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Exercise 9: (Petrov-Galerkin)

Assume that for B(·, ·), U, V, the conditions (3.2.2), (3.2.5), and (3.2.6) from the lecture notes
hold with continuity constant ‖B‖ = CB. Show that for a given pair of finite-dimensional
subspaces Uh ⊂ U, Vh ⊂ V with dim(Uh) = dim(Vh)

κU,V′(Bh) ≤ CB

cBh

, (1)

holds if and only if
inf

wh∈Uh

sup
vh∈Vh

B(wh, vh)
‖wh‖U ‖vh‖V

≥ cBh
(2)

holds for some positive cBh
> 0. Here, the induced finite-dimensional operator Bh is again

defined by
(Bhwh)(vh) = B(wh, vh), wh ∈ Uh, vh ∈ Vh.

2 points

Exercise 10: (Discrete inf-sup Constant)

Assume that for B(·, ·), U, V, we have

inf
w∈U

sup
v∈V

B(w, v)
‖w‖U ‖v‖V

=: cB > 0 and |B(w, v)| ≤ CB‖w‖U‖v‖V .

Furthermore, let (Un × Vn)n∈N with Un ⊂ U, Vn ⊂ V and dim(Un) = dim(Vn), n ∈ N be a
family of finite-dimensional subspaces with discrete inf-sup constants

inf
wn∈Un

sup
vn∈Vn

B(wn, vn)
‖wn‖U ‖vn‖V

=: cBn ≥ 0 .

Let PUn denote the U−orthogonal projector into Un (i.e., (u−PUnu, un)U = 0, for all un ∈ Un).
a) Show that if for all u ∈ U

lim
n→∞

‖u− PUnu‖U = 0 , (3)
then lim supn→∞ cBn ≤ cB.

b) Let ⋃
n∈NUn be dense in U and cBn ≥ ε > 0 for all n ∈ N. Show that ⋃

n∈N Vn is dense in
V.

c) Find an example for U,V, B(·, ·), Un and Vn for which cBn > 0 for all n ∈ N and 3 holds
but lim supn→∞ cBn < cB.

d) What does this mean for Petrov-Galerkin methods for general problems in contrast to
Galerkin methods for coercive problems?

3+2+2+1=8 points



Exercise 11: (Linear Projector)

Assume that under the hypotheses of Exercise 9 the discrete inf-sup condition (2) holds for the
pair Uh ⊂ U, Vh ⊂ V. Let u, uh denote the solutions of (4.0.1), (4.1.2) from the lecture notes,
respectively. Then, the mapping

ΠUh,Vh
: u→ uh (4)

is a well defined linear projector, i.e., in particular,

ΠUh,Vh
(ΠUh,Vh

u) = ΠUh,Vh
u.

Hint: Note first that
B(ΠUh,Vh

u, vh) = B(u, vh), vh ∈ Vh.

3 points

Exercise 12: (V′-orthogonal Projector)

Suppose that Vh ⊂ V is a closed subspace and let PVh
= PV,Vh

denote the V-orthogonal projector
into Vh (i.e., (v − PVh

v, vh)V = 0, for all vh ∈ Vh). Show that

Q := RV′PVh
RV

is a V′-orthogonal projector into RV′(Vh) ⊂ V′.
Can you improve the estimate (4.5.12) from the lecture notes somewhat, i.e., which portion of
the data f is actually “seen” by the method? 5 points


