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1 Derivation of Korteweg model

We are concerned with compressible fluids endowed with
internal capillarity. The model we consider originates from the
XIXth century work by van der Waals and Korteweg and was
actually derived by J.- E Dunn and J. Serrin (1985)in its
modern form by using the second gradient theory.
Korteweg-type models are based on an extended version of
nonequilibrium thermodynamics, which assumes that the
energy of the fluid not only depends on standard variables but
also on the gradient of the density.

Let us now consider a fluid of density p > 0, velocity field

uw € RY . The conservation of mass and of momentum write :

(0

9 (pu) +div(pu ® u) — div(2(p)D(u) 1)

— V(A(p))divu) + VP(p) = divK,

/\\

\
where the Korteweg tensor read as following :

divK =V (pr(p)Ap + %(Fo(p) + pk (p))|Vp|?)

— div(k(p)Vp ® Vp).




k is the coefficient of capillarity and is a regular function. P is
a general increasing pressure term. D(u) = 1[Vu +' Vu] being
the stress tensor, 4 and A are the two Lamé viscosity
coeflicients depending on the density p and satisfying :

>0 and 2u+ NA > 0.

Form of the non linearities

To simplify the presentation, we assume only that x(p) = kp“
with a € R. The stress tensor K reads as following : We get
then :

K j = (AGAB(p) — ALIVA()? )0i,j — BadiA(p)0; A(p)
if a# —2,

1
Ki; = r(Alog(p) + 5[V log(p)|* )i ; — ki log(p)9; log(p)

it a=-2.
with :
A(p) = p3™, B(p) =p*™* and
gl K 2 _ 2k(a+ 1) 4K
“ 24’ “ (a+2)?2 “ (a+2)2




We remark then that the form of the non linear terms
appearing in the tensor K corresponds to quadratic gradient
terms 0; A(p)0;A(p) and some terms in B(p) of pressure type.

Energy inequalities

Before getting into the heart of mathematical results, one can
recall first derive the physical energy bounds of the Korteweg

system. Let p > 0 be a constant reference density, and let II be

defined by :
T(s) = 3(/Si2z)dz— @)

p* P

Multiplying the equation of momentum conservation in the
system (1) by u and integrating by parts over RY, we obtain

the following estimate :

1

/RN (%P|u\2 + (I(p) — I(p)) + §/€(ﬂ)\vp\2)(t)da:

[ ] oI D@P + pdivep)drar < (2

[ 1)~ 169) + 42 )

with £(p) = u(p) + A(p). We will note in the sequel :

£0) = [ (ol + @) ~ 1) + “L[9p)) 00,




It follows that assuming that the initial total energy is finite :

fo= [ (4 @pn) ~ 11(9) + "L W ) < oo,
R

then we have the a priori following bounds :
[(p) — M(p), and plul® € L=(0,00, L' (RY)),

VE(P)Vp € L0, 00, L2RVNN, and Vu € L2(0, 00, RV)N",

In the sequel, we aim at solving the problem of global
existence of weak solution for the system (1) in dimension 2.
Let assume now that we can built smooth approximate sequel
solutions (o, Un ))nen of system (1).

One can then observe that the main difficulty concerns the
quadratic term VA(p,) ® VA(p,) which belongs only to
L>(LY).

Indeed according to the classical theorems on weak topology,
VA(pn) ® VA(pn) converges up to a sequence to a measure v.
The difficulty is how to prove that v = VA(p) ® VA(p) where

p is the limit of the sequence (p,)nen in appropriate space ?




Existing results on Korteweg system

Results of strong solutions

— Existence of strong solutions in finite time for N > 2 is
known since the works by H. Hattori and D. Li [98].

— R. Danchin and B. Desjardins [2002] existence of strong
solution in finite time in critical spaces for the scaling of the
equations, the initial data (pg, poug) belong to 32%,1 X 32%,1_1.

— M. Koschote [2007] existence of strong solution in finite
time in a bounded domain.

— B. H [2007] existence in finite time of strong solution in
critical spaces for the scaling of the equations for the non-
isothermal system, the initial data verify

N N
5 —2

N N_1q N
(o, pouo,bo) € By X Byly ~ x By

Results of global weak solution

— R. Danchin and B. Desjardins [2002] existence of global
weak solution in dimension N = 2 with small initial data if
% and p € L.

— D. Bresch, B. Desjardins and C-K. Lin existence of global
weak solution for N > 2 when u(p) = up and A(p) = 0. The
test functions depend on the density.




2 Theorems of existence of global

weak solutions

2.1 Gain of derivability on the density

Theorem 1. Let N =2 and (p,u) be a smooth approximate
solution of the system (1) with k(p) = kp® with o € R and

a # —2. We assume that if « > —2 then % e L>((0,T) x RY)
else a < —2 then p € L ((0,T) x RY).

Then there exists a constant n > 0 depending only on the
constant coming from the Sobolev embedding such that if :

IVpoll2m2) + [[VPoluolll 2 w2y + (177 (po)llr <
then we get for all p € CZ°(RY) :
HQDB( )HL2(H1+2)<M with O§S<2,

where M depends only on the initial conditions data, on T, on
©, on s and on H%HLOO or ||p|| Lo -

Remark 1. In fact instead of supposing that % c L° or

p € L™ in theorem 1, we have just to assume that

A(P) o0 2
B()VA( p) € L>(L?).

We want now improve this result by extracting a specific
structure of the capillarity tensor. By choosing x(p) = kp~?
with £ > 0, we show that we get the same estimate but

without any conditions on the vacuum.

8




Theorem 2. Let N =2, k > 0 and (p,u) be a smooth
approzimate solution of the system (1) with k(p) = kp~?.Then
there exists a constant n > 0 depending only on the constant

coming from the Sobolev embedding such that if :

IVpollL2 w2y + [[VPoluolll 2 w2y + [l77(po)llr <

then it exists o > 0 such that for all ¢ € CS°(RY) :

leBO Sz res) + o0 > VllLere)

+ 1ol (o xrny S M with 0 < s <&,

where M depends only on the initial conditions data, on T, on
© and on €. € depends only of v the coefficient of the pressure

and 18 small.

We extend this result for capillarity coefficient x(p) approxi-

mating a constant k.
Corollary 1. Let N =2 and a, M,k € R. (p,u) is a smooth

approzimate solution of the system (1) with the following

capillarity coefficient :

1

K(p) = 52 Ho<ay + 01(p)1{a<p<2a} + Kl{2a<p}-

where 61, 05 are reqular function such that k is a reqular
function. Then there exists a constant n > 0 depending only on

the constant coming from the Sobolev embedding such that if :

Vol r2®ey + [[v/poluolll L2 w2y + |74 (po) ||y <7
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then we get for all ¢ € C§*(RY) :
HgoB(p)HL%(HH%) <M with 0<s<2,

where M depends only on the initial conditions data, on T, on

© and on s.

Proof of theorem 1 : Our goal is to get a gain of derivative
on the density by using energy inequalities and by taking

advantage of the term of capillarity. Let ¢ € C§°(RY), we have
then by multiplying the momentum equation and applying the

operator div ( where we use the classical summation index) :
Opdiv(ppu) + 9y j(ppuiug) — 9;,5(2pp(p) Dui i) — AlpA(p)divu)
+A(eP(p)) = A (A(pB(p) — ¢IVA(p)I*) + Ry,
— 07 ;(90iA(p)9; Ap))
We can apply to the momentum equation the operator
A(A)2 (where FAf = [¢|FF).
AlpB(p)) + A7 (I VA(P)I*) + BaA ™' RiR;(0: A(p)0; A(p))

30 .. _ _ .
— —A 3ad1v(gopu) + A RiR (ppuiuy) — A (pA(p)divau)

+ A7 @P(p) = AT RiR; (20(p) Duy ) + A7H(A) TRy,

where R; denotes the classical Riesz operator.
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We multiply now the previous equality by A'*5(oB(p)) and

we integrate on space and in time :

/0 / A5 (0B(p)[? + (o[ VA(p)[P)A* (9 B(p)) ) dadt
" /o /RN ; RiR;(p;A(p)0; A(p)) N (pB(p))dxdt =

[ A div(pu) A (B (o) ()
— A7div(po uo) A (0 B(po))da

_/O /RN (A_Sdiv(gopu)AHS%(sﬁB(P))

— pA(p)divu A®(¢B(p)))dzdt

b [ (R en(p)Dus) A eBlo)
— RiR;(ppusu;)A* (pB(p)))dadt

+ [ ] [ePOA B + (A) R (o B(o))]dar

In order to control fOT Jen [AY 2 (0B(p))?, it suffices to
bound all the other terms of the previous inequality. It will

allow us to get a control on A'*2(pB(p)) and so a gain of 3
derivative on the gradient of density VB(p).

11




1) [} fan (@IVA()[P)A*(¢B(p)) :

We have by induction A*(¢B(p)) € L2(H'~%) and by Sobolev

embedding A*(¢B(p)) € L*(H'"2) — L*(L9) with _ = §.
We have :

/

A (p)
—V(pB(p)).

T VB)

We get oV A(p) € L*(LP) . Finally by Holder inequality

©|VA(p)|?A%(pB(p)) is in LL(LY(RY)) because

%—I—%—I—%:%—I—%—Z—I—Z:1andwegetmoreprecisely:

pVA(p) =~

//RN 0|V A(p)[*)A* (¢B(p))dadt S

S H_”L%O(LOO)‘|A1+§(¢B(p))”%2 L2y IVA(P) || Lse (£2).
P 7(L?)

By the hypothesis of smallness on the initial data we can
conclude. ]
Proof of theorem 2 : The proof follow the same line as the
proof of theorem 1 except concerning the bounds of estimate
coming from the capillarity term and the fact that we lost the
control of p in L>(L7 ) for all 1 < p < +o00. We need then to
get a gain of integrability on the density to treat the term
coming of the pressure.
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We apply to the momentum equation the operator (A)~!div
and we multiply par p®* with a > 0 and we integrate on
(0,T) x R¥, we get then :

/ wp T (z, t)dzdt + A, / p* |V pl?dzdt
(0,T) xRN (0,T) xRN

/( R p0; In(p)9; In(p)R; jp dzdi
X N

- / (8) M div(ppu)p* (T, x)d + -

Our goal is now to have p € L7T*((0,T) x RN), for this we

loc
have to control all the terms on the right handside. The new

difficulty consists only in the following term :
/ ©0; In(p)0; In(p) R, jp“dxdt,
(0,T) xRN
We conclude by setting :

AT = [ et + VP dad
(0,T) xRN

// A5 (0B () Rdad.
RN

13




We have then the following final estimate :
A(T)+B(T) < eB(T)+£A(T)=5 B(T)? +CA(T)* +C B(T)",

with 0 < 81, B2 < 1. By boosbstrap we can conclude.

2.1.1 What happens when we choose a coefficient of
capillarity x large

Theorem 3. Let N =2 and o, M € R. (p,u) is a smooth
approzimate solution of the system (1) with initial data in the

energy space and with the following capillarity coefficient :

1

K’(p) — ?1{p<o¢} + 91 (p)l{a§p§2a} + /{/1{2a<p}'

where 01, 05 are reqular function such that k is a reqular
function. Then there exists a constant n > 0 and k enough big
depending only on the constant coming from the Sobolev

embedding and on the initial data such that if :
IVA(po)llL2r2)y < n
then we get for all p € C§°(RY) :

where M depends only on the initial conditions data, on T, on

© and on s.
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2.2 Control of the density without any
conditions of smallness on the initial data

We are interesting in getting new energy inequalities which
take in account the support of the initial data. In particular
we want investigate what happened when we choose initial
data localize in small ball. So for making we let ¢ € C5°(RY)
with ¢ = 1 on B(zg, R) and suppy C B(xg,2R). Multiplying
the equation of momentum conservation in the system (1) by
ou and integrating by parts over (0,t) x R¥, we obtain the
following estimate :

5 ettt + ") 1902 (. )

2 2
t [ @) 1) e+ [ [ 9l
po [ avalede < [ Jota)ond

T 1(p0) [V pol?) (2)da + / () (I1(po) — 11(5)) (x)dz

15




// u - Vu) Vgpdxdt+// p)u - Vo drdt
RN RN

+// k(0)Vp - Vo(u- Vo + pdive) dz dt
RN

// )+ ’OKJ( ))|VP|2U'V90dxdt+...
RN

Proposition 1. Leta>0,3>0,>0, x>0, M >0, 0 a

reqular function such that :

1 1
K(p) = ?1{p<a} T 0(p)1{a§p<2a} =+ K1{2a§p§M} -+ ?1{p>M}-

Let (p,u) a reqular approrimate solution of system (1) with

large initial data in the enerqy space. Assuming that
U € LlTJrﬂ(LOO) N L?;Lﬁ(LZ) then it exist a time Ty > 0 such
that for all compact K we have :

HQOB(/OHL%O(HH-%) S M7

where M depends only of the initial data, K, [|ul| 146 ) and
T

HUHL?LB([E)'
Remark 2. In a similar way, we could show that if we control
the high frequencies of VA(p) in L>(L?) then we can get a

gain of derivative with large initial data in the energy space.
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3 Existence of global weak solution

for the Korteweg system

We may now turn to our compactness result. First, we assume
that a sequence (pn, un)nen Of approximate weak solutions has
been constructed by a mollifying process, which have suitable
regularity to justify the formal estimates like the energy

estimate and the previous theorem.

_ : N
Theorem 4. Here we assume that P(p) = p7 with v > 5. Let

N =2 and assume that k(p) = J5 with k> 0. There exists
n > 0 such that if :

IV pg)lizz + [V eolug [l 22 + (177 (e0) [ L <

then, up to a subsequence (py,u,) converges strongly to a weak
solution (p,u) of the system (1). Moreover we have

Vlog(pn) ® Vlog(pn) converges strongly in Li (R x RY). In
addition p check for all p € C2 :

a— +
eI, jyres,Hlop™ 2Vl guey DT e o 1y < Mo

with s small where M depends only on the initial conditions

data, on T', on © and on s.

The next theorem treat of global weak solution for capillarity
coefficients approximating a constant.

17




Theorem 5. Let N =2, a >0, € > 0 and the following

capillary coefficient :

1
"i(p) — p2_|_8 1{p<a} + 61 (p)l{a§p§2a} + 51{p>2a}-

where 01, 05 are regular function ssuch that k is a reqular
function. There exists 1 > 0 such that if :

IV(AQpo )2 + [V pgluolllLz 4 Nl75 (po) e <7

then, up to a subsequence (py,u,) converges strongly to a weak
solution (p,u) of the system (1). Moreover we have

VA(pn) ® VA(pn) converges strongly in L} (R x RY). In
addition p check for all p € C2 :

le APz sy <M with 0<s <2,

where M depends only on the initial conditions data, on T, on

© and on s.

Proof : The proof is based on classical Lions-Aubin theorems
of compactness and in particular compact embedding of the

Sobolev spaces.

18




We can now prove a result of existence of global weak solution
in dimension N = 1 by using the previous gain of derivative.
Let (pn, un)nen @ sequel of approximate weak solutions of
system (1).

Theorem 6. Let (pg,uy) initial data of the system (1) in the

enerqy space what it means that :

/ oR L2 4 4 (o8 + [0spl 2de < M
R

with M > 0.

Let k(p) = [)2%1{/604} +0(p)L{a<p<2a) + Kl{cp>2a} with

e >0 and 0 a reqular function. Then up to a subsequence,
(pn,un) converges strongly to a weak solution (p,u) on

(0,T) x R in the sense of the distribution.

Moreover 0, A(py,) converges strongly in L*(R x R) to 0, A(p).

4 Perspectives

1. Existence of weak solution in finite time with large

initial data.
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2. Existence of global weak solution with large initial
data.

3. What happened for the case of capillarity constant.

4. Improve the results of Bresch, Desjardins and Lin .

5. What happened for N > 37
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