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Model problems in phase transition theory

pr + V- (pv) =0

—
(W)e + Vo(pwT)+Vp(p) = eVor + A0 (D) | MO T)

with either the local version  Df _ [p] = e2Ap
or the non-local version Dg,,oba,[p] =v(d. % p—p)

Convolution [®¢ * p](x) = [pa P<(x — ¥)p(y) dy
with a symmetric, non- negatlve kernel function satisfying

®.(x) = L0(%) and [fpq ®(x) dx = 1.

D abalP1(x) = 7 /R ®.(x — y)[oly) — p(x)] dy
= [ 20 (X2 [0ty = 00+ o510 = 2P| o

— 2 J 2 -2
= " pxx(X) 5 /R(D(Z)Z dz (set’y T fR¢(Z)Z2dz>
= Dfocal[p](x)
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1. Scalar model problem
2. Elasticity system
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2. Scalar model problem

ug + f(u)x = ElUxx + )‘Dijcal/global[u]x in R x (Ov T)

Unknown: u = u(x,t) € R
Given parameters: \ > 0, parameter £ > 0 scales between diffusion
and dispersion

H . 2
Local version: Dy, ilu] = e%ux
(Jacobs&McKinney&Shearer '95, Hayes&LeFloch 97, ...)

Non-local version: Dgiopailu] = v(®e * u —u)
(Rohde '05)
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2. Scalar model problem

ug + f(u)x = ElUxx + )‘Dfocal/global[u]x in R x (07 T)

Unknown: u = u(x,t) € R
Given parameters: \ > 0, parameter £ > 0 scales between diffusion
and dispersion

AR 5 _ 2
Local version: Dj, . [u]l = €% uxx

0= [ unes o~ [ (F(un) — can — AP} o

lj lj
+ (Fir12 — €Gj1/2 — A?Bjt1/2)d(Xj11/2)
- ('5'—1/2 —&qj_1/2 — )\E2f7j—1/2)¢(><j—1/2)
0= // qno dx + // Updx dx — Tjy1/20(Xj41/2) + Tj_1/20(Xj—1/2)
j j
0= / ph¢ dx + / Ghdx dx — Gjr1/20(Xj11/2) + Gj—1/20(xj—1/2)

Ij lj
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2. Scalar model problem

ug + f(u)x = ElUxx + )‘Dfocal/global[u]x in R x (07 T)

Unknown: u = u(x,t) € R
Given parameters: \ > 0, parameter £ > 0 scales between diffusion
and dispersion

Non-local version: Dgiopailt] = 7(®e * u — u)

» Derivation of LDG-schemes, especially for the non-local

version two different schemes

» Several numerical experiments
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2. Scalar model problem

ug + f(u)x = ElUxx + )‘Dfocal/global[u]x in R x (07 T) (*)

For any smooth solution u of () that decays sufficiently fast
together with its spatial derivatives as x — 0o we have

d u? 5
E/R?dx—l—s/Rude—O.

Theorem: (L2-stability)
The LDG-solution uj, of (*) is L?-stable

2
d [ Y g <o
dt Jg 2
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2. Scalar model problem

ur + f(u), = et + ADjylul | in (0,1) x (0, T) (%)

Theorem: (L2-error estimate)

Take f(u) = au, a € R. Let u € CPT3(][0,1] x [0, T]) be a solution
of (*) and up(.,t) € V} be the LDG-solution of (x), where we
consider special numerical fluxes. Then there exists a constant
C=C(p,a,e,\,T) >0

lu = upll 20,0y < CHPTY?

holds true for all t € [0, T].

(Proof similar as in Yan&Shu '02 for u; + uy + uUxxx = 0)
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2. Scalar model problem

ur + f(u), = et + )\Dg,,oba,[u]x in (0,1) x (0, T) (%)

Theorem: (L2-error estimate)

Take f(u) = au, a € R. Let u € CP2([0,1] x [0, T]) be a solution
of () and up(.,t) € V} be the LDG-solution of (x), where we
consider special numerical fluxes. Furthermore let ® be an even
function from W1*°(R) with compact support. Then there exists
a constant C = C(p,a,&,\,v, T) >0

lu = unll 20,1y < CHPHH2

holds true for all t € [0, T].
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2. Scalar model problem

Convergence order due to L*°-estimates for the projection
operators P and S defined by

/PW Yon(x) dx // w(x)pn(x) dx Ve, PP (L*-projection),

/SW Yon(x) dx / w(x)pn(x) dx Von,ePP! SW(J 1/2) (XJ.+_1/2).

To prove the non-local error estimate we need:

> [®x (Sw—w)](xj-1/2) < CP)IWPTD| oo g,1) | Pl 1y HPH

> é/f[q)a * (Sw — w)|(x)(Sw — wp), (x) dx

1
< 3 [(Sw — wh)(x) dx + C(P)]|wWPHD [ g 1) | 0L T P2
0

.

(work submitted to Proceedings of Hyp2008)
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Outline

1. Scalar model problem
2. Elasticity system

3. Navier-Stokes-Korteweg system
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Elasticity system

Wy — Vy =0
vi — o(w), = eV —

inRx (0, 7)

A Dfocal/global [W]X

Unknowns: stress w = w(x, t) € R, velocity v = v(x,t) € R
Given: stress-strain-relation o(w) = w3 — w

Local version:

1.5
1 15 — 2
05 Dlocal[W] = & Wxx
0]
03 Non-local version:
-1
-1.5 15 — —
95 -1 -05 0 0.5 1 15 DgIObaI[W] - ,‘Y(¢E * W W)
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. Elasticity system

qd
dt

Wy — Vx =0

£ in R x O, T
i — U(W)X = &Vxx T )\Dlocal/global[w]x ( )

Classical solutions satisfy the following energy inequality

%(/}R (%Iv(x)l2 + W(w(x)) + EE[W](X)) dx) <0
with
Ef[w](x) = {%/\62|WX(X)|2 (local case)
M Jg P(x — y)Iw(y) — w(x)]* dy (non-local case)

Theorem: (Discrete energy estimate for the non-local elasticity system)
The LDG-solution for the non-local elasticity sytem satisfies

( [ (GP Wl 20 3 ho2xsolwts) -wlol dx> <0

keZ

(see also Dressel&Rohde '07)
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3. Elasticity system

Test: Phase separation

Local case
—— 1A
SIAN: [\ /
- R
t=0 t =0.01 t=0.1 t=5
Non-local case
— A
I [\ /
s R
t=20 t =0.01 t=0.1




3. Elasticity system

Test: Phase separation, (®.xw—w) = 2wy
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3. Elasticity system

. H T ~ =2 — 2
Test: Phase separation, y(7)(PIxw—w) = Wy, Y(7)= CROEER
R
Wy — Vi =0
— T
vi — o(w), = eV — AY(T)(PL * w — w)y
08 08 03|
o7 T=1 o7 T=5 o T=10
06 06 05|
04 04 0.4
03 03 03|
01 01 0.1
-5 <10 5 ) 5 10 15 -15 -10 —5/0\5 10 15 15 -0 5 0 5 10 15
15| 15| 15|
-15 -15 15|
0 02 o4 05 o8 1 0 02 o4 05 o8 1 0 0z 04 06 08 1
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Outline

1. Scalar model problem
2. Elasticity system

3. Navier-Stokes-Korteweg system
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Navier-Stokes-Korteweg system

pt  + V-(pv) =0
(v): + V-(pwT)+Vp(p) = 6V'T"’)‘pv(Dﬁ;ca//g/oba/[p])

Unknowns: density p = p(x, t) > 0, velocity v = v(x, t) € R?

Given: van-der-Waals pressure p = p(p) = % —ap?

—p
Navier-Stokes tensor 7 = p(Vv + Vv ) + \(V - v)I

Pp)

! Local version:

1.2 2

; Dﬁjcal[p] =€ Ap

0 Non-local version:

_ Dgiobailp] = 7(®=  p = p)
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4. Navier-Stokes-Korteweg system

Dennis Diehl: LDG-code for the local NSK-system
Convolution &, * p in the LDG-scheme:

/ (@xpal- Nx)on(x) dx = [

)

( /Rd S (x = y)pn(y, t) dy> 61(x) dx
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4. Navier-Stokes-Korteweg system
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triangles

-
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4. Navier-Stokes-Korteweg system

Dennis Diehl: LDG-code for the local NSK-system
Convolution ®. * p in the LDG-scheme:

/Aj[(bg*ph(-, t)](x)Pn(x) dx :/ (/Rd ®.(x — y)pn(y, t) dy) (%) dx

J

e Identify the essential e Steepen kernel next to
triangles boundaries
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4. Navier-Stokes-Korteweg system

Test 1: Rising bubble in liquid (grid convergence)

1600 cells t=0 t=322 t=328 t=35
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4. Navier-Stokes-Korteweg system

Test 1: Rising bubble in liquid (grid convergence)
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4. Navier-Stokes-Korteweg system

Test 1: Rising bubble in liquid (grid convergence)

40000 cells t=0 t=322 t=328 t=
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4. Navier-Stokes-Korteweg system

Test 2: Three bubbles in liquid
Local NSK

Non-local NSK
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4. Navier-Stokes-Korteweg system

AP * p— p) = e Ap

- = (T - ﬁ)2 for |x| < T, 16
PT(x) =< " T = 1) ==
0 otherwise. T

T=0.08 . T7=0.12

100,
o
of
o1 o2
o
o1 o 0

E 8 88
g 888

02 02
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4. Navier-Stokes-Korteweg system
Energy inequality:

‘ ( /R ) (%p(x)lv(xn2 + W(p(x)) + Ef[p](x)> dx> <0

dt
with
IA2|Vp(x)[? (local NSK)
Ec[p](x) =
[P1(x) Lyy [ oZ(x —y)[p(y) — p()]2 dy (non-local NSK)

Rd
10 \
s —1=0.12 \

time
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. Navier-Stokes-Korteweg system
Momentum balance equation:

(W)t + V-(pw ") + Vp(p) = eV-T + XypV (O] % p — p)

Remark: The Euler-part of the NSK-system
0 is hyperbolic for increasing branches of p.
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. Navier-Stokes-Korteweg system
Momentum balance equation:

(o)t + V-(pw ) + Vp(p) = eV-7 + XypV(SL % p — p)

Remark: The Euler-part of the NSK-system
0 is hyperbolic for increasing branches of p.
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. Navier-Stokes-Korteweg system

Momentum balance equation:

1 T
() + V(o) + 9 (p(p) + 37707) = eV-7 + AypV (07 4 p)

p(p)

Remark: The Euler-part of the NSK-system
0 . Is hyperbolic for increasing branches of p.
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. Navier-Stokes-Korteweg system

Momentum balance equation:

1 T
() + V(o) + 9 (p(p) + 37707) = eV-7 + AypV (07 4 p)

] P(p) + 2y(p%)/2
| T |)=2
5 0.05 | 6400
4,
al
ol
b Remark: The Euler-part of the NSK-system
of : ) is hyperbolic for increasing branches of p.
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. Navier-Stokes-Korteweg system

Momentum balance equation:

1 T
() + V(o) + 9 (p(p) + 37707) = eV-7 + AypV (07 4 p)

LGN Mp?)2
| T |)=2
5 0.05 | 6400
4 0.08 | 2500
al
ol
b Remark: The Euler-part of the NSK-system
of : ) is hyperbolic for increasing branches of p.
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. Navier-Stokes-Korteweg system

Momentum balance equation:

1 T
() + V(o) + 9 (p(p) + 37707) = eV-7 + AypV (07 4 p)

LGN Mp?)2
| T |)=2
5 0.05 | 6400
4 0.08 | 2500
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ol
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. Navier-Stokes-Korteweg system

Momentum balance equation:

1 T
() + V(o) + 9 (p(p) + 37707) = eV-7 + AypV (07 4 p)

LGN Mp?)2
| T |)=2
5 0.05 | 6400
4 0.08 | 2500
3r 0.12 | 1111
2l 0.13 | 900
b Remark: The Euler-part of the NSK-system
of : ) is hyperbolic for increasing branches of p.
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4. Navier-Stokes-Korteweg system

Energy inequality:

% < /]R ) (W(P(x)) + %)\’Y(p(x))z _ %m[cbg * p](X)p(X)> dx) <0

o (/ (W)t [ @-txy)loto) ol oy dx> <0

= Energy density function W “convexified” to W* := W + %)\’yp2
(see also Brandon&Lin&Rogers '95)

Remark: This does not work for the local NSK-system

24 /25



Remarks about future work

v

Numerical tests for interfaces as thin as possible (increase )

» Comparison of numerical results and experimental data

v

Investigate the contact angle in the non-local model

v

Existence of weak solutions for the boundary value problem of
the NSK-system (with Boris Haspot)
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