation (3.1) can be verified also in situations, when
admissibility of weak solutions as test function is lost. If the respective truncation requires
localisation, then a local version of (3.1) can be shown, see [Wol07, Lem. A.2] for a localised
Minty type convergence result.

Implicit Constitutive Laws

In Section 1.1 we have introduced implicit constitutive relations of the form G(z,Dwu,S) =0,
where G is a continuous tensor-valued function, which may depend on z € M. Furthermore,

the implicit relation was assumed to be encoded by a maximal monotone graph A C Rg;nﬁl X
ngxl{‘f in the pointwise sense
G(z,Du(z),S(2)) =0 <« (D(2),5(2)) € A(z), forze M. (3.2)

Note that the maximal monotone set \A(z) can be identified with the graph of a set-valued
maximal monotone function S(z,-).

The existence proof of solutions to an approximate problem requires an approximation of
S by Carathéodory functions, which can be obtained in various ways. Some examples in the
literature, which we will consider in this chapter, are the following: Starting from a possibly
discontinuous selection 8* of the set-valued function S one can introduce a sequence of
Carathéodory functions by smoothing 8" by means of a mollification. This is the path taken
in, e.g., [GZGO7, BGMS09, BGMS12, DKS13a]. Alternatively, under additional assumptions
on the selection one can approximate 8 by affine interpolation in the neighbourhood of
jumps. Another class of approximations can be obtained by approximating the characterising
Carathéodory contraction, which can be identified with any maximal monotone graph. This
approach can be found in [FMTO04, Sec. 3]. Finally, a generalised Yosida approximation,
which is well-known and investigated in the theory of monotone operators, provides a way to
approximate 4, see for example [FMT04, Sec. 4]. More details and references will be given
in the course of the present chapter.

The main challenge of any convergence proof of approximate solutions to a weak solution
of the respective problem is the identification of the implicit relation, for which the lack
of continuity of the constitutive relation has to be overcome. For (generalised) strictly
monotone constitutive relations arguments based on Young measures and Vitali’s theorem
have been used to identify the implicit relation satisfied by the limiting functions, see for
example [MRS05, GMS07, GZG07, BGMS09, DKS13a]. Subsequently, for the larger class of
only monotone constitutive relations, in [BGMS12] a convergence lemma of Minty type was
proved (and reproved in [BM16]), which simplifies the argument considerably: it allows one
to conclude that (Du,S) € A(-) a.e. in the domain M, provided that there are approximating
sequences such that (Du™¥,S") € A(-) a.e. in M, Du’Y — Du weakly in LI(M)?*4 SN ~§
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weakly in LY (M)?*¢, as N — oo, and that

lim sup <SN, DuN>M < <§, Du>M i (3.3)

N—o0

which is the property corresponding to (3.1). In fact, this was shown for subdomains McM ,
so that it can be applied also if admissibility of the weak solution is lost, see Subsection 2.1.4.
Note however, that this convergence result can only be applied, if the approximate sequences
satisfy the implicit constitutive relation, and in general not, if they satisfy an approximate
constitutive relation.

For specific choices of approximation, the hope is to show such a convergence result as-
suming that (Du®,S") € AN, where A" is an approximation of A and the graph of a
Carathéodory function, i.e., existence of the approximate problem can be shown by stan-
dard arguments. Some results in this direction can be found in [GZG07, Thm. 5.1] for graph
approximations based on mollification of the selection function 8" under the assumption
of strict monotonicity, and in the arguments contained in [FMTO04, pp. 41] for generalised
Yosida approximations for problems without loss of admissibility.

3.1.2. Outline

First we introduce some of the relevant definitions and results concerning maximal mono-
tonicity and measurability in Section 3.2. Then, in Section 3.3, we state and justify the exact
assumptions we pose on the graph A encoding the implicit constitutive law. Furthermore we
give some examples of constitutive relations, which fit into this framework. In Section 3.4 we
consider approximations of A, which allow us to show existence of the approximate problem.
In Assumption 3.18 we will introduce sufficient conditions on graph approximations, which
allow us to take the limit corresponding to the graph approximation first and separately
from any other limits. All variants of graph approximation investigated in the course of that
section satisfy those assumptions. In addition, some of the graph approximations will satisfy
a convergence result of Minty type as outlined before. This makes them more powerful, since
it allows us to take the graph approximation limit together with the discretisation limit in
the subsequent chapters. Finally, in Section 3.5 we summarise and discuss the results of this
chapter and compare the classes of graph approximation.

3.2. Preliminaries on Maximal Monotonicity and Measurability

After introducing the notation for the rest of this chapter we state some basic definitions
regarding monotonicity and set-valued functions. Furthermore, we provide the reader with
some of the properties and characterisations of maximal monotone functions, required for
the formulation of the assumptions on A and the investigation of examples of graph ap-
proximation. We will only introduce the results to as much generality as required for the
presentation, which means in particular maximal monotonicity of functions mapping from
R® to R® suffices, and we point the reader to [AA99] as one of the main references; for details
on the general theory of maximal monotone operators see for example [Phe97]. Since we
consider z-dependent graphs A, measurability plays a role and we will recall some of the
results in [CPDMDO0] for later use.

Since we will use it repeatedly, let us record that for any p € (0, 00) there exists a constant
¢(p) > 0 such that

(a+b)P <c(a? +0°), forall a,b € Rxp. (3.4)
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This can be shown with ¢(p) = 1 for p € (0,1], and with ¢(p) = 2P~ for p € (1, 00).
First let us introduce the notion of a set-valued function.

Definition 3.1 (Set-valued Functions).

Let X, Y be sets. For a set-valued function g: X =2 Y, i.e., X 5 x> g(x) C Y we denote
by T'(g) = {(z,y) € X xY: y € g(x)} its graph and by domg = {x € X: g(x) # 0} its
domain.

The (set-valued) inverse function ¢g=': Y = X is defined by g '(y) = {z € X: y €
g(x)} and the preimage of a set A C Y is defined as usual as g~'(A) = {z € X: y €
g(z) for some y € A}.

If for all x € dom(g) there is a unique y € Y such that g(x) = {y}, then we call g single-
valued.

3.2.1. Maximal Monotonicity

Before introducing the notions of maximal monotone set-valued functions, let us state the
definitions of (maximal) monotonicity and the inverse of a set.

Definition 3.2 (Maximal Monotone Set).
A subset G C R® x R®, s € N, is called monotone, if

(Y1 —y2) i (®1 —22) >0 for all (x1,y,), (x2,y2) €G.

A set G C R® x R? is called maximal monotone, if it is monotone and it is mazximal with
respect to inclusion in the set of monotone sets, which it is contained in. Le., if for (x,y) €
R® x R® the fact that

(y—9):(x—=) =0 foral(z,y)€G,

implies that (xz,y) € G.
The inverse set of G C R® x R® is defined as

Gl = {(y,x) €B° x B°: (z,9) € G).

Clearly, by definition G C R® x R? is (maximal) monotone if and only if G=! C R® x R® is
(maximal) monotone. Now let us give the definition of a (maximal) monotone function and
state some of its properties, see, e.g., [Phe97].

Definition 3.3 ( Maximal Monotone (Set-valued) Functions).

A set-valued function g: R® = R® is (maximal) monotone, if its graph I'(g) is a (maximal)
monotone set.

If for any (x1,y,), (x2,yy) € I'(g) such that &1 # x2 we have that (y; —y,) : (€1 —x2) >0,
then g is called strictly monotone.

1 -1

Since the graphs of g and g~ = I'(g™"), we have that g is
(maximal) monotone if and only if g~" is (maximal) monotone. Also it is straightforward to
see that g is strictly monotone if and only if g=! is single-valued.

are related via (I'(g))
1

Lemma 3.4 (Maximal Monotone Functions, [AA99, Prop.1.2(1), Cor.1.3(3),(4), Cor.1.4]).
Let g: R® = R?® be a set-valued monotone function.
(i) If g is mazimal monotone, then T'(g) is closed and g(x) is closed (possibly empty) and
convex for any x € R,
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(ii) If g is continuous and single-valued and dom g = R®, then g is mazimal monotone.

(iii) If g is mazximal monotone and single-valued at a point x € R®, then x € intdom g and
g 15 continuous at x.

(iv) If g is mazimal monotone, then for any set B C R®, which is relatively compact in
int(dom(g)), the image g(B) is bounded.

The following theorem due to Rockafellar and originally formulated for general maximal
monotone operators, gives a sufficient condition under which the sum of maximal monotone
functions is maximal monotone.

Lemma 3.5 (Sum of Maximal Monotone Functions, [Roc70, Thm. 1]).
Let g1,92: R® = R® be maximal monotone set-valued functions. If we have that domg; N
int (dom(gz)) # 0, then the sum g1 + go: R® = R®, defined by

(91 +92)(x) = {y, +y2 € R*: y; € g1(x), Y5 € g2(x)},

s a mazimal monotone set-valued function.

Characterisation of Maximal Monotone Functions

Let us now present the connection between graphs of monotone (set-valued) functions and
graphs of 1-Lipschitz functions, which goes back to [Min62], see [AA99] for a well-presented
survey. There exists a one-to-one correspondence between the two concepts, which in the
1D case can be visualised by a rotation by 7§ around the origin. For s € N let us denote by
¢: R® — R® the so-called Cayley transformation, see [AA99, p. 265], defined by

1
(x,y) — E(m +y,—x+y) forx,yeclR (3.5)

This is a linear isometry and its inverse ¢! is defined by (x,y) %(m -y, z+y).
For a set G C R® x R? let us introduce the set-valued function ¢g: R®* == R?® defined
by

$(9) = T'(¥g), (3.6)

and vice versa for any set-valued function 1: R* = R?, let us denote by G, C R*® x R® the
set, such that

Gy = 67 (0(¥)). (3.7)

By the properties of the Cayley transformation ¢ it follows that Gy, = G and ¥g, = 9, i.e.,
the correspondence is one-to-one, see [FMT04, Sec. 2]. Furthermore, we have the following
relationships between G and 1.

Lemma 3.6 (Characterising Contraction).
Let a set G C R¥XR® and a set-valued function 1p: R® = R® be related by (3.6) (or equivalently
(3.7)). Furthermore, let the set-valued function g: R® == R® be such that I'(g) = G. Then
the following hold:

(i) g is monotone if and only if 1 is 1-Lipschitz on dom(v) C R?;

(ii) If (i) holds, g is mazximal if and only if dom(yp) = R®;
(iii) If 1) is A\-Lipschitz for some X € (0, 1), then g is strictly monotone and single-valued.

Proof. The claims (i) and (ii) are proved in [FMT04, Lem. 2.1] and also in [AA99, Prop. 1.1].
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For (iii) let (a1,b1), (a2, b2) € I'(g), then there exist &1, x2 € R?, such that

=1 €T :ix._ ). @ z)) = (a;. b; i
¢ (i, (i) ﬂ( i = v(@), @i +Y(xi)) = (ai, bi), i€{1,2}.

By the fact that ¢ is A\-Lipschitz with A € (0,1) we have that

2((11 — (12) : (bl — bz)
= (1 —Y(x1) — (T2 — P(22))) : (T1 + P(21) — (T2 + P(T2))) (3.8)
= (Jo1 = 222 = (1) — $(2) ) = (1= ) a1 — 22 > 0,

since A2 < 1. Now if a; = ag, then the left-hand side vanishes, so it follows that x; = o,
and hence ¥ (x1) = ¢ (x2), which together imply that b; = be. Thus g is single-valued. By
the analogous argument we obtain that g=! is single-valued, which implies that g is strictly
monotone. [

Subdifferentials of Convex Functions

One particular class of maximal monotone functions is given by the subdifferentials of lower
semi-continuous, convex, proper functions, which was shown by Rockafellar.

Definition 3.7 (Subdifferential, [Phe97, Def. 2.7]).

A function f: R® — R U {oo} is called proper, if there exists a point x € R® such that
f(x) < oo. Furthermore, a function f: R® — R U {oco} is called lower semicontinuous, if
{x e R®: f(x) < A} is closed in R® for every A € R.

For a proper, lower semi-continuous, convex function f: R®> — RU {oco} the subdifferential
mapping Jf at a point x € R® such that f(x) < oo is defined by

of (x) = {x' e R®: <:1:',y> < flx+y)— f(x) for ally € R},

and Of(x) = 0 otherwise.

Lemma 3.8 (Subdifferentials and Maximal Monotonicity, [Phe97, Thm. 2.15]).
For a proper, lower semi-continuous, convex function f, the subdifferential Of is a maximal
monotone (set-valued) function.

3.2.2. Measurability

Due to the z-dependence (z € M) of the implicit constitutive relation let us also state some
results on measurability.

We denote by B(R?®) the o-algebra of all Borel sets in R®. For two measurable spaces
(Z1,%1) and (Z2,32) we say that a set-valued function g: Z; = Z5 is ¥1 — X9 measurable,
provided that g=1(A) € ¥ for any A € $s. By (Z; X Z2,%1 ® ¥s) we denote the product
measure space with product o-algebra ¥; ® ¥o. Recall that completeness of a measure
space is the property that subsets of zero sets are zero sets, and a o-finite measure space
is a measure space for which the set is a countable union of measurable subsets with finite
measure.

Lemma 3.9 (Measurability, [CPDMD90, Thm. 1.3]).
Let (Z,%, 1) be a measurable space such that p is a complete o-finite measure defined on
3 and let n,m € N. Let F: Z = R™ x R™ be a set-valued function with non-empty closed
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values. Let H:7Z x R™ = R™ be defined by H(z,A) = {B € R™: (A,B) € F(z)}, for
(2, A) € Z x R™. Then the following are equivalent:

(i) F is ¥ — (B(R") @ B(R™)) measurable;

(i) H is (X ® B(R™)) — B(R™) measurable.

Now let w C R™ be an open set and we denote by L(w) the o-algebra of all Lebesgue
measurable subsets of w.

Corollary 3.10.
Let F: w = R® x R® be a set-valued function, such that (0,0) € F(z) and F(z) is maximal
monotone for a.e. z € w. Let the set-valued function H: w x R®* == R® be defined by
H(z,x) ={y € R*: (x,y) € F(2)}. Then the following are equivalent:

(1) Fis L(w) — (B(R®) ® B(R*)) measurable;

(1) H is (L(w) @ B(R®)) — B(R®) measurable.

Proof. Since (0,0) € F(z) for a.e. z € w the values of F are non-empty. Whenever F(z) is
maximal monotone, the function f(z): R‘Siyxnﬁl = deyxn‘f such that I'(f(z)) = F(z) is maximal
monotone. By Lemma 3.4 (i) this implies that I'(f(z)) = F(z) is closed for a.e. z € w.
The Lebesgue measure L is a complete o-finite measure defined on the Lebesgue measurable

subsets of w. Thus, Lemma 3.9 applies and the claim follows. ]

3.3. Assumptions on A

For the rest of this chapter let M C R", for n > 2, be an open bounded set. Furthermore,

let d > 2 and recall that RZX? is the space of symmetric (d x d) matrices and Rg;io is the

sym
subspace of trace-free matrices.
In Subsection 1.1.3 we have assumed that the implicit constitutive relation can be identified

with a mapping z — A(z) via
G(z,D,S)=0 < (D,S) € A(=2). (3.9)

Here A(z) is the graph of a maximal monotone set-valued function for a.e. z € M, which is
why we refer to it as maximal monotone graph. This will be applied with

M= {Q in the steady case,

(@ in the unsteady case,

in the Chapters 4 and 5, respectively.

Let us formulate the specific assumptions we pose on the mapping encoding the im-
plicit constitutive relation, which are similar to the ones used in [BGMS09, BGMS12,
DKS13a]:

Assumption 3.11 (Properties of A ).

We assume that the set-valued mapping A: M = R‘Si;rg X ]R‘Siyxncf, such that z — A(z) C
ngxmd X ngxnﬁl satisfies the following conditions for a.e. z € M:

(A1) (0,0) € A(z);

(A2) A(z) is a maximal monotone set;

(A3) There exists a constant c, > 0 (independent of z), a nonnegative function g € L1 (M)

and q € (1,00) such that

D:S>—g(z)+c (D74 [S|7)  for all (D,S) € A(z),
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(A4)
(A5)

where ¢' is the Holder conjugate of q;
The set-valued map z — A(z) is L(M) — (B(RLD) @ BRL:D)) measurable;
For any (D,S) € A(z) we have that

tr(D) =0 < tr(S) =0.

Remark 3.12 (Properties of A ).

(1)

(i)

(iii)

(iv)

In [BGMS12] the authors phrase the coercivity and boundedness condition (AS3) in the
more general context of Orlicz—Sobolev spaces. For simplicity we will restrict ourselves
to the Sobolev setting.

Given that we want to use the implicit constitutive relation for fluid equations, we aim
for a notion of weak solution with trace-free stress tensor to ensure consistence with
the thermodynamic framework introduced in Section 1.1. For this reason, we intro-
duce condition (A5) additionally to the assumptions in [BGMS09, BGMS12, DKS13a,
KS16]. This implies that the stress tensor, which is part of the weak solution, is trace-
free without imposing this condition separately. More specifically, if w is a (point-
wise) divergence-free function, then we have that tr(Du) = div(u) = 0. Thus, if
(Du(2),S(2)) € A(z) for a.e. z € M, this implies with (A5) that S is (pointwise)
trace-free. B

Alternatively, one could consider a graph A C Rg;&o X ngxrio, where ngxrio de-
notes the subspace of trace-free matrices in ngxnﬁl, then condition (A5) is trivially
satisfied. However, dealing with such a graph is only possible if one deals with (ez-
actly) divergence-free wvelocity functions, which is the case in the existence proof in
[BGMS09, BGMS12, BM16] and if one chooses exactly divergence-free finite element
functions for the numerical approzimation, see Assumption 2.27. When using discretely
divergence-free finite element functions this is not the case and for the numerical ap-
proximation A has to be extended to R‘Siyxnﬁl X ngxnﬁl.

Given (A1) and (A2), by Corollary 3.10 the measurability of the set-valued mapping
A: M = RIxXd  RIXA s equivalent to the fact that the set-valued mapping S: M X

sym sym

dxd dxd
R = Regm defined by
— dxd, dxd
S(z,D) ={S e RL: (D,S) € A(2)}, z€M,DeRLY (3.10)
is (L(M) ® B(ngxrg)) - B(Rg;nf) measurable. By definition (see [CPDMDY0, (1.2)])
this means that for any closed C C R¥*? the set

sym

{(2,D) € M x RE%: there exists an' S € C such that (D,S) € A(z)}

sym *

is measurable with respect to the product o-algebra L(M) ®@ B(RZX4). Note that using

sym
also (A3), [CPDMD90, Thm. 1.1 (i)] provides a set of equivalent characterisations for
measurability of S and it shows the existence of a measurable selection, see Lemma 3.17.
We require (L(M) ®B(ng§g)) - B(Rg;g) measurability of S, so that the composi-

tion z — S(z,Du(z)) is Lebesque measurable (i.e., L(M) — B(REXL) measurable) for
Lebesgue measurable Du.

Remark 3.13 (Relaxed Assumptions on A ).

()

As pointed out in [FMTO04, p. 28], condition (A1) can be relaxed to: there exists a
function Sg € LI (M) with values in Rg;io, such that (0,S0(z)) € A(z) for a.e.
dxd

with values in R4

z € M; or equivalently, there exists a function Dy € LI(M) sym.0
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such that (Dg(z),0) € A(z) for a.e. z € M. Then one can deduce Assumption 3.11 by
shifting the graph A.

(i) In some situations one can consider a more general case, when A C LI(M)
Lq/(M)dXd, for which the pointwise properties (A1)—-(A3) are relaxed to the correspond-
ing properties “integrated” in M and (A}) is dropped. These are the objects considered
in [FMTO04, Sec. 4].

dxd %

In the spirit of the one-to-one correspondence of maximal monotone functions and 1-
Lipschitz functions, see Lemma 3.6, equivalently to assuming Assumption 3.11 (A1)—(A4) on
A one could also assume the existence of a Carathéodory contraction with the corresponding
properties. The latter is the approach taken in [FMTO04, p. 28] and has the advantage that
measurability is less intricate to deal with. The equivalence was shown in Rem. 2.2 therein.
The following lemma is based on this equivalence, see also [BGMS09, Sec. 2.1].

Lemma 3.14 (Characterisation of A via Carathéodory Contraction ).

Let a set-valued function A: M = R4 x REXD gnd o set-valued function 1: M x ngxn‘f =

sym sym
Rd xd

sym be given, such that

Az) = o Y T(Y(z,") for a.e. z € M, (3.11)

where ¢ is the Cayley transformation, defined in (3.5).

Then, A satisfies Assumption 3.11 (A1)-(A83) for a.e. z € M if and only if 1p: M X R‘Si;nﬁl —
Rg;rr‘f is a (single-valued) function, satisfying the following conditions for a.e. z € M:

(p]) ¢(z30) =0;

(p2) ¥(z,-) is 1-Lipschitz and dom(¢(z,-)) = RE<d, ie.,

lv(z,B1) — (2,By)| < |By —By|  for all By,By € R

sym>

(p3) There exists a constant c, > 0 (independent of z), a nonnegative function g € L' (M)
and q € (1,00) such that for any B € Rg;rff and a.e. z € M one has that

D(2) : S(2) = —g(2) + e.(ID(2)|” + [S(2)|*).

where (D(z),5(z)) == ¢~ (B, (z,B)) € A(2);
Note that ci, g and q are the same in both coercivity estimates (A3) and (p3).
Furthermore, if A satisfies (A1)-(A3) for a.e. z € M, then:
A satisfies (A4) if and only if
(p4) ¥ is a Carathéodory function, i.e., ¥ is (E(M) ® B(RdXd)) — B(RE4) measurable.

sym Sym

Proof. First note that we have by Lemma 3.6 that A(z) is maximal monotone if and only
if domy(z, ) = Rg;n‘f and 1(z,-) is 1-Lipschitz (which in particular implies that 1 is a
single-valued function). This shows that (A2) is equivalent to (p2).

Note that by the definition of ¢ in (3.5) we have that (0,0) € A(z) = ¢~ (T (¥(2,))) is
equivalent to (0,0) = ¢(0,0) € T'(¢)(z,-)). So (pl) directly implies (A1). On the other hand
(A1), together with the fact that v is single-valued by (A2), implies also that (pl) holds.
The coercivity and boundedness conditions (A3) and (p3) are equivalent by definition.

Finally, if A satisfies (A1)-(A3) for a.e. z € M, then the arguments in [FMT04, Rem. 2.2]
based on [CPDMD90, Thm. 1.3] and attributed to G. Dal Maso show the equivalence of (p4)

and (A4). O

Is can easily be checked that explicit constitutive laws of power-law type as in (1.5b) satisfy
Assumption 3.11.
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However, for Herschel-Bulkley fluids the constitutive relation

G(D,S) = |D|*"* (7. + (|| - =) ")D — (S| - ) "S =0, (3.12)
is only defined for trace-free matrices D,S € Rg;&o, see (1.6) and (1.7). In [BGMSI12,
Lem. 1.1] it is proven that the graph A C de;ncf,o X Rg;rio identified with G as in (3.9)

satisfies Assumption 3.11, if we replace R4 by RdXdO in the statement. To obtain A

Sym sym,
satisfying Assumption 3.11, we want to find an extension of A to ngxrﬁl X ngxrff . For a matrix

B € R%%, we denote the trace part of B by T(B) := % tr(B)I, i.e., we have tr(B) = tr(T(B))

sym

and the deviatoric part of B by B, =B — T(B) € Rg;rio. Then it follows that
T(B):Bs; =0, (3.13)
so the subspace Rg\fnitr = {T(B): B € ngxn‘f} is the orthogonal complement of Rg;nﬁlo in
Réxd ' ’
sym *
Lemma 3.15 (A for Herschel-Bulkley fluids).
Let E: de;n‘f — Rg;md be defined by
IB["B ifB #0, 2—gq 1
£(B) = or v=A(g) =2 1 _1ec(-1,00), (3.14
®) {0’ R e e R L S O NICED)
and consider
1
G(D.,S) = (7« + (ISs| = 7)) (D — E(T(S))) — ((ISs| — 7)7) 7" S, (3.15)

for D,S € R4 Then, the set A C R x RIXD jdentified with G via (3.9) satisfies

sym * Sym Sym

Assumption 3.11. Furthermore, AN Rg;rio X Rg;rio = ./I, where A is the graph identified
with G in (3.12).

Proof. Clearly we have that E(T(B)) =0, for any B € Rg;nio, so it follows that

(7o + (S| = 7)F)D = ((|S] = 7)) 7TS =0,

for all (D,S) € Ac Rg;rio X Rg;io. Considering the two regimes separately one can see

that this is equivalent to G(D,S) = 0, for D,S € R¥*¢ = with G as in (3.12). Hence A is

e sym,0°?
an extension of A and (0,0) € A, so (Al) is satisfied. By the monotonicity of the function
s+ s for s > 0, since v+ 1 > 0 we have that

(E(B1) — €(B2)) : (B1 —B3) = (|B1|" By — [B2["Bs) : (B; — B2)

3.16
> (1B~ B) (Bl - By 20,

and thus € is monotone. Furthermore € is continuous and we have that

£B):8= (8" = B =|£®)" =, (IE®)"+B"). (3.17)
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Distinguishing cases from (3.15) we obtain that
S5l <7 & D=E(T(S))

(D,S)e A « G(D,S)=0 Y (3.18)
S5l > 7 & D = ([Ss] — )T g4 + E(T(S)).

This implies that T(D) = E(T(S)), for (D,S) € A and hence T(D) = 0 if and only if T(S) =0,

which shows that Assumption 3.11 (A5) is satisfied.

_Let (D,S), (B,S) € A. Since T(D) = &(T(S)) for all (D,S) € A, by the definition of A and

A it follows that (Ds,Ss), (Ds,Ss) € A. With the orthogonality in (3.13) this implies that

(D-D): (5-5) = (Ds-Ds) : (S5-55) + (T@) = T(D)) : (T(5) - T(5))

. - (3.19)
>0+ (&(T(9)) - &(T(8) : (T6) - T(B)) 20,
where the first term on the right-hand side in the first line is nonnegative due to the mono-
tonicity of A according to [BGMS12, Lem. 1.1] and the second term in the second line is
nonnegative due to the monotony of € in (3.16). Hence, A is monotone. From (3.18) one can
see that the function D: REX? = RIXA such that S — {D: (D,S) € A}, ic., (D) = A7,
is single-valued, continuous and dom(D) = ]Rg;rg Then, by Lemma 3.4 (ii) it follows that
D is maximal monotone, and hence A~! is maximal monotone, and so is .4, which shows
Assumption 3.11 (A2). Since D is continuous, its graph is closed, and hence A~! = I'(D)
is B(ngxn‘f) ® B(ngxn‘f) measurable. Thus A, which does not depend on z € M, satisfies
Assumption 3.11 (A4).

Finally for (D,S) € A, again by the fact that (Ds,S;) € A and T(D) = &(T(S)), it follows
with the orthonormality in (3.13) that

D:S=D;s:Ss+T(D):T(S) > —¢+ ¢ (|D5\q + y&;ﬁ') + % (\8(T(S))|q + \T(S)\q')

/ 1 / (3.20)

= =+ (IDsl" + 185 ) + 5 (IT@)I* + [T(S)I ).
where we have used that A satisfies the coercivity estimate corresponding to (A3) with
g = ¢ > 0 constant, by [BGMS12, Lem. 1.1] and (3.17). Since (a+ b)P < ¢(p)(aP + bP) for all
a,b € R>g and p € (0,00) it follows with |D|> = |Ds|? + |T(D)|* that

DI = (105 + [TO)P)* < ela) (D1 + [T, (3.21)

and the corresponding estimate holds for |S|q/. Applying this in (3.20) and choosing the
constants suitably yields that A4 satisfies Assumption 3.11 (A3), which finishes the proof. [

This example shows that the following results on Bingham or Herschel-Bulkley type fluids
are based on assumptions stronger than the ones in Assumption 3.11: [DL76, Ch. VL.3],
[Ser91, MRS05, GMS07, ER12]. However, there are constitutive relations not included in
the framework, such as the relation for the Prandtl-Eyring fluid, see [F'S00, Ch. 4] and also
[BDF12].

The following lemma is one of the crucial tools for the identification of the implicit consti-
tutive law upon passage to the limit and was first proved in [BGMS12]; for a simpler proof
see also [BM16, Lem. 3.1].
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Lemma 3.16 (Localised Convergence Lemma of Minty type, [BGMS12, Lem. 2.4]).
Let A: M = R‘Siyxn‘f X Rglyﬁg, such that A(z) is a mazimal monotone set for a.e. z € M, i.e.,

it satisfies Assumption 3.11 (A2). Assume that there are sequences {S'}jen and {D7};en
and there is a measurable set M C M and a p € (1,00) such that

(D’(2),57(2)) € A(2) for a.e. z€ M,

DI —~D weakly in LP(M)™¢, as j — oo,
S/ —~S weakly in LY (M)™?, s j — oo,
lim sup <Sj, Dj>]\7 <(S,D)q7-

Jj—00
Then, we have that (D(z),5(2)) € A(z) for a.e. z € M.

The proof of the convergence lemma formulated for subdomains M C M is based on the
point-wise properties of A. Recall that such a local version is required if Chacon’s Biting
lemma is applied. For implicitly constituted relations this is the case when a truncation is
used, see Subsection 2.1.4. N

Note that a non-local version of this lemma (i.e., with M = M) can be proven for the
more general graphs 2 C LI(M)?*? x LI (M)?*? mentioned in Remark 3.13 (ii).

3.4. Approximation of the Implicit Constitutive Relation

For the existence proof of approximate solutions one typically applies a fixed point theorem or
in the semidiscrete time dependent case one has the standard ODE theory at one’s disposal.
To be able to apply either of them, A(:) has to be approximated by a sequence of graphs
{A¥()}ren, such that AF(z) is the graph of 8¥(z,-) for a Carathéodory function 8.

In this section we shall consider graph approximations and their properties: On the one
hand we derive a general set of assumptions, see Assumption 3.18, which includes a large
class of graphs. The assumptions we pose are the weakest we can think of, in order to
take the graph approximation limit before and separately from the discretisation limit in
the convergence proof. On the other hand we want to review various examples of graph
approximation, most of which can be found in the literature. All of them satisfy the general
Assumption 3.18 mentioned above, however, when investigating their properties we hope
for a Minty type convergence lemma as outlined in Section 3.1, which can be applied for
sequences {D*}cn, {S¥}ren such that (DF(z),S%(z)) € A¥(2) for all k € N and a.e. 2 € M.
It requires some knowledge about the “distance” between the graph A and the sequence of
approximations A¥, if one wants to deduce such a convergence result from the version in
Lemma 3.16, see Lemma 3.27 and 3.31.

In the following we will first consider a selection of the graph A and introduce the general
set of assumptions on a sequence of Carathéodory functions 8* representing the graph ap-
proximation. Then we will introduce and investigate three types of approximation, which sat-
isfy those assumptions. In Subsection 3.4.1 we consider approximations which arise through
smoothing from a measurable selection. In Subsection 3.4.2 we deal with an approximation,
which is constructed starting from the characterising Carathéodory contraction i repre-
senting A. Unfortunately we can show the coercivity property only for ¢ = 2, but this
approximation allows us to show a convergence lemma of Minty type. Finally in Subsec-
tion 3.4.3 a so-called generalised Yosida graph approximation is investigated, for which we
can show a convergence lemma of Minty type for any g € (1, 00).

The following result about the existence of a measurable selection follows from Assump-
tion 3.11 on \A(-) and the properties of the function S, such that I'(S(z,-)) = A(2).
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Lemma 3.17 (Measurable Selection, [BGMS12, Rem. 1.1, Lem. 2.2]).
Let q € (1,00) and let the map z — A(z) C REXIxRIX for z € M, satisfy Assumption 3.11

sym Sym ’
with respect to q. Then, there exists a selection 8" : M X ngﬁg — Rg;ig, i.e.,
(B,8*(2,B)) € A(z) forall B € Rg;nﬁl, for a.e. z € M, (3.22)

which is (L(M) ® BRLD)) — BRL<D) measurable. Furthermore, for a.e. z € M, one has

the following:

(51) dom 8*(z,) = R&xd;

(S2) 8*(z,-) is monotone;

(S3) For the constant c, > 0 and the nonnegative function g € L*(M) from Assumption 3.11
we have that

B:8*(z,B) > —g(2) + c.(|B|” + |8*(2,B)|"),

for any B € RZx4.

Sym ’

(S4) LetU be a dense set in Rg;;f and let (D,S) € Rg;rngg;rﬁl. The following are equivalent:
(i) (S—8%(=2,B)):(D-B)>0 forall BeU;
(ii) (D,S) € A(z);
(S5) 8* is locally bounded, in the sense that for a given r > 0 there exists a constant ¢ = ¢(r)
such that
I8*(z,B)| < ¢ for all B € B,(0) C Rg;rg and for a.e. z € M.
Proof. The proof of (S1)—(S4) follows along the lines of [BGMS12], see Rem. 1.1 and Lem.
2.2, therein. Let us give a bit more detail. Recall that the function S: M x RZxd — Rdxd

sym sym
defined in (3.10) is (£L(M) ® B(RL<3)) — B(REX?) measurable. Let us consider the extension
S: R" x REd — REXI defined by

S(2,B) :=1y(2)S(2,B) + Lgn\ps(2) [B| °B  for z € R", B € R&:L.
Since the function B — \B|q_2 B is continuous, single-valued and monotone and the graph
A(z) = T(S(z,")) satisfies the properties corresponding to (A1)—(A5), it follows that S(z)
satisfies the same properties for a.e. z € R"™ as § does for a.e. z € M. By the maximal
monotonicity of A(2) also S(z, ) is maximal monotone, and hence the set of values is closed
by Lemma 3.4 (i). Furthermore, by the maximal monotonicity and the bounds in (A3) one

can show that dom(S(z,-)) = ngxrg for a.e. z € R™ and consequently the set of values

is non-empty. Then, with a selection lemma, see, e.g., [CPDMD90, Thm. 1.1} or [AF09,
Thm. 8.1.3], there exists a measurable selection 8*: R™ x R¥X4 — RIXd and denote by

sym Sym

8 M x R‘Siyxrﬁl — R‘Siyxn‘f its restriction to z € M, which satisfies (3.22). Then by the definition
of the selection 8* and the fact that dom(S(z,)) = R‘Sjyxn‘f for a.e. z € M, (S1) follows. The

properties (S2) and (S3) are inherited from the properties (A2) and (A3). The property
(S4) follows as in [BGMS12, Lem. 2.2] and uses the fact that any monotone graph can be
extended to a maximal monotone graph.

In order to show (S5) we shall use the property (iv) in Lemma 3.4: Let us consider the

diffeomorphism A: R™ x Rg;ncf — Rg;$d)x(n+d) defined by

20y (5 0
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Then we define the set-valued function S: h(R™ x RdXd) = Rg;ﬁd)x(wrd) by

sym

S(h(z,D)) = {(g g) :S e S(z,D)} , for z € R", D e REY.

This function is maximal monotone on h(R™ x R‘si;n‘f) by the maximal monotonicity of S(z, -).

Now for arbitrary but fixed 7 > 0 let B,(0) C RZX¢. Since dom(S) = R" x R%X4 it

follows that dom(S) = h(R" x ngxn‘f). As h is a diff}(;omorphism, it follows that h(}}\/[ X
B,(0)) is relatively compact in h(R™ X Rg;n‘f) = intdomS. Then, Lemma 3.4 (iv) shows
that S(h(M x B,(0))) is bounded (by a constant depending on r > 0). This implies that
S(M x B;(0))) = S(M x B;(0))) is bounded and so is 8*(M x B,(0))). This finishes the
proof of (S5).

O

To show existence of approximate solutions we require the approximate stress tensor func-
tion to be a Carathéodory function with the same properties as S, but uniformly in the
approximation parameter. The following assumptions are distilled from the existence proof
in [BGMS12], in which an approximation based on mollification of the selection is used.

Assumption 3.18 (Properties of St ke N).

Assume that there is a sequence {8} ren of Carathéodory functions 8*: M x R‘Sjyxn‘f — R‘Siyxnﬁl
such that:

(o1) 8¥(z,-) is monotone;
(02) There exists a constant ¢, > 0 and a nonnegative function g € L1(M) such that, for
all k € N, for any B € R¥? and for a.e. z € M, one has that
q’) _

sym
(03) Let U C ]ngxrff be a dense set. For any sequence {D*}ren bounded in L°(M)4*4 and
with values in Rg}fnﬁl, for any B € U and all p € CF(M) such that ¢ > 0, we have

B:8%(2,B) > —j(z)+ & (yByq + ‘Sk(z, B)

timinf [ (sk(.,D’f) - s*(-,B)) : (Dk - B> pdz > 0.

This assumption is satisfied by all the approximations we consider in the remainder of the
chapter.

Remark 3.19 (Identification of the Implicit Constitutive Relation as k — o0).

The condition (03) allows us to take the limit k — oo before the discretisation limit in
the convergence proof. Indeed, staying in the finite-dimensional situation we obtain strong
convergence of Du* — Du in L (M) and from the a priori bounds we also have weak
convergence of 8(-,Du*) — S (not indicating the discretisation parameter), as k — co.
This means that taking the limit in the expression in (03) yields that

/ (S—8*(,B)): (Du—B)pdz >0,
M

for all B € U and all nonnegative ¢ € C§°(M). By Lemma 3.17 (S4) this implies that
(Du,S) € A(:) a.e. in M, and in the following limits the Lemma 3.16 can be applied to
identify the implicit constitutive relation.



3.4 Approximation of the Implicit Constitutive Relation 65

3.4.1. Approximation of a Measurable Selection

Since the function &: M Xx R‘Siyxn‘f = ngxn‘f is possibly a set-valued mapping, the measur-

able selection 8*: M x Rg’;g = ngxrff is possibly discontinuous. To obtain a sequence of
Carathéodory functions satisfying Assumption 3.18 one has to smooth out the jumps. Here
we will consider two ways of doing so: The first one is a mollification of 8* in the second
argument, which has good properties but is unlikely to be convenient from a computational
point of view. The second one is based on piecewise affine interpolation, which one can hope
to be easier to implement, however, additional restrictions on A are required, such as radial

symmetry, in order to show Assumption 3.18.

Mobollification

In the existence proofs in [BGMS09, BGMS12] and also in [DKS13a] the sequence 8 is
chosen as the convolution of the selection 8% in the second argument with a mollification
kernel.

Example 3.20 (Approximation by Mollification).
Let p € Cgo(ngXnﬁl) be a mollification kernel, i.e., a nonnegative, radially symmetric func-

tion, the support of which is contained in the unit ball B1(0) C ngxrg, and which satisfies

Jraxa p(A)dA = 1. For k € N set p*(A) = k% p(kA) and define the mollification of 8 with
sym
respect to the last argument by

dxd
IRsym

8(z,B) := (8**pk)(z,B):/ 8*(z,A)pF(B — A)dA, (3.23)

for z € M and B € REX4

sym *

Lemma 3.21 (Properties of 8, k € N).

For each k € N the function 8: M x R‘Si;H‘f — R‘siyxrff defined in (3.23) is measurable with
respect to its first argument and smooth with respect to the second argument. Furthermore,
the sequence {Sk}keN satisfies the Assumption 3.18 with g = g, ¢x = ¢ and q € (1,00), as

in Lemma 3.17.

Proof. Smoothness and measurability follow by the definition of the convolution and Fubini’s
theorem. To show the properties (01) and (02) is straightforward from the definition of 8*
in (3.23). The proof of property (¢3) can be extracted from [BGMS12, Sec. 3.2] and we will
reproduce it for the sake of completeness: let z € M be arbitrary but fixed and not in any
of the zero-sets for which the properties of 8* do not hold.
Let {D*}ren € L®(M)%? be bounded and have values in R4 and let B € REX! be
arbitrary. The monotonicity of 8*(z,-) gives that
(8*(z,A) —8*(2,B)): (A—B) >0 forall AeR¥? forae ze M. (3.24)

Sym ?

Then, using the definition of 8% in (3.23), the fact that p* integrates to 1 on R%X% the

sym ?
pointwise estimate (3.24) and the nonnegativity of p¥, we obtain that

(Sk(z, DF(2)) — 8*(=, B)) : (Dk(z) - B)
(3.23) / (8*(z,A) — 8*(z,B)) : (D*(z) — B)p*(D*(2) — A) dA
Rdxd

sym
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s /R (8%(=.A) - §*(2,B)): (DM(z) ~A)pA(DH(z) ~A)dA  (3.25)

sym

= / .., 18°(z.A) = 8(2,B)| D¥(2) — A| /*(D"(2) — A) dA
R,

Sym

> —1/ 8*(2,A) — 8*(z,B)| p"(D*(2) — A) dA =: (»),
k JB,, 0k 2)

where in the last step we have used that by the definition of p¥ we have
supp(p*(D*(2) —A)) C Bi;,(D*(2)),

and hence |D*(z) — A! < #. Since the integral is supported on Bl/k(Dk(z)), and since D¥ is
uniformly bounded in L>(Q)%*?, the matrices A over which we integrate are bounded by

INES HDkHLw(m <e (3.26)

where the constant c is independent of z € (2 and of £ € N.
Then, since 8*(z, ) is locally bounded by Lemma 3.17 (S5), Bl/k(Dk(z)) is bounded and

B e ngxrg is fixed, there exists a constant ¢ > 0, independent of k£ and z, such that

18*(z,A)| < ¢ for all A € B1/k(Dk(z)),
|8*(2,B)| < ¢(B).

This implies that independently of z € M we have that
8*(2,A) — 8*(2,B)| < |8*(2.A)| +[8*(2,B)| < c(B)

for all A € B, (D¥(z)). With this we can estimate (x) further by

= | 8 (2,A) — 8*(2,B)| " (D" (=) — A) dA
k JB, Dk (2)) (3.27)
> pe®) [ oy O - maa=

where we have again used that p¥ integrates to 1. Now we take (3.25) and (3.27) together,
multiply by ¢ € C§°(M) such that ¢ > 0, and then integrate over M. Recalling that the
constant is independent of z € M this shows that

[ (65,04~ 8.8 (D" ~BJodz > ~ L filysgu
M

Then, applying lim infy_,, yields

k—o0

liminf/ (8*(-,D*) — 8*(-,B)) : (D¥ —B)pdz >0,
M

which proves the claim. O

The approximation based on mollification of the selection 8* has the advantage that it is
relatively simple and most properties of 8* carry over to 8¥. Unfortunately one should expect
it to be computationally expensive to implement and there is no Minty type convergence
result available.
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Piecewise Affine Interpolation

Motivated by the computationally not very appealing mollification-based approximation, let
us turn turn our attention to an approximation based on piecewise affine interpolation.

Unfortunately, for vector-valued functions monotonicity is in general not preserved under
piecewise affine interpolation. This has to do with the cross terms arising from the mono-
tonicity relation and can be seen from the equivalent problem of preserving the Lipschitz
constant under piecewise affine interpolation. By the fact that the Cayley transformation
¢ is a linear isometry any piecewise affine interpolant of a monotone function coincides, af-
ter applying ¢ to it, with a piecewise affine interpolation of the characterising 1-Lipschitz
function, given by Lemma 3.6 (i).

Even though it is not a counter example, the following example highlights that piecewise
affine interpolation need not preserve 1-Lipschitz continuity: Let f: [0,1] — R be defined
by f(x,y) = %(m —1)(y 4 1); one can show that |V f|* = F((y+1)?2+ (z—1)%) < 1. The
piecewise affine interpolant with respect to the points (0,0), (0,d) and (4,0), for 6 € (0,1), is
given by g(z,y) = %(w—(2—5)y—1). Then, one can compute that [Vg|* = L(1+(2+6)?) > 1,
for all o > 0.

Sufficient conditions for a vector-valued function to have a sequence of 1-Lipschitz in-
terpolations is, that the original function is Lipschitz continuous with Lipschitz constant
< 1 and has a bounded Hessian matrix. This, however, implies by Lemma 3.6 (iii) that
the corresponding monotone function is already strictly monotone and single-valued. Hence
such an interpolation is not of much interest for the approximation of implicit constitutive
laws.

Another option is to assume radial symmetry of the constitutive relation. This is for ex-
ample the case for any explicit relation of the form 1.5b and for Herschel-Bulkley fluids when
considering A C Rg;n‘io X Rg;n‘io, see (1.6). In this situation monotonicity reduces to mono-
tonicity of a scalar function, which is preserved by interpolants. To show Assumption 3.18
one would additionally want to assume some additional regularity of the selection function
away from the jumps.

Example 3.22 (Approximation by Affine Interpolation).
Assume that S*: M xR>g — Rxq is a measurable function with S*(z,0) = 0, for any z € M,
such that 8 : M x R¥d — RIXd " defined by

sym sym ’

* B .
'(=.B) = {j B0g ez

is a measurable selection of a graph A satisfying Assumption 3.11. Furthermore, we assume
that
(1) S*(z,-): R>g — R>q is monotone for a.e. z € M;

Denoting by J* = J,cpr J(S*(2,-)) the overall jump set, where J(S*(z,)) is the jump set of

S*(z,-), which is countable by monotonicity of S*(z,-) for fired z € M, see [AA99, Thm. 2.2,

let us assume one of the following:

(iia) The set J* is finite and for a.e. z € M the function S*(z,-) is locally Lipschitz
continuous on each connected component of R>o\J* and the Lipschitz constants are
allowed to depend on z € M.

(iib) The set J* is countable, without accumulation points, the jump sizes are bounded above
by a constant H > 0, and S*(z,-) is Lipschitz continuous on each connected component
of R>o\J*, with Lipschitz constants bounded uniformly in z € M and independently of
the specific component, say by L > 0.
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Then there exists an index set I, which is T = Ny in case (iib) and there exists an I € N
such that T = {0,...,1} in case (iia), and there exists a sequence {a;}ier C R>q, such that
J* C A = Ujeza;. Without loss of generality assume that ag = 0 and a;—1 < a; for all
i € Z\{0}.

We construct the approzimation as follows: There exists a kg € N such that 1720 <
infie oy (@i — ai—1) since either A is finite or A does not have an accumulation point.
Let k € N, with k > kg be arbitrary but fived. Denote, fori € Z,

k 1 k 1

a’ =a; — %’ al.7+ = a; =+ Ak = [aﬁf,af#] and Ak = U A'ILC

P
1€L

Let z € M be arbitrary but fived. First we extend S*(z,-) as an odd function to [—7,00),
still denoted by S*(z,-). Since the point evaluations S*(z,af’i), fori € T, are well-defined,
we can define

ck k * k a’ﬁ-‘r * k k * k B
S;(z,B) = —|S"(z,a;_) —S"(z,aiy) | (af - — B) +S*(z,a; _)—,
2 ' af7 ’ ' ’ af
o ’ (3.28)
*(z, B f B
Sh(z,B) = {0 D) TEEA
S;(2,B) ifBeAF, icT

On A% the approzimation S¥(z,-) is the affine interpolant between S*(z, afﬁ) and S*(z, afiJr)
and otherwise S*(z,+) is unchanged.

Note that assumption (iib) cannot hold for ¢ > 2.

Lemma 3.23 (Properties of S*, k € N).

Each function S*: M xR — R of the sequence {S¥} x>, as defined in (3.28) is a Carathéodory
function such that:

(01°) S¥(z,-) is monotone for a.e. z € M and all k > ko;

(02°) There exists a constant ¢, > 0 and a nonnegative function g € L1(M) such that

ﬁ@sz—ma+aQMvauBW>,

for all B € R>¢ and for a.e. z € M;
(03°) for any sequence {D*}ren bounded in Lo°(M), for any B € Rsq and all p € C3°(M)
such that ¢ > 0, we have

liminf/ (sk(-,D’f) - s*(-,B)) : (Dk - B) pdz > 0.
k—oo  Jpp
Proof. Since S*(+,-) is measurable in the first argument for every value of the second argument
by Lemma 3.17, so is S¥(-, -), and by construction S¥(-, -) is continuous in the second argument
for almost every value of the second argument. Hence, S*(-,-) is a Carathéodory function.
(01’) By Lemma 3.17 (S2), S*(z,-) is monotone for a.e. z € M. Then, by construction
S*(z,-) is piecewise monotone for a.e. z € M, and consequently monotone for a.e.
ze M.
(02’) Let z € M be arbitrary but fixed such that all properties hold for S*(z,-), excluding
zero sets where necessary. Also let B € R>g and k > kg be arbitrary but fixed.
If B ¢ A* then we have that S*(z, B) = S*(z, B) and hence the claim holds by the
estimate for 8*(z,-) in Lemma 3.17 (S3), which is equivalent to the one for S*(z,-),
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with the same ¢ and c,.

If B € A*, using Young’s inequality with ¢ in the first term and applying the estimate
corresponding to (S3) in Lemma 3.17 in the second term, and choosing € > 0 small
enough, we obtain

Sk(2,B)B = (Sk(z, B) — S*(=, B)) B+S*(2,B)B

> ‘Sk(z, B) — S*(=, B)‘ 1B - g(2) + ¢ (|B|q +[S*(2, B)\q’) (3.29)
> —c(e,q) [$"(2,B) = $*(2, B)|" - g(2) + cle.,2) (1B +I5*(2, B)|" ).
Also by the triangle inequality and the estimate (3.4) it follows that

/

sen| < (s m -5 )|+ I8 B)]

y / (3.30)
<o) (|5 - 5'8) " 415" B ).
which, applied in (3.29) yields
Sk(2, B)B > —c )sk(z,B) - S*(z,B)‘q/ —g(z) +e <|B|q + ‘Sk(z,B) q/> . (3.31)

for some constant ¢ > 0, depending on ¢ and c,. Once the term |S¥(z, B) — $*(z, B)|
is estimated, the claim follows. Let us distinguish, whether (iia) or (iia) are satisfied:
If (iia) is satisfied, i.e., J* is finite, we have that A* is bounded and since B € A* it
follows that B < a’fv 4+ By Lemma 3.17 (S5) S* is locally bounded, and there exists a
constant C' > 0 such that |S*(z, )| < C for any z € M and any (5 € [0,a; + 1], which
applies in particular for B. Using this and the monotonicity of S*(z,-) we find that

‘Sk(z,B)‘ < ‘Sk(z,a’f7+)‘ —

S* (2, a]f7+)’ <. (3.32)

Thus, we obtain
)(s’f(z,B) _ S*(z,B))‘ < ’Sk(z,B)’ +15*(2, B)| < 20, (3.33)

for C > 0 independent of k > ko, z € M and B € A¥, which applied in (3.31) shows
the claim in (02").

Now if (iib) is satisfied, i.e., J* is countable and Z = Ny let i € Z, such that B € A¥. Let
us denote by S_(z, a;) := lims_,0 S*(z, a;—0) and by S1(z, a;) := lims_,0 S*(2, a;+0) the
values at a; of the left- and right-continuous representatives of S*(z,-), respectively,
and recall that by (iib) we have that |S;(z,a;) —S—(z,a;)| < H, independently of
z € M and of i € Z. Then, using the monotonicity of S*(z,-), S¥(z,-) and the fact
that S*(z, aﬁi) = Sk(z,af’i) we obtain

0< ’Sk(z,B) —s*(z,B)( <

5*(2,at,) — S (2,0} )|

<

S*(z, a§+) —Si(z,a;)

Y H )s,(z, ak) — §*(z, ai,,)\ (3.34)

IN

E (1952 Moty + 195" M qapat ) + H <+ H,

ag,a; |
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and hence ’Sk(z, B) — S*(z, B)| is bounded, uniformly in z € M and independently of
i € Z. Then applying the estimate in (3.31) shows that (02’) holds.

(03") Let {D*}ren be bounded in L®(M), let B € Rsg and let 2 € M be arbitrary but
fixed, possibly excluding zero sets. We wish to show that there exists a constant ¢ > 0
independent of z € M such that

(%) = (Sk(z,Dk(z)) - s*(z,B)) : (Dk(z) - B) > ¢ forallk>ky  (3.35)

E

Now let also k > kg be arbitrary but fixed, and distinguish the following three cases:
If B ¢ A* then we have that S*(z, B) = S*(z, B) and by monotonicity of S¥(z,-), it
follows that (x) > 0.

Similarly, if D¥(z) ¢ A*, then we have S¥(z, D*(z)) = S*(z, D¥(z)) and by mono-
tonicity of S*(z,-) it again follows that (x) > 0.

Finally, if B, D¥(z) € A¥, let 4,5 € T be such that B € A¥ and D¥(z) € A;?.

If i # j, then we can use of the fact that S¥(z,-) and S*(z,-) agree at aﬁi, aé‘ii and
are monotone. Assume that i < j, i.e., B < D¥(z); then we have that

S*(z,B) < S*(z,aﬁJr) = Sk(z,aﬁJr) < Sk(z,aﬁ_) < S¥(z, D¥(2)),
which implies that
<Sk(z,Dk(z)) - S*(z,B)) : <Dk(z) - B) > 0.

The case ¢ > j follows analogously.

If i = j, then we make use of the fact that ‘Dk(z) — B‘ < % and that S* is locally
bounded by Lemma 3.17 (S5): Since { D¥} e is bounded in L°(M) and }Dk(z) - B! <
%, there exists a constant ¢ > 0 independent of k¥ € N and z € M such that ‘Dk(z)‘ +
|B| <¢. Then, by the local boundedness of S* and the arguments in (3.32) it follows
that

S*(2, D¥(2)) - $*(2, B)| < |$(2, D"(2))| + 15" (2, B)| < (@),
which yields with |D*(z) — B| < 2 that
() = = (|$"(z, D¥(2))| + I5*(2, B)| ) | D*(2) - B = ~£,
where the constant ¢ > 0 is independent of z € M and k € N.

Altogether, these imply (3.35). Multiplying by ¢ € CJ (M) such that ¢ > 0 and
integrating over M yields

/M (5’“(-7Dk) - S*(-,B)) : <Dk - B) pdz > _g lelu o

for all £ > ky. Then applying liminfy_,., yields the assertion.
O

Estimate (3.34) suggests, that we can weaken the assumptions on the Lipschitz con-

stants of S*, if we move away from constant width of the intervals [af’ +,aﬁ_]: As long
as HVS*(z7.)”LOO((%a§+)) < c(k,i), for a.e. z € M, and ’ai _a§,+‘ HVS*(za')”Lw((ai,aer)) is

bounded uniformly in £ € N and in ¢ € Z, and the corresponding holds for aﬁ_, then the
proof still works.
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Corollary 3.24.
The family of functions 8% : M x REXd — RIXd . > ko defined by

Sym sym ’

(2.B) = S" (=Bl g Jor = € M. B <RI\,

and 8¥(z,0) = 0, where S* is defined in (3.28), satisfies Assumption 3.18.

Proof. The fact that 8¥: M x ngxnﬁl — ngxn‘f is a Carathéodory function follows directly from
the fact that S¥: M x R — R>q is a Carathéodory function. It is straightforward to show
that monotonicity of S* implies monotonicity of 8* (and by the same argument as for (03’)
implies that 8 satisfies (03) in Assumption 3.18) and that the growth and coercivity bounds

are equivalent for S¥ and 8*. O

We have seen that in case one assumes radial symmetry and suitable additional regularity
of the selection function 8" away from the jumps, approximations based on piecewise affine
interpolation in the neighbourhood of the jumps satisfy the general Assumption 3.18. This
approximation is likely to be easier to implement than the mollification-based one, but
similarly as for the latter, there is no Minty type convergence result available.

3.4.2. Approximation of the Characterising Carathéodory Contraction

The starting point for the approximation investigated in this subsection is the equivalence
between maximal monotone graphs and 1-Lipschitz functions through application of the
Cayley transformation ¢. Recall also that Lipschitz functions with Lipschitz constant smaller
than 1 correspond to graphs of strictly monotone single-valued functions and this is in fact
what we will aim for for the purpose of approximation.

This approximation was used in [FMT04, Sec. 3] for ¢ = 2 in order to show existence to
divergence-form equations with z-dependent graph. Some of the properties in Lemma 3.26
can be found therein but for the sake of completeness we will reprove it here.

In the following we will first present the construction of the approximation, which can be
done for any ¢ € (1,00). Then we will show that the resulting sequence of approximations
is strictly monotone and satisfies Assumption 3.18, however only for ¢ = 2. And finally we
will see in Lemma 3.27 that a convergence result of Minty type is satisfied.

Recall the equivalent characterisation of A by means of the Carathéodory contraction
Y: M x R — Rgl;rg: Assuming that A satisfies Assumption 3.11, there exists a (single-

sym

valued) v, which satisfies (p1)—(p4) in Lemma 3.14 and is related to A via
A(z) = o HT'(Y(z,-))) forae. ze€ M, (3.36)

where ¢ is the Cayley transformation defined in (3.5).

Example 3.25 (Graph Approximation based on ).
Let A satisfy Assumption 3.11 with ¢ = 2 and let : M x R4 — RI*d pe the Carathéodory

Sym Sym
contraction from Lemma 3.1j. Then, for k € N, let us define *: M x ngxrg — Rg;rg, by
V¥ (z,B) = %w(z,B) forze M,B e Rg;n‘f. (3.37)

Then let A¥: M = R4 x R4X4 pe the set-valued mapping such that

sym sym

AF(z) = o (T (WF(2,7)), z€M, (3.38)
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and denote by 8: M x R4 = RIXd the (set-valued) function defined by

sym sym
8"(z,D) ={Se Rl (D,S) e A"},  forze M,DeRLY, (3.39)

i.e., we have that T(8*(x,-)) = A*(2), for z € M.

Lemma 3.26 (Properties of 8 keN, for ¢ = 2).

There exists a ko € N such that the family of functions {8 }ren defined in (3.39) satisfies
Assumption 3.18 for ¢ = 2 and k > ko. Furthermore, for each k € N and a.e. z € M the
function 8% (z,-) is strictly monotone.

Proof. First note that ¢*(2,0) = £-14)(2,0) = 0, for a.e. z € M and for all k € N, so the
property corresponding to (pl) holds.

By the definition of ¥* in (3.37) and the fact that v(z, ) is 1-Lipschitz for a.e. z € M, it
is obvious that ¢*(z,-) is %—Lipschitz and % € (0,1) for k > 2. Hence, it is in particular
1-Lipschitz for all k& € N such that k& > kg so the property corresponding to (p2) is satisfied.

Let k£ > ko and z € M be arbitrary but fixed (possibly avoiding zero sets) and let
(D,S) € A¥(z) = ¢~ (I'(¢)*(2,-))) be arbitrary. Then, by the definition of ¢ in (3.5) there
exists an m* = mF(z) such that v2(D,S) = (m* — (2, m*),mF + ¢*(z,m"*)) . Note also
that %( F—p(z,mF),mk +¢(z,m*)) = (D,S) € A(z), by (3.36). Thus, by Assump-
tion 3.11 (A3), with ¢ = 2, we have that

D:S> —g(2) +c <]D)2 n ‘SD . (3.40)
Denoting, for k > 2,
) = ) = gH ) = () = b, (3.41)
where we have used the definition of 1* in (3.37). We have that
V2(D -D) =¢F = —v2(S -S). (3.42)
Hence, it follows that
D +IS|? < c<‘D‘2+ )§‘Z+ ‘e’fr). (3.43)

Using the definitions of (D,S), (D,S) and £ and then applying the estimates (3.40) and
(3.43) and finally that ¢*(-, m*) = E-Ly(-, mF) we obtain that

D:s % (D+5=) (S 5=") =D:S— 4[| + =" w(mh)

V2 V2 )2
(3§0) —g(2) + ¢« (’D’z + ‘S’2> — % ’gk‘r — ’gk‘ ‘¢(’mk)‘
(3.37),(3.43)

> —g(z)+c (]D|2 + |S|2> - <c ’6k’2 + ’6’“‘ ‘¢k(,mk)’>

(3.41)
> —g(z)+c(IDP+SP) — ¢

2

)

k
(k—1)

)

with constants depending on c,, but not on z € M or on £k € N. Note that we have
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used that k—fl < 2, for k > 2, and hence W}(,mk)’ < cwk(-,mk)’. With the fact that
Yk (-, m¥) = /2(S — D), and hence

2
[ (,m")| =218 +2/p]* - D5,

one can choose ky € N large enough such that the resulting terms can be absorbed into the
left-hand side and the term (|D|* + |S|?) on the right-hand side of (3.44) for all k > ko. This
finishes the proof of the property corresponding to (p3), with ¢ = 2 and L!-function g and
constant independent of k > k.

By the definition of A* in (3.38) and Lemma 3.14 it follows that A* satisfies the properties
corresponding to (A1)—(A3), uniformly in k > ko. Thus, Sk(z7 -) is monotone for a.e. z € M,
so it satisfies Assumption 3.18 (o1), and it satisfies the coercivity and boundedness property
in (02).

Since ¥ is a Carathéodory function for each k > 2 and A” satisfies the corresponding prop-
erties to (A1)—(A3), the second part of Lemma 3.14 implies that each A* satisfies (A4) and by
the arguments in Remark 3.12 the (set-valued) function 8% is (L(M) ® B(ngxn‘ni)) - B(ngxn‘f)
measurable. Since 1*(z,) is %—Lipschitz for a.e. z € M, this implies by Lemma 3.6 (iii)
that Sk(z, -) is strictly monotone and single-valued for all £ > 2 and a.e. z € M. Together
with the measurability this implies that each 8 is a Carathéodory function and strictly
monotone. For a direct proof we refer to [FMT04, Lem. 3.1].

To show that also (03) in Assumption 3.18 is satisfied, let {D*}reny with values in Rg;rff
be bounded in L>®(M)%?¢ and in particular in L2(M)%*?. Then by (02) it follows that
{8%(-,D*)} ren is bounded in L?(2)?*? as well. As before, there exists a sequence {m*},en C
L2(M)%*? with values in ngxrff such that

V2 (Dk,sk(., D’“)) = (mF — F (-, m*), mE R (., mF)), (3.45)

and also {1* (-, m*) }reny C L2(M )94 has values in Rg;rﬁl. Now let a constant matrix B € Rg;rff
be arbitrary, but fixed. By the local boundedness of 8" in Lemma 3.17 (S5) it follows that
8*(-,B) € L>®(M)?4, Now by (3.36) there exists an m € L>®(M)%*¢ depending on B, such

that ¢ (-,m) € L>®(M)9¢ and
V2(B,8*(-,B)) = (m — (-, m), m + (-, m)). (3.46)

For a.e. z € M we have that 1*(z,) is %—Lipschitz and by the definition of 1* in (3.37)
this shows that pointwise for a.e. z € M (suppressing the dependence on z in the following
estimates) we have that

U () = (-, m)

IN

[ o) = @ Cm) |+ [0 Cm) = (m)

(3.47)
Bt = m| + 4 ().

IN
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Then, using Young’s inequality with e, we obtain

2 (347) 2
ECmh) = otm)| < I =] g o m)l? 4 255 [ — | (-, m)|
—1)2 2
= U= |k = |+ & o m)?
+2 (2t —m|) (ks e m)) (3.48)

2 2 12
< (%55 + 251) [ = m| + (b + ety ) et )
k S 2
= |m —m| + g o m)P
Using the identities (3.45), (3.46) and estimate (3.48) we obtain that
(85(-D") = 8*(-,B)) : (D" = B) = (mh — m + 4" (,m") = 6, m))
 (mh = m = @A) = (m)))
C2 e 2 (3.49)
= ¥ = m|" = [otCm) = m)
(3.48)

Now for any ¢ € C§°(M) such that ¢ > 0 this implies that

(3.49)
[, (80" -8 (B)): (0 =B) ptyaz = gty [ wEmPeas
> — gy Lol an 19 Com) g2 ar) -
Then, applying lim sup;,_, ., shows that
limsup/ (Sk(-,Dk) — S*(-,B)) : (Dk — B) o(-)dz >0, (3.51)
k—o0 M

since we have in particular that (-, m) € L2(M)?? and it depends only on B. Thus (03)
in Assumption 3.18 is satisfied. O

Note that the coercivity and boundedness property in (02) is the one, which works for
q = 2 only. Since the transformation ¢ has linear combinations of the arguments as values,
this is no surprise.

The following lemma gives a convergence result of Minty type and makes use of the fact
that we know how to measure the “difference” between A and AF and hence we can apply
Lemma 3.16. Even though it holds for general p € (1,00), we will be able to use it only for
p = 2 unless weak convergence in the respective spaces is known by other means than the
coercivity estimate in Lemma 3.26. Let us mention that if p = 2, then the statement of the
lemma also follows from the arguments in [FMT04, Sec. 4, pp. 41-42].

Lemma 3.27 (Convergence Lemma for 1)-based graph approximation .A%).
Let A: M = ngx,g X Rgl;g be such that A(z) is a mazimal monotone set for a.e. z € M,

i.e., it satisfies Assumption 3.11 (A2). Let {AF}ren be a family of approzimations of A
given in Example 3.25. Assume that there are sequences {SF}ren and {D*}ren and there is
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a measurable set M C M such that

(D*(2),S%(2)) € A*(2) for a.e. z € M and all k € N,

DF ~D weakly in LP(M)dXd, as k — oo,
Sk ~s weakly in LY (M)™¢, as k — oo,
lim sup <Sk,Dk>~ <{(5,D)~.

Then, we have that (D(z),5(2)) € A(z) for a.e. z € M.

Proof. As (D*(2),S%(2)) € AF(z) = ¢~ 1T (¢¥*(z,"))) for a.e. z € M, with the Cayley
transformation ¢ in (3.5), for each k € N there exists an m* € L#(M)%*?, for s = min(p, '),
such that pointwise a.e. in M we have that

V2 (DF,85) = (m — )k + 0,

where 1" is defined by (3.37). Since {D*},en and {S*}ien are bounded in LS(M)4*?, for
s = min(p, p'), also {m*}ren and {*(-, m*)}ren are bounded in L5(M )<,

. . =k c e .
Now let us introduce the sequence of functions {D" }xren, {S }reny on M and mapping to

Rdxd

sym» bointwise given by

V20", 5% = (m* — (-, mF), mF + (-, m*)),

i.e., we have that (ﬁk(z),gk(z)) € A(z) for ae. z € M. We aim to apply Lemma 3.16 to
this sequence in order to show the claim. By the definition of ¥ in (3.37) we obtain

B =D + 2 (WF(m®) — w(mh)) = DF — oLk (),

E_ 1 k k k k 1 k k (3.52)
=St o (R (mE) = w(mb)) = 85+ gl mh).

By the convergence D* — D and S¥ — S weakly in LS(M)dXd, as k — oo, and by the fact
that {¢*(-,m*)}ren is bounded in LS(M)dXd, it follows that D" — D and §* —~S weakly in
L5(M)%4 as k — co. But by assumption we have that D € LP(M)%*4 and S € L¥' (M)?*,
which means that we can improve the convergence to D" ~D weakly in LP(M )44 and
s¢ s weakly in Lp/(]T/[/)dXd, as k — oo.

Using again (3.52), the definition of ¥*(-,m*) and nonnegativity of the terms involving ¢
we have that

<6k’§k>ﬂ7 _ <Dk _ \/5(]1{,1)¢k("mk)’sk + \/i(llcfl)@bk(.’mk)>]\~4
= <Dk,sk>M— ﬁ ¢k(amk) i ~) - (kil) Hwk(,mk)

L2(M
< <D’“,S’“>M +0.

2

. (3.53)

Then applying lim sup;,_,., and using the assumption on <Sk, D* > 77 vields that

lim sup <5k,§k>1\7 (3;3) lim sup <D’“,Sk>1\7 <(D,S):-

k—o0 k—o0
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Now the sequences {Bk}keN, {gk}keN satisfy all the assumptions of Lemma 3.16 and hence
we can conclude that (D(z),5(z)) € A(z) for a.e. z € M. O

The graph approximation based on the characterising Carathéodory contraction satisfies
both Assumption 3.18 under the restriction that ¢ = 2, and a convergence lemma of Minty
type. Additionally, the functions 8% are strictly monotone in the second argument, which is
for example one of the assumptions for the adaptive approximation in [KS16].

3.4.3. Approximation of the Graph: Generalised Yosida Approximation

The so-called Yosida approximation yields a sequence of Lipschitz monotone operators for a
maximal monotone operator on Hilbert spaces. Let us present the idea if the Hilbert space
is R%, for s € N: For a maximal monotone (set-valued) function g: R® — R* the family of
Yosida approzimations g¥: R® = R®, for k € N, given by

(z+1y,y) €T(g") & (z.y) € (), (3.54)
is single-valued and k-Lipschitz. Equivalently this can be written as gF = (%I + (g)_l)fl,
where | is the identity. For details let us refer to [AA99, Sec. 6] and note that we adopt the
choice of names for the approximations from this reference.

The so-called Moreau—Yosida approrimation gives the counter part of regularising a proper
lower semi-continuous convex function f: R®* — R U {oco} by means of

fil@) = it (f(y)+5lz—yP).
yeRS

see [AA99, Def. 7.12]. For more details let us refer to [AA99, Sec. 7] and the references

contained within. The connection between the two both is given by the fact that the sub-

differential O f of a lower semicontinuous, proper convex function is maximal monotone by

Lemma 3.8 and one has

Ofw = (Of)F, (3.55)

see [AA99, Prop. 7.13].

In [PRO1a] the authors present a generalisation to Banach spaces with a regularising term
corresponding to some potential instead of % |\2 This generalisation proves to be fruitful to
preserve coercivity and boundedness in an Lé-setting for q # 2.

Here we want to investigate a generalised Yosida approximation, which uses a “potential”
regularisation as in [PRO1la], but acts on functions with z-dependence on the space R?, for
s € N. This is a special case of [PR01a] in the sense that the space is not a general Banach
space, but R®, and is an extension due to the z-dependence. Even though the authors
do not refer to it as (generalised) Yosida approximation, in [FMTO04, Sec. 4] it is used to
approximate maximal monotone graphs 2 C LP(M)* x LP (M)®. The class of graphs in
question is more general than the class of z-dependent graphs A satisfying Assumption 3.11,
see also Remark 3.13. Thus our contribution is a special case of theirs and some of the
properties in Lemma 3.29 can be directly deduced from [FMT04] by applying the arguments
pointwise. However, for the reader’s convenience we include the full proof. Note also that
such an approximation was used in [BM16] for Bingham fluids, i.e., for the special case when

=2.

In the following, we will first introduce the construction of the generalised Yosida approx-
imation and derive some properties of the approximate graphs A*. Those allow us to show
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that the corresponding functions 8¥ satisfy the general Assumption 3.18 and a convergence
result of Minty type for any ¢ € (1,000), see Lemma 3.31.

The construction of the generalised Yosida approximation depends on g € (1,00), which
appears in the coercivity and boundedness estimate for .4 in Assumption 3.11 (A3).

Example 3.28 (Generalised Yosida Approximation for ¢ € (1,00)).
For given q € (1,00) let

v=a(g) =t = = 1€ (~1,00), (3.56)

and note that v > 0 if and only if ¢ < 2. Let A: M = RIX9 x RIX4 be q set-valued mapping

Sym Sym

satisfying Assumption 3.11 with q in (A3). For fired z € M and k € N let us define the
generalised Yosida approximation of A(z) by

Ar(z) = {(D + Sk(S),S) e RL <RI (D,S) € A2)}, (3.57)
where EF: Rglyxn‘f — Rg;md is defined by
0 fS=0
ehs) =1 iS5 =0, (3.58)
+ISI"S, ifS#0.
Furthermore let the set-valued function 8%: M x Rgfn‘f = ngxrff be defined by
8"(z,D) = {S e RL!: (D,S) € A*(2)}, (3.59)
forz € M and D € R‘Siyxnﬁl
Denoting by s[z]: R&<d = R the set-valued function such that T'(s[z]) = A(z) we can
write the function s*[z]: ngﬁg = ngxrg such that T'(s*[z]) = A¥(z) as
-1
s2] = (s’f + (5[z])_1) , (3.60)

and note that S(z,-) = s[z] and 8%(z,-) = s*[z]. This shows that to compute 8%, one has to
do two inversions, which may require some effort, see Example 3.32 below.

Note that for ¢ = 2 we have that v = 0, and hence & is linear and the approximation
corresponds to (3.54). Furthermore, from the properties of the function & = kEF used in
Lemma 3.15 it follows directly, that for each & € N the function €F is continuous, strictly
monotone and dom EF = Rg;}g, so it is in particular maximal monotone. Also it is invertible
with inverse (€¥)~1(B) = k%2 |B|7 ?B, if B # 0 and (£%)~1(0) = 0.

Before showing that the family of functions {8*},cn defined in (3.59) satisfies Assump-
tion 3.18 with respect to ¢, let us collect some properties of A*. Note that coercivity and
monotonicity can also be shown by the arguments in the proof of [FMT04, Thm. 4.4].

Lemma 3.29 (Properties of the Generalised Yosida Approximation A*).
For q € (1,00) let A: M x RIX4 = RIXd satisfy Assumption 3.11 with respect to q. For

sym sym
keNlet AF: M = ngxn‘f X Rg;gf be the set-valued mapping defined in (3.57). Then, for a.e.

z € M the following conditions are satisfied:
(1) (0,0) € A*(2);

(a2) A¥(z) is mazimal monotone and it is the graph of a single-valued, continuous function.
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(a8) There exists a constant ¢., a nonnegative function g € L*(M) and a kg € N, such that

D:S>—§(2) +2 (\qu + ysyq’) ,

for any (D,S) € A*(2), for any k > ko and for a.e. z € M;

(af) The set-valued map z — A*(z) is L(M) — (B(RED) @ B(REXL)) measurable.

Sym sym

Proof. Let z € M be arbitrary (possibly excluding zero sets) but fixed.

(al)

(a2)

Since £¥(0) = 0 and (0,0) € A(2) by Assumption 3.11, by the definition of A*(2) in
(3.57) it follows that (0,0) € A*(2).

Since A(z) is maximal monotone by Assumption 3.11 (A2), so is A(2)~!, as well as EF.
By the fact that dom(&¥) = Rgl;rff and by 0 € dom((A(z))~!) by Assumption 3.11 (A1)
it follows that int dom(&¥) N dom((A(z))~1) # 0. By the definition of A* in (3.57) we
have that (AF(2))~' = (A(2))~" + &", when each of the graphs is viewed as the graph
of a set-valued function. Thus Lemma 3.5 shows that (A¥(z))~! is maximal monotone,
and consequently also A*(z) is maximal monotone.

Also since (A*(2))~! is a sum of a (set-valued) monotone and a (single-valued) strictly
monotone function, it is the graph of a strictly monotone function. Then, A*(z) is the
graph of a single-valued function.

Because A¥(z) is the graph of a single-valued and maximal monotone function, by
Lemma 3.4 (iii) the function, A¥(z) is the graph of, is continuous.

Let (D,S) € A¥(z). Then, by the definition in (3.57) we have that (D — £%(S),S) €
A(z). If S #0, by Assumption 3.11 (A3) we obtain

D:S—%\sw’:ozs—%\swﬂz(D-g’f(S)) 'S

. (3.61)

> —g(z) +c. (D - €5S)| +15I7).
where g € L(M) is the nonnegative function and ¢, > 0 the constant given in Assump-
tion 3.11, both of which are independent of k € N, z € M and (D,S). By the triangle
inequality, applying the inequality (3.4) and using the definition of ¥ in (3.58) and of
v(q), we have that

DI < c(a) (|D - €4S)|" + [€53)|") =cla) (D - €*©)| + L 1sI7) . (3.62)

Rearranging and applying this in (3.61) yields

p:5"2" () +e. (jD-&4®) + 57) + LIsl”

o) (3.63)
>

—g(2) + ¢ (IDI"+ (1= & +$)1SI7) |

with constant ¢ > 0 depending on c, and q. Now one can see that choosing ky € N
large enough, there exists a constant ¢, > 0, independent of k > kg and z € M, such
that (a3) is satisfied with g = g.

If S =0, then D = 0, since A*(z) is the graph of a single-valued function by (a2) and
(0,0) € A¥(z) by (A1). Hence, the estimates holds trivially.

The measurability of z — A¥(z) follows using Corollary 3.10 several times:

First we want to apply it to the set-valued function z +— (A(z))~!. By the definition
of the inverse of a set, we have that (0,0) € (A(z))~! and that (A(z))~! is maximal
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monotone for a.e. z € M. The measurability of z — A(z) is equivalent to measurabil-
ity of z — (A(2))7!, so with £(M) — B(R¥9) @ B(R¥4) measurability of the latter,

Sym sym

Corollary 3.10 implies that the set-valued function D: M x R4 = RIXd " defined by

Sym Sym

D(2,5) = {B e R4 (S,B) € (A(z))"'}, for (2,5)e M x R

sym * Sym

is (L(M) @ BRED)) — B(RE:?) measurable. Since EF: M x R‘Si;n‘f — ngxrff defined in

sym sym

(3.58) is constant in z, and continuous in S in particular (£(M) ® B(Rg;nﬁl)) —B(ngxnﬁl)
measurable. Consequently, the sum D¥ = D + &F: M x R‘Siyxn‘f — R‘Siyxn‘f, mapping
(2,S) = D(2,S) + EX(S) is (L(M) ® B(REXD)) — B(RL<I) measurable.

Now we apply Corollary 3.10 to the function z +~ (AF(z))~!, which again has the
properties that (0,0) € (A¥(z))~! and (A*(2))~! is maximal monotone for a.e. z € M,
since the same holds for A*(2) by (al) and (a2). Noting that DF: M x R4 — RIXd

Sym Sym

satisfies that DF(2,S) = {B € RE?: (S,B) € (A*(2))~'}, Corollary 3.10 shows that

sym *

z 5 (AF(2))7lis L(M) — (B(RE) ® B(RE:)) measurable. Then we also have that

Sym Sym

z— AF(z) is L(M) — (BRLY) @ B(RLYY)) measurable.

sym Sym

O]

Lemma 3.30 (Properties of 8%, ¢ € (1, 0)).

For each k € N the function 8¥: M x R4 — RIXL s defined in (3.59) is a (single-valued)
Carathéodory function, and there is a g € LY(M), a constant ¢, > 0 and a kg € N, such that
Assumption 3.18 is satisfied for all k > kg.

Furthermore, for any function B: M — Rg}ﬁg in L (M), one has

(B(z) _ gk(8k(2,B(2))), 8" (2, B(z))) € A(z), (3.64)

or a.e. z € and any k € N, wit as defined in (3.58).
f M and any k € N, with € as defined in (3.58

Proof. The properties of 8 rely on the properties of A* according to Lemma 3.29: The fact
that A* is the graph of a single-valued, continuous function by (a2), shows that 8” is single-
valued and continuous in the second argument. Since z — A¥(z) is also (£(M) ® B (ngxrff)) -
B (R‘Siyxn‘f) measurable by (a4), it follows that 8 is a Carathéodory function. The monotonicity
of 8% in the sense of Assumption 3.18 (1) follows from monotonicity of A¥(z) in (a2) and
the estimate in 3.18 (o1) follows from (a3). The relation (3.64) follows directly from the
definition of A* in (3.57).

The only thing left to show is Assumption 3.18 (03). For this let {D*},en be a sequence,
bounded in L>®(M)%*? with values in RZX?. Note first, that by the local boundedness of the

sym *

selection 8*: M x Rglyﬁg — R‘Siyxni‘f given in Lemma 3.17, there exists a constant C' > 0, such
that
8*(z,D*(2))| < C, forallkeNandae ze M. (3.65)

Furthermore, by the coercivity estimate for 8* in Lemma 3.17 (S3) and for 8* in Assump-
tion 3.18 (¢2), which we have proven to hold for 8% k > ko, one can show that there exists
a nonnegative function g € L*(M) and a constant ¢, > 0, such that

‘Sk(z, '3)‘[1/ <§(z) +2.18*(2,B)" (3.66)
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for all k > ko, all B € ngxnﬁl and a.e. z € M. Indeed, using Young’s inequality with € > 0 in
the estimates

”,
8*(2,B) : B > —g(2) + c.(|B|? + 8*(z,B)|7),

8(2,B) : B > —g(2) + & (|B|” + ‘Sk(z, B)

which hold for all B € R%? and a.e. z € M, allow us to show that

sym

5(=.8)|" <c(BI + g(2)).
Bl < c(18"(=.B)” +4(=)).

and these together imply (3.66). Then, with (3.65) and (3.66) we have that

/

sk(z,Dk(z))) <1+ )Sk(z,Dk(z))‘ < (1 n ‘Sk(z,Dk(z))Dq

<c (1 + ‘Sk(z, D (2)) ql> “2 (1 +G(z) +

(3.65)
< c(1+9(2)),

8*(z, Dk(z))‘ql> (3.67)

uniformly in £ € N such that k > kg, and for a.e. z € M.

Now let z € M be arbitrary, but for now fixed. For arbitrary B € ngxn‘f, we have that
(B,8*(z,B)) € A(z), and thus (B + £F(8*(z,B),8%(z,B)) € A¥(z), by the definition of
AF(z) in (3.57). By the monotonicity of A¥(z) according to Lemma 3.29 (a2), it follows
that

(Sk(z, D*(2)) — 8*(z, B)) : (Dk(z) ~ B £k(8*(z, B))) > 0. (3.68)

Using this and the definition of &* in (3.58), for B € de;n‘f and for z € M such that
8*(z,B) # 0, we have that
(Sk(z, DF(2)) — 8*(z, B)) : <Dk(z) - B)
(3.68)

> (8°(2,D"(2) — 8"(2,B)) : £5(8*(2.B))
> 1 (18(2,B)78"(2,D"(2)) : 8'(,B) — 8" (=,B)"*?)

1

k

> 1 (18"(2,B)""" [$¢(2,D"(2))| + I8*(2,B)"?) (3.69)

> —“®B(1 4 5(2)),

where we have used the fact that 8% is locally bounded, by Lemma 3.17 (S5), and that
v+1>0. If BeRYE, and 2 € M such that 8*(z,B) = 0, we have £¥(8*(2,B)) = 0 and
the expression on the left-hand side of (3.69) is nonnegative.

For any nonnegative ¢ € C3°(M), multiplying the expression in (3.69) with ¢ and inte-
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grating over M yields
(3.69)
/ (sk(-,Dk) —s*(-,B)) : (Dk—B)apdz > —C(B)/ (1+3)pdz
M ko Jm

1 ~
> (B, [l )

for all kK € N with k > ky. Applying lim infy_, ., shows that

1iminf/ (54(.0% ~ 5. B)) : (D" ~B) pdz >0, (3.70)
k—o00 M

for any B € ngxn‘f and any ¢ € C3°(M), such that ¢ > 0, which proves (¢3) in Assump-
tion 3.18. .

Let us now show a convergence lemma of Minty type for general ¢ € (1, 00), which relies
on the relation (3.64).

Lemma 3.31 (Localised Convergence Lemma for Generalised Yosida Approximation).
Let the set-valued mapping A: M = Rg;n‘f X ngxn‘nl be such that A(z) is a mazimal monotone

set for a.e. z € M, i.e., it satisfies Assumption 3.11 (A2). For q € (1,00) let {A*(")}ren
be a family of generalised Yosida approximations of A(-) (depending on q) given by (3.57).

Assume that there are sequences {S*}ren and {DF}ren and there is a measurable set M C M
such that

(D*(2),5%(2)) € A¥(2) for a.e. z€ M and all k € N,

D* ~D weakly in LM%, as k — oo,
Sk ~s weakly in LY (M), as k — oo,
lim sup <Sk,Dk>~ <{,D)~.

Then, we have that (D(z),5(2)) € A(z) for a.e. z € M.

Proof. Recall the definition of A* in (3.57):
Ar(z) = { (D +€5(5),S) € R x RS (D,S) € A(2)

where €F(S) = 1|/ if S € RL(I\{0}, for 7(q) = 7 — 1, and €¥(0) = 0. The fact that

)
(D¥(2),5%(2)) € A¥(z), for a.e. z € M, implies that (D*(z) — E¥(S¥(2)),S5*(2)) € A(z) for
a.e. z € M and all k € N. By the definition of £* we have that

v~ | ST =l

;. dxd
as k — oo, since {S¥}en is bounded in L7 (M) “ Thus, it follows with the weak conver-

gence D¥ — D in Lq’(]\j)dXd, that

C
<— =0,

Hgk(sk) ilq’(ﬂ) — k4

D* — €F(S*(2)) = D, weakly in LY (M)>?,  as k — oo.
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Furthermore, by the assumptions we obtain

lim sup <Dk - ak(sk(z)),s'f>

k—oc0 M
(09, - (e ),
< (DS - liﬂgf% Hsk”iq’(m = (D.S)5

Now, we can apply Lemma 3.16 to the sequences {D* — €¥(S*(2))}ren and {S¥}ren, which
yields that (D(2),5(z)) € A(z) for a.e. z € M. O

Since the generalised Yosida approximation is the most promising graph approximation

let us show how to compute 8* explicitly for A encoding the implicit constitutive relation for
Herschel-Bulkley fluids, see Lemma 3.15. We will find that we cannot perform the inversion
explicitly for most choices of ¢ € (1,0), so computational inversion by Newton’s method or
other means come to the fore.

Example 3.32 (Generalised Yosida Approximation for Herschel-Bulkley Fluids).
(a) Let us consider first the graph A C RdXdO x R with which the implicit constitutive

sym, sym,0”
relation can be identified when working with divergence-free functions only. Recall from

(3.12) that for a given T, > 0 the constitutive relation is determined by

~ D=0« |S| <™,
D.S)eA = FE. (3.71)
D#A0 < |S|>7 & D= (S| — 7)1 ot

As before in (3.57) we introduce

At = {(D+€5(S),S) e R&L, x RE:: (D,S) € A(2)}, (3.72)

sym, sym,0 *

which is essentially a restriction of A* to ]ngxrio X Rg;n(f,o-

We aim for a characterisation of gk: Réxd ]RdXd,O such that F(gk) = A%, Recall

. sym,0 sym
that (D,S) € A* if and only if (D—E&¥(S),S) € A. By (3.71) this means that if |S| < 7.,
then D — EX¥(S) = 0, which is equivalent to S = (€¥)~1(D), if D € ngxrio.
On the other hand, if |S| > T4, i.e., in particular S # 0, then we have that

1 S
D — &X(S) = (IS| — )7 5k

which by the definition of EF in (3.58) and with v+ 1 = q%l, is equivalent to

D — (5= 7)1+ {18177 ) g = FhS). 573

To invert quc it is enough to consider the absolute values, since S and D are (scalar)
multiples of each other. Hence, one has to solve

1 1 1
DI = (S| = m)e=r + o IS]er = £28D, (3.74)

for |S|, i.e., to invert fé“. In case q%l € {%,1,2,3,4}, which is equivalent to q €
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(b)

{%, %, %,2,3}, this is possible explicitly, since it comes down to solving a polynomial
equation of degree < 4. For other q € (1,00) one has to use computational methods to

invert the function.
~k
Overall, the function 8 : RZX4 ' R is then given by,

sym, sym,
= €H)~1D) if ID| < Lrihe
(F’;)_l(D) else,
and recall that (€)~1(D) = k9~ 2|D|? %D, if D € Rg;n‘io\{O} and (EF)~1(0) = 0.
Now let us consider the graph A C Rg;rﬁl X ngxn‘f, with which the implicit constitutive

relation can be identified in the general case, defined by

Ss| < 7 & D =E(T(S)),
D.S 1 .
D,5)ed {|sgy > e D= (S5 — )T 2+ E(T(S)). (3.76)

where . > 0 is given and & is defined in (3.14), see (3.18). In this case, instead of
reqularising with EX(S), as in (3.57), it is more convenient to reqularise with

E"(S) == €X(Ss) + EX(T(S)) forS =S5+ T(S) € REXd (3.77)

Sym

which splits the reqularisation of the trace part and of the deviatoric part. The approz-
imate graph

Tk r dxd dxd .
A" = {(D +E (S),s) e R x R4 (D,S) € A(z)} , (3.78)
has the same properties as A*, defined in (3.57), since the spaces Rg;rio and R‘Si;nitr

are orthogonal, see (3.13).
We want to find 8" RIxd _, Rixd corresponding to A" By (3.78) we have that

Ssym sym’

(D,S) € A if and only if (D — gk(S),S) € A. By (3.76) this means, if |Ss| < 7«, that

(3.76)

e(1(S)) "2 D~ €"(S) = D; + T(D) — €X(S;) — EX(T(S)),

which is equivalent to

D; =€), . i (3.79)
T(D) =&(T(S)) +&EX(T(S)) = (k + HE(T(S)),

since & and EF map Rg;n‘io to Rg;nio and RO to REX . Note also that by the defi-

nition & = kEX. Since E* is invertible, this means that S = S5 + T(S) = (€F)~1(Ds) +
(&M (7 T(D)).
If on the other hand |Ss| > Ty, then (3.76) shows that

(3.76)

(ISs] — T*)qlléz‘ + &(T(S)) ="D - gk(S) =D;s + T(D) — &¥(S;) — EF(T(S)).
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Similarly as before, this is equivalent to

{05 = €X(S5) + (1Ss] — )T T S,
T(D) = &(T(S)) + E¥(T(S)) = (k + 1)EX(T(S)).

The first equation corresponds to (3.73) and the second equation corresponds to the
second equation in (3.79). So then we have that S = Sy + T(S) = (F¥)~'(Ds) +

(Sk)_l(k%rl T(D)). This means that the function 8" RIxd  RIXD g given by

sym Sym

5 (D) {Ee’f)%m) HEYGRTO) i Dol < g

F¥)=1(Ds) + (€)1 (;2; T(D))  otherwise.

Recall that the inversion of €* is explicitly known, but for F]; an explicit inverse is
guaranteed only for special choices of q, see (a). Otherwise (F’;)*1 has to be approxi-
mated computationally.

Even though the calculation of 8% requires computational inversion in most cases, the
approximation is very useful in the sense that a Minty type convergence lemma is available
for all ¢ € (1, 00).

3.5. Summary and Discussion

In this chapter we have introduced and discussed the detailed assumptions on the graph A(z),
z € M, in Assumption 3.11. In particular we have seen that adding a condition on the trace
yields constitutive relations, which are automatically consistent with the thermodynamic
framework.

Then, we have introduced general assumptions on graph approximations in Assump-
tion 3.18, which includes a large class of approximations and in particular all the examples
presented here. These assumptions allow us to take the limit in the graph approximation
first and separately from the discretisation limit in the convergence proof.

Finally we have presented a range of examples of graph approximation and have investi-
gated their properties. This includes approximations of the selection function 8* in Subsec-
tion 3.4.1, based on mollification and on piecewise affine interpolation, the approximation of
the characterising Carathéodory function 1 in Subsection 3.4.2 and the generalised Yosida
approximation in 3.4.3. For both the selection-based approximations and the Yosida ap-
proximation we were able to show Assumption 3.18 for all ¢ € (1,00), whereas for the
1-based approximation we succeeded only for ¢ = 2. Furthermore, we have proved conver-
gence lemmas of Minty type for the 1-based approximation and for the generalised Yosida
approximation.

In the following Chapters 4 and 5 we will consider two situations for the convergence of a
sequence of numerical approximations to the steady and the unsteady problem, respectively:
The first is an approximation, for which the graph approximation satisfies Assumption 3.18
and the limit & — oo is taken first and separately. And the second one uses the generalised
Yosida approximation and Lemma 3.31, which allows us to take the limit k¥ — co together
with the discretisation limit. The same could be done using the -based approximation if
q = 2, but we will omit the details for this.



CHAPTER 4

Steady Case Revisited

In this chapter we want to revisit and improve the convergence results for the steady problem,
which were obtained in [DKS13a, KS16]. The main ingredient of the existing convergence
proof is a discrete Lipschitz truncation method. Convergence of a sequence of finite element

approximations to a weak solution was shown for ¢ > %, if discretely divergence-free finite

2d

743, if exactly divergence-

element spaces are used, and for the whole range of existence ¢ >
free finite element spaces are used.

Here we want to showcase some approaches to improving the previous result, which turn
out to be helpful also in the unsteady situation in Chapter 5. This includes on the one hand
a regularisation procedure allowing us to cover the whole range of existence q > % also for
discretely divergence-free finite element spaces, which in addition avoids a discrete Lipschitz
approximation. On the other hand we utilise a generalised Yosida graph approximation
presented in Section 3.4 to simplify the result in [DKS13a] and achieve a slight extension
with respect to the assumptions on the graph A.

First, in Section 4.1 we recall the problem and the notion of weak solution we are aiming
for. Furthermore, we recall and summarise the relevant notation and the estimates on
the convective term used in this chapter. Then, in Section 4.2 we introduce the levels of
approximation and give a more detailed outline of the subsequent convergence proofs in
Section 4.3: in Subsection 4.3.1 we present the approach using a regularising term and in

Subsection 4.3.2 the Yosida approximation is employed for the unregularised problem.

4.1. The Steady Problem and Notation

Let us recall the steady problem and introduce the notion of weak solution we are interested
in, cf. Section 2.1. Furthermore, we want to recall the estimates on the convective term and
its numerical approximation from Subsection 2.2.2, which are relevant for this chapter.

Statement of the Problem

Let Q C R? with d > 2, be a bounded Lipschitz domain and let f: © — R? be a given
external force. We seek a velocity field uw: Q@ — R?, a pressure 7:  — R, and a trace-free
stress tensor field S: Q — ngxncio satisfying the balance law of linear momentum and the
incompressibility condition:

diviu®@u) —divS = -Vr + f on €,

| (4.1)
divu =0 on {2,
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subject to the homogeneous Dirichlet boundary condition:

u=0 on 0f). (4.2)
The constitutive law is encoded by means of a maximal monotone graph A(x) C Rg;lg X ngxn‘f,
for x € ), via

(Du(z),5(z)) € A=), (4.3)

where A(-) satisfies Assumption 3.11. In the following we will refer to the problem consisting
of (4.1)—(4.3) as (PS).
For ¢ € (1,00) and ¢* its critical Sobolev exponent let us denote

* : 2d  3d
(% e |25 25).
1= ! : 3d (4'4)
q if g € [m, oo) ,
_ . 2qd /
=min | ————:, , 4.5
o= min (225 )
where ¢ was mentioned in Section 2.2.2 and we have that ¢ > 1 if and only if ¢ > %.

Definition 4.1 (Weak Solution to Problem (PS)).
Let Q C RY, with d € {2,3}, be a bounded Lipschitz domain. Furthermore, assume that

q € (1,00) is given and let A(-) C ngxrg X R‘Si;H‘f be a maximal monotone graph satisfying

Assumption 3.11 with respect to q € (1,00) for M = Q. For a given f € W14 (Q)? we call
(u,S,m,) a weak solution to problem (PS), if
weWyd ()7 SeL’ @™ reLiQ),

and

— (u® u,Dv)q + (S,Dv), — (dive, ) = (f,v)gq for allv € CF(Q)%, (4.6)
(Du(x),S(x)) € A(x) for a.e. x € Q. (4.7)

In Section 2.2.2 for the weak form of the convective term and its numerical modification
we adopted the notation

b(u,v,w) = — (u®v,Vw)q, (4.8)
b(u,v,w) = 3 ((uw, Vo), — (uRv, Vw)g,), (4.9)

for u,v,w € W(l]’OO(Q)d. Recall also the notation
X(Q) = WEUQ N L (@)L, with |l = Fhwnag + s o) (4.10)

and that Xg;, () denotes the subspace of solenoidal functions in X(2). Note that we have
the following embedding

W (Q) — W'(Q) — Wh(Q) N L2 (Q), (4.11)

for ¢ and @ as defined in (4.4) and (4.5), respectively. In this chapter we use the following
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estimates:
2 .
(u®@u, Vo)g| < clulyiog) Hv||w1,(7/(m ,  provided that ¢ > %, (4.12)
2 .
(u®v,Vu)g| <c ”u”WLQ(Q) H'U”Wm’(g) ,  provided that ¢ > %, (4.13)

‘E(Ua Uﬂ’)‘ < ||u|‘i2q/(g) ||U”w1,q(Q) + ||U||L2q’(g) ||'U||L2q’(g) ||'U'||w1,q(Q)
< Julko) 1lx @)

for u,v in the respective Sobolev spaces, see (2.55), (2.58) and (2.59) for the derivation
thereof.

4.2. Approximation Levels and Outline

Similarly as in [BGMS12, Sec. 3.1] let us introduce the following levels of approxima-
tion:

k € N: The implicit constitutive relation is approximated using a family of Carathéodory
functions {8%},en, which satisfy Assumption 3.18. Then the approximation of the
stress is continuous and explicit in Du.

n € N: The velocity and the pressure (u, 7) are approximated by a Galerkin approximation
based on a pair of finite element spaces (V",Q"), see Section 2.2.1. Recall that if the
velocity space V}j;  is discretely divergence-free rather than exactly divergence-free,
then the convective term is replaced by the numerical convective term b defined in
(4.9) in order to ensure skew-symmetry.

24'=2 44 is added to the equation to gain admissibility of

the approximate solutions, if ¢ < dS—fQ, and to enable us to use the bound on 5(, )

in (4.14), which do not require a restriction on gq.

m € N: The regularising term = |u|

Note that in case the selection 8* given in Lemma 3.17 is already a Carathéodory function,
the approximation in & € N can be skipped. This is in particular the case for the explicit
constitutive relations presented in Section 1.1.2. As discussed in Chapter 3 there are two
approaches to the graph approximation: One option is to consider a family of {Sk}keN
satisfying Assumption 3.18. They arise for example as sequence of approximations of a
measurable selection 8" of A, given in Lemma 3.17. If this is all the information available,
then the limit in & is taken before and separately from the other limits, using the property
(03) in Assumption 3.18. Another option is to consider the family of approximate graphs
{AF)en satisfying a Minty type convergence result. For example the generalised Yosida
approximation given in Example 3.28 is a suitable choice. The Minty type convergence
lemma, see Lemma 3.31, allows us to take the limit in k£ simultaneously with the discretisation
limit.

Without the regularising term due to the modification of the numerical convective term
the additional restriction ¢ > f—_gl is required when using discretely divergence-free finite
element functions. Furthermore, the discrete Lipschitz approximation is employed to show
the implicit constitutive relation. On the other hand, including the regularising term and
taking the regularising limit last allows us to cover the full range ¢ > % also when using
discretely divergence-free finite element functions. The additional restriction of ¢ can be
avoided by first taking the limit n — oo, where the modification term vanishes, and then
taking m — oo. Furthermore, since the loss of admissibility appears only in the limit m — oo
no discrete Lipschitz approximation is required, but a continuous one is sufficient. Note also,

3d

that for the admissible range ¢ > 713 Deither a truncation nor a regularising term are
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required.

The convergence proof for a sequence of finite element approximations of the steady prob-
lem in [DKS13a] is based on the existence proof in [BGMS09]. It uses Chacon’s biting
lemma and the fundamental lemma of Young measures, and to show strong convergence of
the symmetric gradients a generalised strict monotonicity property of A is assumed. Since
no regularisation is used a discrete Lipschitz approximation is introduced in order to show
the implicit relation and the restrictions ¢ > % for exactly divergence-free finite element

spaces and ¢ > % for discretely divergence-free finite element spaces arise from the con-
vective term and its numerical modification. The approximation of the graph is based on a
mollification of a selection function, as in Example 3.20 and the limits corresponding to the
graph approximation and the discretisation are taken simultaneously.

In [KS16] convergence (up to subsequences) of a sequence of adaptive finite element ap-
proximation to a weak solution is shown for ¢ > % and under more restrictive assumptions
on the graph approximation, see [KS16, Sec. 7].

Options regularisation
steady problem with without
general k,n,m k,n
graph Subsection 4.3.1
approximation
Yosida (k,n),m (k,n)
Subsection 4.3.2

Fig. 4.1: Options for the approximation levels for the steady problem

Altogether there are four options to take the limits, two of which we want to present, see
Figure 4.1:

In Subsection 4.3.1 we will consider the three approximate levels (k,n,m) € N? and take
them successively in the order k — oo, n — oo and finally m — oo. The convergence result
in Theorem 4.2 extends the result in [DKS13a] in the sense that the convergence holds for the
full range of ¢ > % also for discretely divergence-free finite element functions, A need not
be strictly monotone anymore, and more general graph approximations are allowed.

In Subsection 4.3.2 we deal with the two levels of approximation (k,n) € N and we will take
the two limits together, reproving the result in [DKS13a] in Theorem 4.10. However, using
the generalised Yosida approximation instead of an approximation based on mollification as
presented in Example 3.20 and used in [DKS13a] simplifies the proof and allows for slightly
more general assumptions in the sense that A is not required to be (generalised) strictly
monotone.

4.3. Convergence Results

Let us now show convergence (up to subsequences) of the sequence of solutions to the re-
spective approximate problems to weak solutions of the steady problem. Existence follows
from a fixed point argument and is straightforward since 8* is a Carathéodory function for
each k € N. Then, for each limit taken, a priori estimates allow us to extract weakly con-
verging subsequences, compactness yields strong convergence and the limiting equations can
be identified under suitable conditions on the exponent gq. The key step in the proofs is the
identification of the implicit relation.
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4.3.1. With Regularisation

Here we include all three levels of approximation k,n, m € N and take the limit successively.

Splitting the limits £k — oo and n — oo allows for general graph approximations satisfying

Assumption 3.18. Taking the limit k& — oo first means that afterwards the approximate

solutions satisfy the implicit relation formulated with the original graph A and in the limits

n — 0o, m — oo the Minty Lemma 3.16 is used. Due to the presence of the regularising

term the approximate solutions are admissible in the first two limits and then (4.14) can
3d

be used. Note that this is only required for ¢ < #% but we present the proof for ¢ €
2d

a+2>
then the modification of the convective term has vanished already, so that estimate (4.12)
can be applied. Since then we are in the continuous situation, the continuous Lipschitz
approximation in Lemma 2.12 and the corresponding divergence correction in Lemma 2.13
are applied to show the conditions for the Minty Lemma.
For u,v € V" let us introduce

oo) to avoid distinguishing cases. Only in the limit m — oo we loose admissibility, but

Lk,mm[u; U] — g(u,uﬂ)) + <Sk(, Du)’ DU>Q + % <’u‘2q/_2 u, ’U> fa U)Q 5 (4.15)

6 ¢

for k,n,m € N, where 8" satisfies Assumption 3.18 and g(, +,+) is introduced in (2.50) and
recalled in (4.9).
The mixed formulation for the approximate problem can be formulated as follows.

Approximate Problem:

For k,n,m € N find (U™ gknmm) € V7 x QF such that
Lrrmgknm, ) = <div V,ﬂk’"’m>9 for all V € V", (4.16)

<div yhnm, Q>Q —0 for all Q € Q. (4.17)

Using the definition of V}; and (4.17) for UR™™ as well as testing with W e Vi, leads to
the decoupled problem.

Decoupled Approximate Problem:
For k,n,m € N find UF™™ ¢ Vi, such that

LErmugknm. Wi =0 for all W € V7. (4.18)
For k,n,m € N and given U*™™ ¢ Vi, find ghmm ¢ Qf such that

Lrrmgkam, ) = <divV,7rk’"’m>Q for all V € V™. (4.19)

To simplify the notation we shall write

phmm ;)—>—> v strongly in X, as k — oo, n — 00, m — 00, (4.20)
n m

for the fact that the limits k,n, m are taken successively in the order of indexing (from left

to right) and the space X describes the weakest topology of the three limits. We will use the

corresponding notation for weak and weak™ convergence.
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Theorem 4.2 (Convergence in the Steady Case with Regularisation).

In addition to the assumptions of Definition 4.1, let 8% satisfy Assumption 3.18 with M = Q.
For the finite element approzimation let Assumption 2.18 on the domain and on the family of
simplicial partitions be satisfied. Let V™, V3, and Qf be as introduced in (2.30), (2.32) and
(2.33), respectively, and assume that Assumption 2.21 as well as Assumption 2.23 (i), (ii)
are satisfied.

Then, for all k,n,m € N there exists a UP™™ ¢ Vi, and a rhnm e QB satisfying (4.18),

(4.19). Moreover, if q € <d+2,

ing to Definition 4.1 such that with q as defined in (4.4) (up to non-relabelled subsequences)
one has that

, then there exists a weak solution (u,S, ) of (PS) accord-

Ukm™ 5w strongly in LP(Q)Y, for all p € [1,q%),

kE nm

5 . 1, d
Uhkmm gy weakly m WO q(Q) 9

k nm

8F(., DU ™) =~~~ 8 weakly in LY ()4,

kEk nm

NN weakly in L‘7(Q),
E nom

as k — oo, n — oo and m — 0o, when taking the limits successively.

The proof of this theorem relies on the Lemmas 4.3-4.8, stated and proved below, where
the most challenging part is the identification of the implicit relation after each limit.

Limit £ — oo

The existence proof follows from a standard fixed point argument. Taking & — oo we
stay in the finite-dimensional setting and hence all bounds are straightforward and strong
convergence of the symmetric gradients is obtained. Thus, the identification of the implicit
relation relies on the properties of the sequence {Sk }ren according to Assumption 3.18, cf.
[BGMS12].

Lemma 4.3 (Existence of Approximate Solutions and Convergence k — 00).
For each k = (k,n,m) € N? there exists a pair (U",7%) € V1 x QF, which satisfies (4.18),
(4.19). Furthermore, there exists a constant ¢ > 0 such that we have that

K K q,
T+ 81000

||U”|\ o) T em) [ pa@) < ¢ (4.21)

L24(
for all k = (k,n,m) € N3, where g is defined in (4.5).
Also, for each v := (n,m) € N? there evists a U” € V%, a7 € Qf, an S € L=(Q)™¢ and
subsequences such that

Ut - u strongly in C(Q)%, (4.22)

DU — DU  strongly in L ()44, (4.23)
VUM - VU  strongly in L= Q)% (4.24)
8k(.,DU*) —~ §¥ weakly in LY ()¢, (4.25)
Y= strongly in L*°(Q), (4.26)

as k — oo.
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Proof.
Step 1: A priori estimates
Testing (4.18) with W = U" € V1, for = (k,n,m) € N3, we obtain
(85, DUS),DU) -+ UM, ) = (£, 0", (4.27)
since the term involving b vanishes due to the skew-symmetry of b(U", -, -), see (2.50). By the
properties of 8% according to Assumption 3.18 (02) and Korn’s and Poincaré’s inequalities
we obtain

(8"(,DU),DU™) = ~[gly1(q) + & ( U™y + | 8- DU)

q/
. 4.2
" (m) (4.28)

On the right-hand side of (4.27) we use duality and Young’s inequality with e > 0 to obtain
(F,U%)q < |Flw-ra @) U lwrag) < cle )||f||W vy T ENU o - (4.29)

Inserting both (4.28) and (4.29) into (4.27) and choosing € > 0 small enough yields

!

K k K U*
IO ey + |84 DU| L )+ o 0 1 g <

<, (4.30)

for any xk = (k,n,m) € N3.
Let {W;}jeq,....d,) With d, € N be a basis of lev, which is L2-orthonormal (e.g., by the

Gram-Schmidt method). We can write U" = J”I afW; e Vg for o € R, By the

L2-orthonormality we have that

2
dn
”UH”L2(Q ZO‘RW = Z(O‘?)2 ”Wj”i?(g)
2@ = (4.31)
dn dn
]6{17"'7d"} j:1 j:1

This implies with the equivalence of norms on finite-dimensional spaces that

d . .
- (4.31) (4.30)
@ P =) (@) < ) |U iz < e(n) U [jragy < cln), (4.32)

j=1
for all kK = (k,n,m) € N3, where in the last step we have used the a priori estimate (4.30).
Hence {a*"} ey is bounded in R for each v = (n,m) € N2.
In order to estimate L*[-;-] introduced in (4.15) with xk = (k,n,m) € N? let u,v € X()
be arbitrary. By the estimate (4.14) on b(-, -, ), by Holder’s inequality and duality of norms
one has

L s ]| < (uu|\i2q,(m + Hsk(.,ou)HLq,(

#flworaie) ohyiay
(4.33)

2q’'—1
- (Hulaw o Pohwsogy + o 1el2827 ) Pl
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Considering w = U" and using the a priori estimate (4.30) in (4.33) yields
L9 0%50]| < e(m) (Iolwraay + 1lerg)) < em) ol ) (4.34)

for all & = (k,n,m) € N3, where we have used the embedding W' () < Wh4(Q)NL2 (Q),
see (4.11). By the discrete inf-sup condition in Lemma A.4 and the equation (4.19) it follows
that

(4.34)
|7 |z < cILFU w130 < clm), (4.35)

for all k = (k,n,m) € N®, which together with (4.30) implies (4.21).

Step 2: Existence of (U", %), k = (k,n,m) € N
To establish the existence of the approximate velocities we use a consequence of Brouwer’s
fixed point theorem, since we are in a finite-dimensional setting. First, for any fixed k =
(k,n,m) € N> we are seeking o € R% such that U* = 2?21 afW; solves (4.18), where
{Witieq1,..d,y is a L2-orthonormal basis of V%, . With

dn
F:R% 5 R& F(a)= (L” (Z aiWi;WJ)) ,
G=1,....dn

i=1

this means that we want to solve F(a”) = 0. Since the term including b is quadratic in
U~ 8" is continuous in its last argument by Assumption 3.18 and the regularising term is
continuous in U”, and U" is linear in a®, we have that F' is continuous in . Furthermore,
setting U = 2?21 a;W; € Vi we find that

1 /
F(a)-a=bU,U,U)+(8"(.DU).DU) +— U, —(f. U)o

The skew-symmetry of b implies that the first term on the right-hand side vanishes and the
other terms we can treat similarly to (4.28) and (4.29) to obtain

1
Fla)-aa>—-¢c+ 3 ”DU”%q(Q) ,

where the constant ¢ > 0 can be assumed to be > 1. With the estimate in (4.31), the equiv-
alence of norms on finite-dimensional function spaces and Poincaré’s and Korn’s inequality
we have that

(4.31)
ol < e(n) U]z < en) [Ulyraga) < ) DUy

Hence, for all @ € R% such that |a| = R := % we have that
Fla) -a>0.

This means that F' is everywhere outward normal, and thus, as a consequence of Brouwer’s
fixed point theorem, has a zero in Bp(0), compare [GD03, § 5.7, (G.7), p. 104]. So the
existence of UR™™ is proven.

For a given U*™™ solving (4.18), by the estimate (4.34) on LF™™[U*™™; ] the existence
of a unique (discrete) pressure ™™ solving (4.19) follows from Corollary A.5.
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Step 3: Convergence as k — oo
Let v := (n,m) € N? be fixed. By (4.32) {a**}ren is bounded in R% . So by the Bolzano—
Weierstraf theorem there exists a (not relabelled) subsequence such that

o 5 a¥ iR ask — oo (4.36)
Setting U” := Z;lil oW € Vi, we have that
Ut — uv strongly in C(Q)%, (4.37)
DU*” — DU  strongly in L°°(€Q)%*¢, (4.38)
VU — VU  strongly in L (€Q)%*¢, (4.39)
as k — oo.

By the a priori estimate (4.21), uniformly in k, the (sequential) Banach—Alaoglu theorem
allows us to extract a weakly converging (non-relabelled) subsequence such that

1

8F(-,DU"") =S¥  weakly in LY (Q)%*¢, (4.40)
7V ¥ weakly in LI(Q), (4.41)

as k — oo. For each n € N the space Q C Lg(Q) is finite-dimensional, so the convergence is
strong in L7(2) and by the equivalence of norms on finite-dimensional spaces (4.26) follows.
Since Q is closed, we have that 7 € Qf.

O]

Note that U*™™ solving (4.18) is in general not unique. But for any k,n,m € N we select
one function U*™™ and the corresponding pressure %™
For w,v € V" let us introduce

1 /
L [u;v] == b(u,u,v) + (8”,Dv)g + — <|u\2q -2 u,'v>Q —(f,v)q, (4.42)
m
for any v = (n,m) € N2, where S” is given in Lemma 4.3.

Lemma 4.4 (Identification of the PDE as k — o).
Let v == (n,m) € N? be arbitrary but fived. The functions U¥ € V% 7 € QF and
S¥ € LY (Q)™? from Lemma 4.3 satisfy

LU V] = (divV, 7% for all V € V™, (4.43)
(DU (x),S"(x)) € A(x) for a.e. T € Q, (4.44)
for all v = (n,m) € N2,

Proof. Let v = (n,m) € N? be arbitrary but fixed.

Step 1: Identification of the limiting equations
For V. € V" let us consider LF*[U%"; V] and L*[U¥; V], defined in (4.15) and (4.42),
respectively, term by term: The convergence of U®™™ in C(Q)¢ due to (4.22) implies that
Ur" @ U — UY @ U” strongly in L'(Q)9%9, as k — oo. Since VV € L®(02)?*? we obtain

<U’“’” ® U™, vv>Q S (U QUY,VV)y, ask— . (4.45)

'We refer to the sequential version and omit the “sequential” from now on.
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By (4.24) we have that VU — VU in L®(Q)%? and (4.22) implies that U @ V —
U’ ®V in L®(Q)%*? hence we have that

<U’“’” QV, VU’W>Q S (U QV, VU, ask — . (4.46)
So taking (4.45) and (4.46) together, yields
bUR UM V) = b(UY, U, V), ask— oco. (4.47)

Noting that DV e L°(Q)4, using the weak convergence of 8*(-,DU*¥) in LY (Q)?*? due
to (4.25) shows that

(8"(.DU*").DV) —(§".DV)q. ask— . (4.48)

Furthermore, the strong convergence of U*" in (4.22) implies a.e. convergence of a sub-

sequence of U and consequently a.e. convergence of % ‘Uk”’ |2q/72 U"Y. Thus, we find
that
1 2¢'—2 1 ,
- <‘U’“” Uk, V> o <|U”|2q 2y, V> . ask — oo (4.49)
m Q m Q
Taking (4.47)—(4.49) yields that
LU, V) = LV(UY; V), as k — oo, (4.50)

for any V € V" and all v = (n,m) € N2, By the strong convergence of 7% in L*°(Q) by
(4.26) and the fact that divV € L*>°(Q) it also follows that

<div V,Trk’V>Q S {divV, 1), ask — . (4.51)

Now the convergence results (4.50) and (4.51) applied in (4.19) yield (4.43).

Step 2: Identification of the implicit relation
It remains to show the implicit relation in (4.44), which relies on the strong convergence of
DU*" — DU" and the properties of 8* stated in Assumption 3.18.
Since the sequence {DU**} oy is bounded in L (Q)?*? by (4.23), it follows by the Assump-
tion 3.18 (03) that for all ¢ € C§°(€2) such that ¢ > 0 and for all matrices B € ngxrff we have
that

0 < lim inf <5'f(-, DU*Y) — 8*(-,B), (DU — B)(p>Q . (4.52)

k—o0

By the strong convergence of DU in (4.23) and the weak convergence of 8¥(-,DU*") in
(4.25) we have that

(8*(.DU*") —8*(-,B), (DU ~B)p) — (5" ~8'(~B), (DU ~B)p)g.  (4.53)

as k — oo. With (4.52) this implies that for all ¢ € C7°(€2) such that ¢ > 0 and for all

matrices B € ngxn‘f we have that

0< (S — 8*(-,B), (DU” — B)y),, - (4.54)
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By Lemma 3.17 (S4) this allows us to conclude that
(DU"(x),S"(x)) € A(x) for ae. x €,

which finishes the proof. O

Limit n —

To gain compactness the restriction g > d +2 is required. Also we need the assumptions on
the finite element setting, phrased in Theorem 4.10. The implicit relation can be identified
by means of the Minty type convergence result. Due to the presence of the regularising term
the approximate solutions are still admissible and hence energy identities can be used to
verify the assumptions of the convergence lemma.

Lemma 4.5 (Convergence n — 00).
Letv = (n,m) € N> and let U” € V% , 7 € Qp, and S” € L>=(Q)¥? be solutions to (4.43),
(4.44). Then, there exists a constant ¢ > 0 such that we have that

HUZ/ q

oy + | T e(m) |+ |y < c. (4.55)

S o+ U1
for all v = (n,m) € N2,

Furthermore, with q as defined in (4.5), for each m € N there exists a u™ € Xgiv(2), a
™ € LY(Q), an ™ € LY (Q)?*¢ and subsequences such that

urm —a™ strongly in LP(Q),
for all p € [1,max(2q, ¢%)), (4.56)
uvm —au™ weakly in W(l)’q(ﬂ)d N L2 ()¢, (4.57)
smm M weakly in LY (Q)¥7, (4.58)
U202 gnm s |22y weakly in L9 ()9 (4.59)
T weakly in LI(S2), (4.60)
as n — 0o.
Proof.

Step 1: Estimates B
Testing (4.43) with V' = U"” € V}, considering the skew-symmetry of b(-,,-) and noting
that the pressure term vanishes, one has that

(8",DU"), + HUV”L2‘I =(f,U"), for any v = (n,m) € N% (4.61)
By the same estimates as performed in (4.28), (4.29), where the bounds on (§”,DU"), now

follow by Assumption 3.11 (A3) with the fact that (DU",S") € A(-) a.e. in 2 by (4.44), it
follows that

IU” o) + 18" 1) + HU”HLQq @ =6 (4.62)
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for any v = (n,m) € N2. Exactly as in (4.33) and (4.34) we obtain

LU 0)) < em) (ol + 0l o)) < clm) ol (4.63)

for all v = (n,m) € N2. As in (4.35) by the discrete inf-sup condition in Lemma A.4 and
the equation (4.43), we obtain

(4.63)
||7TV”L€(Q) SC”LV[Un’m;‘Nw—Lﬁ(Q) < ¢(m), (4.64)

for all v = (n,m) € N2, which together with (4.62) implies (4.55).

Step 2: Convergence as n — 00
By the uniform estimates from Step 1, the convergence results in (4.57)—(4.60) follow us-
ing the Banach—Alaoglu theorem. For (4.56) compactness of the embedding Wh4(2) ——
LP(Q), for all p € [1,¢*), and interpolation between LP(Q)? and L7 (2)? is used.

The proof that w™ is divergence-free follows as in [DKS13a, p. 1001]: Let h € L (€2) and
note that by the Assumption 2.21 it follows that IIgh — h in particular in LY (Q), see (2.37).
By (4.57) one has that divU™™ — divu™ weakly in L(€2), and hence

<div umm, H&h>9 — (divu™, h)g, asn— oo. (4.65)

Since U™™ € VJ,, the left-hand side vanishes for all n € N, and hence it follows that
(divu™, h)g, = 0 for all h € LY(Q), so u™ is (weakly) divergence-free.

For each n € N we have that 7™ € Qf and 1 € L (Q), since Q is bounded. With the weak
convergence of 7™ in L7(Q) according to (4.60) we have that 0 = (1, 7™™),, — (1,7™), as
n — oo, and hence (1,7™), = 0, so 7™ € LI(Q). O

For u € L2 (Q)% and v € X(Q), let us introduce
L fuzv] = b w) + (8™, Do)y + — (Julf 2u,v) — (f.0)g (4.66)
) y Yy ) (9] m ) Q ) )

for m € N and S™ given by Lemma 4.5 and b(+, -, -) as defined in (4.8).

Lemma 4.6 (Identification of the PDE as n — 00).
The limiting functions u™ € Xqiy(Q), 7 € LI(Q) and S™ € LI (0)? from Lemma 4.5
satisfy
L™u™; 0] = (dive, ™) for all v € C(Q)?, (4.67)
(Du™(x),S™(x)) € A(x) for a.e. T €Q, (4.68)

for all m € N.

Proof. Let m € N be arbitrary but fixed.

Step 1: Identification of the limiting equation
Let v € CP(Q)? and recall that by Remark 2.24 (i), for any s € [1,00), we have the
convergence

I"v — v strongly in Wy*(Q)%,  asn — oo. (4.69)
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One can show with the convergence results in (4.56)—(4.59) that
Lot ") — LMu™;v],  asn — oo, (4.70)

considering the expressions term by term. We will demonstrate the argument only for the
convective term, since this term contains the main difficulty:

Since ¢* > 2, whenever q > f—fz, by (4.56) there exists a p > 2 such that U™™ — 4™ in
LP(Q)% as n — 0o, and hence U™ @ U™™ — 4™ ® w™ in L*?(Q)%? as n — oo. Since
£>1, (4.69) holds for s = (B)I € (1,00), so we have that VII"v — Vo in L#/2' (Q)94 and

2
hence
(Urmeu™™m VII"v)g = (U™ @u™,Vv)g, asn— . (4.71)

Furthermore, we have that VU™™ — Vu™ converges weakly in LI(Q)%*? by (4.57), and
again by (4.56) there exists a p > ¢’ such that U™™ — u™ in LP(Q)?. Then, there exists
an s € (1,00) such that é + % +1 =1, and with (4.69) we have that II"v — v in L*(Q)%.
Together these yield

(U™ o II"v, VU)o = (u™ @v,Vu'™),, asn— oo. (4.72)
Taking (4.71) and (4.72) together shows that
pU™™, U™ M) — b(u™, u™, v) = b(u™,u™, v), asn — oo, (4.73)

and the equality holds, because u™ is divergence-free, see (4.9).
Similarly, the weak convergence of 7™ — 7™ in L(2) by (4.60), implies with ¢ > 1 and
(4.69) that

(divII"v, 7™ = (dive,7™)g, asn — oo. (4.74)

Now (4.70) and (4.74) allow us to deduce (4.67) from (4.43). By density we can test with
v € X() in (4.67). In particular ™ € Xgiy(€2) is an admissible test function and testing
with it yields the energy identity

m m 1 m ! m
(8", Du)g + — w5, o) = (fu")g. (4.75)

Here b(u™, -, ) and the pressure term vanish since u" is divergence-free.

Step 2: Identification of the implicit relation (cf. [BGMS12])
Since we have weak convergence of DU™™ in (4.57) and of S™™ in (4.58) as well as the
implicit relation (4.44) for (DU™™,S™™), by the Minty Lemma 3.16 it is enough to show
that

limsup (8™, DU™™), < (8™, Du"™), (4.76)
n—oo
in order to conclude that (4.68) holds.
To show (4.76) we proceed similarly as in [BGMS12, p. 2784] using the energy identities
for U™ in (4.61) and for «™ in (4.75), which is available since ©™ is still admissible. Taking
both energy identities into account and using the fact that U™™ — u™ weakly in W14(Q)¢
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and in L29' (Q)? by (4.58) and the lower semicontinuity of the norm we obtain

limsup (8™, DU™™), (5D i sup <<f, U™ ||U" m||L2q )
: n,m 1 n,m
< hrILn—>Solc1>p (F,.U > - hnnl)gf —|u™ ||L2q () (4.77)
m 1 m (4. 70 m
< (g~ = 2 o O (67 D,
This proves (4.76) and hence (4.68) is shown. O

Limit m — oo

Since the limit in n is already taken, the modification of the convective term has vanished.
Here the limiting function will not be an admissible test function in the equation anymore.
In order to identify the constitutive law an approximating sequence of admissible functions
is considered, which is where the Lipschitz truncation method is used. Then we can again
use a localised version of the Minty lemma to prove the implicit relation.

Lemma 4.7 (Convergence m — o0).
Let u™ € Xqiy (), 7™ € LI(Q) and S™ € LI (Q)?*¢ be solutions to (4.67), (4.68), form € N.
Further, let q be defined by (4.4).
Then, there exists a constant ¢ > 0 such that we have that
/ 1

™ iy + 151 iy + o 120 )+ 1T iy < (4.78)
for all m € N. Furthermore, there exists a u € VV0 dw(Q)d, ame Lg(Q)d, an'S € L (Q)dxd
and subsequences such that

u™ = u  strongly in LP(Q)Y,  for allp € [1,q"), (4.79)
u™ —u  weakly in W0 49, (4.80)
S™ ~S  weakly in LY (Q)?*9, (4.81)
" —m  weakly in Lg(Q), (4.82)
1 / AY
- w2 2w =0 weakly in L34 (Q)7, (4.83)
as m — oo.
Proof.

Step 1: Estimates
The first three terms in (4.78) can be estimated as in (4.62) starting from the energy identity
(4.75).

For the estimates on L™ as defined in (4.66) note that we do not have uniform (in m)
bounds in the LQq/(Q)—norm and that the numerical modification of the convective term is
not present anymore Hence, instead of estimate (4.14) we apply estimate (4.12), which holds
provided that ¢ > 24 +2 The other terms are estimated as before in (4.33) and (4.63). Using

the estimates on the first three terms in (4.78) and the embedding W (Q) — Wbhe(Q) N
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L2¢'(Q) in (4.11) we obtain

(4.12)
Lol < By 1oy o) + (nsmnm/(m 1 w1 o) Polwiag)

2q’ 71

1

< ¢ (ol o) + uvuwl,q(m FI0lary) < Tl o)

for all m € N. With the continuous inf-sup condition in Lemma A.4 and the equation (4.67)
we have that

. — (4.84)
|7 [ ey < cIL™ ™ Jlw-130) < ¢ (4.85)

for all m € N. This finishes the proof of (4.78).

Step 2: Convergence as m — 00
The uniform estimate (4.78) allows us to use the Banach—Alaoglu theorem to extract sub-
sequences such that (4.80)—(4.83) hold. By compactness also (4.79) follows and the limit in
(4.83) can be identified with 0.

Furthermore, since the respective functlon spaces are closed with respect to the associated
weak convergences, we have that u € VV0 dw(Q)d and T € L{(9). O

For u € W(l)’q(Q)d and v € Wé’a(Q)d, with g defined in (4.4), let us introduce
L[u7 U] ::b(uv u, ’U) + <57 DU>Q - <-f7 U>Q ’ (486)

where S is the limiting function introduced in Lemma 4.7.

Lemma 4.8 (Identification of the PDE as m — 00). -
The limiting functions u € Wo &), S € LY(Q)™4 and 7 € LE(Q) from Lemma 4.7 satisfy

Liu;v] = (dive,m)q  for allv € CF(Q)4, (4.87)
(Du(x),S(x)) € A(x) for a.e. x € Q, (4.88)

i.e., (u,S,m) is a weak solution according to Definition 4.1.

Proof.

Step 1: Identification of the limiting equation
With the convergence results in (4.79), (4.81)—(4.83) it can be shown that (4.87) follows from
(4.67). The most difficult term is the convective term and thanks to (4.79) and the condition
q> %, which is equivalent to ¢* > 2 we know that u™ @ u™ — u®u strongly in L' (Q)?*?,
which allows us to take the limit in the convective term. N

Note that the test functions in (4.87) can be extended to v € W(l)’q/(Q) but for ¢ < d+2

we have that ¢ > ¢, and the function u € VV0 2.(92)% is not an admissible test function.
Step 2: Identification of the implicit relation (compare [BGMS09, BGMS12])

Note that Du™ — Du weakly in L(Q)%*¢ by (4.80) and " — S weakly in L (Q)?*? by

(4.81) and (Du"™,S™) satisfy the implicit relation by (4.68) a.e. in Q. By Lemma 3.16, one

has to show that

limsup (5™, Du™)g < (S, Du)g, (4.89)

m—ro0
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for a set  C Q, to conclude that (Du,S) satisfies the implicit relation a.e. on Q.

Because u is not admissible in the equation (4.87) for ¢ < d3—f2 there is no energy identity
available to be applied on the right-hand side of (4.89). Thus, the function w has to be
truncated in a suitable manner to identify the implicit relation. As in [BGMS09, DMSO08]
we use a divergence-corrected version of the Lipschitz approximation, which is summarised
in Lemma 2.13. This has the advantage that the pressure term in the equation vanishes.

We aim to truncate the sequence v := u" — wu, to obtain a sequence which we can use
as test functions in the equation (4.67). Recall that v™ — 0 weakly in Wé:giv(Q)d by (4.81)
and each v™ is weakly divergence-free. We will apply Lemma 2.12 and Lemma 2.13 to show
that

lim [(S™ — 8*(-,Du)) : (Du™ — Du)]"? dz = 0. (4.90)
m—00 0
and the exponent 1/2 is used to control the size of the “bad” set, which is where v = u™ —u
and its truncation do not coincide.

The monotonicity of A and the fact that (Du,8*(-,Du)) € A(-) by the definition of the
selection 8* and (Du™,S™) € A(-) a.e. in Q by (4.68) imply that the liminf,, ,~ is non-
negative. To show the other inequality, we denote H™ := (§™ — 8*(-,Du)) : (Du™ — Du) > 0
and let By, ; C Q and {v™7},, jen be given by Lemma 2.12 and let {w™7},, jen be given
by Lemma 2.13.

Splitting the domain and applying Holder’s inequality gives

1/2 1/2
/(Hm)l/2 de < |Bm,j|% (/ H™ da:) + |Q\Bm]|% (/ H™ da:)
Q Bin,j Q\Byn

| 1/2 L 1/2
< (Bt ([ amae) el ([ el
9 N\By s

where we have used the non-negativity of H™ in the first term. Because H™ is bounded in
L(Q) by the estimate (4.78), we obtain

(4.91)

N

/(Hm)édeC!Bm,ﬂ%%—c / H™dx for all m,j € N. (4.92)
T B

By Holder’s inequality, Lemma 2.12 (ii) and since Ay, ; > 1, we find for the first term that

c @

Bmj| = H]IBWJHLI(Q) < CH]IBm,j ”Lq(ﬂ) < Am.j H)‘m:jﬂﬁm,j HLq(Q) < 2o, (4.93)
for all m € N. In the second term in (4.92) we use Lemma 2.12 (i), which states that
on Q\B,, ; the approximation v™J and v™ agree. Splitting the domain of integration and
adding and subtracting the term (§™ — 8*(-,Du), Dw™7) , yields

—~

m _ m * m i) m m,j
/Q\gm’jH da = (8" — 8°(-,Du), D)5 =2 (S™ — 8*(, D), Dv™ ),

= (S = 8"(-,Du),Dv™ ) = (S = 8*(,Du), Do g, )
(8" D™ ), — (87(Du). D), (4.94)
+ <Sm — S*('v D’LL), Dv™ — Dwm7j>ﬂ
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— (8™ — 8*(-,Du), D’Um’j]lgm’j>
=I1-1I+1III-1IV.

Q

Since Du € L9(Q)%? by Lemma 3.17 (S3) it follows that 8*(-,Du) € LY (Q)%¢. The
sequence S™ is bounded in L7 (Q2)%*¢ uniformly in m by (4.78), and so is S™ — 8*(-,Du).
Thus in the terms III and IV, by Holder’s inequality, the uniform bounds, and applying by
Lemma 2.13 (ii) in the first term and Lemma 2.12 (iii) and (ii) in the second term, we obtain
that

LI + [IV] < [S™ = 8*(-, Du) | g (HD”m’j - Dwm’jHLq(Q) +[Dv™ s, HLq(Q))

lLag) T 1PV [y 12,0, ”Lq(g)) (4.95)

_1
)§c2 7,

<ec (HD'vm’j — Dw™J

iy
<c (2 ¢+ Am,j H]]'Bm,j HLq(Q)
for all m,j € N.
Since 8*(-,Du) € LY (Q)%*? and since for any fixed j € N we have that Dw™ converges
to zero weakly in LI(Q)9*? as m — oo, by Lemma 2.13 (iii), we obtain for the second term
in (4.94) that

lim II= lim (8*(-,Du), Dwm’j>Q =0 for any fixed j € N. (4.96)
m—0o0 m—ro0
Since w™J € Wé’iiv(Q)d for any s € (1,00) by Lemma 2.13 (i), in the first term in (4.94) we
can use the equation (4.67) to find that

I= (S™ Dw™i),

A 1 a A ‘
b ™) o (R W) (fem),

where the pressure term vanishes thanks to the solenoidality of w™7. Let j € N be fixed and
consider the limit m — co. By Lemma 2.13 (iii) w™7 converges to zero weakly in Wé’q(Q)d,
so that the last term vanishes since f € W14 (Q)?%. In the second term we use that w™J
converges to zero strongly in L27 (Q)¢ by (iii), and that 1 \um|2q/_1 u™ converges to zero
weakly in L(2¢)(Q)? by (4.83); so that the second term vanishes, as m — co. Recall, that
(4.79) implies that u™ ® u™ — u ® w in LP(Q)9*? for all p € [1,4°/2), as m — oo. Since
q > % is equivalent to ¢* > 2, there exists a p > 1 for which the convergence holds. By
Lemma 2.13 (iii) we have that Vw7 — 0 weakly in L” (Q)%? as m — oo and the first

term vanishes, as m — oo. Altogether we have that

lim I= lim ($",Dw™/), =0 for any fixed j € N. (4.98)

m—o0 m—r0o0

Applying the results (4.95)—(4.98) in (4.94), then applying lim sup,,_, ., yields that

(4.94)
limsup/ H"dz < lim |I|4+ lim [II| 4 limsup (|III| + |IV])

m—00

(4.99)
<0+¢277 for any fixed j € N.
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Finally using this and (4.93) in (4.92) implies that

N

(4.92) .
limsup/ (Hm)% dez < climsup |3m,j]% + clim sup (/ H™ dx) <c273 (4.100)
Q N By

m— 00 m—00 m—00

for any j € N, where we have used the fact that limsup,, ., (a™)"? < (limsup,, ., am)l/ 2,
for any sequence {a"}nen C R>p. Since j € N is arbitrary, we can apply lim SUP;j 00

to both sides of (4.100), and the claim in (4.90) is shown. This means that (Hm)% -0
strongly in LY(Q), as m — oo. However, to show (4.89) we need L!-convergence of H™ at
least on suitable subdomains. This can be achieved by use of Chacon’s biting lemma, which
was applied to prove Lemma 2.17. Recall that {H™},,en is bounded in LY(Q) by (4.78)
and hence Lemma 2.17 shows that there is a non-increasing sequence of measurable subsets
E; C Q, i€ N, such that |E;| — 0, as i — oo, and

H™(xz)dx = (8" — 8*(-,Du),Du™ — Du)q\ p, > 0, as m — oo, (4.101)
O\E;

for any fixed i € N. With the weak convergence of $™ — § in L? (Q)?*? by (4.81) and the
weak convergence of Du™ — Du in L9(2)%*4 by (4.80) it follows that

lijn (8", Du")o\ g, = (S,Du)q\p, foralli € N.
This shows (4.89) for Q = Q\E;, and by the above and the Minty type Lemma 3.16 we find
that (Du(xz),S(x)) € A(x) for a.e. € Q\E;. Since |E;| — 0 as i — oo, we conclude that
(Du(x),S(x)) € A(z) for a.e. € Q. O

Remark 4.9 (Simplifications and Alternatives).

(i) In case one additionally assumes that the space V7 is exactly divergence-free, i.e.,
Assumption 2.27 holds, some arguments simplify: In this case, the convective term
does not need any modification and the proof that u™ is divergence-free in the proof of
Lemma 4.5 is trivial, since the space Wé:giv(Q)d is closed.

(i) If one works with the generalised Yosida graph approzimation A* as introduced in
Ezxample 3.28, then the limits k — oo and n — oo can be taken simultaneously without
any restriction on the relation between % and hy, see Section 4.3.2.

4.3.2. Without Regularisation (Revisited)

Here we consider the approximation levels k,n € N. Restricting our attention to graph
approximations, which satisfy the Minty type convergence result stated in Lemma 3.31, the
limits in k& and n can be taken simultaneously. This is the case for the (generalised) Yosida
graph approximation in Example 3.28. Since no regularisation is used, the relevant estimates
of the convective term and its numerical modification are the ones in (4.12) and (4.13), which
is where an additional restriction on ¢ arises from when using discretely divergence-free finite
element spaces. For ¢ < % admissibility is lost and the discrete Lipschitz approximation
in Lemma 2.29 and its divergence correction in Lemma 2.30 is applied to show the implicit
constitutive relation.
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For u,v € V" let us introduce
LF s 0] = b, u, v) + <s’f( Du),D > — (£, v)q, (4.102)

for k,n € N, where 8" is defined in Example 3.28 and satisfies Lemma 3.30, and E(, ) is
defined in (4.9). As before we arrive at the following approximate problem, which can be
decoupled.

Approximate Problem:

For k,n € N find UM" € V7. and 7%" € Qf such that

L gkn, v = <div v, w’w>g for all V € V™. (4.103)

Theorem 4.10 (Convergence in the Steady Case without Regularisation).

In addition to the assumptions of Definition 4.1 let {Sk}kzko be the sequence of Carathéodory
functions, defined in (3.59), corresponding to the generalised Yosida graph approximation
defined in Example 3.28. For the finite element approrimation let Assumption 2.18 on the
domain and on the family of simplicial partitions be satisfied. Let V", Vi, and Qf be as
introduced in (2.30), (2.32) and (2.33), respectively, and assume that Assumption 2.20 as
well as Assumption 2.21 and 2.23 (i), (iib) are satisfied.

Then, for all k,n € N such that k > ko there exists a U*™ € Vi, and a = Qp satisfying

(4.103). Moreover, if q € <d+1,oo> (orif q € <d+2,oo), in case the spaces V7, = consist of

exactly divergence-free functions, i.e., Assumption 2.27 is satisfied), then there exists a weak
solution (u,S, ) of (PS) according to Definition /.1 such that with g as defined in (4.4) (up
to non-relabelled subsequences) one has that

U™ —u  strongly in LP(Q)Y, for all p € [1,q%),
U™ ~u  weakly in W(l)’q(Q)d,
8F(-,.DU*™) =S weakly in LT (Q)¥*?,

T s weakly in LI(),

as k,n — oo (combined), without restrictions on the relation between % and the discretisation
parameter h,.

The proof of this theorem relies on the Lemmas 4.11 and 4.12, stated and proved below.
Note that Assumption 2 20 and Assumption 2.23 (iib) is used only for the discrete Lipschitz
approximation, if ¢ < d +2, otherwise Assumption 2.23 (ii) suffices. We assume that k € N
such that k& > kg without repeating this restriction.

Lemma 4.11 (Existence of Approximate Solutions and Convergence k,n — 00).

For each k = (k,n) 6 N2 there exists a pair (U",7%) € V. x Qf which satisfies (4.103).
Furthermore, if ¢ > 3 1 (and if ¢ > d+2 when the spaces VY, = are exactly divergence-free),
there exists a const(mt ¢ > 0 such that we have that

U™ 100y + |85, DUS) [

L ()

+elmLaq) < e (4.104)

for all k = (k,n) € N2, where q is defined in (4.4). Also, there exists a u € Wé:giv(Q)d, a
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T E Lg(Q), an S € LY (Q)™¢ and subsequences such that

4.105
4.106
4.107
4.108

U™ 5w strongly in LP(Q)?, for all p € [1,q%),
U™ —~u  weakly in WH(Q)4,
8F(,DU*™) =S weakly in L (Q)?*¢,

o s weakly in LI(S),

AA/_\A
~— ~— ~— ~—

as k,n — oo (combined).

Proof.

Step 1: A priori estimates
The first two terms in estimate (4.104) can be estimated as in the proof of Lemma 4.3,
Step 1, which yields

! . <c forall k= (k,n)ecN. (4.109)
Ld (Q)

”U“H%Vl,q(g) + “Sk(.jDUn)

In order to estimate L* for x = (k,n) € N? we use the estimates (4.12) on the convective
term and if the space V},, is only discretely divergence-free also estimate (4.13) on the
modification of the numerical convective term since no regularisation is present. Recall that
the first estimate holds provided that ¢ > dQ—fQ and the latter, provided that ¢ > %, which
shows that the additional restriction on ¢ is only required in the case of discretely divergence-
free finite element functions. With these estimates, applying also duality of norms, Holder’s
inequality, estimate (4.109) and the embedding Wh7 (Q) < W4(Q) (due to § > q) we
obtain that

[L* U v]] < ”UNH%VLQ(Q) HUHWM’(Q)
+ <HS’“(-,DU"‘)

(4.109)
< e (ol + o) < clohyiae.

RURET, Y J 11

for all kK = (k,n) € N2,
With the discrete inf-sup condition in Lemma A.4, applying equation (4.103) and the
estimate (4.110) it follows that

I (4.110)
HWH”LJ(Q) <c|LF[U 3‘]||w71,a(Q) < ¢ (4.111)

for all kK = (k,n) € N2. This finishes the proof of (4.104).

Step 2: Existence of (U", %), k = (k,n) € N?
The existence of U" € V7. solving the pressure-free version of (4.103) is a consequence of
Brouwer’s fixed point theorem, see Step 2 in the proof of Lemma 4.3. Given U" € Vj,,
the existence of a unique 7% € Qf solving (4.103) is a consequence of the discrete inf-sup
condition in Lemma A.4, see Corollary A.5.

Step 3: Convergence as k — 00
By the uniform estimates in (4.104) we can apply the Banach—Alaoglu theorem to obtain
subsequences such that (4.106)—(4.108) hold. Then, by compactness also (4.105) follows.
The proof that u is divergence-free and that 7 has vanishing mean integral proceeds as in
the proof of Lemma 4.5, Step 2. O
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For u € Wé’q(Q)d and v € Wé’a/(ﬂ)d, with g defined in (4.4), let us introduce
Lfu; o] s=b(u,w, v) + (5,00} — (£,0)q (4.112)

where S is the limiting function introduced in Lemma 4.11 and b is as defined in (4.8).

Lemma 4.12 (Identiﬁcation of the PDE as k, n — 00).
Provided that ¢ > d+1 (and provided that q > d+2 in case VY, is exactly divergence-free) the

limiting functions u € VV0 2.4 S e L1 and T € Lg(Q) from Lemma /.11 satisfy

Liw;v] = (dive,m)g,  for all v € CF(Q)Y, (4.113)
(Du(x),S(x)) € A(x) for a.e. x € Q, (4.114)

i.e., (u,S,m) is a weak solution according to Definition 4.1.

Proof.

Step 1: Identification of the limiting equation
Let v € CP(Q2)? and recall Remark 2.24 (i) which states that for any s € [1,00) we have
that

IMMv - v strongly in W(l)’s(Q)d, as n — oo. (4.115)
One can show that
Lk’”[Uk’”; I"v] — L[u;v], ask,n— oo, (4.116)

using the convergence results in (4.105)-(4.108) considering L*¥™ and L, defined in (4.102)
and (4.112), respectively, term by term. We will only present the argument for the numerical
convective term, since this is where the restrictions on ¢ arise from.

Since by (4.105) we have that U*" — w strongly in L?(Q) for any p € [1,¢"), it follows
that UM" @ U™ — u ® w strongly in LP(Q)%*? for any p € [1,4°/2), as k,n — co. Since
q > % is equivalent to ¢* > 2 there exists such p > 1 and (4.115) holds in particular for
s = p’. Then we have that

<Uk’" o U™, VH"U>Q - (u®u,Vv),, ask,n— oo, (4.117)

provided that g > d +2 In the case of exactly divergence-free finite element functions this is
the only restriction on ¢, since the modification of the numerical convective term vanishes,
see (2.50).

For the extra term in the numerical convective term note that by (4.106) we have that
VU"™ — Vu converges Weakly in LY(Q)4*? as k,n — oo. Again by (4.105) the convergence
Uk —> u strongly in LP(Q)? holds for all p € [1,q*). If q < ¢*, which is equivalent to
q> d+1’ then there exists an s € (1,00) such that 1 ;5 L+ 1 =1 and by (4.115) we have

that II"v — v strongly in L*(2)4, as n — co. Thus, 1t follows that
<Uk’" ® [M"v, VU’“’">Q — (u®wv,Vu),, ask,n— oo, (4.118)

provided that g > d +1’ which represents an additional restriction on ¢ when working with
discretely divergence-free finite element functions. Taking (4.116) and (4.117) together, we
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obtain
bUR™, U™ ") — b(u, w,v it
o ) = blaw ) ssnooo i 497TT (4119)
BUR" UR TM) — Bu, u,v) = b(u, u,v 1= @

where the equality in the last line follows from the the solenoidality of w.
Also the weak convergence of 78" — 7 in LI(Q2) by (4.108), implies with ¢ > 1 and (4.115)
that

<div H"’U,Trk’n>g — (dive, Ty, ask,n— . (4.120)

Then, (4.116) and (4.120) applied in (4.103) show that (4.113) holds.

Step 2: Identification of the implicit relation
As before we have that DU*™ — Du weakly in LI(Q)%*? by (4.106) and 8%(-,DU*") —~ S
weakly in LY (Q)#*¢ by (4.107). Furthermore, by the definition of 8* in (3.59) we have that
(DU*", 8% (-, DU*™)) € AF(.) a.e. in Q. Hence, we aim to apply Lemma 3.31 instead of the
usual Minty Lemma 3.16 in order to identify the implicit relation.

First let us choose a diagonal sequence such that n — oo < k — oo, and set k = k.
Furthermore, we denote

U":=U"" 8":=8" and A":=A"
Note that we do not impose any relation between h,, and k,. Once we have that

limsup (8" (-,DU"™),DU")5 < (S,Du)g , (4.121)

n—00

for a set Q C Q, then by Lemma 3.31 it follows that (Du(z),S(z)) € A(z) for a.e. = € Q.
As before for g < 5 f2 the function w is not an admissible test function in (4.113) and hence
a truncation is required. Here we need even more: In the equation (4.103) one can test only
with functions in V" and therefore a discrete Lipschitz approximation shall be used, which
was introduced in [DKS13a] and stated in Lemma 2.29. Similarly to the continuous case a
divergence-corrected version was developed in [DKS13a], see Lemma 2.30, which allows us
to consider the pressure-free version of (4.103).

Since we are working with the graph approximation in Example 3.28 the arguments need
some modification compared to the ones in the previous section, see Lemma 4.8, Step 2:
First we aim to show that

lim [ [(8"(-,DU") — 8*(-,Du)) : (DU™ — Du + £"(8*(-,Dw)))]"* dz =0,  (4.122)

n—o0 0

and recall that the function £": RZx¢ — RX4 i5 defined by

Sym sym

0 ifS=0
E™(S) = ’ 4.123
®) {éﬁns it S £0. (4.123)

with v = -1 — 1, compare Example 3.28. Since Du € L(Q)9*¢ by Lemma 3.17 (S3) it
follows that S*( ,Du) € LY (Q)%*? and then we have that

0, (4.124)

1 1
niQx(. q _ > q(y+1) — *
[€7(8™ (-, Du)) 14 q) = kn/9|8 (. Du)| dz = - |$*(-,Du)|?, @)
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as n — 0o.

Note that (Du,8*(-,Du)) € A(-) a.e. in  implies by the definition of A" := Ak~ in (3.57)
that (Du—E&"(8*(-,Du)),8*(-,Du)) € A"(:) a.e. in Q. Since also (DU",8"(-,DU™)) € A™()
a.e. in ), the monotonicity of A" according to Lemma 3.30 shows that

H"(-) = (8"(-,DU™) — 8*(-,Du)) : (DU™ — Du + £"(8*(-,Du))) > 0, (4.125)

a.e. in 2. Thus, we have that

n—oo

lim inf / (H™)'? dz > 0, (4.126)
Q

which shows one inequality of (4.122). Note also that by the estimates in (4.104) and (4.124)
we have that {H"},cy is bounded in L' ().

For the other inequality we want to use the discrete Lipschitz truncation in Lemma 2.29
and the divergence corrected version in Lemma 2.30: We aim to truncate the sequence

V?=T"U" —u) = U™ — II"(u), (4.127)

where the equality follows since II" is assumed to be a projection by Assumption 2.23. Note
that II"(uw) € V7, , because u is divergence-free and II" preserves the divergence in the
dual of Q" by Assumption 2.23 (i), and hence V" € V}, for any n € N. Furthermore, by
Remark 2.24 (i) we have that II"u — u strongly in Wh4(Q)4, as n — oco. Consequently,
with the convergence of U™ — u weakly in Wh4(Q)?, as n — oo by (4.106), it follows that
V™ — 0 weakly in WH4(Q)? as n — oo. Now let B, ; C Q and {V™7}, jen be given by
Lemma 2.29 and let {W"™7}, ey be given by Lemma 2.30.

As in (4.91), (4.92) the non-negativity of H" and the uniform boundedness of H™ in L*(£2)
one can show that

3
/(H")édwgc\Bn,jﬁ%—c / H"dx for all n,j € N. (4.128)
Q AN\By, 5

As before, by Holder’s inequality, Lemma 2.29 (ii) and since A, ; > 1, we find for the first
term that

Cc

[P, gy < €277, (4.129)

|Bn,jl < CHﬂBn,j HLq(Q) < An.i

for all n € N. For the second term in (4.128) we first split

DU" — Du + £€"(8*(-,Du)) = DU" — DII"u + DII"u — Du + £"(8*(-,Du))

(4.127)

(4.130)
= 'DV" +D(II"u — u) + €"(8*(-,Du)),

where we have used the definition of V™. Compared to Section 4.3.1 we have the extra
terms D(IT"u — w) arising from the discretisation and €"(8*(-,Du)) stemming from the
graph approximation in Example 3.28. Due to Remark 2.24 (i) and (4.124) both terms
converge to zero strongly in LI(Q)9*? as n — oo, and hence it follows that

lim (8"(-,DU™) — 8*(-,Dw)) : (D(IT"u — u) + E"(8*(-,Du))) dz =0,  (4.131)

n—oo Q\ﬁn,]

since {8"(-,DU™)} ey is bounded in L7 (2)%*¢ by (4.104) and 8*(-,Du) € LY (Q)4*,
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The remaining part of the second term in (4.128) can be dealt with as in the proof of
Lemma, 4.8 Step 2, since the properties of the discrete truncation in Lemmas 2.29 and 2.30
correspond to the properties of the continuous truncation: As in (4.94) one can find that

/ (Sn(a DU”) - 8*(', D’U,)) :DV™dx = <S"(.’ DU”)’ Dwn,j>Q
Q\Bn,;

~ (8*(-.Du),DW™), + (8"(-,.DU") — 8*(-,Du),DV" — pwnd) = (+132)
— (8"(-,DU™) — 8*(-,Du),DV™1g, ), =T—-II+II1—1V.
The terms II, III, IV are treated as in (4.95) and (4.96), respectively:
IIII| + |IV| < ¢27¢  for any n, j € N, (4.133)
lim II=0 for any fixed j € N, (4.134)

n—00

using Lemmas 2.29 and 2.30. As before, since W™J ¢ Vi, in term I we can use the
pressure-free version of the approximate equation (4.103), which yields that

— (s"(-,oum),pwn) LY

—b(U, U™, W) + (f, W), . (4.135)
Let j € N be fixed and consider the limit n — oo. By Lemma 2.30 (iii) W™/ converges
to zero weakly in W(l)’q(Q)d, so that the last term vanishes as f € W17 (Q)%. For the
convective term recall that U™ — wu strongly in LP(Q)¢ for any p € [1, q*) by (4.105), and
hence U" ® U™ — u ® u strongly in LP(Q)4¥*¢ for any p € [1,4"/2). Since ¢* > 2 if and only
if g > d +2, there exists such a p > 1. Lemma 2.30 (iii) shows that we have weak convergence

VW™ — 0 weakly in L” (Q)9*?, thus we obtain that
(U"@U", VW™ ), -0, asn—oo, forany fixed j€N.

In case V}, is only discretely divergence-free and thus the modification of the convective
term is present, also the condition ¢ > f—fl is needed: The strong convergence U" — u
strongly in LP(Q)? for all p € [1,¢*) by (4.105), and the weak convergence VU" — Vu in
L9(2)%* imply, that there is an s € (1,00) such that % 513 2 + 5 L' — 1, provided that ¢’ < ¢*,
which is equivalent to ¢ > d +1 Then, by Lemma 2.30 (111) we have that W™/ — 0 strongly

in L5(Q)? and hence
(U@ W™ VU™, —0, asn— oo, forany fixed j €N,
under the additional condition ¢ > d +1 Altogether it follows that

7~}l—>r2<>1 = nh_)rgo (8"(-,DU™),DW™7), =0 for any fixed j € N. (4.136)
Applying the splitting in (4.130), then both (4.132) and (4.131) and finally the results on
the terms I-IV in (4.136), (4.133) and (4.134) yield that

lim sup / H"dx
n—00 Q\Bn,j
(4.130)

< limsup/ (8"(-,DU™) — 8*(-,Du)) : DV" dx
Q\3nj

n—oo
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+ lim (8"(-,DU™) — 8*(-,Du)) : (D(II"u — u)) dx
n—00 OB, ;
+ lim (8"(-,DU™) — 8*(-,Du)) : (E™"(8*(-,Du))) dx (4.137)

(4.132),(4.131)

< (I —1II) + lim sup(|III| + [IV]) + 0
n—o0

lim
n—oo
(4.133)—(4.136)

< c2 « for any fixed j € N.

Now we are in the same situation as in (4.99) and the rest of the proof of (4.122) follows
as in (4.100) and the arguments thereafter. Again with Lemma 2.17 it follows from (4.122)
and the boundedness of {H"},en in L1(Q) that there exists a non-increasing sequence of
measurable subsets E; C 2, i € N, such that |E;| — 0, as i — oo and

H"(z)dz = <sk(-, DU™) — 8*(-,Du),DU"™ — Du + £"(8*(-, Du))>

O\E; QB (4.138)

—0 asn— oo,
for any fixed i € N. Since 8"(-,DU") — S weakly in L7 (Q)%*? by (4.107), DU™ — Du

weakly in LI(Q)%*? by (4.106) and €"(8*(-,Du)) — 0 strongly in LI(Q)9*¢ by (4.124), as
n — oo for any fixed ¢ € N, it follows that

(8"(-,DU™), DUn>Q\Ei — (S, Du)Q\Ei ,  asmn — 0o, (4.139)

for any fixed i € N. This shows (4.121) for Q = Q\E;, and by the above we find that
(Du(x),S(x)) € A(x) for a.e. = € Q\E;. Since |E;] — 0 as i — oo, we conclude that
(Du(x),S(x)) € A(x) for a.e. € Q. O

In order to allow for more general graph approximations satisfying Assumption 3.18 the
limits £ — oo and n — oo can be taken successively, compare Section 4.3.1.

d 2d_ 2d_ _3d_
d+2 d+1 d+2
4 3 _
2 1 3~133 ] 5=15
6 _ 3 _ 9 _
3| z=12| 3=15 | =138

Fig. 4.2: Values of exponents relevant for the steady problem

4.4. Discussion

In Section 4.3.1 we have seen that the use of a regularisation allows us to show the convergence
of the sequence of approximate solutions for the full range of ¢ > %dz, also when using
discretely divergence-free finite element functions, see Theorem 4.2. Furthermore, it allows us
to avoid employing a discrete Lipschitz approximation and hence the additional assumptions
on the finite element setting are not needed. The presence of the regularising term can be
seen as disadvantage, however, one can view the term as a numerical stabilisation.
Compared to the situation in [DKS13a] the graph and its approximation assumed for

Theorem 4.2 is more general, since we do not require A to be generalised strictly monotone
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2d 2d 3d
d+2 d+1 d+2

with regularisation

Subsection 4.3.1

T~

without regularisation

_____________ {
e \ Subsection 4.3.2 & [DKS13a]

F——  without regularisation

Fig. 4.3: Overview of range of ¢ for which the convergence results in the steady case hold; the
dashed line represents the special case, if V7, satisfies Assumption 2.27.

and any graph approximation satisfying Assumption 3.18 works for the argument as long as
the limits in £ and n are taken successively.

In Subsection 4.3.2 the generalised Yosida graph approximation allowed us to show the
same result as in [DKS13al, see Theorem 4.2, but in a simpler manner, avoiding the use
of Young measures and relaxing the assumption on the graph A. Note that the use of
the discrete Lipschitz approximation compared to the use of the continuous Lipschitz ap-
proximation requires the stronger assumption of local Wh!-stability of the projection II" in
Assumption 2.23 (iib), compared to global W!P-stability in Assumption 2.23 (ii), and in ad-
dition the existence of a locally supported basis of Q" is assumed, see Assumption 2.20.

Let us give an overview of the options one has for the convergence results, see Fig-
ure 4.3:

o If g > %‘12, the solution u is an admissible test function and neither a regularisation
nor a truncation is required, hence also the additional assumptions for the discrete
Lipschitz approximation are not needed. Note that in this case we could relax the
assumptions on A and instead work with 2 C LI(Q)%*¢ x LY (Q)?*?, satisfying the
corresponding properties globally, see Remark 3.13 (ii). The proof still works since for
such 2 a global version of the Minty type convergence lemma in Lemma 3.16 can be

proved.

o Ifgce (%, %), one can either use a regularisation. Or if no regularisation is used

then the discrete Lipschitz approximation is applied under the additional assumptions.
It does not make a difference, whether Vy,  is exactly or discretely divergence-free.

o Ifge (f—fz, %} and discretely divergence-free finite element spaces are used, then a
regularisation term allows us to show the convergence. If exactly divergence-free finite
element spaces are used, then the regularisation is not needed. However, the examples
for exactly divergence-free finite element spaces in Example 2.26 are less standard for
computations. Also they are likely to be computationally more expensive, since the
order is rather high compared to some of the more classically used mixed finite element
spaces, for which V7, is merely discretely divergence-free.

Independent of ¢ one has the choice between a general graph approximation satisfying As-

sumption 3.18 in Chapter 3, which allows one to prove convergence when the limits k£ — oo,

n — oo are taken successively. Or the (generalised) Yosida graph approximation can be

employed, which allows one to take the limits in & and n together.

For the unsteady case no discrete Lipschitz approximation is available, which is why
the regularising approach in Subsection 4.3.1 is the most promising one to cover the non-
admissible range of exponents in the unsteady case; this will be the content of Chapter 5,
Subsection 5.3.1. On the other hand Section 5.3.2 will cover the unregularised unsteady prob-
lem, for which we can prove convergence only for the admissible range of exponents.



CHAPTER D

Unsteady Case

In the present chapter we aim to show convergence results for the unsteady problem, in the
same spirit as the results for the steady problem in Chapter 4. For this purpose we introduce
a fully discrete approximate problem, based on a spatial mixed finite element approximation
and a backward Euler discretisation with respect to the temporal variable. Then, we prove
convergence up to subsequences under suitable conditions on the finite element setting and
the range of ¢q. For the unsteady flow of implicitly constituted fluids such a result is unknown
to the best of our knowledge, and even contributions focused on explicit constitutive laws
assume additional restrictions on ¢ compared to the full range of existence ¢ > 2%, see for

d+2°
example [CHP10] for g > 2(dd:21) and [Car07] for ¢ > %.

The main challenge consists in the lack of a discrete truncation, a steady version of which
was developed in [DKS13a] and applied in Subsection 4.3.2. Since in the unsteady case such
a truncation is not available we will present a regularisation approach, similar to Subsec-
tion 4.3.2, for which a discrete truncation is not needed, but a continuous one suffices. For
the case without regularisation we restrict ¢ to the admissible range, for which a truncation
is not required.

Even if a discrete truncation would be at hand, in the case of discretely divergence-free
finite element functions one would face additional restrictions on ¢q. Hence, the regularisation

approach has some justification independent of the availability of a truncation, because it

2d
d+2>

spaces when taking the regularisation limit last. Another tool, which we will apply again,
is the generalised Yosida graph approximation, which was presented and investigated in
Subsection 3.4.3. Since it satisfies a Minty type convergence lemma, we can take the graph
approximation limit simultaneously with the discretisation limit.

Additional problems arising from time-dependence and the time-stepping are the following;:
The stress tensor might be explicitly dependent on the time variable, which requires averaging
in order to formulate the equation on each time level. To use the properties of the implicit
constitutive relation and also for the identification thereof after taking the limit, one has to
to relate the stress tensor function and its averaged, piecewise constant in time version.

For the compactness arguments we will use Simon’s lemma or the Aubin-Lions—Simon
lemma, see Subsection 2.1.2, depending on the situation. The first has the advantage that it
does not rely on uniform estimates on the time derivative, which in the discretisation limit
would require the use of a L2-projection to the space Vi, and continuity properties thereof,
see Subsection 1.3.1.2. Those properties are investigated in Subsection 2.2.3.2, and the proof
requires additional assumptions on the finite element setting. However, the use of Simon’s
lemma requires a certain amount of admissibility, and therefore stronger restrictions on ¢,

allows to cover the whole range g € ( oo) for discretely divergence-free finite element
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than the Aubin-Lions—Simon lemma. We will present these differences in more detail in the
course of this chapter.

In the regularised case the identification of the implicit relation relies on a parabolic
solenoidal Lipschitz approximation, see Subsection 2.1.3.2, the construction of which is more
intricate than the one of the (continuous) divergence-corrected Lipschitz approximation in
the steady case. However, the application in identifying the implicit constitutive relation is
similar in the steady case and in the unsteady case. In the case without regularisation we
restrict our attention to the range of g for which an energy identity is available and thus we
can apply the Minty type convergence lemma without a discrete truncation.

The present chapter is structured as follows: In Section 5.1 we will recall the problem in
the unsteady case, introduce the notion of weak solution we are aiming for and summarise the
notation and estimates on the convective term relevant for this chapter. Then, in Section 5.2,
we introduce the layers of approximation, we discuss the choices of setting up the approximate
problem and give a more detailed outline of the rest of this chapter. Section 5.3 contains
the statement of the convergence results and its proofs. In Subsection 5.3.1 we consider
the regularised case, which is based on the preprint [ST18] in collaboration with Endre

Siili and covers the whole range q € (f—&,oo). Then, in Subsection 5.3.2 we investigate
the case without regularisation, for which the convergence result can be shown for ¢ €
[3d+2 Oo)

d+2° :

5.1. The Unsteady Problem and Notation

Let us recall the unsteady problem and introduce the notion of weak solution we are consid-
ering. We also recall some of the notation as well as estimates on the (numerical) convective
term from Chapter 2 applied in this chapter.

Statement of the Problem

Let Q C R? with d > 2, be a bounded Lipschitz domain and denote by @ = (0,T) x
the parabolic cylinder for a given final time 7" € (0,00). Furthermore, let f: Q — R? be
a given external force and let ug: © — R? be an initial velocity field. We seek a velocity
field u: Q@ — R?, a pressure 7: Q — R, and a trace-free stress tensor field S: Q — Rg;n‘fo
satisfying the balance law of linear momentum and the incompressibility condition: 7

ou+diviu®@u) —divS = -Vr + f on @,

. (5.1)
divu =0 on @,

subject to the initial condition and homogeneous Dirichlet boundary condition:

n (0, T) x 99 (5.3)

Il
© g

u

The constitutive relation is phrased via a maximal monotone set A(z) C Rg’yﬁg X ngxrff, for
z€Q, as

(Du(z),5(2)) € A(z), (5.4)

with z — A(z) satisfying Assumption 3.11 with respect to a given g € (1,00). For the rest
of this chapter we refer to the problem consisting of (5.1)—(5.4) as (PU).
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For ¢ € (1, 00) recall the notation

i g(d+2)\ q(d +2)
— _ 5.5
1 max(( 2d 4 fmax q(d—|—2)—2d’q ’ (5:5)
which was introduced in (2.64). Note that ¢ < oo for any ¢ > % and that § = ¢, if
q> 3ddi22’

Let us now specify the notion of weak solution we are interested in, cf. Definition 2.2 in
Chapter 2.

Definition 5.1 (Weak Solution to Problem (PU)).

Let Q C R, with d € {2,3}, be a bounded Lipschitz domain and for T € (0,00) denote
Q = (0,T) x Q. Furthermore, assume that q € (1,00) is given and let A(-) C ngxn‘f X ngxnff
be a monotone graph satisfying Assumption 3.11 with respect to q for M = Q. For a given
up € L2 (Q)? and f € L (0, T; W19 (2)4) we call (w,S) a weak solution to problem (PU),

if
w € LU0, T Wod, (%) N Cu ([0, T]; LE;, ()4, s.t.
dyu e LI(0,T; (Wé:giv(Q)d)’),
S e LY(Q)™,

and
(O, w)e — (@, Dy + (8, D)y = (Fwhy  for all we O (@)L (5.6)
for a.e. t € (0,T),
(Du(z),S(z)) € A(=) for a.e. z €Q, (5.7)
esslim u(t, ) — o)z o) = 0. X

We have chosen a pressure-free notion of weak solution because in the unsteady problem
subject to homogeneous Dirichlet boundary conditions on Lipschitz domains one can only
expect to establish a distributional (in time) pressure, cf. Subsection 1.2.6.

Recall from Subsection 2.2.2 the notation for the convective term and its numerical mod-
ification:

E(u, v,w) = —(u®v,Vw)g, (5.9)

b(u,v,w) = ((u@w, Vo), — (u® v, Vw),), (5.10)

for u,v,w € W(l)’oo(Q)d, see (2.49) and (2.50), respectively. Furthermore, recall the notation
of the function spaces and their associated norms:

X(Q) = Wot(Q)* n L2 (@)%, Fixy = oy + e oy (5.11)
X(Q) = L0, ;W (@Y N L2 Q% [y = HMisorawrawy + Hisv iy . (5:12)

and their solenoidal subspaces are denoted by Xgi, (£2) and Xgiy (@), respectively.
The following exponents are relevant for the range of ¢ in this chapter:

2d__20d+1) _ _ . _3d+2
d+2° dg2 SWSS g

(5.13)
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with ¢; = 4F Vﬁ‘:;” and gy 3d+2‘;(vd‘rf;)‘*'4d+ see (2.14) and (2.15).
Also we will use the following estimates on the convective term and its numerical modifi-
cation from Subsection 2.2.2, for u, v in the respective function spaces.

For v:=¢q (Q(dfjﬁ) — 2) we have that

[(u®u, v"’>Q||L1((0,T)) <c Hu”iu(oj;gq’(g)) HVUHL(v/zy(o,T;Lq(Q)) ’ (5.14)
provided that ¢ > g4, see (2.62), and
[(u®w, VU>Q”L1((0,T)) <c ”u”Lv(o,T;Lz’q’(Q)) H"’”Lr(o,T;LQq/(Q)) ”vu”Lq(Q) (5.15)

for r € (1, 00], provided that ¢ > g4, see (2.67). Furthermore we have that r < oo, provided
that ¢ > qg.
With ¢ as defined in (5.5) by (2.65) we have that

(v ®w, V’U>Q||Ll((0,T)) < Hu”iq(cm) ) ||VU||Lr2(Q) 5 (5.16)
provided that ¢ > d +2 Also by (2.68) one has that
It 9, Pudallsom) < ol ey olhey IVuliaco (5.17)

for s € (1, 00], provided that g > 2%:21), and s < oo, if ¢ >

let us also recall that by (2.69) we have that

2(d+1)
d+2

For the regularised case

Hg(u,u,v)

<
LL(0.7)) ||UHL2q ”v"’”Lq(Q + w2 Q) ”U”L2q () HVU”Lq(Q) (5.18)

< C”U”X ||’U||X for any g € (1, 00).
In the following we will repeatedly use the continuous embedding
L(Qliv(Q>d — (L(Qiiv(Q)d),ﬂ (519)

which follows by the Riesz representation theorem.

5.2. Approximation Levels and Outline

In addition to the approximation levels in Chapter 4 we introduce a time-stepping and arrive
at the following four levels of approximation:

k € N: By means of a family of Carathéodory functions {Sk} ren satisfying Assumption 3.18
in order to approximate the implicit constitutive relation, we arrive at a formulation
for which the stress tensor is explicit and continuous in Du.

[ € N: A time-stepping based on the implicit Euler method is introduced similarly as, e.g.,
in [CHP10, Tem84], see Subsection 2.2.3.1.

n € N: The velocity w is approximated by a Galerkin approximation from finite element
spaces V], in the spatial variable, see Section 2.2. If the space V], consists of
functions that are discretely divergence-free (rather than exactly divergence-free),
then we replace the convective term b by the numerical convective term b defined
in (5.10) to maintain skew-symmetry.

2q'—2

m € N: As before the regularising term % |u| u is added to the equation to gain ad-
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missibility of the approximate solutions, if ¢ < 351%22. This enables us to use the

estimate on b(, -, ) in (5.18), without imposing a restriction on g.

For the graph approximation we have two options, as mentioned in more detail in Section 4.2
and discussed in Chapter 3: One is to choose a family {Sk }ren satisfying Assumption 3.18,
which is the case for all approximations presented in Chapter 3. This allows for a large
class of approximations. The assumptions are formulated in a way that the limit £ — oo
can be taken before the discretisation limit. The other option is to choose the special case
of the generalised Yosida graph approximation {Ak}keN presented in Example 3.28. The
corresponding family {Sk tren satisfies a Minty type convergence lemma, see Lemma 3.31,
and thus the limit & — oo can be taken simultaneously with the discretisation limit.

The time-dependence and time discretisation are the origin for the extra difficulty com-
pared to Chapter 4. For the notion of the backward difference quotient d; with respect to
an equidistant time grid replacing the time derivative in the equation, we refer to Subsec-
tion 2.2.3.1. We consider the piecewise constant and continuous, piecewise affine interpolant
of the sequence of approximate velocity functions at each time level.

Since both the external force f € L4 (0, T; W14 (Q)%) and the approximate stress 8 : Q x
ngxrff — ngxrff are time-dependent, and the time-dependence is not assumed to be continuous,
we shall consider an integral-averaged version in the approximate problem. For [ € N let us
introduce the averages with respect to the time grid {ti}ie{o,...,l} defined by

t

Fil@) =4 fto)at, SH(x,B) = ]ft 8*(t, z,B) dt, (5.20)

ti—1
for i € {1,...,1}, for x € Q and B € ngxn‘f Furthermore let the corresponding piecewise
constant interpolants f and 8" be defined as in Subsection 2.2.3.1 (2.72). Recall that by
(2.78) and (2.79) we have that

H?HLqI(O’T;WiLq/(Q)) S ”fHLq/(O’T;W,Lq/(Q)) fOI‘ all l G N, (5.21)
f—f strongly in LY (0, T; W19 (Q)%),  as | — oo. (5.22)

Note that we can use the pointwise properties of the (approximate) constitutive relation
in an almost everywhere sense only when considering a set of non-zero (d + 1)-dimensional
Lebesgue measure, which entails some additional technicalities.

Furthermore, time-dependence plays a crucial role in the compactness arguments and it
requires that ¢ > %. On the one hand one can apply Simon’s compactness lemma, see
Lemma 2.8, which relies on uniform convergence of time increments. This assumption can
be verified for ¢ large enough that the available estimates ensure admissibility in space and
LP-integrability in time for some p > 1. On the other hand the Aubin—Lions compactness
lemma, see Lemma 2.7, does not require admissibility in space, but uniform estimates for the
sequence of time derivatives, and hence it can be applied for a larger range of ¢q. However, in
the discretisation limit such uniform estimates rely on stability properties of the L?-projection
P3. mapping to V7, defined in Subsection 2.2.3.2. Under additional assumptions on the
finite element setting those are proved in Subsection 2.2.3.2.

As in the steady case adding a regularisation term and taking the corresponding limit

after the discretisation limit allows us to show convergence for the whole range of existence

2d
d+2°

Even if a (discrete) truncation were available the presence of the modification of the nu-

of weak solutions ¢ € ( oo).

merical convective term would require the restriction g > 2?:21), see Subsection 2.2.2. This
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corresponds to the restriction g > % in the steady case in [DKS13a] and Subsection 4.3.2.
Note that the restriction in the unsteady case is slightly stronger. As before, taking the
regularisation limit last circumvents this additional restriction, since at that stage the mod-
ification of the convective term is not present anymore.

For ¢ so small that for compactness only the Aubin-Lions lemma is available in the dis-
cretisation limit one would have to accept the additional restrictions on the finite element
setting mentioned above. By regularising this can be avoided since in the discretisation
limit the approximate solutions are still admissible and Simon’s compactness lemma can be
applied.

Finally, at present there is no discrete parabolic solenoidal Lipschitz approximation avail-
able, which means that without regularisation we can identify the implicit relation only for
the restricted range of ¢, for which an energy identity is available.

Overall, by introducing the regularisation and taking the corresponding limit last, one
separates the discretisation limit from the admissibility problem, which means that the
respective restrictions on ¢ are avoided.

The only convergence results available in the literature in the unsteady case concern ex-
plicit constitutive relations. There is a range of results on convergence based on error es-
timates and the required regularity for strong solutions under suitable conditions, see for
example [PRO1b, DPR02, DPR06, BDR09, BDR15]. Since such regularity is out of reach
for the more general framework of implicitly constituted fluids we are interested in the ap-
proximation of weak solutions. Let us mention one result for explicit constitutive relations,
which is closest to what we are aiming for: In [CHP10] the authors show convergence (up

to subsequence) for a fully time-discretised approximation scheme including a regularisation
2(d+1)
d+2

and taking the regularisation limit last, for ¢ > . This restriction arises because of the
use of an L*°-truncation.

Since some of the more standard techniques applied in this chapter stem from the theory
of Navier—Stokes equations and their numerical approximation, we include a selection of

references: [Tem84, GR86, HR82, Ran99].

Options regularisation
unsteady problem with without
general k) (l,n),m kvlan
graph Subsection 5.3.1
approximation
Yosida (k,l,n),m (k,l,m)
Subsection 5.3.2

Fig. 5.1: Options for the approximation levels for the unsteady problem

As in the steady case there are four options to take the limits, two of which we want to
present, see Figure 5.1.

In Subsection 5.3.1 we will consider the approximation levels (k,I,n,m) € N and take
them successively, first k& — oo, then simultaneously [,n — oo (without restrictions on the
discretisation parameters), and finally m — oo. The convergence result in Theorem 5.2 holds

for any ¢ € (dQ—fQ, oo) independent of whether V7, is exactly divergence-free or not and is

inspired by the existence result in [BGMS12]. It corresponds to the steady result proved in
Subsection 4.3.1. Compared to the convergence result in [CHP10] for explicit constitutive
relations the result in Theorem 5.2 is a twofold extension: from explicit constitutive relations
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with suitable smoothness conditions to implicit constitutive relations, and from the range
2(d+1) 2d
9> gz t0g> g5
In Subsection 5.3.2 we consider the levels (k,l,n) € N® and take all three limits together
without restriction on the respective parameters. As in the steady situation in Subsec-
tion 4.3.2 we utilise the generalised Yosida graph approximation for this. The bottleneck for

the restrictions on ¢ is the identification of the implicit constitutive relation, for which we

3d+2
d+2

larger range of q. We will present the detailed assumptions to show where the restrictions
arise from and what one can expect from the (potential future) use of a discrete truncation.
The convergence result in Theorem 5.12 generalises the result in [Car07] from explicit to
implicit constitutive relations and generalises the finite element setting.

In the following we will be brief in those arguments, which are similar to the corresponding
ones in the steady case in Chapter 4.

assume ¢q € [ oo). However, the compactness and convergence results used hold for a

5.3. Convergence Results

In this section we present the results on the convergence of a sequence of solutions to the
respective approximate problem (up to subsequences) to a weak solution of the unsteady
problem. The existence on each time level follows by a fixed point argument as in the
steady case. Because of the time-stepping we have to consider piecewise constant and con-
tinuous, piecewise affine interpolants of the sequence of approximate velocity functions. For
each limiting process we derive uniform estimates and use compactness arguments to obtain
convergence of subsequences. Then both the equation and the initial conditions have to
be identified. The final step of identifying the constitutive relation is the most challenging
part.

5.3.1. With Regularisation

Here we introduce all four levels of approximation referred to by k,l,n,m € N and take
the limits successively, where the limits in [ and n are taken simultaneously. Including the
3d+2

regularising term is strictly speaking only required, if ¢ < <775, but we present the proof for

D E (%, oo) to reduce case distinctions. Taking the limit k& — oo first and separately al-
lows for general sequences of graph approximations satisfying Assumption 3.18. After having
taken the limit in & the sequence of approximate solutions satisfies the implicit constitutive
relation encoded by A and thus the Minty type convergence lemma can be applied in the
following limits. Thanks to the regularisation in the limit I,n — oo we still have enough
admissibility to apply Simon’s compactness lemma and to avoid a truncation to identify
the implicit relation. Only in the last limit m — oo, when all problems stemming from
the discretisation are gone, is admissibility lost, and thus we apply the Aubin—Lions com-
pactness lemma, and a parabolic solenoidal Lipschitz approximation to identify the implicit
relation.

The most significant difference compared to the existence proof in [BGMS12] lies in the
passage to the limits [,n — oo and the identification of the implicit law for m — oo since at
the time a parabolic solenoidal truncation was not available.

First we will formulate the approximate problem, then state the convergence theorem and
the rest of the subsection consists of the proof thereof.
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For u,v € V" we introduce

k’,lm,m . — _ k . _ i 2q’72
£; U;v = b(u7u7v) <Sz( ,D’LL),D’U>Q m <’u| U,’U>Q + <fi7’v>Q7 (523)

1

for k,I,n,m € Nand i € {1,...,1}, where 8% and f, € W14 (Q)¢ as defined in (5.20) and
b(-,-,-) extended to the the finite element space, as recalled in (5.10).
The pressure-free formulation of the approximate problem can be stated as follows.

Approximate Problem:

l,n,m

For k,l,n,m € N find a sequence {Uic }iefo,..1n C Vg, such that

Ut — pr g, (5.24)

and for a given U f’_l’ln’m € V1., the approximate solution U fl”m € Vi, is defined, for
ie{l,...,l}, by
<dth’l’”’m, W> = ghbnmklim g for all Woe VI, (5.25)
Q

where PJ  is the L%-projector onto V7%_, defined in (2.80) and d; is the backward temporal
difference quotient in (2.71).

For each i € {1,...,l} a fully implicit problem has to be solved, since the numerical
solution from the previous time level only appears in the term involving d,U flnm

The limits are taken in the order & — oo, [,n — oo, and then m — oo, and we can
take the limits [,n — oo simultaneously. Note that the order of the limits is crucial for the
convergence proof. To simplify the notation we shall write

oPbmm s sy inX, ask— oo, l,n— 00, m— o0, (5.26)

k (I,n)m

to denote the fact that the limits k, (I,n), m are taken successively in the order of indexing
(from left to right) and the space X describes the weakest topology of the three limits. We
will use analogous notation for weak and weak* convergence.

Let us now state the main convergence result in this subsection.

Theorem 5.2 (Convergence in the Unsteady Case with Regularisation).
In addition to the assumptions of Definition 5.1 let {Sk}keN satisfy Assumption 3.18 for

M = Q. For the finite element approximation let Assumption 2.18 on the domain and on

the family of simplicial partitions be satisfied. Let V", Vi —and Q" be as introduced in

(2.30), (2.32) and (2.31), respectively, and assume that Assumption 2.21 as well as Assump-
tions 2.23 (i), (ii) are satisfied.
Then, for all k,I,n,m € N there exists a sequence {UiC

,l,n,m

Yiego,..qy C Vi, solving (5.24),
(5.25). Moreover, if q € (%, oo), then there ezists a weak solution (u,S) of (PU) accord-

ing to Definition 5.1 and for the piecewise constant interpolant T"™™ and the continuous,
7l7 b . . .
T of {Uf’l’n’m}ie{owﬂl} and the piecewise constant inter-

polant Sk(-, -,Dﬁk’l’n’m) of {S?(‘,Dﬁk’l’n’m)}i€{17wl} as defined in (2.72) and (2.73), (up to

~ k
piecewise affine interpolant U
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not relabelled subsequences) one has that

= ~k,ln, .
Uk’l’n’m, U 5 5 s u o strongly in L0, T; L2 (Q)9),
k (I;m)m
k’l’n’m, U™t A A Ay weakly* in L>°(0, T} Lz(Q)d),
k (I,n)m

[Ny weakly in L4(0, T, Wé’q(Q)d),
k (I;m)m

8"(,.,.pu™""™), 8(.,., DU TS wealy in L7 ()4,

U

as k — oo, (I,n) — 0o (combined) and m — oo, when taking the limits successively, without
restrictions on the relation between the discretisation parameters §; and h,.

The convergence proof is presented for discretely divergence-free velocity functions. If
additionally V7, C Wo dw(Q)d, then, as in the steady case in Chapter 4, no modification of
the convective term is requlred and the proof that 4™ is divergence-free is simpler.

The rest of this section consists of the proof of Theorem 5.2, which relies on Lemmas 5.3-5.5
dealing with the existence of the discrete solution, and the limit £ — oo, Lemmas 5.6 and 5.7
covering the combined limit I,7n — oo, and Lemmas 5.9 and 5.10 on the limit m — oo.

Limit £k — o

As in the steady case the proof of existence of a sequence of approximate solutions on each
time level is based on a fixed point argument. The a priori estimates and the convergence
in Lemmas 5.3 and 5.4 are slightly more complicated than in the steady case, but follow by
a standard approach presented, e.g., in [Tem84], with minor modifications required to deal
with the time-dependence of 8*. In particular, one has to identify the limits of the piecewise
constant version with the piecewise constant version of the limit of the approximate stress
function. Taking £k — oo we remain in the finite-dimensional setting, and hence strong
convergence of the sequence of symmetric gradients follows from the bounds on the sequence
of the coefficients appearing in the expansions in terms of the basis functions of the finite
element spaces. Consequently, as in the steady case the identification of the limiting equation
is based on the properties of the sequence {Sk }ren according to Assumption 3.18, see also
[BGMS12].

Lemma 5.3 (Existence of Approximate Solutions and a priori Estimates).
For each k = (k,l,n,m) € N*, there exists a sequence (U7 }Yieqo,...y C Vi, which satisfies
(5.24), (5.25). Furthermore, there exists a constant ¢ > 0 such that we have that

I
max HU?H;(Q)""ZHU; 1HL2 +5lZHU”Hqu

je{1,...,l}
Z U513

(5.27)
+ZH5’€ 7 ,DU“)

for all k = (k,1,n,m) € N4,

Proof.

Step 1: A priori estimates
The a priori estimates follow from standard arguments for time-discrete approximation, see
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[Tem84], in combination with the estimates available for 8" by Assumption 3.18: testing
(5.25) with W = U} € V. for k = (k,l,n,m) € N* and i € {1,...,1} one obtains

(UL, Uf)g + (SH.DUN,DUT) + U, = {f, U, (529

since the term involving b vanishes by skew-symmetry. By the fact that 2a(a — b) = a® —
b% + (a—b)?, for a,b € R and by the definition of d;U¥ in (2.71), the first term in (5.28) can
be rewritten as

(dUF,UY)q <U” .U,

5l ) ; (5.29)
K| 2 K K K
_ 275[ (A 2 e [ S Y B
Using the definition of 8¢ in (5.20) and Assumption 3.18 (02) one has that
<s§(-, DU?),DU;“> 520 <][ 8k(¢,.,DUY) dt DU“>
Q
== <Sk(', 2 DU?),DUf> , (5.30)
J Qi
1 7
> / ~30) +2. (IpUtl + 840U ) az
i—1
> a ) U~|4 c. DU*" ¢
- _57 HgHLl(Qz_ﬂ t+c ” i HVVI”I(Q) + = ('7 ) z) Lq/(Qﬁ_l) )

where the last inequality follows by Korn’s and Poincaré’s inequalities. For the term on the
right-hand side of (5.28) by duality of norms and by Young’s inequality with € > 0 we obtain
that

(£ UPg < | filwr0 @ U i) < c() LFilG L) T ENUT Ry
( ) k4 (5:31)
S ||1fHLq tl 1,t W 1,q’ (Q)) + € ”U’L HWl,q(Q) )

where the last inequality follows by (5.21). Applying the estimates (5.29)—(5.31) in (5.28),
after rearranging, choosing € > 0 small enough and multiplying by §;, we arrive at

K2 K K 2
[0 E20) — U a0 + 1UF = Uil e
K K q K
AU gy + |80 DUD |, o+ e, (5.32)
< (10 o ey 1l ) -
For arbitrary j € {1,...,l}, summing over i € {1,...,j} yields
) J
HUHHLz ”USHLQ(Q) + Z HUI; -1 HL2 + 5l Z ”UH”wl q(

=1

q (5[ %
vy T m ZMU 2 (5.33)

+2H8k ,-.DUY)
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< 1 a1y + 1)
because of cancellation in the first term. Applying the estimate

(5.24)

(2.81) )
[U512200) 27 1 PR colZoiy < luolPaqey - (5.34)

and taking the supremum over all j € {1,...,1} in (5.33) finishes the proof of (5.27).

Step 2: Existence of {UT }icqo,...1y C Vi,
Let € N* be fixed. Since Uf§j = P} ug by (5.24), one only has to show that for a
given U%_; € V2 | there exists a UF € V2 such that (5.25) is satisfied. Since 8%(z,-) is
continuous, the existence of such a U7 € V, follows by a standard argument from Brouwer’s
fixed point theorem, similarly as in Chapter 4 in Step 2 in the proof of Lemma 4.3. O

.....

Uy = Zj"l( ") W], where {W,..., W, } is a basis of V”W. Uniqueness is in general
not guaranteed, so we choose one such sequence for each x € N*. Let &" € IP’%(O, T;R%) C
L>°(0,T)% and &" € P! (0, T;R%) ¢ WH>(0,T)% be the piecewise constant and piecewise

affine interpolants as in (2.72) and (2.73). We denote

Z ) e PL(0,T; V2 ),
(5.35)

Z ) e PL(0,T; V7).

-----

and (2.73). Furthermore, for t € (0,7], w € P(0,T;V") and v E V™ we introduce

25w v](t) = —b(u(t,-), u(t,-),v) — <gk(t, -, Du(t, ‘)),Dv>Q

5.36)
1 ol _ (
—— (Jult, )P ult, ), v) + (F(t),v)g

for k = (k,I,n,m) € N%* Recall that f € IP%(O,T;W*L‘II(Q)C[) is the piecewise con-
stant interpolant of {f;}ic(1,..13, as in (5.20), see (2.72) in Subsection 2.2.3.1. Similarly,

<k .. . . . .
S"(t,-,-) = 8%(.,-), for t € (t;_1,t;], so it is piecewise constant with respect to the variable

€ (0,7.

Lemma 5.4 (Equatlon for t € (0,T] and Convergence k — 00).
The functions U and U" defined as in (5.35) satisfy

<at17”(t, ), W>Q = [T WI(t)  for all W € VT, for all t € (0,T), (5.37)
U"(0,-) = P}oug in Q, (5.38)
for any k = (k,l,n,m) € N*. For each X = (I,n,m) € N3, there exists a sequence

{U)\}'LE{O, 4 € Vi, and subsequences such that the piecewise constant and continuous

piecewise affine interpolants U P 0(0,T;Vy,,) and U e P 1(0,7:V%,) of {U{'\}ie{o,...,lp
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as defined in (2.72) and (2.73), satisfy

o o strongly in C([0,T]; C(Q)9), (5.39)
atﬁk’/\ — &Jj'/\ strongly in L°°(0,T; C(2 )d), (5.40)
(TR i strongly in L=°(0,T; C(Q)%), (5.41)
DU — DU strongly in L°(0, T; L (Q)4*9), (5.42)
vUtt - vo strongly in L°°(0,T; L>(Q)4*9), (5.43)

as k — oo. Furthermore, for each A\ € N° there exists an S* € LY (Q)™¢ and an =
PL(0, T; LY (2)4*9) and subsequences such that

8F(.,,DU) = S weakly in LY (Q)™°, (5.44)
8", . DU =8 weakly in LY (Q)¥*, (5.45)

as k — 00, and (up to a representative) we have that

2

S'(t,) =SM:) = ]ft SMt,)dt  forallt € (ti_y,ti], i € {1,...,1}. (5.46)

Proof.
Step 1: Identification of the equation
~ K ~ K
We have that U (0,-) = Ug = P}, uo by definition of U and by (5.24), which shows (5.38).
The equation (5.37) follows from (5.25) and the fact that for ¢t € (¢;_1, ;] we have that

ﬁﬁ(tf) = Uf? atﬁn(tf) = dtU?’ ?(tu) = f’L and gk(t77DﬁH) :Sf(7DUf)’

for any 7 € {1,...,1}.

Step 2: Estimates
Let A = (I,n,m) € N3 be arbitrary, but fixed. When taking k& — oo we stay in the finite-
dimensional setting, hence it suffices to focus on estimates for the coefficient functions & =
af* and &" = &, uniformly in k¥ € N. By use of an LZ-orthonormal basis of Vi, as in
(4.31), one can show that

af? < e(n) [Uaqy  for U= a;W;. (5.47)

Using the definition of T in (5.35) with this estimate, the fact that the interpolants are
piecewise constant and also the a priori estimate in (5.27), we obtain

(5. 47) _ (2.75) 2
w0 L e 00, e g, O,
() ie{1,...1} L2(Q)
for any ¢ € (0,7 uniformly in & € N. Using the following estimate, based on the L2-stability
of P,
kA (5:39) (2.81)
HUO L2@) ||Pd1vu0||L2(Q) < Jwolrzg (5.48)
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we also have that

2 (5.47) ~ 2 (2.76) 2 (5.27),(5.48)
‘ Rt ’ < ¢(n) HUk’/\(t, ) < ¢(n) max H ?”\ < c(n)
12(Q) i€{0,l} 12(Q)
for any ¢ € (0,7) uniformly in k¥ € N. Thus, we have that
H*’C AH Ha’“” <c¢ forallkeN. (5.49)
L>0(0,T) L>°(0,T)

Since the space of continuous piecewise affine functions IP’ll (0, T;R¥*) ¢ WH°(0, T)% with
respect to the time grid {¢g,...,t;} C [0,T] is finite-dimensional, all norms on it are equiv-
alent, with the norm-equivalence constants depending on the (here fixed) dimension. This
shows that we also have that

e <c¢(l,n) forall k€N, (5.50)
L

It is a direct consequence of the a priori estimate (5.27) that

5 (00|

. <c¢ forallkeN, (5.51)
L (Q)

and then, by the definition of Sf in (5.20), it follows that

l
DU .. DU ~ N5 sk oM
HS 0o U )Lq Ui )LQ(Q —1) ;l‘l(’ Ui )Lq’(sz)

(2 78) Z”Sk ’ ,DUk)\) (5,52)

Ld(Qi_,)

_ ! (5.51)
= [s*..0T Y|, < e
LY(Q)
for all k¥ € N. This also shows that

purM|T < S <) keN, ic{l,.. ..l 5.53
’ k(. ; )Lq/(ﬂ)_d—l_c() orany k€N, 1 € {1,...,l}. (5.53)

Step 3: Convergence as k — 00
Let again A € N? be arbitrary but fixed. Since {a**}reny C P4(0,T;R9) and the space
P, (0, T;R%) is finite-dimensional, (5.49) implies strong convergence of a subsequence, i.e.,
there exists an @ € P4(0,T;R%) such that

A @' strongly in L®(0,7)%,  as k — oc. (5.54)

Similarly, we obtain from (5.50) that there exists a subsequence and an &* € P (0, T; R%)
such that

&k et strongly in W1°°(0, T)d”, as k — oo. (5.55)
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Note that the convergence holds pointwise everywhere in (0,7, and hence,

a(t;) « @ M\t) = o = &) = &Mty),  as k— oo,
for any i € {1,...,1}, so the limits coincide and we can set o} = &’(t;) = @ (t;), for
i € {1,...,1}. Since we also have that &"*(0,-) — &(0,-), we can set o) = a’(0,-).

Then @ € P4(0,T;R%) and & € P} (0, T;R%) are the piecewise constant and continuous
piecewise affine interpolants of {af\}z’e{o,.‘.,l}» respectively. Let us set

dn dn,
T\(t,z) = > @y tw(), U \(t,2) = > @ HwWi(z), (5.56)
j=1 j=1

and let U} = Z?il(af‘)jwj e Vi fori e {0,...,l}. Note that by the above considerations

concerning the coeflicients we have that ﬁ/\ and U A coincide with the respective interpolants
of {U?}z‘e{o,...,l}- By the convergence in (5.54), (5.55) one obtains for the so-defined functions
the convergence results (5.41)—(5.40), as k — oo. By the Banach—Alaoglu theorem, (5.51)—
(5.53) imply that there exist $*,5" € L7 (Q)?¢ and S} € LY ()% for i € {1,...,1}, and
subsequences such that

8%(,,DU"™) = S*  weakly in L7 (Q)¥<¢, (5.57)
8"(,,.DU™) = 8" weakly in L7 (Q)?*<, (5.58)
8F(-,DUM) =~ S} weakly in LY (Q)4, forie {1,...,1}, (5.59)

as k — oo. It remains to show the identification of S*, 5" and {Sf‘}ie{17...7l}. Leti e {1,...,1}
be arbitrary, but fixed. First let ¢ € C((t;—1,t;)) and v € CP(Q2)9*9. On the one hand, by
(5.58) we have that

<S’“(-, -,Dﬁk”\),gov>Qi = <§A,¢V>Qi . ask — oo (5.60)

i—1 i—1

On the other hand by the definition of gk(-, “ Dﬁk’/\) as piecewise constant interpolant of
the sequence {8 (., DU?’A)}ie{l,...,l} and by (5.59) we have that

(8" -,Dﬁk’)\)a@’>@i = ((8F(.DUM.v) )

i1 (ti—1,t:)

= (L.0) 1y (85CDUFV) (5.61)

S (L@ (S0V) = (Shve)

i—1

as k — oo. Now, (5.60) and (5.61) imply, by the uniqueness of the limit, that §/\(t, x) = S)Nx)
for a.e. (t,x) € QL_4, i.e., §/\ is piecewise constant in ¢ and we can choose the representative
in P4(0, T; LY (Q2)44). Again for v € C5°(Q)%*? we have by (5.59) that

<s§(., DUf”\),v>Q = <s§,v>ﬂ, as k — oo. (5.62)
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On the other hand by the definition of 8¥(-, DUf’)‘) in (5.20) and by (5.57) we obtain that

(8(.DU).v) = <

_ !
-+

— ;l <S>\7ﬂ(ti717ti)v>Q = <

as k — 00, so by the uniqueness of limits, we conclude from (5.62), (5.63), that S} (z) =

le_l SA(t, ) dt for a.e. = € , which completes the proof. O

t;
8k (t,-, DU dt, v>

i—1

Q

==k,
<Sk<7 7DU )7]1(ti,1,ti)v>Q (563)
t

ti—1

i S/\(t7 ) dt,V> )
Q

For A = (I,n,m) € N3, t € (0,T], u € IP%(O,T;V”) and v € V", let us introduce

~ P
s ](1) = = blu(t, ), ult, ). v) = (S (t,).Dv) s
5.64

1 ‘_ _
= — (Jult )P P ult ), v)+ (Pt ) v)g,
where S € P4 (0, T; L9 (Q2)%9) is given in Lemma 5.4.
Furthermore, for A = (I,n,m) € N3, i € {1,...,1} and u,v € V" let us denote
~ 1 ,
Muv] = — — (s} - = 242 ,

s v] = —b(u, u,v) <sz ,DU>Q — <\uy u,v>ﬂ +(fiv)g . (5.65)

where S} € L¢ ()44 is given in Lemma 5.4 (5.46).

Lemma 5.5 (Identification of the PDE as k — o0).
The functions U PL(0, T VR ), U e PL(0, 75V ) and S* € LY (Q)™? given in
Lemma 5.4 satisfy

<6tI~J/\(t, ), W>Q — T W) fordl W eV, forallte (0,T],  (5.66)
U0, = P () in Q, (5.67)
(DU (2),5(2)) € A(z) for ae. z€Q, (5.68)

for all X = (I,n,m) € N, where £\[;-](-) is defined by (5.64), using 5 ¢ P4(0, T; L4 (2)4x4)
given by (5.46) in Lemma 5.4. Furthermore, the sequence {Ug\}ie{owa} C Vi, given in
Lemma 5.4 satisfies

Uy = P ug, (5.69)
<dtUj, W>Q = e UM W) for alWeVe | foralie{l,....l}.  (5.70)

Proof. Let A = (I,n,m) € N3 be arbitrary but fixed.

Step 1: Identification of the initial condition
By (5.38) the family of continuous functions 7% satisfies the initial condition ﬁk’)\((), )=
Pt up(-) in Q for all £ € N. Thus, the sequence {ﬁ“(o, ‘) }ken is constant and the strong

convergence in (5.39) implies that P} uo(-) = f]k’k(o, ) = lNJ)\(O, ) =Upin Q, so (5.67) and
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(5.69) are satisfied.

Step 2: Identification of the limiting equation
Let W € V},_ and let ¢ € C§°((0,7')) be arbitrary but fixed. With the convergence of

8J}k7/\ in (5.40) it follows that
~ k) 2\
<8tU ,<pW>Q = <8tU ,90W>Q, as k — 0. (5.71)

Further, similarly as in Step 1 in the proof of Lemma 4.4 by the strong convergence in (5.41),
(5.43) and the weak convergence in (5.45) it is straightforward to show that

<£’M[U’“’A; W](.),¢> o <sk[ﬁk; W](.),¢> . as k — oco. (5.72)

(0,7) (0,7)

In particular, the strong convergence in (5.41) and in (5.43) allows us to take the limit in
the numerical convective term without any restriction. Finally, (5.71) and (5.72) applied
in (5.37) imply that (5.66) holds for a.e. ¢ € (0,7). Recall that §)\(t,~) = S, for any
t € (ti—1,t;) and i € {1,...,1} by (5.46). Since now the terms in (5.66) are constant on each
interval (¢;_1,t;], for ¢ € {1,...,1}, the equation also holds for all ¢t € (0,7]. Also, (5.70)
follows from (5.66) since 8J7A(t, N = d U, U/\(t, -) = U? and the corresponding holds for
S} and f,, for any t € (t;_1,t;] and i € {1,...,1}.
Step 3: Identification of the implicit relation

The proof of the implicit relation (5.68) relies on the strong convergence of {Dﬁk’A}keN by
(5.42), the weak convergence of {8F(-, Dﬁk’)‘)}keN by (5.44) and the property of 8% stated
in Assumption 3.18 (03) and follows as in Step 2 in the proof of Lemma 4.4; see also

Remark 3.19.
O

Limit [,n — o

We are taking the limits [,n — oo simultaneously without imposing any condition on §; and
h, and the condition g > % is required to gain compactness.

Two additional difficulties, compared to the existence proof in [BGMS12], arise from the
discretisation. The first is that in order to prove a uniform bound on the sequence of
approximations to the time derivative one would require the stability of the L2-projector
onto VY, in Sobolev norms, which has been proven in Subsection 2.2.3.2 but under stronger
assumptions on the finite element setting. To avoid this, instead of the Aubin—Lions lemma
we shall employ Simon’s compactness lemma, see Lemma 2.8, which requires convergence
properties of time-increments and can be applied since we still have admissibility.

The second difficulty is that, due to the time-stepping we have to identify the limits
of the respective interpolants with each other both for the approximate velocity function
and for the approximate stress tensor function. Furthermore, in the identification of the
implicit relation we have to deal with the discrepancy between §)\ and S*, since §/\ appears
in the equation (5.66) and S* satisfies the implicit relation in (5.68). Note that despite the
regularisation and the fact that we still have full admissibility of the approximate solutions
in the convective term, in the time derivative some integrability in time is missing. Hence,
we obtain an energy identity only for almost all times and — in contrast with the steady case
— we require a localised version of the Minty type convergence lemma to identify the implicit
relation already at this stage.
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For the following let us denote

d—+2
7 = max <2q’, a( ;L )> > 2, (5.73)

since q > ¢12+7d2‘

Lemma 5.6 (Convergence I, n —> 00).
Let A= (I,n,m) € N3 and let T € PL(0,T;V7..), U P L(0,T; VR ), S* € LY(Q)¥*? and

S ¢ P40, T; L (2)%9) be solutions to (5.66)—(5.68).
Then, for any 0 < sg < s < T and all X\ = (I,n,m) € N3 one has that

% Hﬁ/\(s’ ')H;(Q) + <§/\’ DU/\>Q30 o Hi/\ L2 (Q3,)
U >ng + 2 HU (s0,°)

<(r.0"
Further, with n as defined in (5.73), for each m € N there exists a u™ € L>°(0,T; L2, (2)?)N
Xaiv(®), a function S™ € Lq/(Q)dXd and subsequences such that

, (5.74)

L2(Q)

Ty strongly in LP(0,T; L2(Q)%) (5.75)
for all p € [1,00),

T (s,) = u (s, ) strongly in L*(Q)? for a.e. s € (0,T), (5.76)
U™ 0,) = ug strongly in L2(Q)%, (5.77)
ohmm b A ym weakly* in L=(0, T; L*()9), (5.78)
T strongly in TP(0, ;L@ NU(@Q)F (5.79)

for allp € [1,00) and all r € [1,7),
ﬁl’n’m(s, )= u™(s,-) strongly in L*(Q)* for a.e. s € (0,T), (5.80)
o L m weakly in LY(0,T; Wo’q(ﬂ) )NL"(Q )dv (5.81)
\UZ "m\Qq/_z T w22 u™ weakly in L9 (Q)Y, (5.82)
ghmm L gm weakly in LY (Q)¥*?, (5.83)
glnm _  gm weakly in LY (Q)™¢, (5.84)

as l,n — oo.

Proof.
Step 1: Energy inequality

Let A = (I,n,m) € N3, i € {1,...,1} and let t € (t;_1,%;]. In (5.66) we test with W =

_ ~ )
U)\( -) € V. . For the first term adding and subtracting U (t,-) one obtains with (2.74)

that

(0T ). 0'() = <at’7k<ta 0.0°00), + (007000 - 0 6.0),
2dt HNA ) i2(9)+(ti—t> Hatﬁk(tr) ;(Q) (5.85)
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~ )
since t < t;. By the continuity of U , upon integration over (s, s), for 0 < so < s < T, this
yields

2

2 1~
12Q) 2 H

JRCCARATRI ] gt 0" (50,

S0

. 5.86
L2(@) (5.86)
The other terms follow immediately and (5.74) is proved.

Step 2: Estimates on the discrete level
Similarly as in the proof of Lemma 5.3, testing (5.70) with W = U} € V& fori € {1,...,1}
yields

<dtU$, U3>Q + <s§, DU$> + = H

L @ <f U?>Q- (5.87)

The first term on the left-hand side is bounded as in (5.29) and the term on the right-hand
side is bounded as in (5.31). The only difference arises in bounding the term involving the

stress tensor, see (5.30): we use that (Dﬁ/\(z),s/\(z)) € A(z) for a.e. z € @ by (5.68) and
Assumption 3.11 (A3) to obtain

<s§,DU3> (5.46) <][ SA(t, ) dt, DUA>Q:;I<SA,DU?>Q1-

i—1

1 /
> / <_g(.)+c* <‘DU? ! ‘q>> dz (5.88)
o Jqi,
1 q c q
> —— i U} = |1s?
= 5 @y “H Hiwra) o 17 @iy

where again Poincaré’s and Korn’s inequalities were used. Following the same procedure as
n (5.32)—(5.34) we arrive at

2
A
L2(Q +ZHU U] !

+[s*;

for all A = (I,n,m) € N3. Tt follows by the relation between $" and S* in (5.46), by (2.78)
and the estimate (5.89) that

5;

Step 3: Estimates on the continuous level
By the definition of the piecewise constant interpolant according to (2.72) it follows from

max HU’\

l
B o )mgnu;uim

ol

(5.89)

124 (Q)

<c forall A e N3 (5.90)
7(Q)

q
<[
L
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the discrete estimates that

o] R L W
Lo (0,T5L2(Q) 124 (Q) La(0,T3W1a(Q2))
l
S DY o1 !
je%?.)iz} v L?(Q)Jrél; vs 124 (Q) 512 Wha(Q (5:91)
(5.89)
< c(m),

for all A = (I,n,m) € N3. With this and the parabolic interpolation from Corollary 2.5 we
also have that

7"

war2y  <c(m) forall A= (I,n,m) € N3, (5.92)
L (Q)

~ )
For the estimates of the continuous, piecewise affine interpolant U according to (2.73) one
also has to control the corresponding norms of Uy, which is why we can only show bounds of

~ )\
{U }yens in L°(0, T; L2(2)?) unless one wants to assume more regularity on the initial data;
as in the argument following (5.48) we obtain by (5.69), with stability of the L2-projector in
(2.81), and with the discrete estimate in (5.89) that

(5.69),(5.89)

(2.76) < c for all A € N3. (5.93)

= max

L TP, S i

T2 ()

~ )\ ~ \
For the compactness argument instead of U we consider U € C([0,77; V) defined by

IS [ it t e (6,7,
Ult)= {U/\(t, N=UN) iftelo,d], (5:94)

PO
which is constant on [0,d;]. By the definition of U and the relations (2.75), (2.76) , for
r € [1,00) and a normed space X, we have that

l
~\|T — ~ M7 r T
L7(0,T;X) L7 (0,6;;X) L7 (6;,T;X) X 1 X
= (5.95)
<¢h § jHUA = H f A e N3,
cop =c L (0.T5X) or any A €

and an analogous estimate holds for r = oo with the obvious modifications. Hence, by the
estimate (5.91) we have that

~\129

A |4
L2 () H < ¢(m) (5.96)

La(0,T5W1a ()

L ——

for all A = (I,n,m) € N3.
By the fact that (BHD')\( t,) = dU, for t € (t;_q,t;], i € {1,...,1}, and by the discrete
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estimate (5.89) we obtain

1 A A ?
g(Ul - Uifl)
l 2

~\||2 !
i, -
2@ =

for all A € N3.

Finally, we also estimate £*[u;v](t), as defined in (5.64): by the bound (5.18) on the
numerical convective term, duality of norms, and Holder’s and Poincaré’s inequalities we
obtain

/ab A u; ) (1) dt = <Z(u(t, ), ult, '>"")><a,b) - <§/\(t, ), Dv>Q2

()P )0

(5.18)
||u||i2q/(QZ) ”vv”Lq(QZ) + ”u”LW (Qb) ”V“’”Lq(Qg) HU”LW(QQ)
s 2¢'~1 5.98
8 g PPty + o Tty Pl iy (5.98)

+ H?HLq/(mb;Wfl,q/(Q)) ”'U”Lq(@b;wm(g))

2
<c (1 + ”u”L2‘1/(Qg)) ”vv”Lq (@Qb)
2q¢'—1
+ C (”uHLQq/(Qz) HVU”Lq(Qb ” HL2q Qb ) ||UHL2q/(QZ) ’

for 0 < a < b<T,for any A\ = (I,n,m) € N3, where we have used the uniform estimate
(5.90) on 5" and (5.21) on f. With the estimates on U in (5.91) this yields
2q¢'—1

b " (5.98)
[ ewtana e (jo] . o) Pl

+c (1 + H L2’ (Qb)> HV'U”Lq(Qg) (599)

(5.91)
<" em) (IVoluaqy) + 0l o) )

oo

La(Qb%) E H

for 0 <a<b<T and any A = (I,n,m) € N3.

Step 4: Convergence of the time increments (compare [CHP10, pp. 174])
Instead of applying the Aubin—Lions lemma, as in [BGMS12], here we apply the compactness

Al7 b
result due to Simon, stated in Lemma 2.8. We wish to apply it to the sequence {U " m}l,neN,
for fixed m € N, with X = Wh4(Q)? B = L2(Q)¢ and p = 2. Let us show that

/T—E
0

Consider the term <IA]/\(S +e,) — IA]/\(S, ), W> for W € V., s € (0,T7) and € > 0 such

. . 2
U)\(s +e,) — U)\(s, ')HLQ( ds — 0, ase—0, uniformly for /,n € N. (5.100)

that s +¢ < T. If s+ ¢ < §;, then we have o (s+¢)= ﬁ/\( ) = U3, so the term vanishes.
Now let s+¢ > §;. By the definition of 0 in (5.94) we have that IA]/\(S, )= I/J\'/\(max(s, 01),s ).
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) Y
By the continuity of U and since 0,U is integrable, we obtain

<(7/\(s+5,-)—(AJ/\(S,~),W>Q:/S+€ <atfﬁ(t,-),w> dt

max(s,0;) Q

e i (5.101)
:/ <8tU (t,-),W> dt,

max(s,0;) Q

where in the last line we have used that lA])\(t, -) and ﬁ)\(t, -) coincide on (max(s, d;),s+¢) C
[07, T] by (5.94). Applying the equation (5.66) for a.e. t € (max(s,d;), s +¢), integrating and
applying the bounds in (5.99) yields

s+e - - s+e .
/ <8tUA(t, -),W>Q dt (‘r’ﬁ"’/ T Wt dt

max(s,d;) max(s,0;)

(5.99)
< ¢(m) (HVW”L(,(QW ) + ”W\\qul (QS+€ )> (5.102)

max(s,d;) max(s,d;)

= c(m) ("4 ") Wy q

since W' is constant in time and the length of the time interval is bounded by e¢.
)\ P\
For all s € (0,T) and € > 0 such that s +& < T we have that U (s+¢,-), U (s,-) € V. ;
~ \ ~ \
so, applying (5.101) and (5.102) with W = U (s+e¢,-)—U (s, ), which is piecewise constant

in time, shows that

~ A\

HIAJ)\(S +e,) — IAJ)\(S, ) < c¢(m) (el/q + 51/2q/> ”ﬁ)\(s +e)-U

(s,-)H (5.103)

L2(Q) X(Q)

Integrating over (0,7 —¢), using the triangle inequality, Holder’s inequality and the estimate
in (5.96) yields

/T-é
0

C27 im) (g/q N El/zq') /OTE (”ﬁk(s te, .)HX(Q) + HﬁA(s, ‘)me)) ds  (5.104)

.96)
<

~\ ~\ 2

U'(s+e,)—U (s,

L2(Q)

c(m)(et 4+ &7y = 0,

<clm (04 ) 0],

X(Q
as € — 0 uniformly in I,n € N, where A = (I,n,m) € N3. This proves (5.100) .

Step 5: Convergence as [,n — oo
Recall that we have A = (I,n,m) € N3 and let m € N be fixed. By the estimates (5.96) we
have that {ﬁl’n’m}l,neN is bounded in particular in L2(Q)% and L'(0, T; WH4(Q)9). By the
condition that ¢ > %, the embedding WH4(Q) << L2(Q2) is compact and with (5.100)
all the assumptions in Lemma 2.8 are satisfied for X = Wh4(Q)¢ B = L2(Q)? and p = 2.
Hence, there exists a u™ € L2(Q)? and a subsequence such that

~l.nm

U —u™  strongly in L2(Q)¢, asl,n — co. (5.105)

Al7 9 . . .
By the definition of U " i (5.94) and the property (2.74) of the interpolants defined in
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(2.72) and (2.73) we have that

~l,n,m —lnm ~ I n,m |2
I
2(Q) L2(0,6;;L2(92))
(2.74) 5 0.5 s2llo.c Frlmm |12
z . < ” 5.106
< H( 1 —t)oU L2052 = O U 12(0,6;;12()) ( )
(5.97)

< ¢ —0, asl— oo.

~l7 ) .
With (5.105) it follows that U "y wm strongly in L2(Q)%, as I,n — oco. By the bound-
edness in L°(0, 7;L2(Q)%) in (5.93) and interpolation, this implies that

l,n,m

U —u™  strongly in LP(0,T;L*(Q)%), asl,n— oo, (5.107)

for any p € [1,00). Similarly, by (2.74) we have that

!
2 (2.74) ’ ~In,m||2
12(Q) Z ‘( )0 L2(Qi )

~[l.n,m

Hﬁl,n, U

(5.108)

l m (5.97)
" H < ¢ —0, asl— oo

< 67 Hat

Consequently, with (5.107) it follows that (RN strongly in L2(Q)?, as I,n — oo.
In particular, ¢t +— ||Ulnm( t,-) — u™(t,-)|lL2(q) converges to zero strongly in L*(0,T), as

l,n — oo. Thus, there exists a subsequence such that t — ||Ulnm( t,) —u™ ()2
converges to zero a.e. in (0,7), as I,n — oo, which implies (5.80). Analogously, (5.77)

follows from the strong convergence of U B i (5.107).
The uniform bounds in L>(0, T; L2(Q)9) and L7(Q)%, with n = max(2¢/, q<d+2)) by (5.91)
and (5.92), and the strong convergence in L?(Q)?, yield by interpolation, that

[N strongly in L?(0, T5 L2(Q)%) NL7(Q)?, as I,n — oo, (5.109)

for any p € [1,00) and any r € [1,7). By the uniform bounds in (5.91) and (5.92) and the
Banach—Alaoglu theorem, up to subsequences, we have that

T A weakly* in L(0,T; L*(Q)%), (5.110)
T ™ weakly in LI(0, T} W(l)’q(Q)d) NL"Q)%, (5.111)

as [,n — oo, where the identification of the limiting functions with «" follows by the strong
convergence in (5.109).

The argument that «" is divergence-free follow analogously to [DKS13a, p. 1001], see also
Step 2 in the proof of Lemma 4.5: Let h € LY () and note that by the Assumption 2.21 on
the projector IIf) we have that IIjh — h in particular in LY (Q), as n — oo, see (2.37). Also,

let p € C5°(0,T). By (5.111) we have that divO"™™ — divu™ weakly in L9(Q), and hence

<divﬁl’n’m,¢ﬂ&h>Q — (divu™, ph)g, asl,n— oco. (5.112)

Since g € IP’(ZJ (0,T;Vy,,) the left-hand side vanishes for all /,n € N, and hence we have
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(divu™, hep)y = 0 for all h € L7(Q) and all ¢ € C®(0,T), so by density u” is (weakly)
divergence-free.

By (5.91) it follows that {|T"""[2¢=2T"™™}, nen is bounded in L7 (Q)? and thus, by
the Banach—Alaoglu theorem there exists a subsequence and y™ € L(Qq/)'(Q)d such that

I,n,m ‘2(1/72

‘ﬁ [ Y™ weakly in L29)(Q)?,  asl,n — oo. (5.113)

By the strong convergence in (5.109), there exists a subsequence, which converges a.e. in @,
and hence we can identify ™ = [u™|*? ~2 u™, which shows (5.82).

~l7 ) . .
Because U nm(O, -) = P} ug by (5.67), with (2.82) it follows that

~l.n,m

U’ (0,-) = Pt ug —ug  strongly in L2(Q)4,  asn — oo, (5.114)

so (5.77) is proven.
The uniform estimates in (5.90) and the Banach—Alaoglu theorem imply that there exist
§m,5m € Lq/(Q)dXd and subsequences such that

S 8" weakly in LY (Q)%*¢, (5.115)
Shmm 8™ weakly in L9 (Q)**?, (5.116)

as [,n — oco. It remains to show that S = S™; to this end, let B € C(Q)¥4 be arbitrary
but fixed. On the one hand the weak convergence in (5.115) shows that

<§l’n’m,B>Q — <§m,B>Q, as l,n — oo. (5.117)

On the other hand, by the relation between S"™™ and Shmm according to (5.46), one can
show that <§l’n’m, B>Q = <Sl’”’m,§>Q. By (2.79) we have that B — B strongly in LI(Q)?*¢,

as | — 00, so that with the convergence in (5.116) it follows that
<§l’n’m,B>Q = <Sl’”’m,§>Q — <Sm,B)Q, as l,n — oo. (5.118)
By (5.117) and (5.118), the uniqueness of limits implies that S = S™ a.e. in Q. O

Form e N, t € (0,T), u € L2 (Q)? and v € X(Q) let us introduce

LM u;v|(t) == — b(u(t,-),u(t,-),v) — (S"(t,-),Dv)q

1 o/ 2 (5.119)
N — t.)“? t,- > t,-
— (u(t, )P ult ), v) + (F (), v)g,
where S™ is given by Lemma 5.6 and b(+, -, -) is defined in (5.9). Let us denote
7:=min (¢, (2¢")") > 1. (5.120)

Lemma 5.7 (Identification of the PDE as [,n — c0).

The limiting functions u™ € L>(0,T; L4 (%) N Xaiv (Q) given in Lemma 5.6 satisfy that
du™ € L7(0,T; (Xaiv (R2))), with 7 defined in (5.120), and Xqiv(Q) defined in (5.11). (Up
to a representative) we have that u™ € Cy([0,T],L3, (2)9) for all m € N. Furthermore, for



134 Unsteady Case

each m € N the functions u™ and S™ € LY (Q)P*? from Lemma 5.6 satisfy

(O™ (t, ), w)q = £ u™;wl(t) foral w e Cgf’div(Q)d (5.121)
for a.e. t € (0,T),
(Du™(z),8™(z)) € A(z) for a.e. z € Q, (5.122)
e?i%iin [uw™(t, ) — ug ||L2(Q) =0. (5.123)

Proof. Let m € N be arbitrary but fixed.

Step 1: Identification of the limiting equation
For A = (I,n,m) € N? multiplying (5.66) by ¢ € C3°((=T,T)) and integrating over (0,T)
yields

~ )\ (5.66) / axpd. n
<8tU ,W¢>Q e <£ % ,W],¢>(07T) for any W € V7. . (5.124)

Then, by integration by parts and the fact that U e C([0, T]; L2(2)%) it follows that

(O Wag) = (U 0).00W) +(S0 W) (5.125)
for all W € V. and all p € C((—=T,T)) and A = (I,n,m) € N3.
Now let w € Cgf’div(Q)d and ¢ € C5°((—T,T)) be arbitrary. Recall that by Remark 2.24 (i)
for w € Cgf’div(Q)d we have that

Gy D "w — w  strongly in W(l)’s(Q)d, asn — oo, foranyse[l,00). (5.126)
To deduce the limiting equation for u™ we consider (5.125) term by term, as I,n — oo: let
s € [1,00) be large enough that the embedding W'#(Q)% < 1.2(Q)? is continuous. By the
~ |
strong convergence of U in LP(0,T;L2(Q)%), for p € [1,00) by (5.75), with (5.126) we
obtain that

_ <ﬁl’n’m,H"(w)8ttp>Q - — <um,w6t<p>Q, as [,n — oo. (5.127)

1,

Similarly, the strong convergence of U’ (0,-) — up in L2(Q)? in (5.77) yields that

(T""0.),0(O"w)  — (g, p(O)w)g, asl,n— . (5.128)

By the fact that [ strongly in L™(Q)? for all 7 € [1,7), as [,n — oo, by (5.79), it
follows that T @T"™™ — u™ @ u™ strongly in LP(Q)%*? for all p € [1, ). Suchap > 1
exists, since 7 = max (2q’, q(df;ﬂ» > 2. With (5.126) applied for s = p’ < oo we obtain that

OVII"w — oVw strongly in L (Q)%*9. Together these imply that
<Ul7n’m ® ﬁl’n’m, goVH”w>Q = (U @u", pVw),, as l,n— oco. (5.129)

For the modification of the convective term note first that we have weak convergence of
—=l,nm

VO V™ in LI(Q)™? by (5.81). By (5.79) we have in particular that U — u™
strongly in LY (Q)%, as I,n — oo, since ¢/ < 2¢/ < n. For s > d, the embedding W'*(Q) —
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L>°(Q) is continuous, and hence we have ¢II"w — pw strongly in L=(Q)?. Together, these
yield that

<ﬁl,n,m ® w VUl 1, m>Q - <um ® ow, vum>Q , as l7 n — o00. (5130)

By (5.126) we have in particular that ¢DII"w — @Dw strongly in LI(Q)?*? and by (5.83)
that §"" — gm weakly in LY (Q)%¢. Thus, it follows that

<§l’n’m, goDH”w>Q — (8", ¢Dw),, asl,n— oo (5.131)

Since |Ul7n’m]2‘1/_2?l’n’m — |um]2ql72 u™ weakly in L9 (Q)? by (5.82) and ¢II"w — pw
in particular in L2 (Q)?, we obtain

-2 __ 1
<‘Ulnm‘ Ul’n’m,(pﬂnw> o <’um’2q -2 m7¢w> , as l,n — oo. (5.132)
0 m Q

Finally, with the strong convergence f — f in L¢(0,7; W1 (Q)%) by (5.22) and with
(5.126) we have that

(F.ell"w), = (f,ow)g, asln— oo (5.133)

By the fact that «™ is divergence-free, it follows that g(um,um, pw) = b(u™, u™, pw). So
with £6"™ and £™ as defined in (5.64) and (5.119), respectively, the convergence results
(5.129)—(5.133) yield that

<£l nm[U H” ] >(0 - — <2m[um; w], 90>(0,T) , as [,n — oo. (5.134)

Now, from (5.125), using (5.127), (5.128) and (5.134), as [,n — oo, we have that
— (U™ wp) g = (uo, p(O)w)g + (L™ [u™; w], 0) (o 1) (5.135)

for all w € CS?diV(Q)d and all ¢ € CF((—T,7)).

Step 2: Regularity of the time-derivative
The distributional derivative of u™ satisfies, by definition and using (5.135), that

5.135
(Opu™, ’w<P>Q =—(u", 'watcp) ( :

(e ], o) (5.136)
for all w € Cg?diV(Q)d and all ¢ € CF((0,T)), since supp ¢ C (0,7). Using this equation we
wish to show that dyu™ € L7(0,T; (X4iv(€2))") (not uniformly in m € N), for 7 as in (5.120)
and Xgi,(Q) as in (5.11). For £™ as defined in (5.119), using the fact that u™ € L4 (Q)?
and S™ € LY (Q)?*4, similarly as in (5.98) with (5.18) we can estimate

([, w), ) 0.1 < 1" o) 16V Wl1a(g) + 18y ) IDWlaq)

my2q —1
+ o w1 ) oWl ) (5.137)
+ Hf”Lq’(o’T;Wfl,q’(Q)) H@w”Lq(mT;Wl,q(Q)) (5.138)

< e(m) (Iplaor) + 1elzeor) ) (Iohwragy + 1wl )
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< e(m) lel 0.y 0l -

for all ¢ € CF((0,7T)) and all w € Cgf’div(Q)d, since 7/ = max(2¢,¢). By the density of
the respective test function spaces, (L™ [u™, ], ~>(0,T) represents a bounded linear functional
on L™ (0,T; Xqiy(Q)), and thus we have that dyu™ € L7(0,T; (Xqiv(Q))’) by (5.136) and by
reflexivity of the function space. Consequently, (O;u™, w), is integrable for w € Cg?div(ﬂ)d,
and thus, we can rephrase (5.136) by the fundamental lemma of calculus of variations in the
pointwise sense in time, so (5.121) is proved.

Step 3: Identification of the initial condition
Let us first show that u™ € C,([0,T]; L%, (2)%). The embedding Xqiv(2) — L3, ()% is
dense and hence we have (L2, (2)9)" < (Xaiv(2))". Together with the embedding L3, ()¢ —
(L2, (€)% by (5.19) this shows that the embedding L3, (2)? < (Xqiv(£2))’ is continuous.

Consequently, we have that u™ € L>°(0,T;L2 (Q)9) — L0, T; (Xaiv(©2))"). With this
and the fact that in particular ou™ € LY(0,T; (Xqiv(2))'), Lemma 2.9 implies that u™ €
Cuw ([0, T); (Xaiv (22))"). Furthermore, by this and the fact that u™ € L>°(0, T; L2, (Q)%), again
with L3, (2)¢ < (Xaiv(€2))’, Lemma 2.10 shows that u™ € C,, ([0, T]; L, (2)9).

Next, we shall show that u™(0,-) = ug € L2, (2)%. Let ¢ € C((—T,T)) be such that
©(0) = 1. Multiplying (5.121) by ¢ and integrating over (0,7"), yields that

(Ou™, we) g = (£"[u™; w],¢) o 1) (5.139)

for all w € C§%;, (). On the other hand, by integration by parts, the fundamental theorem
of calculus and the fact that u™ € Cy,([0,7]; L3, (©2)?) and also applying (5.135), we have
(Oru™, we)g = (Oi(u™p), w)q — (U™, wip)g

. (5.140)
P (0,)9(0), w) g + (w0, p(0)w)g + (7 [u™s w], 9) o 1)

for all w € Cgf’div(Q)d. Comparing with (5.139) and noting that ¢(0) = 1, we obtain

(u™(0,),w)n = (ug,w), forall we Cgf’div(Q)d. (5.141)

Since ug, u™(0, ) € L2, ()¢ are divergence-free, this suffices to conclude that ug = u™(0, -).
~l7 b .
By (5.76) we have strong convergence U nm(s, D) = um(s,-) in L2(Q)?, as I,n — oo, for

~l7 k) .
a.e. s € (0,7). Furthermore, by (5.77) we have U nm(O, ) — g strongly in L%(Q)?, as
l,n — oo, and consequently for a.e. s € (0,7) we obtain that

m 2 T r7 T7 .
" (s.) ~wolfaey = [T (5.0 =T "0, (5.142)
By (5.74), for all s € (0,7) and A = (I,n,m) € N® we have that
~ 2 ~ 2 o
HUA(S, )H - HU/\(O, )H <2(F, UA>Q for A = (I,n,m) € N?, (5.143)

since the other terms can be shown to be nonnegative. Indeed, the nonnegativity of the term
<§>\, Dﬁ)\>QS can be shown as follows: By the relation (5.46) we have that

<§A,DUA> i :51<]€;S’\(t,~)dt,DU;\> :<SA,DﬁA> o (5.144)

i—1 Q i—1
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for any i € {1,...,1}. For j € {1,...,1} such that s € (t;_1,t;], we can split the term and
then apply (5.144) to the first term and again (5.46) to the second term to obtain
.

(s\ov), - (500"

+ <§A, DﬁA> S
i1

(5.145)

By the fact that (Dﬁ/\(z),s)‘(z)) € A(z) for a.e. z € Q by (5.68), and that A(-) is monotone
and (0,0) € A(-) a.e. in Q by Assumption 3.11 (A1) and (A2), it follows that all terms in

(5.145) are nonnegative, which shows that <§>\, Dﬁ)‘> > 0.
Expanding the norm on the right-hand side in (5.1423), adding and subtracting twice the

~lnm

term ||U ™ (0, ')”12}(9) and applying (5.143), for A = (I,n, m), we obtain that

~ ) ~ A 2 ~ )\ 2 ~ A ~ A ~ )\ 2
') T ) " — ) " -2 y ") )" H )"
HU () =00, ) HU ) e <U (s,-), 0 (0 )>Q+ 00 g
~ )\ 2 ~ A\ 2 ~ A\ ~ A ~ A
— [T, —HU 0, 2 (U0, =T \(s,), U070, 5.146
[T gy [T 0 gy +2(T 0 =T (50,07 0)), (5:146)
(5.143) ,_ __y ~ A ~ A )\
< D — ) a)
< (£.0Y) +2(0°0.) -0 (.).070.)),
Then, applying limsup, ,,_,., gives that, for a.e. s € (0,T),
. s l,n,m My lvnzm (5146) . — =—=l,n,m
lim sup HU (s,)—=U (O,)H < limsup <f,U’ ’ >
l,n—o0 l,n—o0 s
+ 2lim sup <l~]l’n’m(0 ) —ﬁl’n’m(s ) ﬁl’n’m(O )>
im sy : » ) 7)), (5.147)

= (f,u")g, +2(ug —u"(s,"), uo)q
= <f> um>QS +2 <um(07 ) - um(sa ')a u0>Q )

since we have the convergence [N weakly in LI(0, T W(l]’q(Q)d) by (5.81), f = f
~Ilnm

strongly in L¢ (0, T; W=14'(Q)9) by (5.22), U (0,-) — wg strongly in L2(Q)¢ by (5.77)
~l7 k) . .
and U nm(s, ) — u™(s, ) strongly in L2(Q)? for a.e. s € (0,T) by (5.76). In the final line
we have used that u™(0, ) = ug. Let us denote by N C [0, 7] the zero subset of times for
which (5.147) does not hold. Applying (5.147) in (5.142) and taking liminf, o, omitting
the zero set N™ we have that
0< liminf ™ (s,-) — uol}
S opiminf Ju™(s, ) — woliz(q)
(5.142) ~lnm

< liminf  limsup Hﬁl’n’m(s, )=-U
(0,7)\N"35-0 | p—yo00

2

(07 )

2@ (5.148)

(5.147)
< lim inf u™ o +2(w™(0,) —um(s, ), =0,

B (o,T)I\III\IMInnaHo<f u)q, +2(7(0,) — w5 ) ol

where the last equality follows from the absolute continuity of the integral and from the

fact that u™ € Cy, ([0, T]; L3, (2)9), up € L2, (2)¢ and L2, ()¢ — (L3, (2)?). This shows

(5.123).
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Step 4: Energy identity
Recall that w4 € Xgi, (Q) — L™n(924)(0, T; X 43 (Q)) and dsu™ € L7(0, T; (Xqiv (Q))’), with
7 = min(¢, (2¢')’), and equation (5.121) is satisfied. Because of the lack of integrability
in time, but still full admissibility in the convective term, an approximation procedure by
means of mollification in time can be applied to prove an energy identity for almost all times,
which is similar to [Lio69, Ch. 2.5] and [BGMS12, Sec. 3.3].

For this let 0 < sg < s < T be arbitrary (possibly omitting a zero set) but fixed. Choose
0 € (0, % min(sg, s — sg, 7" — s) and define a piecewise affine function ¢5: R — [0, 7], such
that s(so46s—5) = 1, and both ¥s|(sy_s5515) and ¥s|(s_ss1s) are affine and suppips =
[so — 0,54 3] C (0,7"). Then, for £ > 0 let {pe}>0 be a family of standard mollifiers in time,
i.e., for each € > 0 let p.: R — R>o be compactly supported in [—¢, €], smooth, symmetric
and such that it integrates to 1. For a Banach space X and a function f € L'(0,T};X)
extended to R by 0 we define the mollification in time in the usual manner

(o D) = [ pult=5)f(s,2)ds

Extending u™ € L>(0, T; L, (2)4)NL4(0, T} Wé’giv(ﬂ)d) by 0 to R in time without changing
the notation, for § > 0 as specified above and for ¢ € (0,6) let us introduce

u??& = 5 (pe * pe * (Ysu™)),

where the convolution is understood in the componentwise sense.

Since we have that w™ € L™(424)(0, T; X 45, (Q)) it follows by construction that u; €
C([0, T7; Xaiv(€2)). Testing with u[s(¢,) € Xaiy(§2) in (5.121), which is admissible for any
t € [0,T], and integrating in (0,7") we obtain

(Opu™, ug’?5>Q + (u" @ u™, Vu??(;>Q +(S™, Du?@Q

1 . (5.149)
+ E <|um’2q 2um7ug?6>Q = <f7ug?6>Q y

and since u” @ u™ € LY (Q)?*¢ all the terms are well-defined.
Let us examine term by term: For the first term on the left-hand side, by the fact that
supp s CC (0,7T), by integration by parts and the product rule, we find that

(Opu™, ugf(;>Q = (0pu™, s [pe * pe * (Ysu™)]) g q
= —(u", 0y (¥s [pe * pe * (Ysu™)]))pxq
= — (U5, pe * pe * (Vsu™))g g
— (Ysu™, O (pe * pe * (Ysu™)) gy -

(5.150)

For the second term of (5.150) we find, again with the compact support and by the definition
of the convolution, that

— (Ysu™, O (pe * pe * (wéum)»RxQ = (Or(Ysu™), pe * pe * (¢5um)>R><Q
= (pe * O (Ysu™), pe * (Ysu™))g g

O(pe * (Psu™)), pe * (Ysu™ )y (5.151)

1 d .
Q/RdtH(Pg*(ww ))(t")”i2(g) dt = 0,
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since the function p. * (Ysu™) € C([0,T]; L2 (2)?) has compact (in time) support. Using
this in (5.150) and by the fact that ¢5 € WH(R) and u™ € L>(0,T; L3, (2)9), we obtain
that

5.150),(5.151 m m
<8t'u,m, u€75> ( ):( ) < %, pe * pe * (Ysu )>]R><Q +0

(5.152)
— — / Ju™( ”L?. ¢6(t)¢(';(t) dt, ase—0,

since in particular u™y} € L0, T;L4 (%) and pe * pe * (Ysu™) — Psu™ strongly in
LY(0,T;13, (2)9), as ¢ — 0. For the second term in (5.149), we have by the fact that
u™ € L9(0,T; WH(02)9) that Vuls = ¥5(pexpex (1hs Vu™)) — 2Vu™ strongly in L(Q)4*¢,
as ¢ = 0, and hence ’

(u" ®u™, Vu?f(;> = (u"@u", ¢§Vum>Q
(5.153)
/ wé u )®u ( 7')7vum<t7')>ﬂ dt:O,
since we still have admissibility in the convective term as u” @ u™ € L9 (Q)%9, and it

vanishes for a.e. t € (0,7, since b(v,v,v) = 0 for divergence-free functions v.
For the remaining terms in (5.149) note that u™ € L%(0, T VVO dlv(Q)d) N L2 (Q)?, and

hence we have that u"y — YEu™ strongly in LI(0, T WO dlv(Q) )N .24 (Q)?. Applying this,
together with (5.152) and (5.153), taking the limit ¢ — 0 in (5.149) yields

T
— [ s at+ (57 DuR)

1 (5.154)
Bl m2q 2 4, m, )2
ton | vz = (£ umug
Now taking the limit § — 0, it follows that
1 m 2 1 m 2 m m
5 lu™(s, ')HL2(Q) — 5 [u™(s0, ')HL2(Q) + (8™, Du™) s
2 2 50
(5.155)

]' m
T e = (g

if 5,50 € (0,T) are chosen as Lebesgue points of the function ¢ — |u™(t, -)||i2(Q), see, e.g.,
[Lio69, p. 214]. Hence (5.155) holds for a.e. s,s0 € (0,7). Since the initial condition is
attained in the sense of (5.123) this implies that

1 1

m m m m 1
5 (5, ey + (87, Du™) g, + — a2, o = (g, + 5 luoliag) . (5.150)

for a.e. s € (0,7).
Step 5: Identification of the implicit relation
Recall that we have by the assertion (5.68) that the inclusion (Dﬁl’n’m(z), Shnm(z2)) € A(z)

holds for a.e. z € Q. Furthermore, by (5.81) we have that DU — Du™ weakly in
L4(Q)%*? and by (5.84) that S"" — S™ weakly in LY (Q)%*?, as I,n — co. By Lemma 3.16



140 Unsteady Case

it suffices to show that

lim sup <Sl”m DUlnm> < (8", Du™),_, (5.157)

l,n—00 s

in order to obtain (Du"(z),5™(z)) € A(z) for a.e. z € Qs. Then we can exhaust @ by
letting s — T'. We can only show (5.157) for a.e. s € (0,T) since the energy identity (5.156)
is available only for a.e. s € (0,7") and some of the arguments used to show (5.157) are only
available for a.e. s € (0,T). For this reason we require a localised version of the Minty type
convergence lemma.

lin,m ~+=ln, m>

Let us add and subtract the term (S™ ,DU"

o), (8

= 1+1I,

to obtain

i (sinm 5o ppte)

B

Q. (5.158)

where the first term appears in the equation (5.66) for the approximate solutions and the
second term has to be shown to vanish. The energy inequality (5.74) yields that

=lnm ==lnm (G.74) 1 ~[l.nm 2 1| ~lnm 2
= <S DU > s 7y HU ()], ) HU (0,-) L2(Q)
—I,n,m lnm 2q (5159)
+(F.0" >QS -~ |z iy

For the second term in (5.158), for [ € N let j € {1,...,l} be such that s € (t;_1,¢;], i.e., j
depends on s and on . As before in (5.144) by the relation (5.46) we have that

(shmm -5 DT =0 (5.160)
for any ¢ € {1,...,1}. So for term II we obtain that

II = <Sl’"’m _gn DUl nm> _ <Sl,n,m _gln DUl nm> t

J
5.160 “ . 7le (5.161)
( 16 ) <Slnm DUlnm> 4 <S ,n,m’Dﬁl,n,m> < <S n,m DUlnm> L
Qs QS Q/J

where the inequality follows since A(-) is monotone a.e. in @, (0,0) € A(-) a.e. in @ and
by the fact that (Dﬁl’n’m,sl’”’m) € A(+) a.e. in @ by (5.68). For the remaining term we use
again (5.74) on (s,t;), noting that the term involving -1 is nonnegative, which yields

e ($0 oo < (7.0

. ) (5.162)

1| ~In,

L2(Q)

By the duality of norms, the estimate (5.91) (the dependence on m arises from the regulari-
sation term only) and by (5.21) we obtain

==l,n,m Tz
<f U’ >Qij < HfHLq'(s,tj;W*1 () HU L4(0,T;W14(Q)) (5.163)

<c ||f||]_,q’(tj717tj;wf1,q/(Q)) <c ”-f”Lq/(sfél,s%»él;W*l’q/(Q)) .
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~[n, = = .
Furthermore, we have U nm(tj,‘) = Ul’n’m(tj,-) = Ul’n’m(s, -), since s € (tj—1,t;], and
hence

(5.161),(5.162) —ln,m 1 | ~lnm 2 1| ~inm 2
< _Z . - .
11 = <f v >Q§? 2 HU () L2(Q) 3 HU () L2(Q)
(5.1<63) (5.164)

= C(m) Hf”Lq' (s—8;,5+8;W—14"(Q))

1| ~lnm 2
517 +3[0" )

lnm H2

L2(Q)

Note that in order to take the limit /,n — oo, we had to get rid of any dependence on t;.
Applying limsup; ,,_,, to (I +1I) with (5.159) and (5.164), noting that the term involving

~[.n,m

U (s,-) drops out, we obtain

1 2 ~1 2
limsup (I+1I) < —> lim HU””” 5,) 4= lim HU ™0,
In—o0 2 In—o0 L2(Q) 2 In—o0 L2(0)
1 2q’
_7limianUlnm T4 lim <f U““”>
m l,n—oo L24(Qs) I n—oo Qs (5165)
* llg?o “fHLq/(S*CSZ,SJr&;W’l’q/ ()
1. . 9 1 9 1. .,
<3 Ju™ (s, )2 + B lwoltz(q) — ooy | Hqu +(f.u")g,

where the last inequality is based on the following arguments. By (5.80) we have that
ﬁl’n’m(s, ) — u™(s,-) strongly in L2(Q)%, as I,n — oo, for a.e. s € (0,T). The second term
converges to %Huoﬂig(m, since by (5.77) we have that ﬁl’n’m(o, -) — ug strongly in L2(Q)%.
For the third term we use weak lower-semicontinuity with respect to the weak convergence
in L2 (Q,)? and (5.81). For the forth term we have convergence, since """ sy, weakly
in L0, 7; Wh4(Q)%) by (5.81) and f — f strongly in L (0, 7; W14 (Q)%) by (5.22), as
l,n — oco. The last term vanishes by the absolute continuity of the integral, as [ — oo.

Finally returning to (5.158), applying limsup; ,,_,, and the energy identity (5.156) for a.e.
€ (0,7), yields

—nm (5.158)
lim sup <Sl DU > < limsup (I +1I)
l,n—o00 Qs l,n—00
(5165 1 1 1, . (5.166)
< 51w ) a0y + 5 luoliz) — o Hqu +(f,u")o,
T2 (s, DU,
for a.e. s € (0,7). This proves the claim in (5.157) and thus completes the proof. O

Remark 5.8.

(i) Note that in the existence proof in [BGMS12, Sec. 3.3] the compactness argument is
based on the Aubin—Lions lemma, which shows that Oyu™ € LY (0, T, Vaiy)'), where Vaiy
is a higher order divergence-free function space used for the Galerkin approzimation,
i.e., u™ € C([0,T]; Vaiv). To show an energy identity as in (5.156) the authors

consider the test functions u gﬂ instead of u" ‘s, since the term <8tu u” 5 > s well-

defined in their situation. Alternatively they could have performed a finer estimate on
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oyu™ and used the arguments above. For the numerical analysis with finite element

functions this approach is not attractive, since in general the spaces V7, are not exactly

. . . . . =)
divergence-free. For this reason one cannot test with a mollified version of U ™" €

PL(0,T; VR ) in (5.121).

(i) The implicit constitutive relation can also be identified, if the initial condition is not
verified. In Step 5, one would consider the parabolic cylinders Q3 instead of Qs = Q)
and then let s — T and sg — 0.

Limit m — oo

In this step admissibility of the solution as test function is lost and hence we apply the
compactness lemma due to Aubin—Lions rather than the one by Simon. Since the numerical
convective term is not present anymore and the equation (5.121) is continuous, this does not
require any restriction on ¢. The loss of admissibility of the solution as test function means
that we have to use Lipschitz truncation to identify the implicit relation. The availability of
the solenoidal Lipschitz truncation allows to simplify the arguments in [BGMS12], since no
pressure has to be reconstructed. The proof of the identification is similar to the one in the
steady case, but is done locally.
Let us denote

d+2
ju == min <Q(;d_), (2q’)’,q'> =min (¢, 7), (5.167)

where 7 defined in (5.120). Note that since g > d2—f2, we have that p > 1.

Lemma 5.9 (Convergence m — 00).

Let u™ € L*°(0,T;L3 ()% N Xaiy(Q) be such that du™ € L7(0,T; (Xai(R))) and let
S e LY(Q)™? satisfy (5.121)(5.123), for m € N. Further, let n > 1 and § be defined in
(5.167) and (5.5), respectively.

Then, there exists a constant ¢ > 0 such that we have that

m| 2 m mq
B o zion 10 oz + 151
(5.168)

1 m|2q’ m
+ m |u ”L2q'(Q) + |u HLKI(dJQ) @ <c

for allm € N.
Furthermore, there exists a function uw € L>=(0,T;L2, (2)4) N L4(0, T; Wé’giV(Q)d) such that

Ou € LH(0, T (Wé’giV(Q)d)’), an'S € LY (Q)¥? and subsequences such that

u” —u strongly in LP(0, T; L3, ()% NL™(Q)?, (5.169)
for allp € [1,00) and all r € [1, q(d%;q)),
u™(s,-) = u(s,:) strongly in L3 (Q)¢ for a.e. s € (0,T),

(5.170)

u™ —u weakly in LI(0, T} Wéﬁiv(Q)d) N Lq(dfjm(Q)d, (5.171)

u™ oy weakly* in L>°(0,T; L3 (Q)9), (5.172)

ou™ — dwu  weakly in L*(0, T (Wé:giV(Q)d)/), (5.173)

Sm S weakly in LY (Q)*4, (5.174)

% ™2 2™ 0 strongly in LP(Q)¥?, for all p € [1,(2¢')), (5.175)

as m — 0.
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Proof.

Step 1: Estimates
Recall that by (5.156) we have the following energy identity for a.e. t € (0,7):

1

m m m m ]‘
o 1m0y + (87D g, + L, = (g, + o ol (5:176)

By the fact that (Du™,S™) € A(-) a.e. in @ by (5.122), we can use Assumption 3.11 (A3)
to show that

(S™,Du™)g, > — gl (g, + e (IDW" L4, + IS™I7,
o (Qe) ( (Q+) L9 (Q: )) (5.177)
> ~glusgy + eIu™Wa iy + & 1571

where we have used Poincaré’s and Korn’s inequalities in the last line. Similarly as before,
we use duality of norms and Young’s inequality with € > 0 to bound

™) g, < ) LI g vy 1 o agen) (5.178)

Applying (5.177) and (5.178) in (5.156), rearranging and choosing € > 0 small enough yields

/ 1
2
[ (& @) + 1™ o towraiey) T 15" 1w g + 7 w22, @S¢ (5.179)
for a.e. t € (0,7) and all m € N. Taking the essential supremum over ¢ € (0,7) and also
applying the parabolic interpolation from Corollary 2.5 shows (5.168).

Step 2: Bound on the time derivative
In order to derive a uniform bound on the time derivative let us estimate £ [u";v]. Since
no uniform bounds on [u™|; .y ) are avallable at this point, we use estimate (5.16) on the

convective term, which holds since g > d+2 Note that the embedding W4(Q) «— W4(Q)N

L24'(Q) is continuous for ¢ as in (5.5). Also we have that ' = max <2q q, ( (d+2)> > =

max(2¢’,4) for p as in (5.167), i.e., the embedding L* (Q) — LI(Q) N LI(Q) N L2 (Q) is
continuous. With this, similarly as in (5.138) applying the uniform estimates in (5.168) one
has that

(5.16)
(™™ wl o) om| < Ju™ Hiquﬁ @ leVwlLag) + 1S e () l¥Dwl e
1 my2q’ -1
+ " ) lowlier g (5.180)

+ Hf”LQ'(O’T;W*Lq'(Q)) HSOwHLQ(QT;WLq(Q))

<c HSOHLM((),T) Hw”wl,é(g)

for all p € C3°((0,7)) and all w € Cg;, i ()4, and all m € N. With (5.121) and using
the fact that ¢ > 1 and that the space L#(0, T} (WO le(Q)d)’ ) is reflexive, this shows that
{0yu} men is bounded in L#(0, T’ (WO dlv(Q)d)’).

Step 3. Convergence as m — 00
Due to the restrlctlon q> d+27 the embedding Wo 2 ()4 —— L2 (2)?is compact. Because

qg>q> d +2, the embedding Wo dw(Q) < L2 (©)? is in particular continuous and dense,
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which implies that (L2, (Q)?) < (Wé’giv (Q))". Combined with the embedding in (5.19), this
yields that the embedding L3, (Q)? — (Wé’giV(Q))’ is continuous. Hence, we can apply the
Aubin-Lions compactness lemma (see Lemma 2.7) to obtain from the estimate in (5.168) and
the fact that {Ou™ },en is bounded in L#(0, T'; (WO 4. (92)%)) that there exists a subsequence
such that

m

u™ — w  strongly in LI(0,T; L3 (Q)9), as m — oo. (5.181)

By the estimates in (5.168), the uniform bound on {9;u™ },,en in L#(0, T} (WO dlv(Q)) ) and
the Banach—Alaoglu theorem, there exists a subsequence such that (5.171)— ( 174) hold,
where the limits can be identified with the help of (5.181).

The strong convergence in LP(0,7;L3 (2)9) for all p € [1,00) and in L"(Q)¢ for all

r e (1, %) asserted in (5.169) follows from the stro?a;r ?onvergence in L'(Q)? by (5.181),
and the boundedness in L>(0,7;L2 (2)?) and in LG (@Q)¢ by (5.168) by means of in-
terpolation. The convergence (5.170) is deduced analogously to the proof of (5.76) by the

arguments following (5.108). With Holder’s inequality and the estimate in (5.168) we find
that

(5.168)

< ”umui‘g’q,*(l@ < em P50, asm oo, (5.182)

Hl [ 2 =
L@ ™M

so strong convergence to 0 of the regularisation term in L'(Q)? is proved. One can show
uniform boundedness of 1 lu™|?7 2 4™ in L4 (Q); interpolation between L'(Q)¢ and

L2 (Q)? then gives strong convergence to 0 in LP(Q)?, for any p € [1,(2¢')"). Hence
(5.175) follows. O

q(d+2)

Fort € (0,7), u € L-a (Q)¥ and v € W(l)"j(Q)d with ¢ defined in (5.5), let us intro-
duce

2[“’5 U](t) = b(u(tv ')>u(t> ')a U) - <S(t7 ')> DU>Q + <-f(t7 ')7 U>Q ) (5'183)

where S € LY (Q)?*? is the limiting function introduced in Lemma 5.9.

Lemma 5.10 (Identification of the PDE as m — o).

The limiting function w € L>°(0, T; L2, (2)?)NLI(0, T; Wé:giv(Q)d) from Lemma 5.9 satisfies
that Oyu € LI (0,T; (WO dw(Q)d)’), with ¢ defined in (5.5). (Up to a representative) we
have that u € C, ([O,T],Lglv(ﬂ)d). Furthermore, the functions w and S € LY (Q)™? from
Lemma 5.9 satisfy

(Opu(t, ), w)q = Llu;w](t) for all w € Cy; ()%, for ae. t € (0,T), (5.184)

(Du(z),S5(z)) € A(z) for a.e. z € Q, (5.185)
esshm Ju(t, ) = woli 2y =0, (5.186)

t—0

i.e., (u,S) is a weak solution according to Definition 5.1.

Proof.

Step 1: Identification of the limiting equation
Let w € Gy, () and ¢ € C°((0,T)) and let us consider each of the terms in (5.121) and
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(5.184). By the weak convergence in (5.173) and (5.174) we have that
(O™, pw) g — (Oru, pw) g , (5.187)
(8™, Dw) o — (S, pDw) , (5.188)

as m — o0o. Since by (5.169) we have that u™ — w in L"(Q)? for all r € [1, ﬂ%ﬁ) it
q(d+2)
2d

follows that u™ @ u™ — u ®u in L™(Q)?¢ for all r € [1, ) Since g > %, this set is

nonempty and the convergence holds in particular in L'(Q)?*?, hence we have that
(W @u™ pVw)y = (u@u,pVw),, asm — oo. (5.189)

Taking the results in (5.187)—(5.189) and (5.175) shows that (5.121) implies (5.184).

Step 2: Identification of the initial condition
Similarly as in the proof of Lemma 5.7, Step 3, it follows that u € C,, ([0, T7; Lgﬁv(Q)d), that
up = u(0,-) € L3, ()¢ and that the initial datum is attained in the sense of (5.186) using
(5.170), (5.171), the fact that 4™ (0, ) = ug shown in Step 3 in the proof of Lemma 5.7 and
the identity (5.151).

Step 3: Higher integrability of the time derivative
As in Step 2 in the proof of Lemma 5.6 we can improve the integrability of 0;u using the
fact that (5. 184) is satisfied. Using the estimate (5.16) on the convective term, this yields
that dyu € LI (0,T; (WO dlv(Q)d)’), for ¢ as defined in (5.5).

Step 4: Identification of the implicit relation (compare [BGMS12] and [BDS13, Sec. 3|)
Recall that Du™ — Du weakly in LI(Q)?*? by (5.171), that §” — S weakly in LY (Q)%*¢
by (5.174) and that we have that (Du™(z),5™(z)) € A(z) for a.e. z € Q by (5.122). Hence,
by Lemma 3.16, it suffices to show that

lim sup (8", Du™ > < (S, Du> (5.190)

m—00

for a set Q C Q, to identify the implicit relation (Du,S) € A(-) a.e. on Q.

Since there is no energy identity available for u if ¢ < 3dd122, in order to identify the implicit
relation one has to truncate the elements of the approximating sequence of velocity fields
suitably so as to be able to use them as test functions. In contrast with [BGMS12] we will
not use a parabolic Lipschitz truncation after locally reconstructing the approximations to
the pressure, but we apply the solenoidal Lipschitz truncation introduced subsequently in
[BDS13] and stated in Lemma 2.14, since this simplifies the argument.

We wish to truncate v™ := u™ — u, which satisfies, for all £ € Cg, le(Q)d, the equality
1
(D™ €)g = (W @ u" —u®u, VE)g — (8" ~S.D&)g — - (u" [ Fur€) . (519

by (5.121) and (5.184) and by the density of C3°(0,7) x C&;, ()% in Cy., (Q)%.
Due to the (lower order) regularising term we aim to apply Corollary 2.15 instead of
Lemma 2.14 with p = g € (1, 00) and o such that

1 <o < min <2 q,q 61(612-(11-2)’ (2(/)') = min (q/, (](612_52), (2q')/> . (5.192)

Such a o exists, since we have by assumption that ¢ > d +2 First note that w and u™ are
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(weakly) divergence-free, and so is v™, and v™ — 0 weakly in LI(Ip; WH9(By)?), as m — oo,
by (5.171). Since u™ — w strongly in LP(Q) for p € [1, q(dfjm) by (5.169) and o < Q(dfjm
we have that v™ — 0 strongly in L°(Qg)¢, as m — oo. Furthermore, since {u™}en is
bounded in L°(0,T;L2(2)%) by (5.168) we have with ¢ < 2 that {v™},en is bounded in
L>°(0,T;L°(Q)%). Now we set

1

~m .
GI''=5-9" G, =u"@u™ —u®u and f7i=——um* Zum
m

Note that G7* — 0 weakly in L (Qo)?*? by (5.174). By (5.169) we have that u™ — u
in L"(Qo)? for all r € [1, q(d;r?)), and thus, 4™ ® 4™ — u ® w in L"(Qp)¥*? for all r €

[1, M). This holds in particular for r = o < ad+2) Furthermore, by (5.175) we have

2d 2d
that f™ — 0 strongly in LP(Qg)%, as m — oo, for any p € [1,(2¢')") and hence also for
p =0 < (2¢')". This means that all the assumptions of Corollary 2.15 are satisfied and hence
the statement of Lemma 2.14 applies with G}* = é;n — VA~Lf™,
Analogously to the steady case in Step 2 in the proof of Lemma 4.8, with the aid of the
parabolic solenoidal Lipschitz truncation we show that

lim [(S™ — 8*(-,Du)) : (Du™ — Du)]'? dz =0, (5.193)

1
m—00 gQU

where the exponent 1/2 is used to control the size of the set where v™ = v — u and its
truncation do not coincide. By the monotonicity of A and the fact that (Du, 8*(-,Du)) € A(+)
and (Du™,S™) € A(-) a.e. in @ by (5.122), it follows that the liminf,, ,o of the above is
nonnegative. To show the other direction, denote H™ := (8™ — 8*(-,Du)) : (Du™ — Du) >
0, and let j > jo, Byn;j C Qo and v™7 be given by Lemma 2.14 applied on Qo, and by (ii)
therein we have that v = v™J on %QO\BmJ. Dividing the domain into %Qo N By, ; and
%Qo\Bm’j and applying Holder’s inequality as in the proof of Lemma 4.8, (4.91), (4.92) we
obtain

1
2

/1 (H™)2 dz < ¢|Bp |7 +c /1 H™dz for all m,j € N, (5.194)
3Qo §Q0\Bm,;

using also the nonnegativity of H™ and the fact that {H™},,en is bounded in L'(Q) by the
a priori estimate in (5.168). By Lemma 2.14 (iii) we have that

lim sup ]Bm,jﬁ < limsup(\}, ; |ij\)% <275, (5.195)

m—ro0 m—o0

Let ¢ € CSO(%BO) be the nonnegative function given by Lemma 2.14 such that (| 1, =1
g 0

In the second term in (5.194) we can use the nonnegativity of H™, the definition of H™ and
v and finally the definition of G* in order to find that S™ =S — GI*, and we have

/1 Hmdz_/l H™(dz = . H™(1ge dz
gQO\ﬁm,j gQO\BTrL,j gQO J
< /HmC]lggnjdz z/(sm ~8°(,Du)) : Dv" (L dz  (5.196)

_ —/(ng ~S+8°(,Du)) s Vo (e dz.
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Since S — 8*(-,Du) € L7 (Q)**¢, we are in the position to use Lemma 2.14 (vii). Applying
lim sup,,,_,~, we find that

(5.196)
limsup/ H™dz < limsup /[GT —S+8%(-,Du)]: Vo (1pe dz
m—00 %QO\'BMJ m—00 ™ (5197)
<27,
Using (5.195) and (5.197) in (5.194) yields
lim sup /1 [(S™ — 8*(-,Du)) : (Du™ — Du)]"? dz = limsup /1 (H™)'? dz
m—o0 J2Qo m=00 J2Qo
(5.194) 2
< climsup \me7j|% + climsup /1 H™dz (5.198)
m—o0 m—o0 gQO\Bm,j

Then taking j — oo gives the claim and (5.193) is proved. This means that [Hm]% — 0
strongly in L'(£Qo), as m — oc.

However, to show (5.190) we need L'-convergence of H™ at least on suitable subdomains,
which follows by Lemma 2.17, as in the steady situation in Lemma 4.8: Since {H™},en
is bounded in Ll(éQg) Lemma 2.17 shows that there exists a nonincreasing sequence of
measurable subsets E; C %Qo, i € N, with |E;| — 0 as ¢ — oo, such that

/ H™(z)dz = (8™ — 8*(-,Du),Du™ — Du) —0, asm—oo, (5.199)
1 Qo\E;

%Qo \Ei

for any fixed i € N. With the weak convergence of $™ — § in L¢ (Q)%*? by (5.174) and the
weak convergence of Du™ — Du in L9(Q)?*? following from (5.172) we thus deduce that

: m m
A (S Du) 140,

= (S,Du) for all i € N.

%Qo\Ei

This shows (5.190) for Q = $Qo\E;, and thus we find that (Du(z),5(z)) € A(z) for a.e.
z € éQo\Ei. Since |E;| — 0, as i — 0o, we have that (Du(z),S(z)) € A(z) for a.e. z € %Qo.

Finally let us consider a cover of @) consisting of (open) cylinders Q7 = I7 x B, j € J,
for an index set J such that @ = | ies %Qj . This can be, for example, chosen as a Whitney
type cover, compare, e.g., [DRW10]. Then we can identify the implicit relation a.e. on %Qj
for all j € J by the above and thus, have that (Du(z),5(z)) € A(z) for a.e. z € @, which
proves (5.185). O

Remark 5.11.

(i) For Lipschitz polytopal domains Theorem 5.2 is also a new existence result, since in
[BGMS12] a Navier slip boundary condition and 02 € CH! are assumed. This was
done in order to reduce technicalities related to the pressure because at the time no
solenoidal parabolic Lipschitz approximation was available.

(i) As in the steady case one could show the corresponding result using the generalised
Yosida graph approximation taking the limits k,l,n — oo simultaneously.

(iii) In the regularised case the assumptions on q and the finite element setting do not differ,
depending on whether V7, = is assumed to be exactly or discretely divergence-free. As in
the steady case there are merely some simplifications in the argument if V7, =~ consists
of exactly divergence-free functions.
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5.3.2. Without Regularisation

Here we consider the approximation levels k,[,n € N, i.e., there is no regularisation term, and
we take all three limits simultaneously. As in the steady case this can be achieved by use of
the generalised Yosida graph approximation introduced and investigated in Subsection 3.4.3,
since a Minty type convergence lemma is available, see Lemma 3.31.

Because of the unavailability of a discrete truncation the strongest restriction on ¢ arises

from the identification of the implicit constitutive relation, for which we assume that g €

3d+2
d+2

in the equation are weaker. We still present the detailed assumptions to show what one can
expect from a discrete truncation and what sort of difficulties the regularisation approach
presented in the previous subsection circumvents.

For the compactness argument we can use either Simon’s compactness lemma, provided
that ¢ > gq (or ¢ > gq if the spaces V], are exactly divergence-free). The restriction
on ¢ arises from the convective term and its numerical modification. Or one can use the
Aubin Lions compactness lemma for a larger range of ¢, more specifically for ¢ > 227:21) (

q > d +2 if the spaces V7, = are exactly divergence-free). However, this requires more restrictive

oo). The restriction on ¢ required for the compactness argument and the convergence

assumptions on the ﬁmte element setting since stability of the L2-projection Py, mapping
to V7, is required to obtain uniform estimates on the sequence of time derivatives.

Due to the convective term and its numerical modification one can show that the limiting
equation is satisfies for ¢ > 251:21) (or ¢ > d +2 if the spaces V7. are exactly divergence-free),
which corresponds to the situation in the steady case.

If ¢ > 3dd:22 one has full admissibility of the solution as test function and hence an energy
identity can be shown to hold for all times, which allows us to use a Minty type convergence
lemma to identify the implicit constitutive relation of the limiting functions. For smaller g,
the only hope to identify it is by means of a discrete truncation, which is, other than in the
steady case, not available at present.

As before, we will first state the approximate problem, then state the convergence result in
Theorem 5.2 and then provide the proof of it in the remaining part of the subsection.

For u,v € V" we introduce

1 s o] = — b, u,v) = (81(,Du).Dv) + (f1.v)q. (5.200)
for k,I,n € Nand i € {1,...,1}, where 8¥ and f; as defined in (5.20) and b(-, -, ) as recalled
n (5.10).

Analogously to the previous subsection the pressure-free formulation of the approximate
problem can be stated as follows.

Approximate Problem:
For k,l,n € N find a sequence {Uf’l’n}ie{o,...,l} C Vj,, such that

Ug"" = Pii,uo, (5.201)

k,l,n k,l,n

and for a given U,”}" € Vi, the approximate solution on the next time level, U,
is defined, for i € {1, ..., 1}, by

€ lev’

(aupt, W>Q = ehbrutteow for all Woe VT (5.202)
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where P is the L%-projector onto V7%, defined in (2.80) and d is the backward temporal
difference quotient as defined in (2.71).
As before this results in a fully implicit approximate problem.

Theorem 5.12 (Convergence in the Unsteady Case Without Regularisation).

In addition to the assumptions of Definition 5.1 let {Sk}kzko be the sequence of Carathéodory
functions, defined in (3.59), which corresponds to the generalised Yosida graph approxzima-
tion presented in Example 3.28. For the finite element approximation let Assumption 2.18
on the domain and on the family of simplicial partitions be satisfied. Let V", V7. —and Q"
be as introduced in (2.30), (2.32)and (2.31) respectively, and assume that Assumptions 2.21
and 2.23 (i), (ii) are satisfied.

Then, for all k,l,n € N such that k > kg, there exists a sequence {Uf’l’n}ie{ow’l} C Vi,
solving (5.201), (5.202).

Ifq e [351%22, oo), then there exists a weak solution (u,S) of (PU) according to Definition 5.1
and for the piecewise constant interpolant Uk’l’n and the continuous, piecewise affine inter-

~ k., . . . ok 7k,
polant U™ of {Uf’l’n}ie{o,wl} and the piecewise constant interpolant 8 (.7.,DUkln) of

{Sf(',Dﬁk’l’n)}ie{l,_wl} as defined in (2.72) and (2.73), (up to not relabelled subsequences)

one has that

— ~ k,l

T U S strongly in L9(0,T; L*(Q)%),

— ~ k,l

U,k,l,n7 " LN w weakly* n LOO(()?T; LQ(Q)d))
[T weakly in LY(0,T; th)yq(Q)d%

85(.,.,.DU"™), 8°(-,-,.DU™"™) =S weakly in LY (Q)**,

as k,l,n — oo (combined), without restrictions on the relation between the discretisation
parameters 0y, h, and %

The rest of this section will deal with the proof of Theorem 5.12. Lemma 5.13 states the
existence and a priori estimates, which follows as in Subsection 5.3.1. Lemma 5.14 covers the
compactness arguments and convergence and finally in Lemma 5.15 it is proved that the pair
of limiting functions (u,S) is a weak solution of (PU), under the condition that ¢ > 3(?—_"_"22.
Note that we present the compactness and convergence results for a larger range of ¢ under
suitable additional assumptions in order to show where the restrictions arise from.

Recall, that if V. C Wé’g?v(Q)d, i.e., Assumption 2.27 is satisfied, then we have that

B(W,-,-) = b(W,,-), for W € V}, . This affects some of the following estimates and
convergence results by the restrictions on the range of ¢, for which they hold.

Note that we will assume that & € N such that £k > kg without repeating this restric-
tion.

For t € (0,T], u € P4(0,T; V") and v € V" we introduce

i) (1) = —bu(t, ), ult, ), v) = (8"t Dut,)),Dv) +(F(t.),v)q,  (5:203)
for & = (k,I,n) € N3. Recall that f € P{(0,7; W14 (Q)?) is the piecewise constant inter-

polant of {f;}ic(1,... 13, see (2.72) in Subsection 2.2.3.1, and similarly, gk(t, o) = 8F(.,-), for
t € (t;—1,t;], which is piecewise constant with respect to the variable t € (0,7].
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Lemma 5.13 (Existence of Approximate Solutions and Estimates).

For each k = (k,l,n) € N3, there exists a sequence {UF}icqo,..;y € Vi, which satisfies
(5.201), (5.202). Furthermore, there exists a constant ¢ > 0 such that for all k = (k,l,n) € N3
one has that

l
205, 105 Ry + D105 = U

(5.204)

<c
Lq(Q 1)

+<»zuwuwm +2H8k -DUY)

For k= (k,I,n) € N3 let the functions U" € PL(0,T; VR ) and U" e PL(0,T; V2 ) be the
piecewise constant and piecewise affine interpolants, of {U7 }icqi,.. 1y, as defined in (2.72)
and (2.73), respectively. Then, U" and U" satisfy

<att7’””(t, ), W>Q = e [T, W](1) for all W € V%, for alit € (0,T],  (5.205)

K

U (0,-) = PR ug in Q, (5.206)

for any k = (k,l,n) € N3. For any 0 < so < s <T and all k = (k,l,n) € N3 one has that

2 2

Lo

2 (5.207)

sk —K —K - 77K 1 ~x
2@ (8'..00").0T >Q§O <(FU0q;, 3 HU (50} 2

Proof. Step 1: A priori estimates

The a priori estimates follow as in Step 1 in the proof of Lemma 5.3 noting that the regular-
ising term was not used in any of the estimates and noting that the family {Sk}keN satisfies
Assumption 3.18 (02) by Lemma 3.30.

Step 2: Existence of {UT }icqo,...1}

Let s € N? be fixed. Since U§ = P} ug by (5.201), one again only has to show that for a
glven U? | € Vi, there exists a U € V7, such that (5.202) is satisfied. Since the sequence
{S }e>k, satisfies Assumption 3.18 and the regularising term is not used, this follows as in
Step 2 in the proof of Lemma 5.3 by means of a standard fixed point argument.

For k = (k,l,n) € N? let {Uf }ieqo,...qy be the sequence of solutions to (5.201), (5.202).
Uniqueness is in general not guaranteed, so we choose one such sequence for each k.

The fact that (5.205), (5.206) are satisfied by the piecewise constant interpolant U €
P4(0,7, V%) and the continuous, piecewise affine interpolant U" e P! (0,7, V%) of the se-
quence {U7 }icqo,...;1 follows as in Step 1 in the proof of Lemma 5.4 and the energy inequality
(5.207) can be derived with the same arguments as in Steps 1 in the proof of Lemma 5.6. [J

For q € [d+2’ ) let us recall

vi=gq (q(ddm - 2) : (5.208)

see (2.13). Recall also that v > 2, provided that ¢ > g4, and v > ¢/, provided that ¢ > ¢y,
with ¢g and gy as in (2.14) and (2.15), respectively. Recall that ¢4 < gg < %, see (5.13).
Since for the identification of the implicit constitutive relation we will assume that g > %7
distinguishing between these cases does affect Theorem 5.12. However, it helps to understand

where the restrictions on ¢ arise from.
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Lemma 5.14 (Convergence k,[,n — 00).
For k = (k,l,n) € N let the functions U" & PY(0,T; VR ) and U” ¢ PL(0,T; V2 ) be
as in Lemma 5.13, and in addition to the assumptions in Theorem 5.12 assume one of the
following:
(I) Assume that q € (qq,0) (and q € (qq,00) if the elements of the spaces V7, = are exactly
divergence-free, i.e., Assumption 2.27 is satisfied).
(II) Assume that q € [Z(dH) oo) (and q € (2—”! oo) if the spaces V7, satisfy Assump-

d+2 > d+2>
tion 2.27). In addition to before, let Assumption 2.19 on the family of simplicial

partitions and Assumption 2.23 (iia) be satisfied. If d =3 and q € (g, (g)2>, assume
that V2 C V™, i.e., P2 C Py.
Then, there exists a uw € L>(0,T;L2 ()% N Lq(O,T;Wé’giV(Q)d), an S € LI (Q)¥™ and
subsequences such that

~k,ln

U’ —u strongly in LP(0, T; L2(Q)%) for all p € [1, 00), (5.209)
ﬁk’l’n(s, )= u(s,:)  strongly in L2(Q)? for a.e. s € (0,T), (5.210)
ﬁk’l’n((), ) — ug strongly in L2(Q), (5.211)
[Njk’l’", [T weakly* in L>°(0,T; L2(Q)%), (5.212)
""" S w strongly in LP(0, T; L2(Q)%) N L™ (Q)? (5.213)

for allp € [1,00) and all r € [1, Q(dfjm)a
ﬁk’l’n(s, ) = u(s,:)  strongly in L2(Q)d for a.e. s € (0,7T), (5.214)
" weakly in L9(0,T; Wh9(Q)?) n L4 (@), (5.215)
s"(,.DU"™) =5 weakly in LY (Q)**7, (5.216)
8¢(.,-,.DU""") ~ S weakly in LY (Q)*, (5.217)

as k,l,n — oo.

Proof. Step 1: General estimates

Since the arguments are the same as in Step 3 in the proof of Lemma 5.6 let us only outline
the proofs of the following estimates. By the definition of the piecewise constant interpolant,
the discrete estimates in (5.204) and the parabolic interpolation in Corollary 2.5 one can
show that

HﬁKHL‘X)(O,T;L?(Q)) T HﬁKHiq(O,T;WLQ(Q)) + HU’{“L%(Q) <c forallkeN’, (5218)

2d
ot e

UH, equation 5.206, the L2-stability of P}, and the discrete estimate (5.204) one has that

o

By the fact that &,U" (t,-) = d,U?, for t € (ti_1,4], i € {1,...,1}, and by (5.204) one also
obtains that

since q > Furthermore, by the definition of the continuous, piecewise affine interpolant

<c for all x € N3 (5.219)
Lo (0,T5L2())

Wi H@tffﬁ <c for all k € N3, (5.220)

2
L*(Q)
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By the definition of gk(-, .,DU"), the discrete estimate (5.204), the fact that 8% satisfies
Assumption 3.18 (¢2) and (5.218) it follows that

Hg’“(-, oY)’

) <c forall k€ N° (5.221)
L7(Q)

+ Hsk( DU iq'@)

As before, for the compactness argument we consider U € C([0,T7; Vi) defined by
. U”(t,- if t € (6, T
o) =Y &) ife e, (5.222)
U'(t,:)=U5() iftel0,q],

which is constant on [0, d;]. As in (5.95) for any r € [1,00] and a normed space X we have

HAR

for any x € N3 (5.223)

<clo”

LT (0,75X) — L7(0,T5X)

With this and the estimate (5.218) we obtain that

+|T"

| e——

o

. < for all N3.
L= (0,T12() L = TENE (5.224)

L
Step 2: Estimates and compactness in case (I)
Here we apply Simon’s compactness lemma, and the interpolation result required for this
is the reason for the stronger restriction of ¢ in (I). By the assumptions on ¢ we have in
particular that ¢ > d +2, see (2.18). Hence, by the parabolic interpolation in Corollary 2.6

and the estimate (5.218) we obtain

U <o (5.225)

|o” Le(0712(0) S

<CHV

L¥(0,T;1.24' (Q) ”Lq(Q) H

for any x € N3, with v as in (5.208). With property (5.223) on U" this implies that

HAH

U <c¢ forall ke N (5.226)

L¥(0,T;L24'(Q2))

q(d+2)

For v € L4(0, T} Wl’q(Q)d) NL™a  (Q)% we also estimate £5[U"; v](t), as defined in (5.203),
which differs from the estimate in the regularised case: in case lev is exactly divergence-free

the convective term b(U ,+,+) and its numerical modification b(U ,+,+) coincide, so we only
require estimate (5.14), which holds provided that ¢ > g4. For the following let us denote

q:=max ((5),q). (5.227)

If Vi, is discretely divergence-free, we also apply estimate (5.15), with r € (1, 0o] such that
% + % + % = 1, which is available, provided that ¢ > gg. With these estimates, duality of
norms, Holder’s and Poincaré’s inequalities and the estimates in (5.218), (5.221) and (5.21)
we obtain

/b T v](t) dt = <E(ﬁ”,ﬁ”,v)>

<c Hﬁn Hiu (a,b;L2¢' (2)) ”v””LWz)’(a b;La(92)) (5.228)

_ <gk(.’ .7Dﬁ“),Dv>Qg + <?’U>Qg

(a,b)

+c|U “Lu a,bL29 () HV HLq(Qb) 192 (0,220 ()
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+ HS’“( .DU")

ot o 1P hacan (5.229)

+ H?Hqu(mb;W—l,q’(Q)) H””Lq(a,b;wl,q(g))

<c (||VU||ch(a,b;Lq(Q)) + ||’”||Lr(a,b;L2q/(Q))> ;

for 0 < a < b < T, for any k € N3, where we have used that ¢ > ¢. Let us note that the
second term on the right-hand side stems from the modification of the numerical convective
term, which is required if Vj, is only discretely divergence-free. In case V7 is exactly
divergence-free we have that ¢ > gq, which implies that § < oo, and in case V};  is only
discretely divergence-free, we additionally assume that ¢ > gy, which means that r < oo, see
(5.14) and (5.15).

We wish to apply the compactness result due to Simon stated in Lemma 2.8 and used before
in the regularised case in Lemma 5.6, to the sequence {Uk’l’n}klyneN, with X = Wha(Q)4,
B =12(Q)% and p = 2. As in Step 4 in the proof of Lemma 5.6 let us show that

/T—E
0

The proof proceeds analogously as before, where we use the estimate (5.229) instead of
(5.99): for W G Vi, s € (0,T) and € > 0 such that s + & < T one can show that, by the

definition of U, the equation (5.205) for a.e. t € (0,T") and applying (5.229) one has that

~ K ~ K

2
U (s+eg,)=U (s, -)HL2 ds -0, ase— 0, uniformly for x € N3, (5.230)

s+e

<IAIR(S e, )—U"(s, ),W>Q = /

max(s,0;)

oU"(t,), W) dt,
( e

s+e
:/ LRU", W (t) dt
max(s,0;) (5231)

(5.229)
< c (HVW”LQ (s,s+e;L9(Q)) + “WHLT (s s+5;L2q/(Q))>

= ¢ (£ IW ooy + 27 IW v )

since W is constant 1n time and the length of the time interval is bounded by €. Choosing
"k b
W=U (s+¢,-)— U" (s,-) € Vi, which is piecewise constant in time, yields

? <c <El/q
L2(Q)

+e'l

U (s+e,-)—U (s,-)

HA/@ ~ K

U(s+e,-)—U"(s, )H

Wha(Q)

L2d’ (Q)> ’

Integrating in (0,7 — €), using the triangle inequality, Holder’s inequality and the estimates
(5.224) and (5.226) show as in (5.104) that

/TE
0

(5.232)
522 <l/q+€ )(HU L1(0,T;W14(9))

(5.224),(5.226)
< c (51/q + 51/T> ,

) (5.232)
Un(s +e,-)=U (s,-)

U'(s+e,)-U"(s,) oy 99

(5.233)

HAN

L1(0,T;L24’ (Q))>
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which vanishes, as ¢ — 0 uniformly in x € N3, since ¢, € (1,00). This proves (5.230).
Let us choose subsequences such that £k -+ o0 < [ — 00 & n — oo and set kK = k,, and
[ = l,,. Note that we do not require any relation between the corresponding parameters %,

h, and §;. Furthermore, for ease of readability we denote, for n € N,

n

8" =8k 8" =8 A" = AR and F = FRulen (5.234)
for F € {U,U,U}.

By (5.224) we have that {ﬁn}neN is bounded in L2(Q)¢ and L'(0, T; W4(Q)%). Since we
have in particular that ¢ > %, the embedding W4(Q) << L2(€) is compact and with
(5.230) all the assumptions in Lemma 2.8 are satisfied for X = WH¢(Q)¢, B = L2(Q)¢ and
p = 2. Hence, there exists a u € L?(Q)¢ and a subsequence such that

~

U" - u strongly in L2(Q)Y, asn — oo. (5.235)

Step 3: Estimates and compactness in case (II)

For ¢ < qq (or ¢ < qq) the estimates above are not strong enough to apply Simon’s Lemma.
Instead, for the larger range of ¢ > Q(dd:;) (or ¢ > %) we aim to apply the Aubin—Lions
compactness lemma, see Lemma 2.7. For this purpose we have to show uniform bounds on
the time derivatives 815(7” in suitable negative Sobolev spaces. This can be achieved using
the equation (5.205) and a stability result on the L2-projection Pi to V7. , see Lemma 2.32,
which is the reason for the additional restrictions on the finite element setting in (II).

For any w € CS?diV(Q)d we have that P} (w) € V},_, since P} defined in (2.80) maps to
V.., so it is an admissible test function in (5.205). Since U" e P! (0,7 V% ) we have that
8tl~J'H(t, ) € Vi, for all t € (0,7, and hence with the properties of the L2-projection PL.
in (2.80) and with equation (5.205) we have that

(00"t )ow) = (90" (t,), Pi(w) ) = [0 P, (w)) (1) (5.236)

We have to estimate the right-hand side in order to obtain uniform bounds on {Btfj H}HGN:’,.
a(d+2)

First let us estimate £°[U; V](t), for U € L™ a (Q)?, V € Whi(Q)?, with § as in (5.5),
pointwise in time. The pointwise version of the estimate (5.16) on the convective term reads

2
(ult. ) & u(t, ). Volgl < ut )P e | [0luige) (5.237)
and holds, if ¢ > %. If Vi, is only discretely divergence-free, the modification of the

convective term is present and the pointwise in time version of (5.17) can be stated as

‘<u<t7 ) ® v, Vu(t, )>Q| < Hu(tv )

HLq<dd+2) @ IVult, e [Vl o)

< clult, )| (5.238)

|Lq<d;r2> @ IVu(t, )l [vlwaq)

if g > Q%d:;). Here we have also used that WH4(Q) < L#(Q), with § as in (5.5) and s € (1, o0]

such that ﬁim + % + % = 1. Since q > 2Slj21) (and ¢ > % if the spaces V{;, are exactly

divergence-free), we use (5.237) on the convective term and (5.238) on the modification of
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the numerical convective term, as well as duality of norms and Hélder’s inequality to obtain
LU V()| < c|{Ut,) @U(t,),VV)g| +c|{U(t,") @ V,VU(L,))ql
ik —_
+| (8"t DUt ).0V) |+ [(F.V)q]

2
<c (00N s |+ ez VU (5239

n Hgk(t7 ., DU(t, '))HL‘Z/(Q) + H?(t, -)Hw—1,q/(ﬂ)> ”Vle,é(Q)
= I [U(t) IV lwra(q) »

where we have also used that ¢ > gq.

Let us investigate the integrability of 3°[U"]. The last two terms of 3%[U"] have L7 ((0,T))

(d+2)
integrability, the first term has L” 2 ((0,7)) integrability, and we have that ¢ > %. For

the second term, which stems from the modification of the convective term and is present
only if V; is discretely divergence-free, by Holder’s inequality with % + W‘fm =1 we
obtain

a(d+2)

T 2(d+1)
[ (10l e, 1906 e) ™
o(d42) (5.240)
2(d+1)
< (0, sgm  IV0le))
q(d+2)
so we have L2@+1) ((0, 7)) integrability and ggﬁ% > 1, since ¢ > 2%:4_;1) in that case. Setting
=~ (ald+2) q(d+2) L (ald+2)
= = — >1 241
! mm<2(d+1)’ 2a 1) T \e@r1y?) =0 (5.241)
provided that ¢ > 2?:21), it follows from these considerations, using also (5.218), (5.221) and

(5.21) that

e (5.240) 2 e .
0N = ¢ (I g2 g + 107 s, 190 T

+ Hgk(.’ . DU") (5.242)

LY () + H-fHLq/(O,T;WLq/(Q))>

<c for all kK € N3,

in case the spaces V7, are discretely divergence-free. With the same arguments, if the spaces
Vi, are exactly divergence-free one has that

K TR |2 —k —x
Hj [U] ”L‘i,(O,T) S ¢ <HU “LﬂdTm(Q) + HS ('7 7DU )

L@ HfHLq/(OvT?Wl’q'(Q”) (5.243)
<c for all k € N3,

since ¢’ = min (%,q’) >1,ifg> dz—_gQ.

Now we use Lemma 2.32 concerning the stability of the L2-projection Py, as defined in
(2.80) in order to bound Hpcﬁkuwl,ri(g)- For this we require that the family of simplicial
partitions is quasiuniform as formulated in Assumption 2.19 and the fact that Assump-



156 Unsteady Case

tion 2.23 (iia) is assumed. Note that for d = 3 we have that ¢ < (g)2 if and only if § > 6. In
this case the embedding W32(Q2) ¢ W4(Q) is continuous and the assumption that V3 C V"
by (II) ensures that the assumption in Lemma 2.32 is satisfied with 5 = 3. In all other cases
the assumption V} C V" suffices.

Let us denote Y := Wé:giV(Q)dﬂWf}’Q(Q)d < L2(Q)9, which is reflexive as a closed subspace
of a reflexive Banach space. Then, Lemma 2.32 shows that

| Pgivwlwra) < clw|ly  foralln €N, (5.244)

independently of w € Cgf’div(Q)d C Y. Now we use (5.236), (5.239) and (5.244) to obtain

(20" (), w)| = [0 P (w)] (8)] < 00 1Pdhy () oy

4 (5.245)
< cIUN(t) |wly

for all K = (k,I,n) € N3. By the definition of the dual norm and the integrability of
=K

t — J"[U"](t) according to (5.242) or (5.243), this shows that

Hatff”” <c¢ forall ke N3, (5.246)

L1(0,T;Y")

since 7 > 1, if ¢ > 2%:21), and ¢ > 1, provided that ¢ > % (if V7., is exactly divergence-

free). By the definition of U" in (5.222), it follows that

H(‘)tﬁn = H@tﬁn < Hatfjﬁ <c¢ forall ke N3, (5.247)
L1(0,T;Y") LY(8;,T;Y") L1(0,T;Y")
if ¢ > 2%:21) (and if g > f—fQ in case the elements of the spaces V7, are exactly divergence-

free).

As in Step 2 let us choose subsequences (ky, l,,n) € N, such that k,, — oo and [,, — oo as
n — oo and use the notation in (5.234).

Now we want to apply the Aubin—Lions—Simon compactness lemma, stated in Lemma 2.7,
to {ﬁn}neN, which by (5.218) is bounded in L(0, T; L2(2)%) N Lq(O,T;Wé’q(Q)d) and by
(5.247) the sequence {8tﬁn}n€N is bounded in L'(0,7;Y’). Since ¢ > % we have that the
embedding WH¢(Q)4 <5< 1.2()? is compact. Let us show that the embedding L2(2)? < Y’
is continuous. First note that the embedding W52(Q)? < L2(Q)? is dense, and thus it follows
that

L)% — (WA2(Q)?Y. (5.248)

Furthermore, we have that (W22(Q)4)" — (W52(Q)4) + (Wé:giv(Q)d)’, by the observation
that for normed spaces X,Y one has that

l90 x4z = nf{lg1]xs + g2l 2+ 9= 91+ 92} < gl (5.249)

for any g € X’. Taking both embeddings together, this yields for Y = WBvQ(Q)dﬂWézgiv(Q)d
that

LA(Q)? — (WH2(Q)1) — (WP2(Q)?) + (Wyd, () =Y. (5.250)

Thus, we are in the position to apply Lemma 2.7 with X = Whe(Q)?, B = L2(Q)4, Z = Y’
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and p = co. Hence, there exists a (non-relabelled) subsequence and a u € L?(Q)¢ such that
in particular

A~

U" —u strongly in L2(Q)%, asn — oo. (5.251)

and we are in the same situation as in the end of Step 2.

Step 4: Convergence as k,l,n — oo
Starting from (5.235) and (5.251), respectively, the arguments for the convergence follow
along the lines of Step 5 in the proof of Lemma 5.6, and hence we will be brief.

By the definition of U" in (5.222), and the property (2.74) of the 1nterpolants and esti-
mate (5.220) as before one can show that U'-U" 50andU"-U" -0 strongly in
L2(Q)¢, as n — oo, which implies with (5.235) and (5.251), respectively, that U" > u
strongly in L2(Q)¢, and also U" — wu strongly in L2(Q)%, as n — oo. In particular,
t— ||l7n(t, ) —u(t, )|z (@) converges to zero strongly in L2(0,T), as n — oco. Thus, there
exists a subsequence such that ¢ — ||l~]n(t, ) —u(t,)|[r2(q) converges to zero a.e. in (0,7,
as n — oo, which implies (5.210). The same argument holds for U ", and so (5.214) is shown.
By the strong convergence in L2(Q)¢ and boundedness of {U }nen in L®(0, T; L2(Q2)4) by
(5.219) and boundedness of {U " },en in L0, T;L2(Q)4) N L )(Q)d by (5.218) implies
by interpolation that

U' = u strongly in LP(0,T;L%(Q)%), (5.252)
U" —u strongly in LP(0, T; L*(Q)%) N L™(Q)%, (5.253)

as n — oo, for any p € [1,00) and any r € [1, q(d+2)) which shows (5.209), (5.213).
By the uniform bounds in (5.218) and (5.219) and the Banach—Alaoglu theorem, up to
subsequences, we have that

~ N —==n

U ,U">u weakly* in L™(0,T;L%(Q)9), (5.254)

(d+2)
U" —~u  weakly in L90, T; WH9(Q)?) n LT (Q)", (5.255)

as n — oo, which shows (5.212), (5.215). The argument that w is divergence-free follow as in
Step 5 in the proof of Lemma 5.6. The fact that U" (0,-) = P, uo — ug strongly in L2(Q)¢
as n — oo follows from (5.205) and (2.82), so (5.211) is shown.

Finally the uniform estimate in (5.221) and the Banach—Alaoglu theorem imply that there
exist S,S € LY (Q)?? such that (up to subsequences) one has that

§"(-,,DU") =S  weakly in L7 (Q)**?, (5.256)
8"(-,-,DU") =S  weakly in LY (Q)™*¢, (5.257)
as n — oo . Then the identification S = S follows as in Step 5 in the proof of Lemma 5.6.

O

q(d+2)

For t € (0,T), uw € L™ @ (Q) and v € Wy¥(Q)?, with ¢ as defined in (5.5) let us
introduce

Llu;v](t) = —b(u(t, ), u(t, ), v) — (S(t,-),Dv)g + (f(t,"),v)q, (5.258)

where § € LY (Q)?*? is given in Lemma 5.14 and b(-, -, -) is recalled in (5.9).
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Lemma 5.15 (Identiﬁcation of the PDE as k,l,n — 00).
Let g > 2(;3 (and q > d+2 if the elements of the spaces Vi, = are exactly divergence-free).
The limiting function u € L>(0,T;L3 (2)%) N L9(0,T; Wo’giV(Q)d) given in Lemma 5.1/
satisfies that dyu € LI (0, T; (WO dlv(Q)d)’), with ¢ defined in (5.5). (Up to a representative)
we have that u € C,([0,T], L?hv(Q) ). Furthermore, the functions w and S € LY (Q)**? from
Lemma 5.1/ satisfy

(Opu(t,), w)q = Llu;w|(t) for allw € C&odiv(ﬂ)d, for a.e. t € (0,7), (5.259)

e?i%iin Ju(t,-) — wolr2) =0. (5.260)
If additionally ¢ > dejg, then (u,S) satisfy also
(Du(z),S(z)) € A(z) for a.e. z €Q, (5.261)

i.e., (u,S) is a weak solution according to Definition 5.1.

Proof.

Step 1: Identification of the limiting equation
Let us choose the (arbitrary) subsequences introduced in Step 2 in the proof of Lemma 5.14
(for the notation we replace the index k = (ky,l,,n) € N3 by n € N). Starting from (5.205),
by integration by parts and due the fact that U € C([0, T]; L2(2)%), we arrive at

- <t7”, W@@Q - <fJ”(o, ), gO(O)W>Q (SO W], 9) 1) (5.262)

for all W € V4. and all p € C§°((—7,T)) and n € N.
Now let w € Cf% i () and ¢ € C3°((—T,T)) be arbitrary. Recall that by Remark 2.24 (i)

for w € Cg; 1o ()% we have that
div 2 I"w — w  strongly in W(l)’s(Q)d, asn — 0o, for any s € [l,00). (5.263)

To deduce the limiting equation for w the equation (5.262) is considered term by term,
n — oo, as was done in Step 1 in the proof of Lemma 5.7 using the convergence results
(5.209), (5.211), (5.213), (5.215) and (5.216). The only term, which is different here is the
numerical convective term, so let us focus on this term.

By the fact that U — wu strongly in L™(Q)¢ for all r € [1, %), as n — oo, by (5.213),

it follows that U @ U" — u ® u strongly in LP(Q)**¢ for all p € [1, Q(‘éz2)). Suchap>1
exists, since we have that ¢ > %. With (5.263) applied for s = p’ < oo we obtain that

OVII"w — oVw strongly in L (Q)%*?. Together these imply that
({UT"oU", PVII'w) , = (@ u,pVw)g, as n— 0. (5.264)

For the modification of the convective term, which appears only if V},  is discretely
divergence-free, note first that we have weak convergence of VU — Vu in LI(Q)%™4 by
(5.215). By (5.213) we have in particular that U~ — u strongly in L7 (Q)%, as n — oo
since ¢’ < q<d+ 2442 hrovided that ¢ > 2(dd:21). For s > d, the embedding W1$(Q) — L>®(Q) is
continuous, and hence we have pII"w — pw strongly in L>®(Q)?, as n — oco. Together, this
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yields that

(U" @ plI"w, VU”>Q — (u®@pw,Vu),, as n—oo. (5.265)

As before, since u is divergence-free, it follows that E(U,u, pw) = b(u,u, pw). All of the
other terms can be treated as in Step 1 in the proof of Lemma 5.7, and from (5.262), taking
n — oo, one can conclude that

- <U, wat‘10>Q = <u07 (P(O)w>ﬂ + <£[u7 w]a 90>(0,T) (5'266)

for all w € Cg?diV(Q)d and all ¢ € CF((—T,T)), with £ as defined in (5.183).
The distributional derivative of w satisfies, by definition and using (5.266), that

(5.266
<8tua ’LU(,O>Q == <’LL, wat@)Q = : <’8[u7 w]a 30> (0,7) (5267)

for all w € C$%; ()¢ and all ¢ € C3°((0,7)), since suppy C (0,T). This is the same
equation as in (5.184) in Lemma 5.10, where we have seen that dyu € LI (0, T; (Wé’giv(Q)d)’),

with ¢ defined in (5.5). Consequently, (Oyu,w), is integrable for w € CS?diV(Q)d, and thus,
we can rephrase (5.267) by the fundamental lemma of calculus of variations in the pointwise
sense in time, so (5.259) is proved.

Step 2: Identification of the initial condition
The fact that u € Cy, ([0, 7], L3, (©2)%), that u(0,-) = ug and (5.260) follow as in Step 2 in
the proof of Lemma 5.10 using (5.210), (5.211) and (5.215).

Step 3: Energy identity

Ifqg > ?’dd—jg, then we have that § = ¢, and thus du € L7 (0, T; (Wé:giv(Q)d)’) and in particular

u € L0, T; Wé:giv(Q)d) NL2(0,T;L3, (2)9). For ¢ > %, the embedding Wé:giv(Q)d —
L2, ()% is continuous and dense. Hence, by Lemma 2.11 (with ¢ > 1) we have that u €
C([0, T); L2, (2)%) up to a representative.

The function w € L9(0, T Wé:giV(Q)d) is an admissible test function in (5.259) and by the

fact that u € C([0, T]; L3, (22)9) we obtain that

1 1
(8.Du)g = (F,ulg + 5 luollaa — 5 (T, s (5.268)

because the convective term vanishes and u(0,-) = uo.

Step 4: Identification of the implicit relation
Because ¢ > 3;%2 we can use a Minty type convergence result and the available energy
identities to show that the implicit constitutive relation (5.261) is satisfied. Recall that by
the definition of 8* in (3.59), with the notation for the subsequences as in (5.234), we have

that
(Dﬁ”(z)7 8" (z, Dﬁn(z)) e A"(z), (5.269)

for any n € N and a.e. z € Q. By (5.215) we have that DU — Du weakly in LI(Q)%*,
and by (5.217) that 8"(-,-,DU") — S weakly in LY (Q)?*?, as n — oo.
The only thing that is left to show in order to apply Lemma 3.31 for the generalised Yosida
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approximation, is that

liqrzri)sgp <8”(-,-,Dﬁn),Dﬁn>Q < <S,Du>Q. (5.270)
Then all the assumptions are satisfied and we can conclude that (Du(z),S(z)) € A(z) for
a.e. z € (), which finishes the proof.
Recall that the energy inequality (5.207) for U is available for all so,s € [0,7], so we
have in particular that

on >N =N - 7N 1 ||~n 2 1||~n 2
<s (-,.DU"),DU >Q <(fU >Q+§HU 0 oy~ 3 HU (T,-)HLQ(Q). (5.271)
As in (5.144) one can show that
s*(-,-,.DU"),DU") , = (8"(-,-,. DU, DU") , 5.972
(8"( ),DT"), = (8"( .0U") (5.272)

since DU € PY (0, T; L(Q)7%9).
Using this and then the energy inequality (5.271) for U and the identity (5.268) for wu,
it follows that

lim sup <S”(-, DU, Dﬁn> (5.272) lim sup <gn(, ., DU"), Dﬁn>Q

n—00 Q n—00
G2y . 1=n 2
<l (F 0o+ lim 5 [070.0]
o 2
~ lim 1HU (7, ) (5.273)
n—00 2 L2(Q)

(#) 1 1

= (fiulg+3 uolF2 () — 5 lu(T: MNiz

C2915, Du),,,

where the equality denoted by (#) relies on the following arguments: the convergence in the
first term follows from the strong convergence f — f in LZ(0,7; W—5¢(Q)%) in (5.22) and
the weak convergence of U in LI(0, T’ Wé’q(Q)d) in (5.215). The convergence of the second
term follows from (5.211) and the convergence of the last term follows from (5.210), which
holds for all ¢ € [0,7], since u € C([0,T]; L2 (2)%). This shows (5.270) and hence finishes
the proof.

OJ

Remark 5.16 (Possible Extensions).
(i) For q > %; the assumption (1) in Lemma 5.1/ is automatically satisfied and we do
not enter the range, where only the Aubin—Lions lemma can be used. However, if a
discrete truncation would be at hand, thanks to the convergence lemma and the first

part of Lemma 5.15 one would only have to identify the implicit constitutive relation.

2d
d+2’

the restrictions arose from the convective term and its numerical modification.

(iii) The approzimate problem in (5.201), (5.202), can also be formulated semi-implicitly
by replacing b(w,w,v) by bU? |, u,v), for k = (k,I,n) € N3. Since this represents
a linearisation of the problem, the approrimate solutions exist and are unique. Then
one works with the piecewise constant interpolant of {U?}ie{o,‘..,lfl}‘ To show the

(ii) An analogous result can be shown for the Stokes problem for q € oo) since all
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convergence corresponding to the ones for U one has to estimate U(, which is the

value taken on [0,6;]. This can be done by assuming one of the following:

(1) Assume that {T,}nen is quasiuniform and, if ¢ < 2 and V7, consists of discretely
divergence-free finite element functions, assume additionally that there exist con-
stants ¢ > 0 and € > 0 such that

32+

o < chy, foralll,n e N;

(2) Or assume that uy € Wé’giV(Q)d and replace (5.201) by U{ = " uy.
Then, the rest of the convergence proof works. Obviously, the same can be done for the
regularised problem.

5.4. Discussion

Let us first recall the relevant values for the exponent range for ¢:

2d__2d+1) _ -, _3d+2
d+2° dg2 SWSWSL=TgTo

de{2,3}, (5.274)

and refer to Figure 5.2 for the values.
In Subsection 5.3.1 we have shown convergence of the interpolants of solutions to a fully
time-discretised approximate problem including a regularising term, when taking the regu-

larising limit after the discretisation limit. This allowed us to show weak convergence (up

2d
d+27

taking the limits successively. The use of a regularisation allowed us to apply Simon’s com-
pactness lemma in the discretisation limit instead of the Aubin—Lions compactness lemma.
This means that additional assumptions, which are used in order to prove stability of the
L2-projection onto Vi, need not be imposed. Furthermore, by regularising we do not ob-
tain any additional restrictions on the parameter range of ¢, stemming from the numerical
modification of the convective term in case the elements of V7, are discretely divergence-free
only. Separating the discretisation limit and the limit in which we lose admissibility allows
us to use a continuous parabolic solenoidal Lipschitz approximation to identify the implicit
constitutive relation. This is useful, since other than in the steady case a discrete Lipschitz
truncation is not available at present.

In Subsection 5.3.2 we have investigated the approximate problem without regularisation
and thanks to the generalised Yosida approximation we were able to take the limits k,1l,n —
oo simultaneously. The strongest restriction on ¢ arises from the identification of the implicit

constitutive relation, where, due to the lack of a discrete truncation, we assume that ¢ is

3d+2
d+2

constitutive law can in fact be shown for a larger range of q. We have presented the details

to subsequences) to a weak solution for the whole range of existence ¢ € ( oo) when

in the admissible range ¢ € oo). All arguments except the identification of the

2d 2(d+1 ~ 3d+2
d| T e qd qd s
2 1 3=15| J(1+5)~1.62 L+ 05~ 171 2
318=12]28=16|+t(3+v39) ~185| ;5 (11+v61)~188 | L =22

Fig. 5.2: Values of exponents relevant for the unsteady problem
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2d 2(d+1) ~ 3d+2
d+2 arz d 4d dT2
} } } } }
/ with regularisation
' Subsection 5.3.1
e ________ ( ..... convergence
e ________ /- Aubin-Lions without regularisation
Subsection 5.3.2
e """" % """ Simon

B energy identity

Fig. 5.3: Overview of the range of g for which the convergence results in the unsteady case hold;
the dashed line represents the special case, if Vg, satisfies Assumption 2.27.

of those arguments to show where the restrictions on ¢ come from, and what one can at most
expect from the use of a discrete truncation. The modification of the convective term is the
reason that we have to restrict the range of ¢ to g > Q(dd:;), in case V};, is only discretely
divergence-free, in order to identify the limiting equation. If the spaces V7, consist of
%. The compactness can be
obtained using the Simon lemma for the parameter range ¢ > ¢y (or ¢ > ¢4) and for the
larger range q > Q(jjzl) (or g > %) by the Aubin—Lions lemma. For the application of the
latter additional assumptions on the finite element setting were required, in order to show
the stability properties of the L2-projection, mentioned before.

Recall that under slightly stronger assumptions for a semi-implicit approximation the

corresponding convergence result can be shown.

exactly divergence-free functions one only requires that ¢ >

Let us give an overview of the options we have for the convergence results, see also Fig-
ure 5.3:

o If g € [Zd—g, oo), then the solution w is admissible as a test function and neither a
regularisation nor a truncation is required in order to show convergence to a weak
solution.

o Ifge (%, %), independently of V7, , only the regularisation approach is available.
Since no discrete truncation is available we do not enter the range for which it makes
a difference whether the spaces V7, are discretely or exactly divergence-free.

As in the steady case one can choose between taking the limit & — oo for general graph ap-
proximation satisfying Assumption 3.18 or the more specific choice of the (generalised) Yosida
approximation, which allows to take the limit in k together with the other limits.

Comparing the exponent ranges for the respective arguments for the steady and the un-
steady case, even if a discrete parabolic truncation were available, one can see that the ranges
in the unsteady case are smaller. However, since there is no discrete truncation available

yet, there is still some work to be done before the corresponding result can be shown to hold
2(d+1) 3d+2>

in the unsteady case for the unregularised problem. More specifically, for g € ( T2 dis

(or q € (%, %) if Vi, is exactly divergence-free) the identification of the implicit con-

stitutive relation is still an open problem.



APPENDIX A

Results Related to Pressure and Solenoidality

Here we collect results related to the pressure reconstruction, the solenoidality of the ve-
locity function. These concern both the continuous case and the discrete case and are
relevant for the steady problem in Chapter 4. Furthermore, we investigate the divergence-
preserving projection operator II" satisfying Assumption 2.23 for a range of mixed finite
element spaces.

In Section A.1 we will collect results for the continuous case. This includes the Bogov-
skii operator, the inf-sup condition and a divergence-corrected Lipschitz approximation in
the steady case. Section A.2 includes the discrete counterparts of those results and the
investigation of divergence-preserving projection operators.

First let us recall the following well-known abstract characterisation.

Lemma A.1 ([EG04, Lem. A.40, and Thm. A.34)).
Let X,Y be real Banach spaces and let A: X — Y a linear bounded operator and A’ its
adjoint operator. Then the following are equivalent:

(i) A: X =Y is surjective;

(ii) A" Y' = X' is injective and Tm(A’) = (ker(A))*;

(iii) There exists a constant ¢ > 0 such that
|49 ] = cly'lly,  forally €Y
(iv) There ezists a constant ¢ > 0 such that

. (Ay, 5U>X/,X
inf sup o =
yeY'\{0} zex\foy 1V |y l2]x

A.1. The Continuous Case

By means of singular integrals one can construct a right inverse of the divergence operator,
often referred to as Bogovskil operator. The following result regarding such an operator
dates back to [Bog79] and can also be found in [Galll, Thm. II1.3.1]. For more general
versions we refer to [ADMO06] and [DRS10, Thm. 5.2].

Lemma A.2 (Bogovskii Operator, [Galll, Thm. ITI.3.1]).
There exists a linear map B, which for all p € (1,00) maps LE(Q) — Wé’p(Q)d and satisfies

divBh=h  and  [Bhlyisq < c®) bl - (A2)
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for all h € L{(Q), where the constant depends only on p, d and on €.

The existence of the Bogovskii operator implies that the continuous inf-sup condition holds
for any p € (1, 00):

Corollary A.3 (Continuous Inf-sup Condition, [DKS13a, (2.1)]). For any p € (1,00) and
p’ its Holder conjugate, there exists a constant ¢; = ¢;(p) > 0 such that

di
sup (divw,r)q

> ci|rlp ) forallre Lgl Q). (A.3)

vewir @\ o} 1Plwir o)
Proof. This follows directly from Lemma A.1: For p € (1,00) fixed choose X = Wé’p (D5
Y = L(Q2) and A = div. Lemma A.2 shows that (i) is satisfied. Hence (iv) holds and the

claim follows with (L5(€))’ = Lgl(Q) and constant depending on p. O

Also, thanks to Lemma A.1 the pressure can be reconstructed for the continuous steady
problem, but this is not needed for our purposes.

Using the Bogovskii operator one can correct the divergence of the Lipschitz truncation
of a divergence-free function in ). The following proof is contained in the proof of Thm. 3.1
in [DMS08] and will be reproduced for the reader’s convenience.

Proof of Lemma 2.13: Divergence Corrected Lipschitz Approximation

We set wh/ = vl — %(dlv( 7)), for any [, j € N, where B is the Bogovskii operator from
Lemma A.2. S1nce vl € Wo *(Q)? and because B: L§(Q) — Wé’s(Q)d for any s € (1,00) we
have that w'/ € W(l)’s(Q)d for any s € (1,00). Due to (A.2) it follows that div(B(divv'?)) =
divvh7, so w'’ is divergence-free.

By assumption v is divergence-free for each | € N and we have that v"/ = v! on O\By ;.
Hence v/ is divergence-free on O\B,;, so that div obi = 1g,, div vhi e LH(©). Thus, it
follows that

wh — b = —%(div(’ul’j)) = —%(]lgl’j div(vl’j)),

and consequently, by the continuity of B in (A.2) and the properties of the Lipschitz ap-
proximation in Lemma 2.12 (ii), (iii)

= |B(1s,, div(e))] gc“]l% div o'

led _ ol

‘WlP Wir(Q)

J
HV JHL ) sea o,

LP(Q)

=c H]lBl,j HLP(Q
which proves (ii).

Because ‘B is continuous with respect to the strong convergences in the respective spaces,
it is also weakly-weakly continuous, compare [AB06, Thm. 6.17]. By Lemma 2.12 (iv) we
have that div v’ — 0 weakly in L§(Q2) as | — oo for foxed j € N, for any s € (1,00). With
(A.2) this implies that for any fixed j € N we have that

B(divol’) =0  weakly in Wy*(Q)%,  as | — oo.

This holds in particular for s > d, so by the compact embedding there exists a subsequence
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such that we have
B(dived) -0 inL5(Q)9, asl— oo,

for any s € [1,00) and fixed j € N. Together with the convergence of v/ in Lemma 2.12 (iv)
this implies (iii). O

A.2. The Discrete Situation

Let us now summarise the discrete versions of the above and also state the pressure recon-
struction in the discrete (steady) case. First, recall the finite element setting from Subsec-
tion 2.2.1.

The proof of the following lemma is a consequence of the continuous inf-sup condition in
Corollary A.3 and Assumption 2.23 on I1".

Lemma A.4 (Discrete Inf-sup Condition, [DKS13a, Prop. §]).

Let us assume that Assumption 2.18 is satisfied by Q0 and the family of simplicial partitions
{T:}nen. Furthermore, let V', Q™ and Qf as defined in (2.30), (2.31) and (2.33) and let
Assumption 2.23 (i), (ii) hold.

Then, for any p € (1,00) there exists a constant c; = cr(p) (independent of n) such that

divV
sup < v 7Q>Q

> cr|Qle ), forallQ e Qg and alln € N. (A.4)
vevafo [Viwiro)

Proof. The the proof is contained in [EG04, Lem. 4.19], where a more general statement was
proved for constants possibly depending on n € N: For any @ € Qf C Lg/(Q) we apply the
continuous inf-sup condition in Corollary A.3, the divergence preserving property and the
WLP(Q)-stability of II" according to Assumption 2.23 (i), (ii) to obtain

diVU, div(IT™v ,
ilQyo < s Wela_ o, (dV0I').Q)
veW, P (2)4\{0} [l 2@ vEWSP(2)4\{0} [vlwie )
S Cc sup <d1V(H ’U)’ Q>Q S C sup M7

vGWé’p(Q)d:HH"v\bO ”HHUHWLP(Q) Vvevr\{0} ”V”WLP(Q)

where in the last step we have used that H"(Wé’p(Q)d) C V™. Then we have that c; = %,

which is independent of n. O

Again with Lemma A.1 one can prove the following result, for which various proofs are
known in the literature.

Corollary A.5 (Discrete Pressure Reconstruction).
Under the assumptions of Lemma A.J let n € N, p € (1,00) and f € WL (Q)¢ be given,
such that

(f W)o=0 forall W € V.
Then there exists a unique ™ € Qg, such that

(F,V)g=(divV, ), forall VeV,
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and there exists a constant c(p) > 0 (independent of n) such that
||7TnHLp/(Q) S c ||f||w—1,p/(g) fO?ﬂ alln (S N.

Proof. This can be shown by Lemma A.1: Choosing X = V" with norm [-|y1,(g), A = div
and Y = (Qf)" with ||y s ( which is reflexive). Then Y’ = Qf and by Lemma A.4
the condition (iv) is satisfied. Then f € (ker(A))* and existence follows from (ii) and the
boundedness follows from (iii). The linearity and the boundedness also imply uniqueness. [J

A.2.1. Discrete Bogovskil Operator and Corrected Lipschitz Truncation

The existence of a discrete Bogovskii operator can be shown by Lemma A.1, but this operator
would depend on p € (1,00) and linearity would not be guaranteed. For this reason it is
better to construct it directly using the projection operator I1" according to Assumption 2.23
and the Bogovskil operator 8.

Corollary A.6 (Discrete Bogovskii Operator, [DKS13b, Cor. 10]).

Under the assumptions of Lemma A./ let additionally Assumption 2.21 hold. Then, for each
n € N, there exists a linear operator B": divV"™ — V" and for any p € (1,00), there exists
a constant ¢ = ¢(p) > 0 (independent of n € N), such that

div(B"H)=H in(Q") and |B" Hlwip) <c  sup M, (A.5)
QeQ™\{0} ”QHLP’(Q)
for all H € divV"™ and all n € N.
Furthermore, if also Assumption 2.23 (iia) holds and if {V"},en is a sequence such that
V™ € V" for eachn €N, and V"™ — 0 weakly in W'P(Q)%, as n — oo, for some p € (1, 00),
then we have that

B divV" =0  weakly in WyP(Q)?, (A.6)
as n — 0o, where B is the Bogovskii operator in Lemma A.2.

The following proof of Lemma 2.30 is contained in the proof of [DKS13a, Lem. 20] and
presented for the reader’s convenience.

Proof of Lemma 2.30: Discrete Divergence Corrected Lipschitz Truncation

Proof. Set W™ = V™I — B"(div(V"™)), for any n,j € N, where B" is the discrete
Bogovskil operator introduced in Corollary A.6. Since V™ € V" and B": divV"® — V"
we have that W™J € V" for any n,j € N. Furthermore, since div8"(div V™) = div V"™
in (Q") by (A.5) testing with Q € Q" yields that W™/ ¢ Vi, for any n,j € N, so (i) is
proven.

Using the definition of W™ and the properties of 8" in Corollary A.6 we obtain that

. n,j
co sup (AVVTQ)g

7 < (A7
e qean\ioy 1@l (q) )

w7 — VWHWLP(Q) = | " (div V™

Next we use the fact that V" € V7, and we expand ) € Q" in the locally supported basis
given by Assumption 2.20, i.e., writing @ = Zfil B:Q? for B € R%. By Lemma 2.29 (i) we
have that V™7 = V" on Q\B,, ; and hence, those terms that correspond to i € {1,...,d,}
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such that supp Q] C Q\B,, ; are zero. Thus, we obtain

(div V™, Q) = (div V™ — div V", Q),,

dn,
- Z (div V"™ —div V", BiQ),,
=1

= Y (divV™ —divV, BiQY), (A.8)
1€{1,...,dn}:
supp Qy'NBy, ;70

— > (divV"™, 3;Q7),,
1€{1,...,dn }:
supp Q' NB, ;70

e <d1V VnJa Z /B’LQ?> I
i1€{1,....,dn }:
supp QFNBy, ;70 Q

where we have used again that V" € V}. . Recall that by Lemma 2.29 for any n,j € N
there is a subset 7, ; C 7T, such that

B, =int (U{K K e 7;7]‘}) .

Hence, whenever supp Q7 N B,, ; # 0, then there exists K € T, ; C Ty, such that K C B, ;
and supp QP N K # (0, because B, ; is open. Therefore it follows that the integrand is
supported on the set

Ufsupp Q' supp @ NBrj # 0} € | J{wn(K): K € To, K C B} = wa(Buy),

because the basis of Q" is assumed to be locally supported by Assumption 2.20. Due to the
regularity of the triangulation we can estimate

jwn (Bl < €| Bl

where the constant is independent of n and j € N. With Lemma 2.29 (ii) this yields

= lwa(Bug)|"” < e[Bu | < 7275, (A.9)

1 ,
H U.)n(Bn,]) LP(Q) n,j

Also note that for Q = Zf’;l BiQF the norms

n !
Q— ||Q”Lp/(g) and Q (Z\Bﬂp ”Q?Hip,(m)

=1

are equivalent and the constants only depend on the shape-regularity and the dimension of
Pg, but are independent of n € N. Then, in (A.8) we can further estimate

<div vy BZ-QZ‘>

1e{l,....dn}:
supp QP NBy, j£0
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= H]I“J"(Bn,j) LP(Q) Hdiv Vn,JHLOO(Q) Z /B’LQ? (A.lO)
1€{1,...,dn}:
supp QFNBy, ;70 L (©)
(A.9)
<

c —i i i
sz v [vvn HLOO(Q) |QlLy @) <27 ”Q”LP'(Q)v

),

where in the last step we have used the property (iii) of the discrete Lipschitz approximation
in Lemma 2.29. Applying (A.10) in (A.8) yields

o A8) [ ) B2 -t

i€{l,...,dn}:
supp QNB,, ;70 Q
and using this in (A.7) shows that
(A7) (divV™, Q) (A11)

c2 »

—_ Y

W’n,,j o Vn’] <
H HWLP(Q) - CQ;Q%I\){Q} ”Q”LP’(Q)

which proves (ii).

Finally for (iii) let j € N be fixed. Note that Lemma 2.29 (iv) implies in particular that
V™ — 0 weakly in Wé’S(Q)d, as n — oo, for any s € (1,00). Then, by the property (A.6)
of the discrete Bogovskil operator in Corollary A.6, we have that 8" (div V™) — 0 weakly
in Wé’S(Q)d, as n — oo, for any s € (1,00). By the definition of W™ it follows that

Wi 0 weakly in Wy ()9, as n — oo,

for any s € (1,00). In particular this holds for s > d and thus, with the compact embedding,
we have (up to a subsequence) that

W™ 0 strongly in L¥(Q)?, as n — oo,

for any s € [1,00). O

A.2.2. Examples of Finite Element Spaces and Projectors 11"

In this section we want to provide the details on some of the pairs of finite element spaces, for
which we stated in Examples 2.26 and 2.28 that they satisfy the assumptions in Section 2.2.1.
More specifically, we aim to present the construction and investigate the properties of a
divergence-preserving projection II" as defined in Assumption 2.23. Some of this can be
found in the literature and is usually used to prove a discrete inf-sup condition, see for
example [BBF13, Sec. 8.4.1].

Let Assumption 2.18 on the domain Q@ C R? and on the family of partitions {7, }nen be
satisfied. Further, let (V" Q"), for n € N, be as introduced in (2.30) and (2.31), respectively,
and let r € N be maximal, such that V! C V™.

The following properties are sufficient for Assumption 2.23 to be satisfied: There exists a
projection operator I1": W(l)’l(Q)" — V™ such that

(i) (preservation of the divergence in (Q")') for any v € W[l)’l(Q)d

one has that

(divw, Q) = (divII"v, Q) for all @ € Q™
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(ii) (local approximation property with level £ € N) there exists a constant ¢ € N such that
for any p € [1,00), any p € {0,1} and for any s € {1,...,r+ 1} there exists a constant
¢ > 0 (independent of K and n) such that

v — Hn"’|wu,p(K) < chi* |’U|ws,p(w§L(K))

for all K € Ty, all n € N and all v € Wy (Q)4 0 WHP(Q)“.
Note that (ii) with ¢ € N implies Assumption 2.23 (iib) with level £.

In the following we want to present some examples of finite element spaces and the con-
struction of I1" satisfying the assumptions (i)—(ii).

First we will summarise a general approach for the construction, which can be found in
[BBF13, Sec. 8.4.1]. Then we will first focus on lower order spaces for which the construction
is comparatively simple, see Subsection A.2.2.1. In Subsection A.2.2.2 we will present some
higher order spaces.

General Construction

In a number of cases II" can be constructed by first using a local projector to V" and then
correcting the discrete divergence by means of a local correction mapping. For the local
projector we choose II7: Wé’l(Q)d — VI € V", given by Lemma 2.25. With a correction
mapping I17: Wé’l(Q)d — V™ we can then define I1": Wé’l(Q)d — V" by

" (v) = I (v) + I (v — I (v)). (A.12)

Note that if II?(0) = 0, then II" is a projection operator, since II is a projection operator
on V". The local correction mapping II7 is chosen such that

(divIIv, Q) = (dive, Q)q for all @ € Q", (A.13)

forn e Nand v € Wé’l(Q)d. Then, II" as defined in (A.12) satisfies (i).
According to Lemma 2.25 P: W(l)’l(Q)d — VI satisfies the approximation property (ii)
with £ = 1. For the correction mapping II? we assume the following local W+!-stability with

level £ — 1, ¢ € N: There exists a constant ¢; > 0 (independent of K and n) such that

][ "] da <a][ (o] + hic [Vo]) da, (A.14)
K wiH(K)

for all v € W(l)’l(Q)d, all K € 7, and all n € N. Note that this implies automatically that
I17(0) = 0. In Remark 2.24 (iii) we have seen that (A.14) implies the corresponding estimate
in LP(K) for p € [1,00]. This in turn allows us to verify the local approximation property
(ii) with level £ € N. Indeed, by the construction of II" in (A.12), an inverse estimate, then
applying the stability in (A.14) with p € [1,00) and finally using the local approximation
property of P! and regularity of {7, }nen (cf.(2.28)) we obtain that

v = 1" () < [0 = 50wy + 1 (0 = I50) i 1)
<clv— H?’U|wu,p(K) + chy | (v — H?”)”LP(K)
< chi o =Tt ey + chy " v — G0 w1 ()
< chi " |Vlwem g (1)) -

for p € {0,1}, s € {1,...,7+ 1} and p € [1,00). These observations can be summarised as
follows.
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Lemma A.7 (Reduction to II?).

Let (V*,Q"), for n € N be a sequence of finite element spaces as defined in (2.30), (2.31)
and assume that r € N is mazimal such that ﬁ,‘? C Py. Furthermore, let £ € N be given and
independent of n. Assume that there exists a mapping 117 : Wé’l(Q)d — V™ such that (A.13)
is satisfied and additionally we have that the local Wt -stability in (A.14) is satisfied with
level £ — 1.

Then, II" as defined in (A.12) is a projection operator satisfying (i) and (ii) with level £ and
i particular Assumption 2.23.

A.2.2.1 Low Order Examples

For many pairs of finite element spaces with low order a correction mapping II? is simple to
construct. This is based on the fact that for Q" consisting of piecewise polynomial function
of low enough order, the condition (A.13) can be simplified. If Q™ consists of piecewise
constant functions, then the condition

/ divI[Jvdx = / divvde for all K € T,, (A.15)
K K

forn € N and v € Wé’l(Q)d, implies (A.13). If the pressure space is continuous, i.e.,
Q"™ C C(Q), the condition (A.13) is by integration by parts equivalent to

(I, V@) = (v, VQ)q for all Q € Q",

for any v € W(l)’l(Q)d. If Q™ consists of continuous, piecewise affine functions a sufficient
condition for this to hold is that

/ Mvdx = / vdex for all K € T,, (A.16)
K K

for any v € Wé’l(Q)d, since the gradients of functions in Q™ are piecewise constant. The
construction of II? such that (A.15) or (A.16) are satisfied, has to be tailored to the specific
choice of V™. We will see that for low order pressure spaces this can be done such that the
local stability property (A.14) is satisfied with level 0, which corresponds to ¢ = 1.

By Lemma A.7 one can show the following lemma.

Lemma A.8 (Reduction to II for Low Order Q").
Let (V*,Q"), for n € N be a sequence of finite element spaces as defined in (2.30), (2.31)
and assume that r € N is mazximal such that 73751 C Py. Assume that there exists a mapping
I17: Wé’l(Q)d — V™ such that the local Wht-stability in (A.14) is satisfied with £ = 1 (this
corresponds to level 0) and additionally we have one of the following:

e (piecewise constant pressure) (A.15) holds, if Q@ = L>°(Q2) and @Q = Py;

e (continuous piecewise affine pressure) (A.16) holds, if Q = C(Q) and @Q =P.
Then, II" as constructed in (A.12) is a projection operator satisfying (i) and (ii) with level
£ =1 and in particular Assumption 2.23 with £ = 1.

In the rest of this subsection we will review some examples of finite element spaces for
which one can verify the assumptions on II7.

Whenever the normal vector of an element K enters the definition of the velocity space V"
in (2.30) one has to replace the pullback by F;(l, by the Piola transformation (see [BBF13,
Ch. 2.1]). Here, instead we directly specify the local spaces Py(K) on K and then de-
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fine
Vr={V eV: V|g € Py(K) forall K €T, and V|sq = 0}. (A.17)

Note that those two variants are equivalent but (A.17) involves less notation. Let us also
denote by P,.(K) the space of all polynomials on K with degree < 7.

For a fixed element K € Tp, n € N, let {x;}icq1,.. ar1} be the set of vertices of K and let
{Fi}iequ,.. a1y be the set of (relatively closed) faces of K (with indexing such that x; is not
contained in the face F;). Further, let v; € R? be the outward unit normal of the face F; for
each i € {1,...,d+1}, and let {\i}ieq1,.. 441} be the set of (scalar) barycentric coordinates,
satisfying \i(x;) = d;;, ¢,j € {1,...,d + 1}. Note that this implies that A\;|r, = 0 for all
i€{l,...,d+ 1}. In the following we use the indices modulo d + 1, if ¢ > d + 1.

For later reference let us introduce the bubble functions and local bubble spaces

d+1
b= ][N B(K) := span{b} C Pg;1(K), (A.18)
j=1
d+1
b= [] N, Br(K)=span{bi: i € {1,...,d+1}} C Py(K), (A.19)
J=1,57
b; == v;b;, B, (K) =span{b;: i € {1,...,d+1}} C Py(K)%, (A.20)

We denote by X @Y the direct sum between two function spaces X, Y.

The Py — Py Element

The Py — Py element for d = 2 arises from the choice Py (K) = Pa(K)? (r = 2) and V = C(Q)?
for the velocity space, defined in (A.17) and @Q = Py and Q = L*>(Q) for the pressure
space, defined in (2.31) resulting in discontinuous piecewise constants pressure functions and
V™ = VE, see [BBF13, Sec. 8.4.3]. As in the construction of II" in the proof of Prop. 8.4.3
in [BBF13] we consider the mapping II7: VVé’l(Q)2 — V%, defined by

o[k (xi) = 0, (A.21)

/ MJvdo :/ vdo, (A.22)
F; F;

for all ¢ € {1,2,3}. The so defined interpolation is unique and continuous. Taking the scalar
product of (A.22) with the (constant) normal vector v;, and summing over i € {1,2,3}
shows by Gaufl theorem that (A.15) is satisfied. By construction for fixed K € 7, we can
see that II7|x maps into Bp(K)?, hence there exists {;}icq1,2,33 C R? such that

3 3
(o)l = Y aby = > ajdjiidta.
j=1 j=1
Since A\g|p, =0, k € {1,2,3} we obtain that

ai/ )\i+1>\z’+2da—/ H?vda—/ vdo, i€ {1,2,3}.
F F; F;

% 2
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If |a;| > 0, since A\j11Air2 > 0 we have that

”H?anl(Fi) = |ai|/ Ait1Aip2do = —
F;

‘az,
< ‘/ vdo
F;

and if |a;| = 0, the same holds trivially. By scaling arguments, summing (A.23) over
i € {1,2,3} and applying a trace inequality yields that

/ Ait1dip2 do
(A.23)

< ”'U”Ll(Fi)v

el ) < e TEvlpory < chi vl

(A.24)
< ¢ (ol + hx IVl ) )

which shows that (A.14) is satisfied with £ = 1 and hence Lemma A.8 applies.

The Bernardi—-Raugel Element (r = 1)

The Bernardi-Raugel Element for r = 1 and d € {2, 3} can be defined as follows, see [BR85,
Sec. I1]: For the definition of the pressure space in (2.31) we choose IPQ Po and Q = L(Q)
resulting in a space of discontinuous pressure functions. For the velocity space V" we use
the definition (A.17) with V = C(Q)? and Py(K) = P1(K)¢ @ B,(K), with B, (K) defined
n (A.20).

Again we want to use Lemma A.8 to verify the properties of II". Note that (i), (ii) are
proved in [BR85] and [GLO1] for part of the range for p € [1,00). The correction mapping
7: Wyt ()4 — V™ is defined in [BR85, GLO1] by

o[k (i) = 0, (A.25)
/ IIJv-v;do = / v-v;do, (A.26)
F; F;
for all : € {1,...,d + 1}. Considering the degrees of freedom one can see that II?|x maps

to B,(K), it is uniquely defined and the global function II?v is continuous. As before,
summing over ¢ € {1,...,d+1} in (A.26) and applying the Gauf} theorem shows that (A.15)
is satisfied.

Now let {ai}icqi,...a+1y C R such that II7(v)|x = E;Hll ab Zd+1 oy H?Z%,jﬂ Aj.
As before, noting that ;| = 0, and hence H?ii#l Nilr, =0 for all [ # 1, it follows from
(A.26) with v; - v; = 1 that

d+1 d+1

/v Vlda—/l'["v VldO'—OéZ/ H Ajv; - Vldcr—ozl/ H Ajdo.
Fi v j=1,j#i v j=1,j#i
Since the integrand on the right-hand side is non-negative, if a; # 0 this implies that
d+1 d+1
sy = ol [ Ty =S [ T] aa0
tg=1,j#i L =154 (A27)

<

/ v-v;do
F;

and if a; = 0, the same holds trivially. Now the same arguments as in (A.24) yield that
(A.14) with ¢ = 1 is satisfied. Hence Lemma A.8 applies.

< H’U”Ll(Fi) )
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The Second Order Bernardi—Raugel Element

The Bernardi-Raugel Element for d = 3 and r = 2 is an extension of the previous example
and was introduced in [BR85, Sec. III]: For the pressure space we choose Pgp = P, and
Q = L*°(Q), resulting in discontinuous pressure spaces Q™. Further, let V" be defined by
(A.17) choosing V = C(Q)¢ and

Py(K) = P2(K)’ @ B,(K) @ B(K)?, (A.28)

with the face bubble space B, (K) C P3(K)? defined in (A.20) and the element bubble space
B(K) C P4(K)? defined in (A.18).

Let us show that II" satisfying (i) and (ii) exists by verifying the conditions in Lemma A.7.
The correction mapping I17: W(l) 1(Q)® — V" was introduced in [BR85, Lem. IIL1] and is
defined by

Mv|g(x;) =0 for all i € {1,...,4}, (A.29)
IINv|g(xi;) =0 forall4,j € {1,...,4}, i <, (A.30)
/ v - VZdO'—/ v-v;do  forallie{l,... 4}, (A.31)
F F
/ zydiv(v — IIlv)de =0 for all I € {1,2,3}, (A.32)
K

with x;; = %(alcZ + ;) the midpoints of the edges ;, bz;, for i,j € {1,...,4} , and noting
that {1, z1, z9, z3} is a basis of Q"|x. Again by considering the degrees of freedom we obtain
that I17|x maps to B,(K) ® B(K)? and is uniquely defined. Further, the global function
IT7 is continuous. By (A.31), (A.32) it follows that II7 satisfies (A.13), since Q" consists of
discontinuous, piecewise affine functions. Without loss of generality we assume that 0 € K,
otherwise we shift the basis functions {z1,x2, 23} by constants {c1,c2,c3} C R such that
(c1,¢2,¢3)" € K and the argument follows analogously.

We have seen before, in (A.27) and below, that the part of II7 (v)|x mapping to B, (K)
determined by (A.31) satisfies an estimate of the form (A.14) with ¢ = 1. Thus, we only have
to consider the part in B(K)3, determined by (A.32). For this let o € R? such that

/xldivvdw:/ xldiv(ab)dw:—/ V- abdx
K K K

:—/ el-abdm:—al/ bdex,
K K

for all I € {1,2,3}, and the boundary term vanishes because b|gx = 0. If oy # 0, then we
can estimate

‘Oél|/ bd:v—a/bd:c (4.38) —M xydive de
K

“ K (A.34)
< ‘/ rydive de
K

< ||$lHLoo(K) ”divanl(K) < hk ||VU||L1(K) )
where the last step follows from the fact that 0 € K and |z;| < diam(K) = hg for any
x € K, 1 € {1,2,3}. If oy = 0 the corresponding estimate follows trivially. Finally the

(A.33)




174 Results Related to Pressure and Solenoidality

non-negativity of b and the estimate (A.34) yield that

3
bl ) = lal /K bde <3 |l /K bda < chic [Vl ) - (A.35)
=1

which finishes the proof that II7, defined in (A.29)—(A.32) satisfies (A.14) with ¢ = 1. Hence
Lemma A.7 applies with £ = 1.

The MINI Element

The MINTI element for d € {2,3} and r = 1, see [BBF13, Sec. 8.4.2, 8.7.1], [GLO1, p. 50],
arises from the choices Q = C(Q2) and @@ = 731, i.e., the pressure space consists of continuous,
piecewise affine functions. For the velocity space we let V" as defined in (A.17) with V =
C(Q)? and the local space Py(K) = P (K)? @ B(K)?, with B(K) C Pgy1(K) as defined in
(A.18). The correction mapping I17: Wé’l(Q)d — V" is defined by

Mv|g(x;)) =0 for all i e {1,...,d+ 1},

/H?vdm:/vdm.
K K

Looking at the degrees of freedom it is obvious that II”(v)|x € B(K)? and the projection
is uniquely defined. Furthermore, since the bubbles vanish on the boundary of the element,
IT?v is continuous and satisfies the boundary conditions.

Obviously II7 satisfies (A.16). What is left to show in order to apply Lemma A.8 is the
stability in (A.14) with £ = 1. This follow by the proof of local W!l-stability of II" as
shown in [BBDR12, App. A.1]. Let us give the direct argument for the sake of completeness:
For a € R such that II"v = ab we have by definition of II? and by non-negativity of b
that

1 1
I v —a/bdw—a-a/bdx—a-/'vdwgv , A.36

provided that e # 0. Otherwise the estimate is obvious and (A.14) with £ = 1 is satisfied.
Now Lemma A.7 applies.

A.2.2.2 Higher Order Examples

For higher order pressure spaces the construction of a correction mapping II7 satisfying
(A.13) is not that easy.

In [GS03, Thm. 2.1] the authors reduce the construction of a divergence preserving pro-
jector IT" with a quasi-local approximation property to the following: the verification of a
quasi-local discrete inf-sup condition; and the construction of a projector TI", which preserves
the divergence in the dual of piecewise constant functions and satisfies the local approxima-
tion property in (ii) with level £ = 1. By a quasi-local approximation property we mean the
following variant of (ii), for families of macro-elements {O; };ez» and (larger macro-elements)
{Aitiezn:

(ii’) (quasi-local approximation property) for any p € [1,00), any u € {0,1} and for any
s€{l,...,r+ 1} there exists a constant ¢ > 0 (independent of ¢ and n) such that

|U — an’W#vP(Oi) < Chf_'u |v|W5’P(Z¢)

foralli € 7", alln € Nand all v € Wé’p(Q)dﬂWS’p(Q)d. Note that h; = maxgco, hix
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for i € Z" and that diam(4;) < ch;, for some constant ¢ > 0 independent of i € Z"
and of n € N.
Note that the quasi-local approximation property implies the local W' !-stability in (ii) for
some level ¢ € N.

The projector II" can then be constructed similarly as II" above in (A.12), with II7
satisfying (A.15), since the divergence has to be preserved in the dual of piecewise constant
functions only. This projector is constructed in [GS03] for finite element spaces such that
VP V" with r > d, for d € {2,3}. Under this condition the face bubble space B(K)
defined in (A.19) is contained in the local space Py(K) used for the definition of V" in
(A.17). Hence, for d = 2, the projection operator II" is defined as II" for the Py — Py
element, and the analogous is possible for d = 3. However, for d = 3 and r = 2, the number
of degrees of freedom is too small to construct a suitable correction mapping II7.

Let us in the following give a rough sketch of the quasi-local approximation results obtained
for the conforming Crouzeix—Raviart element and the Taylor-Hood element by the results
in [GS03], before moving on to the Scott—Vogelius element. For the latter we can construct
a correction projection IT7 from the proof of inf-sup condition in [GS17] under suitable mesh
conditions.

The Conforming Crouzeix—Raviart Element (r > 2)

For d = 2 the lowest order conforming Crouzeix—Raviart element (with r» = 2) arises from the
choice Q = L*>°(Q2) and I@Q = 7/51, i.e., the pressure functions are discontinuous. Furthermore,
for the velocity space V" as defined in (A.17) we choose V = C(Q)? and Py(K) = P2(K)?®
B(K)? C P3(K)?. With b as in (A.18) the higher order local space of element bubbles on K
is defined by

B,«_H(K) = bPT_Q(K) C Pr+1(K), (A37)

understood as the elementwise product. Then the generalisations for d = 2 and r > 2 can be
defined by Py = P,_; and Py(K) = P,(K)2® B, 1(K)?, see [BBF13, Ex. 8.6.1, Prop. 8.6.2]
and [GR86, Ch. 11.2.2].

In [GS03, Thm. 3.3] for » = 2 it is proved that there exists a projection II" satisfying (i)
and (ii’) and it is mentioned that the proof extends to the generalisations for » > 2. When
exploring the proof one can see that the local inf-sup condition assumed in [GS03, Thm. 2.1]
and used in the proof of [GS03, Thm. 3.3] holds for macro-elements O; = K, see [GRS6,
Ch. II, Thm. 2.2]. In this case the macro-element A; on the right-hand side of the quasi-
local estimate in (ii’) coincides with w?(K). This means that also the local approximation
property (ii) with £ = 2 is satisfied.

The Taylor—-Hood Element (r > d)

The family of (generalised) Taylor-Hood elements for d € {2,3} and r > 2 is given by
(V",Q"), for n € N, as defined in (2.30) and (2.31) with V = C(Q)¢, Py = P and Q = C(1),
Py = P,_1, so the pressure space consists of continuous functions, see [BBF13, Sec. 8.8.2]
and [GR86, Ch. 11.4.2].

The existence of a divergence-preserving projector II" satisfying (i) and the quasi-local
approximation property (ii’) is proved in [GS03, Sec. 3.1, 3.2], provided that if » > d and if
each element K € 7,, n € N has at least one interior vertex. The results in [GS03, Thm. 3.1,
3.2] use a quasi-local inf-sup condition, formulated for macro-elements O; of the form

wp(x) = int (U{K €Tn: € K}) , (A.38)
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for a vertex x in the simplicial partition 7,, n € N and proved in [GS03, Lem. 3.1] stated for
general r > 2 and d € {2, 3}, see also [GR86, Ch. II, Thm. 4.2] and [BBF13, Sec. 8.8.2].

Thus, (ii’) is satisfied with O; = w,(z) and one can see from the proof of [GS03, Thm. 2.1]
that A; is contained in a three-layer neighbourhood of O;. Hence, (ii) is satisfied with
(=4

The Scott—Vogelius Element for » > 4

Let d = 2 and 7 > 1 be given. Then V" is defined by (2.30) choosing V = C(Q)? and
@V = 733, ie, V* = V3. Let us first define the space @” as in (2.31), with Q = L*>°(Q)
and @Q = 7/57«_1 and the corresponding space @8 as defined in (2.33). To ensure that the
space V7, of discretely divergence-free finite element functions as in (2.32) consists of exactly
divergence-free functions in the sense of Assumption 2.27, the pressure spaces Qf have to be
chosen as a suitable subspaces of @8

First let us introduce the following notation: By S™ = {x;};cz» we denote the set of vertices
in 7,, n € N. For a fixed ¢ € S" let {Ki,...,Kn} (with N = N(x) < ¢ for a constant
independent of & and of n) be the set of (distinct) elements such that K; C wy,(x) and let
{61,...,0Nn} be the set of angles such that 6; is the interior angle of K; at . Furthermore
we choose the numbering such that K; and Kj;1 share an edge for j € {1,...,N —1}. If
x € 0N this means that K; and Ky share an edge with the boundary, and otherwise we
assume that also K7 and K share an edge and we formally set the index N +1 = 1. Then,
the vertex x is called singular, if

je{l??])\(f—l} ’6’] + 9]'-}-1 — 7T'| =0if x € 09,

jegl,(?b.),(N} 6 + 041 — | = 0 otherwise.
We denote by Z™ C S™ the set of singular vertices in S™. As mentioned in [GS17] an interior
vertex & can only be singular if N = 4 and the edges of {K7,..., K4} are contained in the
union of two straight lines through . Note that this implies that no two interior singular
vertices can lie on one edge. For more details and figures of singular vertives, see [GS17].
Then, the pressure space is defined by

n={QeQ": A%Q)=0Vxe 2", ]éde =0} C Qp, (A.39)

with A%: QI — R defined by

N
A2Q) =D ()N QIk,(x), forxzeZ", QeQf, neN.

j=1
This family of elements was introduced in [SV85] and inf-sup stability for p = 2 was shown
under the condition that the triangulation is quasiuniform, as formulated in Assumption 2.19
and that r > 4. Recently, in [GS17] the assumption of quasiuniformity was removed. The
condition involving A7, is required in the proof that div V"™ C Qf, see [GS17, Lem. 1]. Hence,
the pair of spaces satisfies Assumption 2.27.

For our purposes we require also a space Q", such that Qf is the subspace of zero mean
value functions in Q". However, the two conditions in the definition in (A.39) are in general
not independent of each other. Indeed, note that A% (1) = 0 for all interior singular vertices
x € Z™\01Q, but for singular vertices on the boundary this may not be the case.
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Assumption A.9 (Singular Boundary Vertices). Assume that all singular vertices on the
boundary x € Z™ N I have an even number of elements in their neighbourhood wy(x).

By the definition of A7, this assumption is sufficient for the fact that
1eQ"={QeQ": A%(Q)=0Vxe 2"}, (A.40)

and then the above defined space Qf is the subspace of Q" with zero mean value.

We want to construct a projection operator II": Wé’l(ﬂ)d — V" satisfying (i) and (ii)
with some level £ € N. Note that in general Q" does not contain all the piecewise polynomial
functions of degree < r — 1, i.e., Q", because of the extra condition for singular vertices.
Hence, the reduction result in [GS03, Thm. 2.1] does not apply. Consequently, we aim to
construct II" as in (A.12), and thus want to apply Lemma A.7. With this we only have to
construct the mapping II7 : Wé’l(Q)d — V" satisfying (A.13) and local Wh!-stability of a
certain level, see (A.14). This involves two steps:

(a) Given v € Wé’l(Q)d we want to find R € Qf such that

(R,Q)q = (divw,Q), for all Q € Qp, (A.41)

and

IRl sy < €10l (A.42)

Wi (K))’

for some 5 € N and a constant ¢ > 0, both of which are independent of v € W[l)’l(Q)d,
of K € 7, and of n € N.
(b) Then, given R € Qf we want to find V' such that

<d1V ‘/7 Q)Q = <R’ Q>Q fOI' aH Q € an (A43)
and
Vs o) < el IRl s iy (A44)

with constant independent of R € Qf, of K € 7, and of n € N.
Together, setting II7(v) := V this implies that

(dive, Qg "2V (R, Q) "2 (divV, Q) = (divIIP(v), Q) for all Q € QF.  (A.45)

Since 1 € Q™, this shows (A.13). Furthermore, we have that

(A.4d) (A.42)
IVieigy < chrlRlpwxy)y < chr Vol g (A.46)

again with constants independent of v € W(l)’l(Q)d, of K € 7, and of n € N. This verifies
(A.14) with f+1 = ¢—1. Then Lemma A.7 applies and shows that (i) and (ii) with £ = 5+2
is satisfied.

The size of § in condition (a) depends on how large the union of elements in a triangulation
is, which are “connected” by the condition on the singular vertices in (A.39).

For this, let us define by M™ a partition of € into closed (connected) sets, such that each
M € M™ is the union of some elements in {7y, },en and each M is minimal such that

1,Q € Q"  forall Q € Q™. (A.4T)
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Note that such a partition M™ can be obtained by stepwise dividing €2 along edges which
do not contain singular vertices (by Zorn’s lemma this terminates). The size of the singular
neighbourhoods M € M™ is a measure for how much the singular vertices “connect” the
elements in 7.

Assumption A.10 (Boundedness of Singular Neighbourhoods).
Assume that one of the following holds:
e 7" =), then set 3 = 0;
e there exists B € N such that: For all n € N and all M € M™ there exists an element
K €7, such that

K CM C wh(K). (A.48)

If there exists a (relatively closed) edge e in T, and x # y such that x,y € Z" Ne, then
there exists an M € M™ such that wy,(z) Uw,(y) C M, and hence 5 > 2. But note that by
the characterisation of interior singularities mentioned above this can only happen if one of
the edges lies on the boundary 0€2. Thus, if there are no singular vertices on the boundary,
then we have that g < 1.

Now we are in the position to formulate the assumptions under which one can show that
II" exists and satisfies the respective properties.

Lemma A.11 (II" for Scott—Vogelius element, r > 4).

Let V™ and Q™ as defined above, with r > 4 and assuming that Assumption A.9 is satisfied.
Furthermore, assume that there exists a constant 8 € Ny with respect to which Assump-
tion A.10 is satisfied.

Then, there exists a projection operator 11" : Wé’l(Q)d — V™ such that the properties (i) and
(ii) with £ = 3+ 2 are satisfied.

Proof.
Let us start to show (b) and then prove (a) based on Assumption A.10.

(b) The mapping R — V can be “read off” from the proof of inf-sup stability for p = 2
provided that r > 4 in [GS17], and the corresponding local stability estimates have to
be shown for p = 1. Let R € Qf be arbitrary but fixed. Following the proof of [GS17,
Thm. 1] thereisa V =V + Vy + V3 € V" such that

divV =R 1inQ, (A.49)

which implies (A.43). To show the local W!-stability in (A.44) we have to investigate
the functions V1, V5 and V'3 in the construction in the proof of [GS17, Thm. 1] closer.
More specifically we have to obtain local estimates for p = 1, wherever [GS17] contains
global estimates for p = 2.

By [GS17, Prop. 1], for given R € Qf there exists a function V'; € V4 such that

/divVldm:/Rdm for all K € 7,.
K K

This is based on the correction mapping for the Bernardi-Raugel element, and indeed
one can see that Vi arises from (A.25), (A.26) by replacing || 5, U Vido for example

by % f 5 Rdz. Then the stability proof above shows that

IVilei o) < IRl -
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which yields by scaling and norm equivalence (see (A.24)) that
Vil xy < chr Vil ok < chie [Rlp ke (A.50)

As in [GS17] we set Ry = R—div V' € Q and apply first Lemma 6 and then Lemma 7
therein to obtain V3: Lemma 6 shows that for each € S™ there exists V5 € V) with
specific properties such that in particular supp V4 C wy,(x) and

HVV’J?”LQ( <c HRl HLQ(wn(m)) :

wn(z))

Note that by the regularity of the triangulation according to Assumption 2.18 we have
that diam(wy(x)) is comparable to hx for any K C wy(x). By Poincaré’s inequality
and a scaling argument this implies that

”V ”L1 x)) = < chi ”VV ”L1 (wn(x)) < chg HRluLl(w () >

with constant ¢ > 0 is independent of z € S™, of n € N and of Ry. In Lemma 7 in
[GS17] the authors set Vo = Y . Vi € V}, and one has that Va|x = Z?:l Va,,
where {@x1, 2, x3} are the vertices of the element K € 7,,. Consequently, one has that

3 3
IValiagy < D IWVailig < D 1Vailii @)

3

< chg Z | 71 ”Ll(wn(mi)) = chi [R1 ”Ll(wn(K)) )
i=1

(A51)

Finally, setting Ry = Ry — divVy € Qf and applying Lemma 3 in [GS17] shows the
existence of V3 € VI such that div V3 = Ry in Q and by [GS17, Prop. 2| one has the
local estimate

1Valwizi) < clRellie (s s

again with constant independent of K, Ry and n. Adapting the scaling and using again
the finite-dimensionality of the spaces we arrive at

IVsliiwy < chi [ Rl (A.52)

for all K € 7,. Now we have all estimates in place and using the inverse estimates
h IVVili k) < e[ Villpi k) we obtain

(A.52)
IVieiy < IValuiw) + 1Vl + HV3HL1(K)
< IViluiwy + 1Valui gy + chr [ Relp

< IViluigy + Vel gy + chx ||VV2||L1 )+ chi | Rl i

(A 51)
IViloiw + chi 1R, (1))

< ”V1HL1(K) + ChK ”VV1”L1(W,L(K)) + chi | Rl (k)

A.50)
< chi R, k) -

with constant independent of K € T, R € Qf and n € N. This shows (A.44).



180

Results Related to Pressure and Solenoidality

(a) The property (A.41) suggests that R is the L2-projection of divwv to Q. Hence, for

n € N let us introduce the L2-projection P": L2(2) — Q", defined by

(P"f,Q)g = (£.Q)y forall Qe Q" (A.53)

for f € L2(2). Since 1 € Q" by Assumption A.9, it follows that
/P”fda::/fdaz for all f € L(Q). (A.54)
Q Q

and hence P"(L(€2)) C Qp.

Let us now show local LP-stability of P". By definition of the partition of singular
neighbourhoods M"™ we have that the function 1y¢Q € Q", for any M € M™ and for
each @ € Q™. Testing in (A.53) with 15(P" f yields for each K C M that

IP" Flf 200 = (P"f. P" f)e = (P"f. 1ncP" f)g
(A.53) n n
=" (LInP" g < I flzoo 1P iz »

which implies that
12" Flezon) < 1z -
By Assumption A.10 it follows that
1P Fluae) < W flauia - (A.55)

for all f € L2(Q), all K € 7, and all n € N. Furthermore, by scaling with d = 2,
Holder’s inequality and regularity of the triangulation we have

A.55

) o (a5
|P f||Loo(K)SChK/2HP fleewy < ChK/2||f||L2(wE(K))

< e o) 111 < c|fl
< chyg '™ |wp Lo (Wl (K)) = Lee (wy (K)) ?

for all f € L2(Q), all K € 7,, and all n € N. Then, by interpolation one has local L?
stability for all p € [2,00] with ¢ = ¢(p) and a duality argument allows one to show it
also for p € [1,00]. Let v € W(l]’l(Q) be arbitrary but fixed, and hence divw € L§(Q).
Setting R := P™(divw) we have that (A.41) is satisfied and that

Rl 0y = 1P (divao) s ey < €10l s s (A.56)

with constant independent of K € 7, and n € N.

This shows that (a) and (b) are satisfied and hence by the above arguments we obtain
a mapping II7: Wé’l(Q)d — V" satisfying (A.13) and A.14 with ¢ — 1 = g+ 1. Then
Lemma A.7 applies with ¢ = 8 + 2, which finishes the proof.

O
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