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Exercise sheet 2 for Friday, Nov 4, 2016

To be handed in either at the beginning of the exercise session, or before Nov 4, 9:55 a.m. at the drop box in front of room 149.
You can come to the exercise session on Oct 28, 10:00 a.m. in case you have any questions regarding the lecture or this exercise.

Exercise 6. Let Q = [0,1],
¥, = {g: IP partition of Q: #P < n, g = ZC[X]}, (1)

IeP

and o, (f) :=infyes, [|f — gllL(q). Show that for » > 0, the approximation space
A" = AT ((30),C(Q)) := {f € C(Q): supn’o,(f) < oo}

is a linear space, and that
I fllar == flle@) + [ flar,

where |f|ar := sup,, n"o,(f), is a quasi-norm on A”. Recall that to obtain the latter, it needs to be shown
that for any f,g € A" and A € R we have

Ifllar=0=f=0, [Alla=IIfllar, I +glar < C>fllar + Ngllar)
with some C' > 0 that may depend on r, but not on f,g.
6 points

Exercise 7. Let 2 :=[0,1] and

WHLL(Q) =={f € Li(Q): f € Ly}, |flwrzie) = Ifllzr@) + 1f @) -

For the following, use without proof that C*°(Q) is dense in W1(L1(€)), that is, for each f € W1(L1(f))
there exists a sequence (f,,) in C*°(€2) such that || f — fullw1 (L, @) — 0.

(i) Show that every element of W1 (L;(f2)) can be identified with a continuous function, and hence we can
define

n

V(f,Q):= Ozmgj?vgmnd;\f(%) — flzj-1)]
for f € WH(L1()).

Hint: Show first that for g € C'(R), we have sup,cqlg(z)| < ||lgllwi(z, (), then use this to show that every
f € WH(L1(Q)) is almost everywhere equal to the uniform limit of a sequence of continuous functions.

(ii) Let f € WY(L1(Q)). Show that f € BV(Q) and

V(fQ) = /Q|f’|dw-

Hint: Use approximation by smooth functions. Note that for the integral of a continuous function g > 0, one
has

/gdaz = sup{/ pdx: ¢ € ¥, for some n such that 0 < ¢ < g},
Q Q
(iii) Show that W1(L1(f2)) # BV (Q) by proving for a suitable element of BV (£2) that it cannot have a weak
derivative in L!(Q).
3+4+2=9 points

Exercise 8. Let Q:=[0,1], 0 < s < 1, and f(z) := z*.
(i) Show that f € Lip(r, C(£2)) if and only if r < s.

(ii) Find the largest possible exponent v > 0 such that for some C' > 0, we have e, (f) < Cn~? for all
n € N, and determine the corresponding C. Give an explicit expression for o, (f) in terms of n.

(iii) For n € N, determine explicitly a piecewise constant function in ¥,, as in for which the minimum
error o, (f) is attained.

2+2+2=6 points



