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Navier-Stokes-Fourier system

SCALED NAVIER-STOKES-FOURIER SYSTEM

Mass conservation:

Oro + dive(pu) =0, u-n|pq =0, / o(t,-) dx = My
Q

Balance of momentum:

9¢(ou) + div(ou ® u) + Vip(o,9) = diviS + of, ulspo =0
Entropy production:

De(0s(p,9)) + divy(os(o, 9)u) + divy (%) =0>0,q-nlpp=0

Total energy balance:

d d 1 2
- = — = + ¥) ] dx = f-ud
L E() ]t/ <2Q|U| oe(o, )) x /Q u dx
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Second law of thermodynamics

GIBBS’ RELATION:

1
¥Ds(,9) = De(o,9) + p(o,9)D <Q>
HYPOTHESIS OF THERMODYNAMIC STABILITY:

Ip(o,V) de(o,9)
do 0
ENTROPY PRODUCTION RATE:

1 q- Vo
> = Vi — ———— | >
0_19<S Vxu 3 ) 0

>0

>0,

Eduard Feireis| Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague

Complex fluid systems



Second law of thermodynamics

CONSTITUTIVE RELATIONS:

Newton’s rheological law:

2
S=u <qu + Viu— 3divxu]l> + ndiv,ul

p=pu(o,9) >0, n=mn(e,9) >0

Fourier’s law:

qg=—rVt

k= k(0,9) >0
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Conservative driving force

CONSERVATIVE DRIVING FORCE

e Q C R? a bounded (Lipschitz) domain
o f =V,F, F=F(x), F€ WL>(Q)
e 0,p(0,9) > 0 for any ¥ > 0

o(t,-) = gin LP(Q) as t — o0
(ou)(t,-) — 0in LP(Q; R®) as t — oo

I(t,") =9 >0in LP(Q) as t — o0

Static problem:

Vep(6.0) = 0V, [ dax= M, [ (2e(2.7) - 5F) de = Eo
Q Q
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Conservative driving force

UNIFORM STABILIZATION:

o [qodx> My >0
o Jo (30lu + oe(o,9) — oF) dx < Eo
o [qo0s(0,9) dx > So

For any € > 0 there is T = T(e) such that
lo(t,-) = dllr@) <€
[Cou)(t, )l p(a;rz) < €

[9(¢,) = Ol ey < €
forall t > T(e)
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Non-conservative forces

NON-CONSERVATIVE STATIONARY DRIVING FORCES

e Q C R? a bounded (Lipschitz) domain
o f =f(x), f#£ ViF

Total energy “blow up”:

E(0) = [ (Goul + ce(e.0)) dx— o

ast — oo
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Non-conservative forces

GENERAL BOUNDED DRIVING FORCE

e Q C R? a bounded (Lipschitz) domain
o f € L°°((0,00) x Q; R3)

Either

E(t):/ﬂ(;Q’U|2+Qe(Qﬂ9)> dx — o0

as t — oo;

or

E(t) < Ex foraa. t>0

In the later case, for any sequence t, — oo, there is an F = F(x)
such that

f(tok +-,-) — VxF weakly-(*) in L>((0, T) x Q; R?)
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Non-conservative forces

HIGHLY OSCILLATING DRIVING FORCES

e Q C R? a bounded (Lipschitz) domain

[ ]

f=w(t?)w(x), 3> 2

w € L*(0,00), w# 0, sup / w(t) dt| < oo
7>0|J0
ou(t,-) — 0in LP(Q; R?)
o(t,") — o in LP(Q), My =0|Q|

I(t,-) — 9 in LP(Q)

as t — oo
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